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ABSTRACT 

Plates supported by elastic foundations present very common technical 

problems in civil engineering. AU structural loads must be transferred to the 

soil, and both the structure and the soil continuum must act together to support 

the loads. Developing more reaUstic foundation models and simpHfied methods 

to solve this complex soil-structure interaction problem are very important for 

safe and economical designs. In the past, many researchers have worked on this 

problem. 

Generally, analysis of the bending of beams on an elastic foundation is 

developed on the assumption that the reaction forces of the foundation are 

proportional at every point to the deflection of the beam at that point. This 

assumption was first introduced by Winkler for the analysis of railroad tracks. 

The problem with the Winkler model applied for analysis of plates on elastic 

foundations is the necessity of the evaluation of the modulus of the subgrade 

reaction, k, which does not have a unique value for a particular soil or a 

particular loading on the plate. The major disadvantage of the Winkler model 

is that it gives a constant displacement of the plate for a uniformly distributed 

load which results in a zero bending moment and shear force in the plate, thus 



creating a nonconservative design criteria. However, the Winkler model has 

been used for everyday design by practicing engineers because of its simpHcity. 

Several researchers have tried to improve the Winkler model by considering 

the shear strain energy in the soil in addition to the strain energy due to normal 

strains as used in the Winkler model. Of aU models, a two-parameter model by 

Vlasov using a variational method has attracted the attention of many engineers. 

The Vlasov model accounts for the effect of the neglected shear-strain energy in 

the soil and the shear forces on the plate edges that come from the surrounding 

soil. VaUabhan and Das (1987) developed an iterative technique to solve 

problems of beams on elastic foundations by introducing a modified Vlasov 

model. Straughan (1990) used the modified Vlasov model for the analysis of 

rectangular plates by the finite difference method. 

The research herein develops an approximate numerical approach, based on 

the finite-element technique, using the modified Vlasov model. The plate on 

elastic foundation problem is a three-dimensional one in solid mechanics. All 

the energy of the plate and of the semi-infinite layered soil domain is considered 

here. However, the methodology reduces to an analysis to be performed only for 

the plate domain. The geometry of the plate is restricted to a geometrical figure 

that can be formed by rectangles since the plate is modelled using four-node 

rectangular finite elements. Special features are that the plate can have beams, 

rectangular openings, or cutouts, as one sometimes sees in practice. Another 
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provision is that the modulus of elasticity of the soil can vary Hnearly from the 

top to the bottom of the soil domain. The modulus of subgrade reaction, k, and 

a soil shear parameter, t, are calculated iterativdy with respect to a deformation 

parameter, 7. Finally, a nondimensional parametric study is performed that 

aids in evaluating the modulus of subgrade reaction, k^^j, to be used in a Winkler 

foundation model for concentrated loads at specific locations. 
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CHAPTER I 

INTRODUCTION 

1.1 Origin and Development of the Modified Vlasov 
Model 

Laterally loaded elastic thin plates on an elastic foundation constitute an 

adequate ideaUzation for many practical problems such as floor systems of 

buildings and highways and airfldd pavements. Floor slabs on ground for 

storage buildings and libraries are normaUy very heavily loaded. Another 

example of an extremely loaded slab is a mat foundation used in a multistory 

building. These slabs usually have beams, holes, openings, or other 

irregularities, and hence, it is very important to be able to compute the 

displacements, bending moments, shear forces, and stresses in the plate with 

acceptable accuracy. In order to provide an accurate analysis of the whole 

system, a model take into account the behavior of the structure and the soil. 

On one hand, soil properties are very difficult to determine. Soil is a 

nonhomogeneous and anisotropic medium which behaves in a nonlinear manner. 

Soil properties can vary with time and cUmate. It is difficult to get a soil 

sample for testing to produce laboratory results that agree with the soil's in-situ 

behavior. The nature of a soil continuum is that it consists of layers which have 

different constitutive relations and material properties. Even though a detailed 

investigation of subsoil behavior is performed, the implementation of the soil 

behavior into the soil-structure interaction phenomenon is often very poor. The 
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structural engineer wants to know only a value of the modiUus of subgrade 

reaction for the soU-structure interaction analysis, as an input into his computer 

code. 

