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ABSTRACT 

In Newtonian fluids, the proportionality constant that relates the flux of linear 

momentum to gradients in the velocity is the shear viscosity. Similarly, the flux 

of angular momentum is related to gradients in the spin field by the spin viscosity 

for simple fluids. In fluids in which external torque per unit volume is applied, the 

equations of linear and angular momentum are coupled. In simple fluids, the equations 

are coupled through the vortex viscosity, which relates the transfer of angular to linear 

momentum to the difference in the local spin rate and one-half of the vorticity of the 

fluid. Apparent viscosity is normally measured, for example, in a pressure driven flow 

experiment, as a proportionality constant that relates the force acted on system and 

the volume flow rate of the system. The purpose of this study is to evaluate shear 

viscosity, vortex viscosity, and spin viscosity in suspensions by solving the coupled 

momentum equations and study their relationships to the apparent viscosity and 

energy dissipation. 

In this study, we investigated the influence of particle spin imposed by external 

torque on the apparent viscosity of non-colloidal suspension by using a simulation 

based on the boundary element method (BEM). The numerical results reveal that 

particles spin has a pronounced effect on apparent viscosity of the suspension. For 

example, in suspension subjected to a pressure gradient in a tube, vary the spin 

gradient from positive to negative by exerting external torque on the particles, the 

apparent viscosity changes from close to zero to infinite with asymptotic change to 

apparent negative viscosity. Apparent "negative" viscosity is due to torque driven flow 

through vortex viscosity that is the proportionality constant between the transfer of 

the Hnear to angular momentum flux and the difference between the spin rate and 

the one-half local vorticity. Measurements of vortex viscosities from the numerical 

experiments agreed the theoretical prediction of vortex viscosity of dilute suspensions 

and extended the results to concentrated suspensions. The energy efficiency of torque 

driven flow is compared to the energy efficiency of force driven flow. 



External torques are applied to neutrally buoyant particles in boundary element 

simulations to generate a cubic velocity profile in a suspension confined in a rectan

gular channel. The quantitative values of spin viscosity are determined as a function 

of solids fraction by calculating the volume averaged stress and kinematics of these 

flows and combining these results with a theoretical analysis of the coupled equations 

describing the conservation of linear and angular momentum. Many configurations 

of particles at each concentration are generated and analyzed until reproducible av

erages of the spin viscosity at each solids fraction are determined. The scaling of 

the spin viscosity with the square of the particle size predicted in earHer theoretical 

studies is verified in this investigation. 

The conservation equation describing the rate of energy dissipation in suspensions 

is derived, and the contributions due to spin viscosity are included. The energy 

dissipation rate is shown to consist of the linear combination of terms that include the 

shear viscosity, vortex viscosity and spin viscosity. Predictions from these equations 

using the coefficients determined in the this work are compared with the energy 

dissipation rates obtained from a macroscopic balance using the force and velocity on 

the boundaries of the suspension in numerical simulations of a number of different 

flow fields. Over the range of our data, these independent predictions are shown to 

be in excellent agreement for both dilute and concentrated suspensions. 
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CHAPTER I 

INTRODUCTION 

The equations for the conservation of linear and angular momentum are decoupled 

in fluids and suspensions in which the molecules and suspended particles are free 

from external body couples. Small, neutrally buoyant spheres in dilute suspensions 

rotate with one-half the local vorticity, w = V x v, of the average macroscopic flow 

field [1]. Here v is the velocity of the fluid. One consequence of decoupling the 

equations of the linear and angular momentum is that the resulting stress tensor, TT, 

is symmetric [2, 3]. In Newtonian fluids, gradients in the velocity are proportional to 

the flux of linear momentum where the proportionality constant is the shear viscosity, 

/i. Dahler proposed a similar constitutive relationship [5, 6] for simple liquids in 

the angular momentum conservation equation. Here, the proportionality constant 

between gradients in the spin fields and the flux of angular momentum is spin viscosity, 

The equations for conservation of linear and angular momentum are coupled and 

the stress tensor is asymmetric in fiuids and suspensions in which the molecules and 

suspended particles can be acted upon by external body couples. In these dipolar 

fluids in which external torques act on the fluid, there is an inter-conversion of bulk 

and internal angular momentum and these forms of angular momentum are not con

served separately [8]. In these simple fluids, linear and angular momentum equations 

are coupled through the vortex viscosity, /jLy, that is the proportionality constant 

between the transfer of the linear to angular momentum flux and the difference be

tween the spin rate and the one-half w. The resulting stress tensor is asymmetric 

[9, 10, 11, 13, 14, 15, 16, 17, 18]. By balancing the hydrodynamic and external cou

ples on a single particle [10] in dilute suspensions, Brenner predicted ^y = l.5(f)^o. 

Here /XQ is the pure fluid shear viscosity, and (f) volume fraction of the particles. 

Free rotation is possible only when no external couples act on the individual 

particles. However, this condition is not always met. For example, if the center of 



mass of each particle is displaced from its geometric center owing to inhomogeneities 

in the internal mass distribution, couples will arise from the action of gravity whenever 

the embedded gravity dipole does not lie parallel to the direction of gravitational field 

[11, 10]. 

An external torque may promote the particles to rotate faster or slower than | w , 

or even rotate in opposite |u; . Particle spin can be induced by external torque. A 

spatially inhomogeneous spin field can induce fluid flow in fluids that would otherwise 

be quiescent [6, 26]. For example, magnetic or electric dipoles embedded within the 

suspended particles will give rise to couple in the presence of external magnetic or 

electric fields [19, 20, 21]. Magnetic fluids (MF) are colloidal solutions of magnetic 

nano-particles in a fluid carrier [21]. Since the properties and location of this fluids 

can be easily influenced by an external magnetic field, they have recently attracted 

much scientific and technological interest [22, 23, 24, 25, 26, 27, 28, 29]. Some of 

the studies [22, 23, 24, 26, 30] observed a reduction of apparent viscosity, r], of MF 

in alternating magnetic field. This is so called apparent "negative" viscosity. One 

possible explanation [24] is: The alternating magnetic field forces the particles in the 

MF to rotate faster than |u; . The magnetic energy is partially transformed into the 

angular momentum of the particles, which in turn is converted into a hydrodynamics 

motion of the fiuid. 

The first objective of this study is to use BEM simulations to study the interre

lationship of r), /J, and fiy in dipolar suspensions. We intend to verify the theoretical 

predictions for fj,y in dilute suspensions [10] and extend the results to the higher 

concentration suspensions. Furthermore, we are interested in comparing the energy 

efficiency of torque driven flows to that of force driven flows such as pressure drive 

flow and flow generated by moving boundary. 

The second objective of this study is to evaluate ^g in suspensions in which the 

suspended particles are subjected to external torque. There are no quantitative values 

reported for /i^ in dipolar fluids or in dilute or concentrated suspensions. As will be 

discussed in greater detail later, this analysis requires a flow field in which there is a 



gradient in the spin gradient on the particles. The simplest such rectilinear field is 

a cubic velocity field generated by a quadratic spin field. By measuring the velocity 

profile resulting from the quadratic spin field one can determine û̂  and //„ from the 

coupled set of equations describing the conservation of linear and angular momentum. 

The last objective of this study was to investigate the role of fiy and yû  in the 

conservation of energy and test the consistency of dissipation rates derived by us

ing the results of viscosities obtained by using volume averaged stress with those 

obtained using energy dissipation rates determined by using forces and velocities on 

the boundaries. Most text books do not include the fj.s in the energy equations. We 

find that gradients in spin contribute to the overall energy dissipation rate in flow 

fields in which the spin rate is not constant. The energy dissipation rate equations 

derived here include these effects. The intent is to parallel the derivations using en

ergy dissipation rate method [38] and by volume average stress tensor, TT, [7] that 

led independently to identical predictions of the apparent suspension viscosity as a 

function of solid fraction, (j). Einstein initially predicted the suspension viscosity, /x, 

as a function of cj) by equating the energy dissipation rates. El, in suspensions to that 

of a hypothetical one phase fluid in the same average flow field. 

In Chapter II, the BEM codes used for the particle-level simulations are described. 

The domain meshes and error analysis associated with the simulations performed in 

this study are described. In Chapter III and Chapter IV the theoretical basis to 

obtained fXy and fig for the data reduction is developed respectively. Then a series of 

numerical simulations are conducted and the simulation results are analyzed by using 

the equations obtained from the theoretical analysis to obtain jj,y and fig respectively. 

In Chapter V, equations that describe the rate of dissipation of energy in suspensions 

are derived. These equations include the contributions due to fiy and (Xg- A series 

of numerical simulations were conducted on different flow fields in suspensions where 

external torques were applied to the particles. The simulation results were analyzed 

by using the energy dissipation rate equations obtained from the theoretical analysis 

and Hy, and fig obtained in Chapter III and Chapter IV. The final chapter discusses 



the major findings and presents the conclusions. 



CHAPTER II 

NUMERICAL METHOD OVERVIEW 

Boundary element method (BEM) simulations are used in this study to model the 

flow of neutrally buoyant suspensions of uniform spheres in Newtonian fluids. A basic 

feature of the method is that the object needs to be discretized into elements only 

along the boundaries. These are line contours for a two-dimensional flows and the 

containing surfaces for three-dimensional flows. The basic governing equations of the 

problem are solved for the whole domain but written in a manner that the unknowns 

involved are the values of the parameters (such as velocity, traction) at nodes located 

on the boundary only. Because no nodes exist in the interior of the object, the 

unknowns of the problem are reduced significantly. This reduction decreases the 

number of equations that must be solved. However, the resulting matrix is fully 

dense. Having determined the nodal parameters on the boundary, the governing 

equations can be used again to derive simple algebraic relations to obtain values at 

the interior points with reference to parameters along the boundary nodes [32]. 

The governing equations for quasi-static creeping flow of particles are the Stokes 

equations: 

V - V = 0 , X G K (2.1) 

V-7r = 0 , x G y , (2.2) 

where V is the region exterior to the particles containing the fluid whose boundary 

can be decomposed as 
N 

S = Sj + Y^S„ (2.3) 

where Sj represents the fixed portion of the boundary and Si represents the surface 

of the zth particle and A'̂  is the total number of particles. 

In Newtonian fluids, the total stress field n is given by 

7r^p5- ^( Vv + Vv^) - - £ . TT,, X G V, (2.4) 



here (J is a unit tensor. 

Equations (2.1) and (2.4) can be recast into integral form by considering a weighted 

residual reformulation of the governing equations with weighting functions given by 

the fundamental solutions of the Stokes equations [31, 35]. The fundamental solution 

for the velocity field, V*̂ ., and the associated fundamental solution for the stress field, 

n-jfc, are given by 

K^(x ,y ) = - ^ i 5 . , + S,S,), (2.5) 

n^-.(-'y) = - i f ^ - (2-6) 

Here 5ij is the Dirac delta function. Si is a unit vector in the ith direction, r is the 

distance between the field point x and the source point y, Vfi^{x,y) represents the 

fundamental solution of the ith velocity component at x point due to a force in the 

A;th direction, F^, applied at y point, n*j^(x,y) represents the fundamental solution 

of the components of TT at x point due to a force in the kth. direction applied at y 

point. The relationship between fundamental solutions and velocity and traction can 

be written as: 

V * - F = v, (2.7) 

n* • F = TT. (2.8) 

The resulting boundary integral equation (BIE) can be written as: 

cik{x)v,{x)+ / Illkix,y)vJ{y)S^{y)dS 

^-jvUx,y)7r.{x)dS, (2.9) 

where S represents the boundary of the exterior domain V, TT,- are the components 

of the traction along the surface S and 5^ are the components of the unit outward 

normal vector to the boundary S. 



The velocity on the surface of each sphere can be related to the six components 

of the sphere centroid velocity (three Hnear and three angular) through 

v = v ' + fi' X ( r - r ' ) , (2.10) 

where v ' and ft' are, respectively, the centroidal translational velocity and the angular 

velocity of the ith sphere, r is the position vector of a point on the surface, and r' is 

the position vector of the ith. sphere centroid. In this way, the number of unknowns 

to be determined is dramatically reduced. 

The surface of each sphere is discretized into Â ;̂ triangular and quadrilateral 

boundary elements. For the super-parametric treatment used in this study, the 

stresses and velocities are assumed constant within each element, but quadratic shape 

functions are used to define the surface geometry. By evaluating the surface tractions 

or velocities at the center of an element, an equation is generated that relates the 

unknown surface velocities or tractions for the elements. The discretized equation for 

the mth element takes the following form 

Cik{x)v^{x) 

+ J ] / Ul,{x,y)vJ^iy)N^{y)5.{y)dS^ 
m=l "^^"^ 

NB . 

= - E / ^Ux,y)K{y)N-{y)dSrn, (2.11) 
m = l •^^"' 

where Cik = ll25ij, v" represents the value of ith components of velocity at the 

nth element, u]" and TT™ represent the values of the j t h components of velocity and 

ith components of tractions respectively at the mth element, Nm{y) are the shape 

functions, and NE is the total number of elements on all the surfaces of the spheres. 

The algebraic system of equations is closed in the quasi-static analysis by enforc

ing the force and torque balance. That is, for rigid spheres suspended in a Newtonian 

fluid, the resultant forces and moments on the spheres generated by the surface trac-



tions, body forces and torques are zero. Or, 

n-ndS + g' = O, (2.12) L 
I 

'Si 

(v - r') X {n • 7r)dS + T' = O. (2.13) 
I Si 

Here g' is the body force acting on the ith sphere, which in the present study is zero 

as the spheres are neutrally buoyant. Here T ' is the external torque acting on the ith 

sphere. 

In this method, the fundamental singular solutions of the governing differential 

equations are continuously distributed over the boundaries of the problem, and the 

boundary conditions then lead to integral equations for the densities of the fundamen

tal solution. Thus, the solution of a differential equation in n dimensions is reduced 

to the solution of an integral equation in n — 1 dimensions. In addition to reducing 

the dimensions of the problem, this method is attractive for Stokes' problems since 

it is a very general approach independent of the body geometry and the form of the 

external flow field. The analytical solution of the integral equations is, in general, 

not possible, but they can be solved numerically. A more detailed description of the 

BEM can be found elsewhere [33, 32]. 

A cylindrical tube and a cubic box are used to represent the domains studied in 

this study. The meshes of the two domains and the error analysis for these domains 

are shown below in Fig. 2.1. 

In a Newtonian fluid, if a rigid spherical particle with angular velocity Q, is im

mersed in an unbounded fluid which velocity at is zero, the torque, Ttheory, on the 

sphere can be described as [36]: 

Ttheory = STTfXa^n. (2 .14) 

Here /j, is the fluid viscosity, a is the radius of the sphere. 

We use this theory as a benchmark to check the BEM accuracy by comparing 

the torque on the particle obtained from simulation to the theoretical result. As 

8 



Figure 2.1: A three-dimensional BEM mesh of spherical particles in a parallel channel. 
Note the front wall mesh has been cut in order to view the particles clearly. The length 
of the meshed box is 2H x 2H x 2H. In this example, particle radius is 0.15i/. There 
are 60 particles in this simulation and <;/> = 11 %. There are 720 elements on the 
cubic box boundary. The number of elements on each particle is 48. Note the figure 
is generated by Tecplot^^ that uses lines to connect the nodes. In our simulation, 
we used super-parametric element with quadratic curves to connect the nodes. In 
order to smooth the geometry of the ball in this Tecplot^^ figure which is more 
representative of the actual geometry in the our simulation, we used a 200 element 
ball mesh in this figure. 

shown in Fig. 2.3 and Fig. 2.4, comparison with analytical results of a Newtonian fluid 

containing one small particle shows that the results converge monotonically with mesh 

T - T theory 
T , heory 

, in the densification on the particle. There is less than 1 % error, error = 

T with 50 mesh elements on the particle and 1520 elements on the container in our 

simulation. The simulations in this study were performed with 50 mesh elements on 

each particle, 1520 elements on the tube container and elements on the box container. 

The hydrodynamic force experienced by either of two identical spheres approach

ing each other, at low Reynolds number, with the same velocity along their lines of 



Figure 2.2: A three-dimensional BEM mesh of spherical particles in a tube. Note the 
wall mesh has been cut in order to view the particles clearly. The length of the tube 
is 4H and the radius of the tube is IH. There are 160 particles in this simulation 
and (f) = 10 %. There are 1600 elements on the cylinder boundaries. The number of 
elements on the particle is 48. 

center can be calculated as [36]: 

Sn/xayP (2.15) 

here /? is the required correction due to the presence of the opposing sphere. It has 

an exact solution[36] as: 

10 
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Figure 2.3: Error in T for a single particle rotating in both an infinite fluid and a large 
cubic container. There are 720 elements on the cubic box boundary. The number of 
elements on the particle varies from 24 to 1800. The ratio of the particle radius to 
the length of the cubic box was 0.1. The particle is at center of the cubic box and 
spinning at constant rate. Note the error due to the finite bounded domain is less 
than 0.1 %. 

n{n-\- 1) 4cosh^{n + 0.5)a + (2n + ifsinJi^a 

2sinh'^{2n + l)a - (2n + l)sinh2a 3 ^ ^ (2n - l)(2n + 3) 
n = l ^ 

where the bipolar coordinate parameter a is defined as 

a = cosh 
a 

- 1 (2.16) 

(2.17) 

here h is the gap between two spheres and a is the radius of the spheres. 

We used Eq. 2.16 as a benchmark to check the accuracy of two spheres interaction. 

As shown in Fig. 2.5, with 48 mesh elements on each particle, the accuracy of the 

BEM can be bounded as long as the gap between particle is greater than 0.15G. This 

place a limit on the maximum concentration of 50%. The arrangement of the particles 

with this Hmit on nearest neighbors is not the same as for a 50% suspensions with no 

11 
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Figure 2.4: Error in T for a single particle rotating in both an infinite fluid and a 
large cylindrical pipe container. There are 1600 elements on the cylinder boundaries. 
The number of elements on the particle varies from 48 to 1800. The ratio of the 
particle radius to the cylinder radius was 0.1. The particle is at center of the cylinder 
and spinning at constant rate. Note the error due to the finite domain is less than 
0.1 %. 

limits beside the hard sphere limitations. However, at 30% the difference were small 

and therefore in this work, we have limit ourselves to suspension with (f) at 30% or 

less. 
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CHAPTER III 

VORTEX VISCOSITY IN SUSPENSIONS 

3.1 Introduction 

The equations for the conservation of linear and angular momentum are decou

pled in fluids and suspensions in which the molecules and suspended particles are free 

from external body couples. One consequence of decoupling the equations of the lin

ear and angular momentum is that the resulting stress tensor, TT, is symmetric [2, 3]. 

In Newtonian fluids, gradients in the velocity are proportional to the flux of linear mo

mentum where the proportionality constant is the shear viscosity, fj,. Dahler proposed 

a similar constitutive relationship [5, 6] for simple liquids in the angular momentum 

conservation equation in which the proportionality constant between gradients in the 

spin fields and the fiux of angular momentum is spin viscosity, fig. 

The equations for conservation of linear and angular momentum are coupled, 

and, in general, the stress tensor is asymmetric in fluids and suspensions in which the 

molecules or suspended particles can be acted upon by external body couples. In these 

dipolar fluids in which external torques act on the fluid, there is an inter-conversion 

of bulk and internal angular momentum and these forms of angular momentum are 

not conserved separately [8]. In these simple fluids, linear and angular momentum 

equations are assumed to be coupled through the vortex viscosity, fiy, that is the 

proportionality constant between the transfer of the linear to angular momentum flux 

and the difference between the spin rate and the one-half local vorticity, a; = V x v. 

Here v is the velocity of the fluid. The resulting stress tensor in these system is 

asymmetric [4, 9, 10, 11, 13, 14, 15, 16, 17, 18]. By balancing the hydrodynamic 

and external couples on a single particle [10] in dilute suspensions, Brenner predicted 

fly = 1.5^/xo- Here fiQ is the pure fluid shear viscosity, and cj) volume fraction of the 

particles. 

Free rotation of suspended particles is possible only when no external couples 

act on the individual particles. In the free rotate situation, small, neutrally buoyant 

14 



spheres in dilute suspensions rotate with one-half w, of the average macroscopic flow 

field [1]. However, these are physically realizable situations in which the particles 

are not torque free. For example, if the center of mass of each particle is displaced 

from its geometric center owing to inhomogeneities in the internal mass distribution, 

couples will arise from the action of gravity whenever the embedded gravity dipole 

does not lie parallel to the direction of gravitational field [11, 10]. 

Also, particle spin can be induced by external torque. An external torque may 

promote the particles to rotate faster or slower than |t<;, or even rotate in opposite 

^a». A spin field can induce fluid flow in fluids that would otherwise be quiescent 

[6, 26]. For example, magnetic or electric dipoles embedded within the suspended 

particles can couple with external magnetic or electric fields [19, 20, 21]. 

Magnetic fluids (MF) are colloidal solutions of magnetic nano-particles in a fluid 

carrier [21]. Because the properties of these fluids can be easily influenced by an 

external magnetic field, they have recently attracted much scientific and technological 

interest [22, 23, 24, 25, 26, 27, 28, 29]. Some of the studies [22, 23, 24, 26, 30] 

observed a reduction of apparent viscosity, r;, of MF in alternating magnetic field. This 

reduction has been called an apparent "negative" viscosity. One possible explanation 

[24] is that the alternating magnetic field forces the particles in the MF to rotate faster 

than -CJ. The magnetic energy is partially transformed into the angular momentum 

of the particles, which in turn is converted into a hydrodynamics motion of the fluid. 

The objective of this paper is to use boundary element method (BEM) simulations 

to study the interrelationship of ?], /i and //^ in dipolar suspensions. The intent 

is to verify the theoretical predictions for //„ in dilute suspensions [10] and extend 

the results to more concentrated suspensions. Furthermore, we are interested in 

comparing the energy eflRciency of torque driven flows to that of force driven flows 

such as those generated by pressure gradients and by moving boundaries. 

In the foHowing section, the governing equations and the theoretical basis for 

the data reduction is developed. Then the BEM codes used for the particle-level 

simulations are described. The final section discusses the simulation results, the 

15 



eflFect of external torque on r], and the energy eflficiency of torque driven flows when 

compared with force driven flows. 

3.2 General Theory 

To test the validity of the proposed continuum level models, first we consider a non-

colloidal suspension of identical, neutrally buoyant, rigid spheres in an incompressible 

Newtonian fluid. The effect of the external torques per unit mass, T , will be simulated 

numerically by applying torques on the individual particles in a suspension. At the 

continuum level, the conservation of angular momentum provides an independent 

equation that must be solved simultaneously with the equations of conservation of 

mass and linear momentum. The complete set of conservation laws consists of the 

continuity equation [6]: 

3.2.1 Internal Angular Momentum Equation 

The total angular momentum of a closed volume of fluid [6] can be written as 

p— f MdV = / / ) ( r X g + T)dV - / ( r X (n • 7r) -f n • C)dS 
Dt Jv Jy JS 

= / P(r X g + T)dV - / n • ((r X TT^)^ + C))dS 
Jv Js 

= / ( / 9 ( r x g + T ) - V - ( ( r x 7 r t ) t - V - C ) ^ K (3.1) 

Jv 

Here, r is a position vector measured with respect to an arbitrary origin from which 

the position vector is drawn, p is the mass density, M is the total (per unit mass) 

internal angular momentum density, the vector fields g and T represent the specific 

external body force and body torque density, and TT and C are the stress and coupled 

stress dyadics. The classic angular momentum density of bulk fluid can be derived 

from the linear momentum equation by forming the cross product of positon vector 

16 



r with the Hnear momentum equation as^: 

/ ^ " ^ ^ ^ D T ^ " ^ ^ " / (r X (V • 7r) + r X/9g)(fK 

= / ( - V - ( ( r X7rt)^-^£ :7r + r xpg)c/K (3.2) 
Jv 

Subtracting Eq. (3.2) from Eq. (3.1), gives the internal angular momentum 

equation as: 

Dn 
pK— = -V-C^TZ^ + pT. (3.3) 

where, TTO = —£ : TT, fi respectively denote the spin vector field existing at each point 

x of the fluid continuum, K is the radius of gyration field defined such that /cfi is the 

specific (per unit mass) internal angular momentum density. 