From conventional geotechnical site investigation and soil sampUng, it is 

possible to get material properties of the soU such as modulus of elasticity, 

Poisson's ratio, etc. Using these parameters and assuming Unear behavior of the 

soil, a methodology is estabUshed to study the interaction between the plate and 

the soil. In the future, it is necessary that more complex behavior of the soil 

must be dealt with. The reasons for the selection and development of a new 

model are explained in the following paragraphs. 

1.2 Winkler Model 

In the Winkler model, the relationship between the external pressure and the 

deflection of the foundation surface under the pressure is expressed as 

p = kw (1.1) 

where w, the vertical displacement of the soil, is proportional to the contact 

pressure, p, at that point. The proportionality constant, k, is called "the 

modulus of subgrade reaction" of the soil. When applied to laterally loaded 

plates, the mathematical model for the plate-soil system yields a biharmonic 

differential equation, 

DV'^w-^kw = q, (1.2) 
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where D is the rigidity of the plate , k is the modulus of the subgrade reaction of 

the soil, q is the dis t r ibuted load on the plate, and V^ is biharmonic operator . 

In the Winkler model , it is assumed tha t the foundation soil consists of Hnearly 

elastic springs which are closely spaced and independent of each other and have 

a stiffness equal to "A;." The model is also referred to as a "one-parameter 

model ." A deformation pa t te rn of a uniformly loaded plate for this model is 

shown in Figure 1.1 (a). As can be seen in this figure, the displacement of the 

plate is independent of the displacement of the soil outside the loaded region, 

which is assumed to be zero. A discontinuity in the soil displacement between 

the soil under the s t ructure and tha t outside the s t ructure is observed. It can 

be proved tha t the Winkler model involves two major problems. The first 

problem is tha t the displacement of the plate is a constant when it is subjected 

to a uniformly distr ibuted load, q. There is no bending moment or shear force 

in the plate during this loading condition, which is completely unrealistic and 

unconservative. The second problem is tha t the value of k is not unique, and it 

depends on various properties of the plate and the soil, as well as the loading 

(VaUabhan, Das and Straughan, 1991). A dish-shaped displacement pa t te rn as 

usually observed in na ture as well as in solutions from continuum mechanics. 

See Figure l . l . ( c ) . This model is therefore referred to as inconsistent and 

unconservative. 



/ / / / / ' / / / / 

(a) 

(b) 

TJ—rTTTTTT 

soil stratum plate 

/ / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / 

(C) 

Figure 1.1: Deformation of a loaded plate, (a) Using Winkler model, (b) Using 
two-parameter model, (c) Using Vlasov model 



1.2.1 Effort by Researchers to Improve the Model 

Many researchers have worked to develop a technique for evaluation of the 

modulus of subgrade reaction, k. Terzaghi (1955) pubUshed a paper for the 

determinat ion of k. He tried to put a size factor into the magni tude of k, 

assuming tha t the modulus of subgrade reaction depended on the geometry of 

the s t ruc ture . Biot (1937) solved the problem for an infinite beam with a 

concentrated load resting on a three-dimensional elastic continuum soil in order 

to find the max imum bending moment in the beam. He tried to find a good 

correlation using the continuum theory where the maximum moment in the 

beam is equated to tha t obtained from Winkler model, and he developed an 

empirical equat ion for k: 

0.95E, 
k = 

(1 - ^s') 

B'E. ''•''' 
(1.3) 

(l-Us')EI 

where Eg is the modulus of elasticity of the soil, i/, is the Poisson's ratio of the 

soil, B is the beam width, and EI is the rigidity of the beam. Vesic (1961) tried 

to develop a value for k on similar grounds, except tha t , instead of matching the 

moments , he matched the maximum displacement of the beam in Winkler 

model with tha t of the continuum. He obtained the correlation with the 

Winkler model by using 

0 .65^ , jB^Eg 
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where aU the te rms are the same as above. These two equivalent theories assume 

tha t the soil is semi-infinite. In reality, we often encounter a rigid rock or 

several hard s t r a t a of soil at deeper levels. 

Vesic's work is an extension of Biot 's solution. Using these k values the 

dis tr ibut ions of deflection, moment , and shear along the beam can be computed 

using the Winkler model. But these values of k cannot produce an exact 

correlation with the cont inuum model. According to Vesic, this lack of 

correlation results from an error in the Winkler model. 