V - v = 0, (3.4) 

together with Cauchy's laws of linear and internal angular momentum: 

P ^ = - V - 7 r + pg, (3.5) 

p K ^ = - V - C - f 7 r „ + /,T. (3.6) 

The special operator, DjDt - d/dt -|- v • V, is the substantial derivative [8]. Here, 

v and fi denote the velocity and spin vector fields, respectively, existing at each 

V • ( r X TT^)^ = EijkdiXjTik 

— SijkXjdlTlk + SijkVkdlXj 

= SijkXjdlTlk — ^ikjTjk • ^Ij 

= r X ( V • TT) — e : TT. 
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point .r of the fluid continuum, p is the mass density, K is the radius of the gyration 

field defined such that Kfi is the specific (per unit mass) internal angular momentum 

density, the vectors g and T represent, respectively, the specific external body force 

and body torque density, TTO is the pseudovector-equivalent of the antisymmetric 

portion of the stress tensor, respectively ,̂ TT and C are the stress tensor and couple-

stress tensor. We assume the symmetric part of TT depends Hnearly on the velocity 

gradient tensor and the couple-stress tensor depends linearly upon the symmetric 

spin gradient tensor. The following constitutive equations have been proposed [6] for 

simple incompressible fluids: 

TT p(5 - / ^ ( V v + Vv^) - ^£ • TT,, (3.7) 

TTa = 2/i,(V X V - 20 ) , (3.8) 

C = - / i , ( V O - F VO^). (3.9) 

Here p is the thermodynamic pressure, 5 is a second-order unit tensor, and e is a 

third-order permutation tensor. 

Substituting constitutive equations, Eq. (3.7), Eq. (3.8), Eq. (3.9) and Eq. (3.4), 

into equations Eq. (3.5) and Eq. (3.6), and the momentum equations at steady state 

become [6]: 

0 = - V • M -h /9g + 2^ ,V xn^[piy + p) V V , (3.10) 

which is the linear momentum equation at steady state. 

0 = %, v v • n + MsV'n + 2//„ (v x v - 20) + pT, (3.11) 
o 

which is the internal angular momentum equation at steady state. Here pT is the 

external torque per volume. It can be related to T ' as 

T̂Ta = £ : TT, e is a third-order permutation tensor 
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= ^itisET-, (3.12) 

where V is the volume of fluids, a is the particle radius and A'̂  is the number of 

particles in the domain. In the rest of this section, the above equations are developed 

for linear and parabolic flow fields. Linear flow driven by a constant torque fleld 

and parabolic flow driven by linear torque field are studied. The equations used to 

calculate fiy are developed from continuum equations. 

3.2.2 Linear Flow 

A suspension bounded by a pair of parallel plates separated by a distance 2H with 

y normal direction is studied for simple shear flow field. No slip boundary conditions 

are applied to the bottom plate and the particles. In this analysis, the top plate that 

is located at i / is a force free surface and the bottom plates that is located at ~H 

and is fixed. 

In a simple shear flow of dilute suspension, the particles experience a constant 

torque if they are not allowed to rotate freely [11]. Here, we apply to each particle a 

constant external torque T ' : 

T = c8,, (3.13) 

where c is a constant. 

Because a particle rotational rate is proportional to the torque applied to the 

particle in a quiescent dilute suspension, we here assume that fi has the form as: 

n = ci(J„ (3.14) 

where ci is a non-zero constant. 
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Because of the translational independence of the fluids on the x and z direction of 

domain V, v must be independent with respect to x and z. This gives the following 

equations: 

The driving force in Eq. (3.11) is only in the z direction and the viscosities are scalar 

constants, the other non-zero vector terms in, the vector terms in Eq. (3.11) have to 

have the same direction. Hence: 

r ^ , dv^ dvy 

Substituting Eq. (3.15) to Eq. (3.16) and continuity equation, we find: 

(3.16) 

dv, dv^ 
0. (3.17) 

dy dy 

Combining Eq. (3.15), Eq. (3.17) and no-sHp boundary condition on the bottom plate, 

we find v can only be written as: 

V = /(y)<5. (3.18) 

Applying Eq. (3.13), Eq. (3.14), and Eq. (3.18), and Eq. (3.8)to Eq. (3.7) with p = 0, 

TT can be written as: 

7r = _ ^ ( V v + V v ^ ) - / / „ £ • (V X v - 20) 

-/̂  

/ 

\ 

0 % 0 

^ 0 0 
dy 

\ 

- P-v 

0 

S + 2̂ 1 
0 

1 - 2 - 1 0 \ 

/ 

0 0 

o o o y \ o 0 0 

- / ^ g - M | + 2cO 0 0 
0 0 0 

Because of the force free boundary condition on the top surface, -rty = rjy • TZ has 

to be zero at steady state. Hence Wyj, = 0. This gives: 

/ 

(3.19) 
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„ dv ,dv ^ ^ 
° = - ' ' ^ - ' ' " ( 5 ? + 2c,). (3.20) 

Substitute Eq. 3.18 and no-slip condition at the bottom plate located at y = -H to 

Eq. 3.20, we can get v as: 

v = -2c i IJ-v 

p + Py 
{y + H)S,, 

Applying Eq. 3.21 to Eq. 3.19, we get the local stress tensor as: 

TT = 

/o 
0 u 

4ci '^l" 

0 

0 

o\ 
0 

0 / 

The volume averaged stress tensor, 7r, is: 

TT = 

Jv 

32H^ci 

0 4 c i - ^ 0 

0 

0 

0 )dV 

0 

/ 0 - ^ 0 

0 0 0 

0 0 0 

\ 

/ 

(3.21) 

(3.22) 

(3.23) 

Note the TT and n are both asymmetric stress tensors. Substituting Eq. 3.12, Eq. 3.13, 

and Eq. 3.14 to Eq. (3.11). We can get py as: 

/J-v 

PT 

2 ( V X V - 2 0 ) 

(3.24) 
|Af7ra3(Vx v - 2 n ) 

According to above analyses, in fluid in which external torque per unit volume is 

applied, the equations of linear and angular momentum are coupled. A linear flow 
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field can be generated by applying a constant external torque per unit volume. We 

can relate the energy eflficiency of torque generate flow to force generated flow as: 

v = -2c,-^{y + H)S,. (3.25) 
P+ Py 

Here Ci is the particle spin rate. One can generate this flow field in two different 

ways. First, a constant force could be applied on the upper plate in a torque-free and 

force-free neutrally buoyant suspension in combination with the fixed lower plate. 

The traction is defined as: 

Trn = -iHpci-^^^^S,. (3.26) 
P + Pv 

Alternatively using to the analysis in the Chapter III, combining with force-free 

boundary condition on the upper plate and the fixed lower plate, one could set the 

force free particles' spin rate as: 

tt) = c i ^ j , (3.27) 

to generate the same linear velocity profile as above. 

We can calculate the rate of work, E, needed m a 2H x 2H x 2H domain to 

generate the flow described above by integrating the dot product of the traction and 

velocity over all the surfaces. The surfaces will be divided into two groups: the 

external bounding surfaces, Sext, and the surfaces of the particles. Si. 

E = f" f STTvdS+ f S-n-YdS 
jr( Js, JSe.t 

= E, + Eef. (3.28) 

Here N is the total number of the particles in the system, 8 • TT is the traction on the 

surfaces. Si is the surface on ith particle. Here, we designate the symbol Ep as the 
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rate of work done on the particles and E^f as the rate of work done on the external 

bounding surfaces respectively. 

In the torque driven flow, we assume the external bounding surfaces either have 

zero velocity or are force free. Hence the second term, E^j, in Eq. 3.28 is zero. Hence 

E = En becomes: 

N 

Ep = J2 S-TT-vdS + O 
: 1 *^ S 

P 

.=1 -s. 
N 

m I , ,2 . , „ m + uj' xr"')dS 
[JS, 

N 

- ^ K " •/"<$• 7r(^5 + ( / r " X <J • TTdS) • w A 

AT 

= ^ (vf^ • r + u;*'• T % 

(3.29) 

where P is the force on ith particle, v " velocity at mth point on the ith particle, 

V™ is the linear velocity at the center of the ith particle, LJ^ is the spin rate of the 

i th particle, r'" is the position vector of mth point on the ith particle. Substituting 

Eq. 5.12, Eq. 3.12, Eq. 3.25 and Eq. 3.27 to Eq. 3.29 with the assumption that particles 

are force free ( f = 0), we got 

Ep = Acip^^^^c.dV 
Jy Py+P 

= 32{cy)'p-^^^H\ (3.30) 
Py+P 

In the force driven flow, we assume the particles in the system are force and torque 

free. Hence by examing Eq. 3.29, Ep is zero. Substituting Eq. 3.25 and Eq. 3.26 to 

Eq. 3.28, E becomes: 
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Hence the rate of work needed is: 

E = E,j 

7r„ • vdS I 
I %{c,fp{-^^^^fHdxdz 

Js Pv+ P Pv + P' 

Z2{c,fp{-J^fH\ (3.31) 
py -f- P 

Hence 

Eej jJ'v 

Ep p + Pv 
(3.32) 

In like manner, it can be shown that an identical result holds for parabolic flow. More 

generally, over small length scales, all flows can be represented locally as a combination 

of simple shear flows and elongation flows. As elongation flows are irrotational, they 

cannot be produced by torque driven flows. Thus results in Eq. 3.32 can be applied 

in any case where the flow can be generated by external torques and external forces 

separately. 

As shown above, this expression is general and holds for any flow that can be 

generated by the application of both external torques on the particles and forces on 

the external bounding surfaces. Here Ep is the rate of work needed by external torque 

to generate a certain simple shear flow by applying external torques on the particles 

and Eej is the rate of work needed by forces applying on the external bounding 

surfaces to generate the same simple shear flow. Hence it is always less eflBcient to 

generate a flow by imposing torque on particles than it is a generate that same flow 

with forces on the boundary surfaces. 

3.2.3 Parabohc Flow 

A suspension bounded by a cyHndrical tube is studied for parabolic flow field. 

Cylindrical coordinate are set up in such a fashion that the tube has open ends on z 
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direction and radius of R. No-slip boundary conditions are applied to the tube wall 

and the particles. A pressure gradient is supplied to the tube. 

In a parabolic flow of dilute suspension, the particles experience torque as c'viSg 

if the particles can not freely rotate [11]. Here, we chose external torque T ' applied 

to each particle as: 

T ' = cr.Sg. (3.33) 

Because a particle rotational rate is proportional to the torque appHed to the 

particle in a quiescent dilute suspension, we here assume that J7 has the form as: 

O = ciViSe. (3.34) 

Here Ci is a constant. 

Because of the translational independence of the fluids on the z and 6 direction of 

domain V, v must be independent with respect to z and 9. This gives the following 

equations: 

Given that the coefficients of viscosities are constant scalars, the vector terms in 

Eq. (3.11) have to have the same direction, resulting in the following equation. 

V X v = 
dVr V^ 

dz dr 
Sg. (3.36) 

Substituting Eq. (3.35) to Eq. (3.36) and continuity equation, we find: 

1 ^ = 1 ^ = 0. (3.37) 
or or 

Combining Eq. (3.35), Eq. (3.37) and no-sHp boundary condition on the parallel 

plates, we find v can only be written as: 

v = v{r)S,. (3.38) 
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Here v{r) is a polynomial function of r 

Applying Eq. (3.38), Eq. (3.34), and Eq. (3.11), and Eq. (3.8)to Eq. (3.7), 

be written as: 
TT can 

n = -/u(Vv-f-Vv^) - ^^£ • (V X v - 20) 

/ _„ n dv \ I 

-1^ 

- p 0 ^ ^ 
' dr 

0 - p 0 
dv 

fJ-v 

av n 
\Tr 0 -P I 

-P 

0 

0 - ^ - 2 c u 
dr ^ 

-P 
dv 

0 

V f + 2cir 0 - p 

/^P 0 _ ^ J + ^ , ( g + 2cir) \ 

0 yup 0 

V - ^ f - ^ 4 f + 2cir) 0 

/ 

(3.39) 

//p / 

As shown in Eq. 3.39, TT is asymmetric if ^^ + 2cir / 0. However TT = Jy ndV = 0 in 

this case because of the domain is symmetric with respect to Sg. 

Applying Eq. (3.39), Eq. (3.33), Eq (3.34) and Eq. (refe4gvp) to Eq. (3.10). We 

can get the following equation. 

•1 O / O 

0 = -V -pS + Pg + 2ClPy5^ + {py+p)-— I r ^ ) 8;,. 
r or \ or 

(3.40) 

The v can be obtained as following by solving the Eq. (3.40) with the assumptions 

that -^ — 4c2, g= 0, no-slip boundary conditions, and velocity at r = 0 is finite. Here 

C2 is a constant, r is the positions of particles in a suspension bounded by a tube. 