The value of the k in different models is dependent not orUy on the properties 

of the soil and the s t ructure but also on the load distribution and on the depth 

of the soil cont inuum. Therefore, there is not a unique value of k. In other 

words, for the same type of soil, the value of k is different for a 15ft depth of soil 

from tha t for a 50 /^ depth of soil, bo th having a relatively hard s t r a tum below. 

This factor is completely ignored in the Winkler model, as the value of k is 

designated for a part icular type of soil without reference to its depth. 

1.3 Two-Parameter Model 

Several researchers, realizing the inappropriateness of the representation of 

soil in the Winkler model , have tried to make the model more realistic. One of 

the problems in the Winkler model is that there is no interaction between the 

vertical springs. To achieve some kind of interaction between these spring 

elements, Filonenko-Borodich (1940) tried to connect the top ends of the springs 
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to a s tretched elastic membrane with a constant tension T. (See Figure 1.1(b).) 

T h e relation between load, p, and deflection, w, in this model is defined as 

p = kw-TV^w (1.5) 

where V^ is the Laplace operator . Although this is appropriate , no method was 

provided for the calculation of k and T, except by extensive experiment and 

empirical correlation. Hetenyi (1946; 1950) accompHshed an interaction between 

the independent spring elements by embedding an additional plate with flexural 

rigidity, D". His relation between displacement, w, and load, p, is given by 

p = kw + D^V^V^w. (1.6) 

The flexural rigidity of the plate, D", represented the interaction between the 

spring elements, but again no method was made available to determine the 

values of k and D", except perhaps some detailed experiments. 

Realizing tha t the soil continuum is subjected to shear strains in addition to 

vertical s trains, Pas ternak (1954) developed a model in which he assumed a 

shear interact ion between springs by connecting the ends of the springs to a 

b e a m or plate consisting of incompressible vertical elements which deform only 

by lateral shear. The load-deflection relation in Pas ternak 's is given by 

p = kw -GV^w. (1.7) 
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The second term on the right-hand side is the effect of the shear interactions of 

the vertical elements, where G represents the shear modulus of the elastic 

foundation. However, no method was provided for the evaluation of k. 

Vlasov and Leont'ev (1966) tried to use a new mathematical approach to 

solve the above problem. They developed a two-parameter model for plates on 

elastic foundations using a variational method. This method accounted for the 

neglected shear strain within the soil continuum. The relation between 

displacement, w, and load, q, is given in this model by 

DV^w - 2tV^w + kw = q, (1.8) 

where t is the soil-shear parameter and all the other terms are as previously 

defined. In order(^thc calculate these parameters, Vlasov and Leont'ev 

introduced another parameter, 7, to characterize the vertical deformation profUe 

within the soil continuum. The advantage of Vlasov and Leont'ev's approach is 

the elimination of the necessity to determine the values of the subgrade reaction, 

k, and shear parameter, t, arbitrarily, because these values can be computed 

from the material properties Eg, Vg, and H for the soil. Eg and i/, represent the 

modulus of elasticity and Poisson's ratio of the soU, respectively, and H denotes 

the depth of the soil stratum. Vlasov and Leont'ev assumed a displacement 

pattern of the soil medium by using an arbitrary value of 7, but the authors did 

not provide any mechanism for the calculation of 7. 
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Nogami and Lam (1987) used a similar idea to develop a two-parameter 

model for beams on elastic foundations. Yang (1972) used Vlasov and Leont'ev's 

two-parameter model for analysis of rectangular plates on an elastic foundation. 

He combined the finite element method for the plate and the finite-difference 

technique for the boundary conditions of the plate, which are calculated from 

the soil properties. He did not provide any method for deriving the value of 7. 

He followed the same recommended value of the 7 as found in Vlasov and 

Leont'ev's procedure. Using variational calculus, Jones and Xenophontos (1977) 

suggested an expression for the computation of 7. They did not calculate its 

value, but their work established a relationship between the 7 parameter and the 

deflection of the beam or plate resting on an elastic continuum. Following Jones 

and Xenophontos, VaUabhan and Das (1987) developed an iterative method for 

the calculation of the 7 parameter for beams on an elastic foundation. They 

developed all parameters that influence the values of k and t. For uniformly 

distributed loads, they found that the value of 7 is also dependent on the ratio 

between the depth of the soil and the length of the beam. They called their 

model a modified Vlasov model. AU these parameters depended on the material 

properties of the soil and the structure, the geometry of the structure, and the 

depth of the stratum, as weU as the distribution of the loading on the plate. 
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For the case of a beam on an elastic foundation, the relationship between 

deflection, w, and load, q, is given by 

^-.^^ix; ^ d^w 

VaUabhan and Das solved the problem for beams on an elastic foundation with 

Unite soil layers. They used the finite-difference method for three loading cases. 