ClPv C2 
V. = — (r^ - R') + ^ ^ (r^ - R') . 

P + Py p - \ - Pv 

Applying Eq. (3.39), Eq. (3.33), and Eq (3.34) to Eq. (3.11). We can get py as: 

(3.41) 

jJ'V 

PT 

2(V X v - 2 n ) 

iNira^iV X V - 2 0 ) ' 
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According to above analyses, in fluid in which external torque per unit volume 

are applied, the equations of linear and angular momentum are coupled. For a torque 

driven linear flow in between two parallel plates, n and TT are asymmetric. For a 

torque driven linear flow in a pipe, TT is asymmetric. But TT is symmetric due to the 

symmetry of the pipe. If the kinematics of the flow and external torque are known, 

the coupled equations can be solved to determine p and py. 

A linear flow can be generated by applying constant external torque on the par

ticles when the suspensions are bounded by a pair of parallel plates and one of the 

plates is force free. A parabolic velocity profile in a pipe, which is the first part of 

left side of Eq. (3.41), can be generated by applying an external torque that is pro

portional to r. This parabolic velocity generated by external torques is addable to 

the parabolic velocity generated by pressure, which is the second part of left side of 

Eq. (3.41). Because Ci and C2 are arbitrary constants and independent to each other, 

the sum of these parabolic velocities can flow in opposition to the pressure gradient. 

Hence apparent viscosity, which is proportionality constant that relates the force per 

unit area to gradients in the velocity of fluids, appears to be negative. Apparent 

"negative" viscosity is a result of external torque transformed into the angular mo

mentum of the particles, which in turn is converted into a hydrodynamics motion of 

the fluid through py. 

3.3 Numerical Experiments and Results 

The simulations were carried out by a BEM code [32] developed with the numerical 

algorithm described in the last section. The three-dimensional boundary element 

mesh of the spherical balls and the container is shown in Fig. 2.1. For the simple 

shear flow study, the suspensions is bounded by a pair of parallel plates with a gap 2H. 

For the parabolic flow study, the suspensions is in a tube. The radius and the length of 

the tube are IH and 4H, respectively. The suspensions contain 160 neutrally buoyant 

uniform sized spheres with density p = 1. The particles are randomly placed in the 

tube and the results for that configuration are determined. The continuum behavior 
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is determined by averaging at least ten individual configurations at each cf) and flow 

condition. Spot-checking the result shows, by using two-sided student t-test [37], 

there are no statistically significant difference between two sets of 10 conflgurations 

results. These procedures were repeated for different (f). In these simulations, because 

the number of particles in the system is fixed due to machine limitation, the particles' 

radii were changed in order to change (j). In this study, the error bars are generated 

by using two-sided student t-test [37]. 

In the simple shear flow study, no-slip boundary conditions are used on the par

ticles and on the bottom plate. A force-free boundary condition is appHed to the 

top plate. A constant torque is applied on each particle independent of position. In 

the parabolic flow study, a non-slip boundary conditions are used on the particles 

and tube walls. A dimensionless pressure gradient ^ = 1 or ^f = 0 was applied 

along the tube. If small particles are torque free and the concentration is dilute, then 

the angular velocities of the particles are ~u>. Furthermore, in the parabolic flow 

experiments, the particles can either be torque free or have torques whose magnitude 

increases linearly with their radial positions. The torques applied to the particles 

changes according the experimental requirements. 

According the theory developed above, applying a constant torque on the particles 

as T ' = 082 can generate flow as v = C2(y -|- H)8x if the suspension is bounded by 

a slip plate and a non-slip plate. As shown in Fig. 3.1, numerical simulation agrees 

with theoretical predictions. As described in the theory section, TT and TT are both 

asymmetric. Numerical simulations qualitatively verify the theory. For example, if 

pT = 2.258^ is applied to the suspension, the resulting TT is shown in Eq. (3.43). 

TT 

^ 0 -2 .19 0 ^ 

0 0 0 

y 0 0 0 y 

(3.43) 

Note the diflference between W^y and pT, = 2.25 is because BEM always underesti

mates 7f due to the super-parametric elements, that cause a velocity mismatch be-
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Figure 3.1: A Simple shear flow can be generate by constant external torques applied 
to the particles bounded by two parallel plates. One plate is a force-free plate and 
another one is a non-slip plate. Here the result for a single configuration of 160 
particles at ^ = 0.22 with is shown. 

tween the velocity on the traction boundary and the velocity on the velocity boundary 

used in BEM code. Hence TT derived from the average kinematics is used in this study 

to obtain py. 
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Figure 3.2: A parabolic flow can be generate by linear spin field induced by linear 
external torcjues in a circular pipe. No pressure difference has been applied to the 
suspension. Here the result from one configuration at (/) = 0.22 with 160 particles is 
shown. The dotted line shows velocity profile quadratic. 

According the theory developed above, applying linear torc^ues on the particles as 

T ' = cr,8s can generate flow as v = C3(r' — R^)8, even without pressure gradients. As 

shown in Fig. 3.2, numerical simulation agrees with theoretical predictions. Notice, 
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Figure 3.3: Flow generated by particle spin is addable to pressure driven flow. Where 
Qs is the suspension flow rate, Qo is the pressure driven volumetric flow rate of 
the same suspension in a tube without external torque. Here the result from 10 
configurations at (f) — 0.22 is shown. 

this kind of parabolic flow field can also be induced by pressure driven. The measured 

flow in a pressure driven flow experiment is a combination of these two flows. 

As can be seen in Fig. 3.3, if 20^ > ujg due to torque applied in the same direction 

as u>s of the flow, the amount of measured flow is greater than the amount of pressure 

generated flow. Here Q,g is the suspended particle spin rate, Wj = V x Vp, and Vp 
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is the pressure driven flow velocity of the suspension. The bigger the 2 0 , compare 

to ujg, the greater the increase in flow. Alternatively, if 2 0 , < Ug due to torque 

applied in the opposite direction as w, of the flow, the amount of measured flow is 

less than the amount of pressure generated flow. The less the 2 0 compare to ujg, the 

greater the reduction in flow. Due to the linearity of the creeping flow equations, the 

torque induced flow can be added to pressure driven flow and the overall flow rate 

and direction is determined by the combination of these two flows. Eventually, as 

the torque increases, the flow due to the spin field will dominate the flow due to the 

pressure gradient and the measure flow is determined by spin generated flow. 

The stationary couple hinders the free rotation of polar particles and thus increases 

the 77 [10]. Likewise an alternating external force or external torque can either enhance 

or retard the rotation rate a particles. Hence, the net effect would be to either pump 

up or reduce the flow rate in a tube as shown Fig. 3.3. If an observer was not 

aware of the effects of the vortex viscosity coupling the angular and linear momentum 

equations, and simply using Eq. 3.44, which is commonly used by experimenters to 

calculate apparent viscosity, rj, of pressure driven flow as: 

dpnR'^ 

Here -^ is the pressure gradient, R is the radius of the tube and Q is the volumetric 

flow rate, they would see that rj would vary with the applied torque. Shown in 

Fig. 3.4, is the result of such an experiment where 77 of the suspension is calculated 

for various amount of applied torque. If 2 0 , > ujg due to torque applied in the same 

direction as w, of the flow, the particles spin will increase the amount of measured 

flow and yield a lower rj. Alternatively, if 2 0 , < w, due to torque applied in the 

opposite direction as w, of the flow, the particles spin will reduce the amount of 

measured flow and yield a higher r]. Eventually, the flow due to the spin field will 

dominate the flow due to the pressure gradient. This may result an apparent negative 

viscosity as shown in Fig. 3.4. Notice there is a discontinuity in 77, at the discontinuity 

point, the spin generated flow exactly the same amount of pressure drive flow but 
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(2VxQ -Vxa)-)/(Vxo) ) 

Figure 3.4: Apparent viscosity, rjr = —, can be changed from negative to positive 
with a discontinuity when the spin generated flow exactly the same amount of pressure 
drive flow but opposite direction. Here the result from 10 configurations at </> = 0.22 
is shown. 

opposite direction. Hence 77 = oo in Eq. 3.44. 

BEM simulations give the tractions and velocities on all boundaries and inte

rior of the system. Given the kinetic of the flow and the T ' on each particle, using 

the conservation of angular momentum Eq. (3.24) and Eq. (3.42), py can be deter

mined. As shown in Fig. 3.5, BEM calculations agree with theoretical prediction[10] 

of Py = 1.5 /̂Uo for dilute suspensions. Results of these numerical experiments show ;Ui, 

increases linearly with concentration up to two percent volume fraction of suspended 
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Figure 3.5: Brenner predicted py = 1.5pQ(f) at low concentration. Numerical results 
agree with Brenner's prediction and extended py is to concentrated suspensions, po 
is the pure fluid shear viscosity. 

particles. At higher concentration, py increases faster than the linear low concen

tration limit. According to second law of thermal dynamics, py is always positive. 

Note the uncertainties in figures in this paper represents the 95% confidence limits 

as determined by a two-sided student t-test [37]. 

Once the value of py has been deter, the conservation of linear momentum as given 

by Eq. (3.41) can be used to determine the value of p. As shown in Fig. 3.6, p is 

always positive and function (f). As cj) approaches zero, the results of these simulation 

agree with the theoretical prediction of Einstein [38], ^ = 1 -f- 2.50. Though apparent 

viscosity can be affected by external torque, p will not be changed if the coupled 

linear and angular momentum equations are solved. However, py has to be known so 

that the resulting spin field can be determined. In this fashion. Apparent "negative" 
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Figure 3.6: pr = — as a funtion of (f). Solving coupled momentum equations gives p. 
It is only a function of 4> and always positive. 

viscosity is a result of external torque transformed into the angular momentum of 

the particles, which in turn is converted into a hydrodynamics motion of the fiuid 

through Py. 

As shown above, external torque can induce flow that would otherwise be quies

cent. It is interested to evaluate the efficiency of torque driven flow compare to force 

driven flow. As shown in Fig. 3.7, torque driven flow requires much more energy than 

force driven flow to generate the same amount of flow rate. Torque driven flows are 

much less efficient. For example, at 1% concentration, to generate the same amount 
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flow, the ratio of energy required by force driven flow to the energy required by torque 

driven flow is 1.4% in a linear flow. However this ratio increased as (f> increases. 

3.4 Conclusions 

In this chapter, we show that py increases linearly with concentration as the the

ory predicts [10] up to two percent volume fraction of suspended particles. .-Vt higher 

concentrations, vortex viscosity no longer increases linearly with concentration but 

36 



slightly faster compared to the linear line extended from low concentration predic

tion. External torque through vortex viscosity can induce fluid flow from otherwise 

quiescent state. The torque driven flow velocity profile is determined by the particles' 

spin field profile. Torque driven flow is always less efficiency than force driven flow. 

The combination of external torque driven flow and force driven flow gives the over 

all fluid motion. Apparent "negative" viscosity can be the a result of external torque 

transformed into the angular momentum of the particles, which in turn is converted 

into a hydrodynamics motion of the fluid through py. 

37 



CHAPTER IV 

SPIN VISCOSITY IN SUSPENSIONS 

4.1 Introduction 

The equations for the conservation of linear and angular momentum are decoupled 

m fluids and suspensions in which the molecules and suspended particles are free 

from external body couples. Small, neutrally buoyant spheres in dilute suspensions 

rotate with one-half the local vorticity, w = V x v, of the average macroscopic flow 

field [1]. Where v is the velocity of the fluid. One consequence of decoupling the 

equations of the linear and angular momentum is that the resulting stress tensor, TT, 

is symmetric [2, 3]. In Newtonian fluids, gradients in the velocity are proportional to 

the flux of linear momentum where the proportionality constant is the shear viscosity, 

p. Dahler proposed a similar constitutive relationship [5, 6] for simple liquids for 

the angular momentum conservation equation. Here, the proportionality constant 

between gradients in the spin flelds and the flux of angular momentum is the spin 

viscosity, pg. 

The equations for conservation of linear and angular momentum are coupled and 

the stress tensor is asymmetric in fluids and suspensions in which the molecules or 

suspended particles can be acted upon by external body couples. In these dipolar 

fluids in which external torques act on the fluid, there is an inter-conversion of bulk 

and internal angular momentum such that these forms of angular momentum are not 

conserved separately [8]. Earlier studies have addressed the mechanics and appli

cations of where the equations of linear and angular momentum are coupled [6-16]. 

In these simple fluids, linear and angular momentum equations are assumed to be 

coupled through the vortex viscosity, //„, that is the proportionality constant between 

the transfer of the linear to angular momentum flux and the difference between the 

spin rate and the one-half w. 

There are no quantitative values reported for ps in dipolar fluids or in suspensions. 

One of the primary objectives of this study is to determine ps in suspensions in which 
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the suspended particles are subjected to external torque. In addition, the combination 

of theory and numerical experiments will determine the dependence of ps on cf) and 

on the size of the suspended particles. As will be discussed in greater detail in the 

following sections, this analysis requires a flow field in which there is a gradient in the 

spin gradient on the particles. The simplest such rectilinear field is a cubic velocity 

field generated by a quadratic spin field. By measuring the velocity profile resulting 

from the quadratic spin field one can determine ps and py from the coupled set of 

equations describing the conservation of linear and angular momentum. 

In the following section, the governing equations and the theoretical basis for the 

data reduction is developed. The next following section describes the BEM codes used 

for the particle-level simulations and the numerical experiments. This final subsection 

also describes the relative importance of ps, Pv, and p and how ps depends on </> and 

the particle radius, a. 

4.2 General Theory 

Here we consider non-colloidal suspension of identical, neutrally buoyant, rigid 

spheres in an incompressible Newtonian fluid. The fluid is located in the space be

tween two parallel plates that are separated by a y directional distance 2H. The 

volume, V, of this fluid is bounded by a closed surface, S. 

We assume the above system can be treated as a continuum system in which 

conservation of angular momentum provides an independent equation which must be 

solved simultaneously with the equations of conservation of mass and linear momen

tum. The complete set of conservation laws consists of the continuity equation: 

V - v = 0, (4.1) 

together with Cauchy's laws of linear and internal angular momentum: 

p - ^ = - V - 7 r + pg, (4.2) 
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on 
pi^—=^-'^-C + TTa+pT. (4.3) 

Here, v and O denote the velocity and spin vector flelds, respectively, existing at each 

point X of the fluid continuum, p is the mass density, K is the radius of the gyration 

field defined such that K O is the specific (per unit mass) internal angular momentum 

density, the vector fields g and T represent, respectively, the specific external body 

force and body torque density, TZa is the pseudovector-equivalent of the antisymmetric 

portion of the stress tensor, TT and C are the stress and couple-stress tensor. We 

assume the symmetric part of TT depends only on the velocity gradient tensor and 

the couple-stress tensor depends only upon the symmetric spin gradient tensor. The 

following constitutive equations were given [6] based on the above assumptions and 

an incompressible Newtonian fluid: 

TT=p8-p{Vv + Vv^)--£-TTa, (4.4) 

TTa = 2py{V xv-2n), (4.5) 

c = -pg{vn + vn^). (4.6) 

Here p is the thermodynamic pressure, 5 is a second-order unit tensor, and £ is a third-

order permutation tensor (see, for example, Appendix A.2 of Bird et ai (2002)). 

Substituting constitutive equations, Eq. (4.4), Eq. (4.5), Eq. 4.6) and Eq. (4.1), 

into momentum equations Eq. (4.2) and Eq. (4.3), and the momentum equations at 

steady state become [6]: 

0 = - V • pJ -f /9g + 2pyV xn + {py + p) W . (4.7) 

0 = -pgVV • O + ^ , V ' 0 + 2//, (V X V - 2 0 ) -J- pT. (4.8) 
o 
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In order to obtain p^ from Eq. (4.8), the V^O term in Eq. (4.8) must be non-zero. 

To simplify the analysis, the spin fleld is chosen as 

O = c{y' - H^)5,. (4.9) 

Here c is a constant. 

Because of the isotropic property of the fluids on x and z direction of domain V, 

V must be independent to x and z position. This gives the following equation: 

dv dv ^ , , 
& = & = » • ( ^ • ^ ' ' ) 

The vector terms in Eq. (4.8) have to have the same direction because viscosities are 

constant scalars. Hence: 

Substituting Eq. (4.10) to Eq. (4.11) and continuity equation, we find: 

Combining Eq. (4.10), Eq. (4.12) and no-sHp boundary condition on the parallel 

plates, we find v can only be written as: 

V = f{y)8x. (4.13) 

Substituting Eq. (4.13) and Eq. (4.9) to Eq. (4.7), we can get the following equa

tion. 

0 = - V • p«5 + pg + Acpyy8x + {py + p) -j^^x- (4.14) 

We get the velocity as following by solving the Eq. (4.14) with the assumptions 

that V • p = 0 and g = , and no-slip boundary conditions, and velocity at y = 0 is 

zero because of the symmetric of the domain. 
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3{p + Py) 

= c,{y'-H'y). (4.15) 

Here ci is a constant. 

According to above analysis, applying a parabohc spin field can generate a cubic 

velocity flow field that can be induced by external torque. This cubic one dimensional 

flow field can only be realized in a spin driven flow. 

Because a particle rotational rate is linearly proportional to the torque applied to 

the particle, we can assume pT has the form as: 

pT = ic2y'-csH')S,. (4.16) 

Here C2 and C3 are constants. 

Substituting Eq. (4.9), Eq. (4.16)and Eq. (4.15) to the Eq. (4.8), we get: 

0 = /i , V^O + 2py{S7 XV- 2 0 ) + pT 

= 2cpg + 2py (-3ciy2 + ciH^ - 2cy'^ + 2cH^) + C2y^ - cg//^ 

= (c2 - 2py{3ci + 2c)) y ' + 2c^, + 2py {c,H^ + 2cH'') - c^H^. (4.17) 

Because Eq. (4.17) has to be hold for any point in the domain V, the constant 

portion of y^ term must be zero in Eq. (4.17). For the same reason, the constant term 

in Eq. (4.17) also must be zero. Hence Eq. (4.14) can be separated into following 

equations: 

0 = C2-2/ / , (3ci + 2c). (4.18) 

0 = 2cpg + 2py {ciH^ + 2cH^) - c^H^ (4.19) 

Solving Eq. (4.18) and Eq. (4.19) gives p^ and py as: 
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According to above analyses, in fluid in which external torques per unit volume are 

applied, the equations of Hnear and angular momentum are coupled. If the kinematics 

of the flow and p T are known, we can solve the coupled equations for a cubic flow field 

to get Ps, p and py. Note that this cubic flow can only be generated if the equations 

of linear and angular momentum are coupled. 

4.3 Numerical Experiments and Results 

The simulations were carried out by a BEM code [32] developed with the numerical 

algorithm described in the last section. The three-dimensional boundary element 

mesh of the spherical balls and the container is shown in Fig. 2.1. The container is 

a 2H X 2H x 2H cubic box. The suspensions contain 60 neutrally buoyant uniform 

particles with density p = 1. The particles are randomly placed in the tube and the 

results for that configuration are determined. The continuum behavior is determined 

by averaging at least thirty individual configurations at each </> and flow condition. 

Spot-checking the result shows, by using two-sided student t-test [37], there are no 

statistically significant difference between two sets of 30 configurations results. These 

procedures were repeated for different (f). In these simulations, because the number 

of particles in the system is fixed due to machine limitation, the particles' radii were 

changed in order to change (f). 

No-slip boundary conditions were implemented on the surfaces of the particles. 

The particles were allowed to translate and rotate. The rotation rate was set by 

Eq. (4.9). The velocity of the particles were determined by neutral buoyancy. Periodic 

boundary conditions were applied on the x normal and z normal surfaces of the 

container. The y normal surfaces of the container are fixed. 
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ion as According the theory developed above, applying the spin rate of suspensic 

O = c{y^ - H'^)6, can generate flow as v = ci(y^ - yH^)6:,. As shown in Fig 4.1, 

numerical simulation agrees the theory prediction. The simulation result shown in 

Fig 4.1 for 0 = 0.1 is an averaged result over the results of over 30 configurations. 

The result of one configuration shows non-zero velocity on all three directions. This 

is because there are only 60 particles in the cubic box for one configuration. The 

domain is not structural homogeneous. Hence the assumption that v is independent 

to x and z position, described in the theory section, is no longer valid. However, when 

over 30 configurations are averaged in the same domain for the same 0, the averaged 

result can represent the structure of a homogeneous domain. Hence the averaged 

results in Fig. 4.1 can represent the result for an structural homogeneous domain. As 

predicted by theory, the velocity profile is v = Ci(y^ — yH'^)8x. 

The BEM simulation gave the torque, T \ on each particle. The pT in the angular 

momentum equation can be related to external torque on ith particle, T\ as: 

pT = ^ ' 
V 
0 

N^Tra^ 
(4.22) 

Hence from BEM simulation, the value of C2 in Eq. (4.20) can be calculated. Substi

tuting the value for c, Ci and C2 obtained from BEM simulation to Eq. (4.20), we get 

the values of py for different (p shown in Fig. 4.2. Brenner predicted the vortex vis

cosity Py to be 1.5po</> at low concentration. Numerical results agree with Brenner's 

prediction and show py is independent to the flow fleld and geometry. These values 

obtain for torque driven cubic flow are consistent with those values of py obtained 

from previous study for parabolic flow. 
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Figure 4.1: Velocity proflle in a periodic box with the non-slip boundary condition 
on the y normal boundaries. Where Vmax is the maximum velocity of flow and 2H is 
the gap of the periodic box. 
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Figure 4.4: The ratio of pg to pa^ is constant at same cj). Here a is the radius of the 
suspended particles and (̂  = 0.1. 

Substituting py and the kinematics of the flow into Eq. 4.5 gives TT .̂ AS shown in 

Fig. 4.3, there is a constant difference between TTa and pT. This constant difference 

is the divergence of the couple stress as shown in Eq. 4.8. Hence ps can be calculated 

from angular momentum equation if pT , p^, and the kinematics of the flow are known. 

Substituting the value for c, Ci and py obtained from BEM simulation to Eq. (4.21), 

we get the values of ps shown in Fig. 4.4 and Fig. 4.6. 

As noted earlier [6], ps introduces an absolute length scale. The unit of ps is 

different from the units of p and py. Fig. 4.4 shows that the absolute length scale is 

related to the square of suspended particle radius. As shown in Fig. 4.4, at fixed 0, 

Ps is proportional to poO?. Hence ps is a function of the radii of suspended particles. 
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It increases as the size of the particles increases. 

The total external torque /^, pTdV put into the system is due to both pg and py 

as shown in Eq. (4.17). We can separate the contributions to Jy pTdV from pg and 

Hy CLSI 

/ pTd\ • = HpgV^n + 2/i, (V X v - 2n))dV 

= / (2cp, + 2p„ (-3ciy2 + ciH^ - 2cy^ + 2cH^))dV 

. ( ; _ i ^ + ,;) , ,^. 

= {C2{^Y + l)c',PyHK (4.23) 

Here c\ and c'̂  are constant. The first term in Eq. (4.23) is the relative contribution, 

pT*, to p T from pg. The second term is relative contribution, pT'", to pT from py. 

BEM gives the kinematics of the fiow that gives c and ci, substituting these value 

with Ps from Fig. 4.4 and py from Fig. 4.2, we can evaluate the relative importance 

of Ps and Py in the angular momentum equation. The results are shown in Fig. 4.5. 

As shown in Fig. 4.5, pT* is insignificant compare to pT" when a is small compare 

to H. The ratio of pT* to pT" increases as a/H increases, and pTg can be significant 

if the suspended particles are large relatively to the container. It cannot be ignored in 

a fluid with relative large suspended particles compared to the gap of the container. 

As shown in Fig. 4.6, pg is a function of both the volume fraction and the radii of 

suspended particles. It increases as the (j) increases. For pure fluids, ps = 0. The rate 

of Ps increasing with (f) is greater than the rates of p and py increasing with (f). Hence, 

the ratio of ps to raUyH^ in Eq. (4.23) increases as 0 increases. The percentage of 

pT due to Ps increases as cf) increases. For example, in an aqueous suspensions with 

radius of suspended particle equals to 0.15 cm, if ^ = 0.106, the percentage of pT due 

to Ps is about 6% ps- As cj) increases to 25%, the percentage of pT due to ps would 

be 7%. 
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Figure 4.5: The ratio of pT* to pT" increases as -^ increases. Here, (j) = 0.1. Note 
that this ratio is also dependent on the type of the flow, which is cubic in this case. 