They had very good agreement with the more sophisticated finite-element 

solutions. 

S t raughan (1990) applied the modified Vlasov model to the analysis of 

rectangular slabs on elastic foundations. He used the finite-difference technique 

to solve the field equation Equat ion (1.8), for several loading cases. 

Meanwhile, Kolar and Nemec (1989) tried to solve the plate-on-elastic-

foundation problem by the finite element method. They solved the problem 

using the 3-D finite element method, and the Vlasov model. Their only 

suggestions for plates with irregular geometries were to extend them into 

rectangles and to equate the plate rigidity. Dp, to zero for the soil regions. In 

their book, they did not solve any plates with irregular geometry even though 

they claimed tha t they could do so. 

1.4 Objectives of This Research 

T h e objective of this research is to develop a workable approach for the 

analysis of plates or slabs on elastic foundations. Different kinds of loading and 
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irregular s t ruc tura l geometry are considered. The modulus of elasticity of the 

soil is assumed to vary Hnearly from top to bo t tom. A nondimensional analysis 

is performed for the evaluation of the modulus of subgrade reaction, k^, to be 

used in the Winkler model for concentrated loads at specific locations. 

1.5 Selection of the Model and the Computat ional 

Technique 

One of the most impor tant goals of this research is to develop a realistic 

procedure for the analysis of slabs on elastic foundation tha t will help practicing 

engineers in future. We know that most structural slabs have beams and holes 

and irregular geometries ra ther than ordinary rectangular shapes. Moreover, 

the loading on the slab is completely arbitrary. Therefore, the selection of a 

finite-element model for the plate is considered efficient to account for different 

plate geometries, loading cases, and boundary conditions. However, based on 

practical considerations, the computer code developed here is limited to 

rectangular finite elements. While the finite-difference method can be easier 

from the programming and the computer-capacity points of view, as it wiU 

generate a smaller coefficient matr ix than tha t generated by the finite-element 

method , the finite-element method provides more flexibiUty, as can be seen in 

the example problems shown here. 

For modeUng the subsoil, the modified Vlasov model is used since the model 

considers shear strain in the soil and gives a dish-shaped deflection for a 
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uniformly distributed load on the plate. The values of the modulus of the 

subgrade reaction, k, and the shear parameter, t, are computed within the 

computer program using the material properties of the soil, plate, etc. 

For the analysis of plates, Kirchhoff plate theorj^, which is appHcable to the 

analysis of thin plates, is used. A computer program is developed and used to 

solve some realistic cases of loaded slabs on elastic foundations to determine the 

displacements and internal stresses. Comparison is made, where possible, with 

the results obtained by other researchers. 

The numerical and computational methods and the results are presented in 

the following chapters. 



CHAPTER II 

DEVELOPMENT OF THE THEORY OF 

MODIFIED VLASOV MODEL 

2.1 Introduction 

This chapter deals with the theoretical development of the governing 

equations for a slab on elastic foundation as shown in Figure 2.1. The main 

purpose here is to make a model for the analysis of plates including the influence 

of any subsoil or soil medium without a three-dimensional finite element model, 

which can be extremely expensive. The most important concept here is to 

include all the energy in the plate and in the soil below and surrounding the 

plate. The strain energy in the soil is computed based on some reasonable and 

consistent displacement pattern. It is interesting to note that on the basis of the 

modified Vlasov model presented here, the global stiffness matrix of the 

soil-structure system will have the same number of equations, and the same 

half-bandwidth, as the corresponding simpler Winkler model. 

The soil stratum considered has a finite depth with a rigid boundary at the 

bottom. The plate can have any geometry constituted by rectangles with beams 

placed in orthogonal directions. The soil medium has a depth, H, a modulus of 

elasticity. Eg, and a Poisson's ratio, i^g. The value of Eg is assumed to be 

constant in the (x,y) plane, but can vary linearly from top to bottom of the soU. 

13 
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Figure 2.1: A loaded plate resting on elastic foundation. 