4.4 Conclusions 

The first quantitative values for ps are reported in this study. The results of this 

study shows ps of a suspension is a function of both (f) and a. At a fixed cf), ps is 

proportional to a^. At fixed a, ps increases as the (f) increases. The rate at which 

Ps increases with 0 is greater than the rates at which p and py increases with (f). 

When size of particles is small compared to the gap of the domain, the effect of ps 

relative to that due to py on angular momentum equation is insignificant compared 

to Py. As the ratio of size of particles to the gap of the domain increases, the relative 

importance of the contribution due to ps increases. Therefore, as the relative particle 
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The figure shows ps at different (j) up to 25% 

size increases and (j) increases, eventually, the percentage of pT due to ps will dominate 

the percentage of pT due to py. 
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CHAPTER V 

ENERGY DISSIPATION IN SUSPENSIONS 

5.1 Introduction 

The equations for the conservation of linear and angular momentum are decoupled 

in fluids and suspensions in which the molecules and suspended particles are free from 

external body couples. Neutrally buoyant spheres in these systems rotate with one-

half the local vorticity, w = V x v, of the average macroscopic flow field. Here 

V is the velocity of the fluid. One consequence of decoupling the equations of the 

linear and angular momentum is that the resulting stress tensor, TT, is symmetric 

[2, 3]. Simple fluid systems may be modeled as Newtonian fluids. In these systems, 

gradients in the velocity are proportional to the flux of linear momentum where the 

proportionality constant is the shear viscosity, p. A similar constitutive relationship 

[6] is assumed for simple liquids in the angular momentum conservation equation. 

Here, the proportionality constant between gradients in the spin fields and the flux 

of angular momentum is spin viscosity, pg. 

The equations for conservation of linear and angular momentum are coupled and 

the stress tensor is asymmetric in fluids and suspensions in which the molecules and 

suspended particles can be acted upon by external body couples. In these dipolar flu

ids in which external torques act on the fluid, there is an inter-conversion of bulk and 

internal angular momentum and these forms of angular momentum are not conserved 

separately [8]. Earlier studies have addressed the mechanics and applications of where 

the equations of linear and angular momentum are coupled [5, 4, 20, 25, 26, 28]. In 

these simple fluids, linear and angular momentum equations are assumed to be cou

pled through the vortex viscosity, py, that is the proportionality constant between 

the transfer of the linear to angular momentum flux and the difference between the 

spin rate and the one-half w. 

The objective of this chapter was to investigate the role of py and ps in the 

conservation of energy and test the consistency of dissipation rates derived by using 
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these earlier results for viscosities with those obtained using energy dissipation rates 

determined by using forces and velocities on the boundaries. Most text-books do not 

mclude the pg in the energy equations. We find that gradients in spin contribute to 

the overall energy dissipation rate in flow fields in which the spin rate is not constant. 

The energy dissipation rate equations derived here include these effects. The intent 

of this paper was to parallel the derivations using energy dissipation rate method 

[38] and by volume average stress tensor, TT [7], that led independently to identical 

predictions of the apparent suspension viscosity as a function of soHd fraction, (f>. 

Einstein initially predicted the suspension viscosity, p , as a function of (f> by equating 

the energy dissipation rates. El, in suspensions to that of a hypothetical one phase 

fluid in the same average flow fleld. 

Using El to determine p is possible if that is the only contribution to the energy 

dissipation rate equation. This is true in flow flelds in which there is no gradient 

in the spin field and no external torques are applied to the flow. In this work, we 

examine more general flow flelds in which py and ps can contribute to El. In these 

flow fields, all three viscosities have to be known in order to calculate the E'^. If E'^ is 
' V V 

known, then a linear combination of all viscosities can be found or one viscosity can 

be determined if the other two viscosities and the kinetics of the flow are known. 

In the following sections, equations that describe the rate of dissipation of energy 

in these simple fluids are derived. These equations were applied to flow fields in 

which the velocity profiles were linear, parabolic, and cubic. The linear combination 

of p , Py, and Ps used to calculate the energy dissipation rate was determined for 

each of these flow fields. The importance and conditions under which py and ps 

are included in the energy dissipation rate equation are discussed. Then, a series of 

numerical simulations were conducted on different flow fields in suspensions where 

external torques were applied to the particles. The simulation results were analyzed 

by using the energy dissipation rate equations obtained from the theoretical analysis. 

The combination of p, py, and ps, that was determined by averaging the stress, was 

used to determine El. Finally, the total rate of energy dissipated in the system, 
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£/^, is calculated independently using the force times the velocity on aU the external 

boundaries of the system at steady state. This calculation is at macroscopic discrete 

level. The result was compared to El determined from continuum theory. This 

provides an independent verification of the validity of p , p„, and ps obtained from 

averaging the TT in numerical simulations and theory. 

5.2 General Theory 

Here we consider non-colloidal suspension of identical, neutrally buoyant, rigid 

spheres in an incompressible Newtonian fluid. The suspensions are bounded in a 

control volume, V (closed with respect to mass), bounded by a surface, S. 

We assume the above system can be treated as a continuum system in which 

conservation of angular momentum provides an independent equation which must be 

solved simultaneously with the equations of conservation of mass and linear momen

tum. The complete set of conservation laws consists of the continuity equation: 

V - v = 0, (5.1) 

together with Cauchy's laws of linear and internal angular momentum: 

p — = - V - 7 r + pg, (5.2) 

p K ^ = - V - C + 7r, + pT. (5.3) 

Here, v and O denote the velocity and spin vector fields, respectively, existing at 

each point x of the fluid continuum, p is the mass density, K is the radius of the 

gyration field defined such that K O is the specific (per unit mass) internal angular 

momentum density, the vector fields g and T represent, respectively, the specific 

external body force and body torque density, TTa is the pseudovector-equivalent of 

the antisymmetric portion, TT and C are the stress and couple-stress tensor. We 

assume the symmetric part of TT depends only on the velocity gradient tensor and 
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the couple-stress tensor depends only upon the symmetric spin gradient tensor. The 

following constitutive equations were given [6] based on the above assumptions and 

an incompressible Newtonian fluid: 

TT = p<5 - p ( V v + Vvt) - - £ • TTa, (5.4) 

7ra = 2p^(V X V - 2 0 ) , (5.5) 

C = - p , ( V O - t - V O ^ ) . (5.6) 

Here p is the thermodynamic pressure, <5 is a second-order unit tensor, and £ is a 

third-order permutation tensor [8]. 

5.2.1 Equation of Energy Dissipation Rate 

The equation of conservation of energy can be written as: 

Here U is the internal energy, fi^ = O • O, f ^ = v • v, ^v^ + ^nft^ is the kinetic energy, 

Q is the heat transfer to the volume across its boundary and W is the work done 

by the surroundings on the volume V. We can define Q and W as the rates of heat 

transfer and work. 

As Brenner [11, 29] pointed out, the rate of work, W = ^ , is composed of both 

body and surface contributions: 

W = f dWv + I dWg. (5.8) 
Jv Js 

Here L represents the integral over the surface bounding the continuum domain V, 

dWv represents the rate of work by the distant surroundings on an interior volume 

element, dV, centered at an interior points, x, of the continuum forces and body 

torque. dWs represents the rate of work performed by the immediate surroundings 
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on the continuum domain, V, through a surface element, dS, centered at a surface 

point .r of the body [12]. 

I dWv= / (pg • v + pT • a)dV, (5.9) 
Jv Jv 

/ dWs = - I n{TTv + C- n)dS. (5.10) 

Hence Eq. (5.8) becomes: 

J (i^y = I {pg-v + pT-n)dV ~ f n-{TT-v + C-n)dS (5.11) 

= / (pg • V + pT • ̂ )dV - / V • (TT • V + C • n)dV 

= I {pg-v + pT-n-w•{TT-v)-v-{c-n))dv 

= / (pg • V + pT • O - V • TT • V - TT̂  : Vv - V • C • O - C ^ \/n)dV. 
Jv 

The rate of work, W, done by the surroundings on the system change the kinetic 

energy of the system and dissipate the energy into the system. 

W = Ek + El. (5.12) 

Here Ek is the rate of change of kinetic energy and El is the energy dissipation rate. 

The expression for Ek is as follows: 

^^ = | / ^ p ( ^ " ' + ^'^f^'MV. (5.13) 

If we apply the continuity equation and the Leibniz formula to Eq. (5.13), we get: 

r ADv^ 1 Dn\ „, 

= / / ' ^ • ^ + ' = ^ - " > ' ' ^ - < ' • " ' 

We then substitute the momentum equations, Eq. (5.2) and Eq. (5.3), into Eq. 

(5.14), and the kinetic energy equation becomes: 
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Ek = / , ( ( - V • TT + pg) • V + ( - V • C + TT, + pT) • n)dV. (5.15) 

The left hand side of linear momentum e q u a t i o n , ^ , and the left hand side of 

angular momentum equations, ^ , are zero at steady state. Hence, any solutions 

that satisfy the momentum equations will result in a zero net kinetic energy change. 

The energy dissipation rate, E^, can be obtained by subtracting Eq. (5.15) from Eq. 

(5.12). 

El= I {-TT^-.Vv-C^ :Vn-TTa-n)dV. (5.16) 
Jv 

The rate of internal energy change is zero at steady state and can be expressed as 

follows: 

= / (-TT^ : VV - C ^ V O - TTa • n)dV + 
Jv t (-̂ . 

At steady state, the energy dissipated into the system equals to the total of amount 

work done by the surroundings. Note for the simple fluids considered here, El is 

always positive and represents the irreversible conversion of kinetic energy to internal 

energy. For viscoelastic fluids, this term may include reversible conversion to elastic 

energy. 

The energy dissipation rate can be written as: 

K I = j ( - C ^ : V O - TT^ Vv - 7r̂  • n)dV. (5.18) 
Jv 

Applying the following constitutive equations to Eq. (5.18) for an incompressible 

Newtonian fluid. 

7r = p < J - p ( V v + V v t ) - - £ - 7 r a , (5.19) 
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TT a = 2p^(V X V - 2 0 ) , (5.20) 

C = - p , ( V O + VO^). (5.21) 

the first term in Eq. (5.18) becomes: 

J{-c^:wn)dv = f {ps{vn + vn^):\7n)dv 

= j/r-EEi'^y^rnv. (a.22, 
the sum of second term and third in Eq. (5.18) becomes: 

/ (-•TT^ Vv-TTa-n)dV 
Jv 

= / {-{p8 - p ( V v + V V ^ ) + l-e • TTa) : V V - TTa • n)dV 
Jv ^ 

= / {{-p8 + p ( V v + Vv^) - e • py{\7 XV- 20) ) : Vv) - 2p„(V x v - 20 ) • Q))dV 
Jv 

= / (p (Vv -I- Vv^) : V v - py{elmk{e^Jk^^VJ - 2VLk)dmVi + {2emikdmVi - 4nk)9,k)))dV 
Jv 

= / ( o ' ^ X ^ ^ ^ ^ "*" ^ ^ ^ ~ P-vislmk^mlkdrnVldrnVl - ASlmkdmVl^k " 4^k^k))dV 

= / ( 9 ^ X ] X ^ ^ ^ "^ ^ ^ ^ ~ P'vi-SlmkeimkdmVtdmVl " 4£/„A:5m^^/f^A: - 4f)fcf]fc))dy 

t j •' I j k •' 

Combining Eq. (5.22) and Eq. (5.23), the energy dissipation rate can be written 

as: 
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''• = /.(j-EDt + f;)̂  
k J " " "' ^ 

+ ^''EE(|^ + |7)'+''"EEE(-.-^+2"*)Vv 
«' j ' •' i j k •' 

= I {~C : C + ^ r : r + - ^ T T , • 7r,)6;K (5.24) 
Jy 2ps 2p Apy 

Here r = - p ( V v -|- Vv^). Note the second term is the same as Bird's [8] Energy 

dissipation rate equation for incompressible Newtonian fluid. 

5.2.2 X'elocity Flow Fields Examined 

\ number of flow fields were studied. These flow fields were characterized by v = 

^\-8x-\-Vy8y-\-V:.8., where v^ = f{y), and Vy=V2=0. In this paper, / ( y ) is a polynomial 

function of y defined along a gap of constant width, 2H, and —H < y < H. The cases 

examined included linear, quadratic, and cubic variation of v^ with y. The first two 

flow fields exist in both non-polar and dipolar fluids. The third can only be reahzed 

in a dipolar fluid. Note that non-polar fluids are fluids upon which no external torque 

can be applied. Dipolar fluids are fluids on which external torque can be applied. 