15 

2.2 Total Strain Energy of the Soil-Structure System 

T h e to ta l s train energy in the soil-structure system in an expanded form may 

be wri t ten as 

n = np-i-n6 + n,-f F (2.1) 

where Hp = the strain energy stored in the plate. 

Hi, = the strain energy stored in any beams, 

fig = the strain energy stored in the soil, and 

V = potential energy of the external loads. 

In this model , the loads may act only on the plate domain in the lateral 

direction and can consist of uniformly distributed loads specified in different 

areas, line loads, concentrated loads, and moments . 

The strain energies of the plate, beams, and soil may be wri t ten as 

'•p 

1 f fd^w d^w d^w \ f d^w d^w d^w \ , , 

dx"^' dy"^ ' dxdyj ydx"^' dy"^ ' dxdy 

1 r „ . (d^wV , 1 /• „ . (d^- ' ' 

1 rH /"oo rcx) 

Ug = - / (a^e^ + (TyEy + a^e^ + r^ylxy 
Z Jo J—00 J—00 

+ ryzlyz + r^zlxz)dxdydz, (2.4) 

an( 

V — — I qwdxdy, (2-5) 
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where, w 

1 
a,r 

^,7 

= the vertical displacement of the plate or beam, 

= the appHed distr ibuted load, 

= normal and shear stress in the elastic foundation, 

= normal and shear strain in the elastic foundation, 

Ixily = moment of inertia of the beams along x and y axes 

respectively, 

n = domain of the plate, 

r^i, ^2 = domains of the beams placed in x and y directions 

respectively, 

x,y,z = coordinate system. 

[D] is the plate rigidity matr ix which is given by 

T»l = 
Eptl 

1 2 ( 1 - i ^ p ^ ) 

1 i^p 0 

vp 1 0 

0 0 ^ ^ 

where, E.p = the modulus of elasticity of the plate, 

tp = thickness of the plate, and 

i/p = Poisson's ratio of the plate. 

(2.6) 

2.2.1 Basic Assumptions for the Derivation of H, 

The functions Hp and Hf, are used for developing the stiffness matrices of the 

plate and the beam in the next chapter. Here only the finite element equations 

for the soil under the plate are developed expUcitdy. In the development of 

equations using variational models, it is customary to assume a displacement 

pa t t e rn . The above elastic foundation problem is a three dimensional one, and 
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the displacements of the soU in the x,y, and z directions are defined as u,v, and 

w, respectively. To simpHfy our model, it is observed tha t the horizontal 

displacement components u and v of the soil mass are practicaUy smaUer than 

the vertical displacement w, and, foUowing Vlasov and Leont'ev (1966), it is 

assumed tha t 

u(x,y,z) = 0 

v(x,y,z) = 0. (2.7) 

Fur ther , they assumed 

w(x,y,z) = w(x,y)(f)(z), (2.8) 

such tha t w(x,y,0) becomes the vertical displacement of the surface of the soil 

and (l>(z) is a mode shape tha t gives the variation of the deflection in the 

z-direction (see Figure 2.1). The values of ^(2) are st ipulated such tha t ^(0) is 

equal to 1.0 and 4>(H) is equal to zero. It is further assumed tha t the thickness 

of the plate is small, so tha t the displacements of the surface of the soil are equal 

t o the displacements of the middle surface of the plate, w(x,y,0) = w(x,y). 

Using the strain-displacement equations of elasticity (Timeshenko, 1971) and 

the above-mentioned assumptions, the internal strains in the soil medium can be 

wr i t ten as 

du ^ _ a u a ^ _ 

ffoj dv dw dw ,, , , ^ 
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dw . h^ 

d: d: 

du dw dw ,, . 

dz dx d X 

2.3 Stress-Strain Relationships for the Soil 

The stress-strain relationship for a linearly elastic, homogeneous and 

isotropic soil medium at any point (x,y,z) can be expressed as 

ly. 
a^ = E[e^ + ^ (cy + e^)]. 

v^ ay = E[ey+ _' (e^ + e^)]. 

V, 
a^ = E[e^ + ^—(Ca: + ^y)]: 

1 - ^ 8 

"^xy — '^^xy 

"^xz — ^jxz 

'^yz — ^ T l / 2 

(2.10) 

where 

G = 
Eg 

2(1 + vs) 
(2.11) 

E 
Eg(l - vs) 

(l+yg)[l-2vg) 
(2.12) 

and 
E. = 

^s = 

modulus of elasticity of the soil, 

Poisson's ratio of the soil. 