5.2.3 Linear Velocity Flow 

We consider a flow with neutrally buoyant suspensions with no pressure gradient. 

As p is an arbitrary constant, we may set p = 0. As shown in Fig. 5.1, the velocity 

profile, Vx = b(y-l-H), Vy=Vz-0, is Hnear. The internal spin, fi^ = a, fly=flx=0, is 

constant and independent of position. Apply above v^ and J7̂  to Eq. (5.5), we find: 

TTa = 2 p , ( V x v - 2 0 ) 

= 2py{-b-2a)8,. (5.25) 

It can be shown: 
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Figure 5.1: Linear velocity flow can be induced by particles spinning at a constant 
rate. Note the spin rate of particle is independent of its position 

VO 

V 
/ 

0 0 0 

0 0 0 

0 0 0 

V 

(5.26) 

0 0 0 

V v = 6 0 0 • (5.27) 

0 0 0^ 

Substituting Eq. (5.26), Eq. (5.27) and Eq. (5.25) into Eq. (5.4) and Eq. (5.6) gives: 

60 



TT = p8 - p ( V v - Vv^) - p^e . (V X v - 2 0 ) 

= -A^ 

' ^ 0 6 0 ^ 

6 0 0 - Pv 

^ 0 0 0 ^ 

0 

p6-|-p„(6-|- 2a) 

0 

^ 0 - 6 - 2a 0 ^ 

6 + 2a 0 0 

\ 0 0 0 y 

p 6 - K p „ ( - 6 - 2 a ) 0 ^ 

'̂  0 0 0 ^ 

0 0 0 

0 0 0 

- t . TT̂  : V v = -pb% 

0 

0 

0 

V 
(5.28) 

(5.29) 

(5.30) 

7 r a - 0 = - p „ ( 6 ^ + 4a6 + 4a^). (5.31) 

Substituting Eq. (5.31), Eq. (5.30)and Eq. (5.29) into Eq. (5.16), gives: 

E. l = I {-TT^ : V v - C ^ V O - 7r„ • 0 ) d V 
Jv 

= I {pb'' + py{b + 2af)dV. 
Jv 

(5.32) 

The energy dissipation rate equation includes p and py. As shown in Eq. (5.32), 

Py also contributes to the energy dissipation rate if b ^ —2a. If the particles spin rate 

is one-half a> (6 = —2a), the fluid is torque free and the stress tensor is symmetric. 

5.2.4 Parabolic Velocity Flow 

The next flow considered was neutrally buoyant suspension bounded between two 

parallel plates that are separated by a distance 2H. The flow is generated by a 
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combination of a constant applied pressure gradient, ^ , and an external apphed spin 

field that varies linearly across the pair of flat plates. As shown in Fig. 5.2, the 

parabolic velocity profile is, Vj, = b[y'^ — / / ^ ) , and Vy=Vz=0. The internal spin is 

linearly proportional to position and given by, Jlj = ay, and J7y=r2x=0. Applying v^ 

and il~ to Eq. (5.5) as before, we find: 
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TT„ 2py{V X V - 2 0 ) 

2py{-2by - 2ay)8, (5.33) 

Solving for VO and Vv gives: 

VO = 

' ^ 0 0 0 ^ 

0 0 0 

0 a 0 

(5.34) 

^ 0 0 0 ^ 

Vv 26y 0 0 

0 0 0 

Substituting Eq. (5.33), Eq. (5.34)and Eq. (5.35) into Eq. (5.4) and Eq. (5.6) 

v 
(5.35) 

/ 

gives: 

TT = p8 - p(Vv - Vv^) - p^e • (V X v - 20) 

0 26y 0 ^ 

26y 0 0 

^ ^x 0 0 ^ ^ 

0 ^ x 0 
dx 

0 0 

f^ 

dx I \ 
0 0 0 

^ 0 (-26-2a)y 0 ^ 

- [i-v 

\ 

dx 

-2pby - py{2b + 2a)y 

0 

-2p6y + p„(26 + 2a)y 0 

(26 + 2a)y 

0 

\ 

0 

C = -ps 

I 

\ 

0 

0 

0 

0 

0 , (5.36) 

dx I 

0 0 0 \ 

0 0 a . (5.37) 

0 a 0 y 

Substituting Eq. (5.33), Eq. (5.34), Eq. (5.35), Eq. (5.32) and Eq. (5.36) into 

Eq. (5.16) gives 
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E. 

TT^ Vv = -4p62y2 _ 4p462 + ab)y\ (5.38) 

C ^ V O = -psa\ (5.39) 

TTa • O = -Apy{a^ + a6)y2, (5.40) 

'I = I {-TT^ : V v - C ^ V O - TT, . n)dv 
Jv 

= I {4pbY + 4py{b + a)Y+pga^)dV. (5.41) 
Jv 

The difference of energy dissipation rates between linear velocity flow and parabolic 

velocity flow is that the ps contributes in the energy dissipation rate equation in the 

later flow field where the internal spin is not constant. If the particles spin rate is 

one-half a; (6 = —a), the fluid is torque free and the stress tensor is symmetric. 

5.2.5 Cubic Velocity Flow 

The final flow considered is a neutrally buoyant suspension with isotropic pressure 

which may be set as p = 0. As shown in Fig. 5.3, the cubic velocity profile is, Vx = 

b{y^ — H^y), and Vy=Vz—0. Note that this type of flow field can only be generated with 

external applied torques. The internal spin is given as, $7̂  = a{y^ — H"^), ^y=^x=f^-

Applying Vx and fi^ into Eq gives. (5.5), we find: 

TTa = 2 p 4 V x v - 2 0 ) 

= 2 p , ( - ( 3 6 y 2 - 6 i / 2 ) - 2 a ( y 2 - / / 2 ) ) « J , 

= 2p„(-(36 + 2a)y2 + (2a + 6)/f^)<5,. (5.42) 

As shown before, the expression for V O and V v are found to be: 
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' fS 0 0 ^ 

V O = 0 0 0 , (5.43) 

y 0 2ay 0 ^ 

' 0 0 0 ^ 

V v = 3by^-bH^ 0 0 • (5-44) 

^ 0 0 0 y 

Substituting Eq. (5.42), Eq. (5.43)and Eq. (5.44) into Eq. (5.4) and Eq. (5.6) gives: 
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TT = p8 - p ( V v - Vv^) - p„£ . (V X V - 20 ) (5.45) 

•P 

Pv 

\ 

0 36y 

36y2 - 6i/2 

0 

0 

(36 + 2a)y2 - (2a 

0 

'-bH^ 

0 

0 

+ b)H' 

o\ 
0 

V 
-(36 + 2a)y2 + (2a + 6)i/2 Q ^ 

0 0 

0 0 / 

(5.46) 

/ 

C = -pg (5.47) 

0 0 0 ^ 

0 0 2ay 

\̂  0 2ay 0 / 

Substitute Eq. (5.42), Eq. (5.43), Eq. (5.44), Eq. (5.32) and Eq. (5.36) into Eq. 

(5.16), we get: 

TT^Vv = -pb\3y^-Hy 

- py{6aby^ + 962y'* - {6bY + 8aby^)H^ + (6̂  + 2ab)H^), (5.48) 

C+ : VO = -ps4ay, (5.49) 

TTa • O = -py{6aby^ + Aa'y^ - 8{a'y' + aby')H^ + {4a^ + 2ab)H^), (5.50) 

El = I (-77^ : Vv - C ^ VO - TTa • n)dV 
Jv 

= f {pb\3y'- ny + psAaV 

(5.51) 

+ py{{12ab + Aa" + 96')y^ - {^a" + 16a6 + %'')H^y^ + (6^ + Aa" + Aab)H^))dV 

= Upb\3y^ - ny + psAaY + p,((2a + 36)y2 - (2a + b)Hy)dV. 
Jv 
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In the third flow field, El always contributes because only by applying external 

per unit volume is a one-dimensional cubic velocity profile realizable. Note that the 

ways in which p, py and p , contribute to El are different. The effect of p on El has 

to be considered in any inhomogeneous velocity flow field. Similarly, El is affected 

by Ps in any inhomogeneous internal spin flow field. External torques acting on flow 

are required in order for py to contribute to El. In conclusion. El is affected by p 

in all above three flow flelds studied because of the velocity gradients in those flow 

fields. It is affected by ps in last two flow flelds studied because the internal spin are 

not constant in those flow fields. When the particles do not spin at one-half u:. El is 

affected by p^,. 

5.3 Numerical Experiments and Results 

The simulations were carried out by BEM code developed with the numerical 

algorithm described in the last section. The three-dimensional boundary element 

mesh of the spherical balls and the container was shown in Fig. 2.1. The container is 

a 2H X 2H x 2H cubic box. Sixty particles with same radius were randomly placed 

in the container. This serves as one configuration for a certain concentration. The 

results of over 30 configurations were averaged to give one simulation result for that 

particular concentration. These procedures were repeated for different (j). In these 

simulations, because the number of particles in the system is fixed, the particles' radii 

were changed in order to change cf). 

No-slip boundary conditions were implemented on the surfaces of the particles. 

The neutrally buoyant particles spin rate may be different from one-half uj due to 

external torque applied them. Periodic boundary conditions were applied on the x 

normal and z normal surfaces of the container. The y normal surfaces of the container 

are fixed except in the linear flow case in which one of the y normal surfaces was fixed 

and the other was subject to constant force. 

BEM simulations gave the force and velocities on all boundaries and interior of 

the system. The rate of work done on the system is equal to the force multiplied by 
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the velocity on all boundaries. This rate of work calculated from macroscopic level 

is equal to the rate of energy dissipated into the system at steady state. The energy 

dissipation rate also can be calculated from microscopic level by using Eq. (5.52) 

and Eq. (5.41). Particles rotation rate, fl and velocity proflles were given by BEM 

simulation. Solving coupled linear and angular momentum equations as shown in 

previous work gives p , py, and pg. In previous BEM simulations, external torques 

were applied to individual neutrally buoyant particles. The shape of TTa is compared 

to the shape of the external torque to determin the py. The constant difference 

between the TTa and the external torque was used to determine the ps in a cubic flow. 

A summary of p , p„, and pg determined in cubic flow is shown in Fig. 5.4. The results 
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for p and py are the same as found in linear and parabolic flows. Note that p and py 

are mdependent of a, but p , increases with a^ Applying velocity profiles, p , p„, and 

Ps into Eq. (5,52) and Eq. (5.41) gives the energy dissipation ratc> calculated from 

continuum theory. Parabolic velocity and cubic velocity flows under external torque 

were studied. Energy dissipation rate were calculated for both flows. The results are 

discussed in the following section. 

The rate of energy dissipation is higher in suspensions in which the spin rate 

IS not constant than that would be predicted by a energy dissipation rate equation 

that does not include the contribution due to p , . The El is affected by p , in flow 

fields in which the internal spin is not constant. This includes cases with no external 

torques such as pressure driven parabolic flow fields. In this study, we considered a 

pressure driven flow of suspensions with neutrally buoyant rigid spherical particles 

in a cylindrical tube with no external torques. The kinematics of this flow can be 

described in cylindrical coordinates as shown below: 

dp 
P=j-^z, (5.52) 

V = 6(r2 - R^)8,, (5.53) 

O = - ( V X v) = -brSg. (5.54) 

Here R is the radius of the tube, r the location where the v and O are considered, 

and z is the distance along the axis of the tube. 

Applying Eq. (5.52), Eq. (5.53) and Eq. (5.54) to Eq. (5.4), Eq. (5.5), Eq. (5.6) 

and Eq. (5.17), we find: 
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El = I {-TT^: Vv - c ^ VO - TTa. n)dv 
Jv 

= I {Apb\^)dV + f{psb^)dV 
Jv Jv 

= 2nLb^pR' + nLb^pgR'' 

= 2KLb'^cipoR'^ + nLb^C2PoR^a^ 

= R\c[po + c'^po{^y). (5.55) 

Here L is the length of the tube, R is the radius of the tube, a is the particle radius, 

and Ci = -^ and C2 = - ^ are constants. Further simplification is obtained by setting 

Cj = 27rL6 ci and c'2 = nLb'^C2. The ci and C2 were taken from Fig. 5.4 and substituted 

into the following equation: 

f - + |(l)̂ - (-) 
Notice the first term of right hand side of Eq. (5.55) is the rate of dissipating 

energy, £'^, due to p , which is the only term that contributes in the more traditional 

rate of energy dissipation calculation. Because there is no external torque applied 

in this example, the equations of linear and angular momentum are not coupled and 

there is no contribution for py. Applying p and ps from Fig. 5.4 to Eq. (5.55), we 

can calculate the ratio of E'̂  to El for different R/a at 4> — 25 %. 

If we assume that Eq. (5.56) derived using continuum theory can be applied to 

suspensions with large particles compared to the container, we can plot the results in 

Fig. 5.5. As can be seen in Fig. 5.5, the difference between £^ and El is insignificant 

when the particles are small compared to the tube radius. This difference increases 

as a/R increases, and the effect can be significant if the suspended particles are large 

relatively to the tube. It cannot be ignored in a fluid with relative large suspended 

particles compared to the tube radius. 

The rate of energy dissipation is higher in a dipolar suspension than a non-polar 

suspension with the same shear viscosity due to the py in the dipolar system when 
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flow. 

external torques are applied to that the system [11]. As can be seen in Fig. 5.6, in a 

torque driven flow, most of the rate of energy dissipation is the result of contributions 

from Py and ps- As the concentration goes to zero, the vast majority of the rate of 

dissipating energy comes from py and ps. As the (f) increases in the suspension, the 

percentage of the rate energy dissipation through p increases, and the percentage of 

the rate energy dissipation through py decreases. However, the percentage of the rate 

energy dissipation through ps does not change. 

The results shown in Fig. 5.6 are dependent on ^ . In our simulation, the number 

of particles and the volume of the system are fixed, the method used here to increase 
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butions of Ps, Pv and p varies with 0 in a torque driven cubic flow field, bounded by 
a 2Hx2Hx2H box with no pressure difference in the system. The radii of the particles 
are 0.2H. This corresponds to </> equals to 60 particles in the system when (̂  = 25 
%. Here E'^^ represents the rate of dissipating energy due to p„, £'̂ ^ is the rate of 
dissipating energy due to ps-

(f) is to increase the radii of the particles. We took the results from the simulations 

and rescaled them to be only a function of cf) by using the fact that - ^ , p, and 

Py are constant at fixed (f). As noted earlier [6], the spin viscosity introduces an 

absolute length scale. Hence, El depends on a, but the overall agreement between 

the rate of dissipating energy calculated by using Eq. (5.17) and that obtained from 

a macroscopic balance based on the velocities and forces on the boundaries would 
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not. 

The rate of total energy put in the fiuids is equal to the rate of energy dissipation 

in the fluids for Newtonian fluids at steady state according to the first law of ther

modynamics. In our simulations, the rate of total energy change, Ey, was measured 

at a macroscopic level. The rate of dissipating energy. El, was calculated based on 

continuum theory. They are independent measurements and have to be equal to each 

other for the continuum theory to be correct. As can be seen in Fig. 5.7, the rate of 

total energy put into the system is the same as the rate of energy dissipated by the 

system at steady state. The simulation results agree with the theoretical analysis. 

This demonstrates the validity of using small particles to represent the continuum 

points. 
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CHAPTER VI 

CONCLUSIONS 

This study has extended predictions for py and p in dilute suspensions [11] to con

centrated suspensions by averaging the stress in numerical simulations of suspensions. 

BEM simulations was utilized to apply external torques to neutrally buoyant parti

cles m Newtonian fluids. The asymmetric portion of the average TT and the external 

torque applied to the suspensions were used to determine the py. The results were in 

good agreement with theoretical predictions for dilute systems and were extended to 

concentrated suspensions. The constant difference between the pseudovector of the 

asymmetric portion of the average stress tensor and the external torque was used to 

determined the ps in a cubic flow. These were the first quantitative predictions of 

Ps- Furthermore, this study shows that py and ps must be included in the energy 

dissipation rate equation in order to evaluate the rate of energy dissipated in the 

suspensions correctly. 

In this study, we show that py increases linearly with concentration as the theory 

predicts [10] up to two percent volume fraction of suspended particles. At higher 

concentrations, p„ increases more rapidly than the linear line extended from low con

centration prediction. External torque through vortex viscosity can induce fluid flow 

from otherwise quiescent state. The torque driven flow velocity profile is determined 

by the particles' spin field profile. Torque driven flow is less efficiency than force 

driven flow. The combination of external torque driven flow and force driven flow 

gives the over all fluid motion. Apparent "negative" viscosity is a result of exter

nal torque transformed into the angular momentum of the particles, which in turn 

enhance the flow of the fluid through py. 

The first quantitative values for ps are reported in this study. The results of this 

study shows ps of a suspension is a function of both the volume fraction and the 

radii of suspended particles. At fixed a 0, ps is proportional to square of particles' 

radii. At fixed particles' radii, ps increases as the </> increases. The rate at which ps 
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mcreases with cf) is greater than the rates at p and py increases with (f). When size 

of particles is small compared to the gap of the domain, the effect of p , on angular 

momentum equation is relatively insignificant compared to py. As the ratio of size 

of particles to the gap of the domain increases, the percentage of the external torque 

per volume, pT, due to ps increases and cannot be ignored. As the ratio of particle 

radius to the domain gap increases and (j) increases, eventually, the percentage of pT 

due to Ps will dominate the percentage of pT due to p„. 

In a pressure driven flow, traditional rate of energy dissipation calculation ignore 

the contribution from p^. The contribution from ps is insignificant when the particles 

are small compared to the tube radius. It increases as a/R increases, and the effect 

can be significant if the suspended particles are large relatively to the tube. It cannot 

be ignored in a fluid with relative large suspended particles compared to the tube 

radius. In any purely torque driven flow, most of the rate of energy dissipation is 

the result of contributions from py and ps- As the concentration goes to zero, the 

vast majority of the rate of dissipating energy is due to contributions from py and ps-

As the (f) increases in the suspension, the percentage of the rate energy dissipation 

through p increases, and the percentage of the rate energy dissipation through py 

decreases. However, the relative contribution to the rate energy dissipation through 

Ps is approximately constant. 

77 



BIBLIOGRAPHY 

[1] W.M. Deen, Analysis of Transport Phenomena, Oxford University Press, Oxford, 
1998. 

[-.J G.K. Batchelor, "The stress system in a suspension of force-free particles," Journal 
of Fluid Mechanics 4 1 , 545 (1970). 

[3] G. Kuiken, "The symmetry of the stress tensor," Industrial and Engineering Chem
istry Research 34, 3568 (1995). 

[4] S.D. Groot, and P. Mazur, Nonequilibrium Thermodynamics, Amsterdam, North 
Holland, 1962. 

[5] J.S. Dahler and L.E. Scriven, "Angular momentum of continua," Nature 192, 36 
(1961). 

[6] D.W. Condiff and J. S. Dahler, "Fluid mechanical aspects of antisymmetric stress" 
Physics of Fluids 69, 842 (1964). 

[7] L. D. Landau, and E. M. Lifschitz, Fluid Mechanics, Pergamon Press, Oxford, 
1959. 

[8] R.B. Bird, W.E. Stewart, and E.N. Lightfoot, Transport Phenomena Second Edi
tion, Wiley, New York, 2002. 

[9] E. L. Aero, A. N. Bulygin, and E. V. Kuvshinski, "Asymmetric hydromechanics," 
Journal of Applied Mathematics and Mechanics 29, 333 (1965). 

[10] H. Brenner, "Rheology of two-phase system," Annual Review of Fluid Mechanics 
2, 137 (1970). 

[11] H. Brenner, "Rheology of a dilute suspension of dipolar spherical particles in an 
external field," Journal of Colloid and Interface Science 32, 141 (1969). 

[12] H. Brenner, and A. Nadim, "The Lorentz reciprocal theorem for micropolar fluids," 
Journal of Engineering Mathematics 30, 169 (1996). 

[13] B.U. Felderhor and H.J. Kroh, "Hydrodynamics of magnetic and dielectric fluids in 
interaction with the electromagnetic field" Journal of Chemical Physics 110, 7403 
(1999). 

[14] H. Brenner and M.H. Weissman, "Rheology of a dilute suspension of dipolar spher
ical particles in an external field II. Effects of rotary Brownian motion," Journal 
of Colloid and Interface Science 32, 141 (1972). 

78 



I j n- Brenner, "Antisymmetric stresses induced by the rigid-body rotation of dipolar 
suspensions-Vortex fiow," International Journal of Enqineerinq Science 22, 645 
(1984). 

[16] M. Marchioro, M. Tanksley, and A. Prosperetti, "Flow of spatially son-uniform 
suspensions. Part I: Phenomenology," International Journal of Multiphase Flow 
26, 783 (2000). 

[17] M. Marchioro, M. Tanksley, and A. Prosperetti, "Flow of spatially non-uniform 
suspensions Part II: Systematic derivation of closure relations," International 
Journal of Multiphase Flow 27, 237 (2001). 

[18] \ \ . Wang, and A. Prosperetti, "Flow of spatially non-uniform suspensions. Part III. 
Closure relations for porous media and spinning particles," International Journal 
of Multiphase Flow 27, 1627 (2001). 

[19] J.P. McTague, "Effective viscosity of magnetic suspension," Soviet Physics JETP 
34, 1291 (1969). 

[20] W.F. Hall, and S. N. Busenberg, "Viscosity of magnetic suspension," Journal of 
Chemical Physics 5 1 , 137 (1969. 

[21] R.E. Rosensweig, Ferrohydynamics, Dover, New York, 1997. 

[22] R.E. Rosensweig, ""Negative viscosity" in a magnetic fluid," Science 271, 614 
(1996). 

[23] M. Zahn and L.L. Pioch, " Magnetizable fluid behavior with effective positive, 
zero or negative dynamic viscosity," Indian Journal of Engineering Mathematics 
Science 5, 400 (1989). 

[24] J.C. Bacri, R. Perzynski, M.I. Shlionsmis, G.I. Burde, "Negative-viscosity" effect 
in a magetic fluid," Physical Review Letters 75, 2121 (1995). 

[25] R.E. Rosensweig, J. Popplewell, and R.J. Johnston, "Magnetic fluid motion in 
rotation field," Journal of Magnetism and Magnetic Materials 85 , 171 (1990). 

[26] M.I. Shliomis, and K.I. Morozov, "Negative viscosity of ferrofluid under alternating 
magnetic field," Physics of Fluid 6, 2885 (1994). 

[27] V.M. Zaitsev, M.I. Shliomis, "Entrainment of ferromagnetic suspension by a rotat
ing field," Journal of Applied Mechanics and Technical Physics 10, 696 (1969). 

[28] C. Tangthieng, B. Finlayson, J. Maulbetsch, and T. Cader, "Heat transfer enhance
ment in ferrofluids subjected to steady magnetic fields," Journal of Magnetism and 
Magnetic Materials 201, 252 (1999). 

79 



[-9] C. Rinaldi, and M. Zahn, "Effects of spin viscosity on ferrofluid flow profiles in 
alternating and rotating magnetic fields," Physics of Fluids 14, 2847 (2002). 

[30] A. Zeuner, R. Richter, I. Rehberg, 1998. "Experiments on negative and positive 
magnetoviscosity in an alternating magnetic field," Physical Review E 58, 6287 
(199S). 

[31] C.A. Brebbia, J .C.F. Telles, and L.C. Wrobel, Boundary Element Techniques, 
Springer-Verlag, Berlin, 1984. 

[3-J S.E. Dingman, Three-dimensional Simulation of Fluid-particle Interactions Using 
the Boundary Element Method, Ph.D. thesis. University of New Mexico, 1992. 

[33] M.S. Ingber, "The symmetry of the stress tensor," International Journal for Nu
merical Methods in Fluids 9, 263 (1989). 

[34] O.A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, 
Gordon and Breach, New York, 1963. 

[35] G.K. Youngren, and A. Acrivos, "Stokes flow past a particle of arbitrary shape: a 
numerical method of solution," Journal of Fluid Mechanics 69, 377 (1975). 

[36] J. Happel, and H. Brenner, Low Reynolds Number Hydrodynamic, Prentice-Hall, 
Englewood CHffs, New Jersey, 1965. 

[37] R.A. Johnson, Probability and Statistics for Engineers, Prentice Hall, Englewood 
Cliffs, New Jersey, 1965. 

[38] A. Einstein, Investigations on the Theory of the Brownian Movement, Dover, New 

York, 1985. 

80 