2.3.1 Soil Strain-Energy Expression, H, 

Substituting aU the expressions from Equations (2.9) into Equations (2.4), 

1 i^H yoo /.oo 

Z Jo J — oo J-oo 

d(b dw , dw 

d: d X dy 
dxdydz (2.13) 
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and substituting Equations (2.9) into Equations (2.10), 

dz 
p\ 

Gjxz = G^-cj), 
ox ' xz 

<yz 

(2.14) 

= Gj,. = G^<l>, 

The strain energy of the soil may be written as 

1 fH roo foo 

2 Jo J-oo J-
Ew'(^J +G(Vu,)V dxdydz (2.15) 

The constants resulting from the integration in the interval 0 < z < H may be 

defined as follows: 

H = f G(t)''dz. 
Jo 

(2.16) 

(2.17) 

Thus, the total potential energy of the plate-soil system according to Equation 

(2.1) IS 

n = If 
2 Jn 

1/ 
2 Joi 

a^. a^» 2 ^ , j^j d^w d"^ „ d'^w 

dx^' dy^' dxdy 
,2-

dx^' dy^^ dxdy 
dxdy 

+ 

+ 

EL 
d' w 
dx^ 

dx -\-
2 JQ, 

EL 
d' w 

- I [kw^ + 2«(Vtu)^} dxdy - j qwdxdy. 

dy 

(2.18) 
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2.4 Minimization of the Potential Energy 

Using variational principles and minimizing the total potential energy of 

Equat ion (2.18) by taking variations in w and (f) yields (Straughan, 1990) 

611 = I (DV^it; - 2tV^w + kw - q)8wdxdy 

-{- / {~'^~E~J + n(f))8(l)dz 4- boundary conditions = 0, (2.19) 

where 

/ Ew^dxdy, 
-c» J—oo 

/

-)-oo I'+oo 

/ G(Vwfdxdy . (2.20) 
-oo J — oo 

Since the variations 6w and Scj) are not equal to zero, the terms in the 

parentheses and boundary conditions must be equal to zero. 

Therefore the field equation in the domain, H, can be wri t ten as 

DV^w - 2tV^w -^kw = q. (2.21) 

Outside the plate domain, the field equation is 

- 2t\/^w + kw = 0. (2.22) 

The second expression within the parentheses in Equation (2.19) is the field 

equat ion for the deformation pa t te rn of the soil in the vertical direction. The 

equat ion is 

-m-^+n(f> = 0, (2.23) 
dz^ 
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wi th the boundary conditions 0(0) = 1 and (f)(H) = 0. 

Therefore, there are three differential equations tha t have to be solved for a 

plate on elastic foundation problem. Solution of the first equation gives the 

displacement of the plate, the second equation gives the displacement of the soil 

surface outside the plate domain, and the third equation gives the displacement 

of the soil in the vertical direction. 

2.5 Evaluation of Shape Function, ^(z) 

The shape function (f)(z) must satisfy Equation (2.23) and the two boundary 

conditions shown in Figure 2.1, tha t is, at z = 0,^(0) = 1 and at 

z = H,(j)(H) = 0. Solution of the differential Equation (2.23) with the given 

boundary conditions yields 

, , sinh'yil — TT) , , 
cl>(z) = ^.\ ^% (2.24) 

sinrij 

where 7 = -^(H). 

This shape function was first introduced by Vlasov-Leont'ev (1960). 

VaUabhan and Das (1987) introduced an expression for 7 for the 

beam-on-elastic-foundation problem. A more general expression of 7 for plates 

on elastic foundations, which was used by Straughan (1990), is 

f2_y _ {i-2ug)j^::j:^::(vw)'dxdy 
[HJ "2(1-1.,) /_r/-r^^^^^2/ ' ^ • ^ 

where aU the variables were defined previously. The impor tant point is tha t the 

modulus of subgrade reaction, k, and the coefficient, t, which represents the shear 
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deformation of the soU, are bo th dependent on the vertical deformation function 

(f) and the dep th of the soU, H, as can be seen in Equations (2.16) and (2.17). 

But the mode-shape function, (/>, is depends only on the value of 7 as shown by 

Equat ion (2.24). Fur thermore , the value of 7 varies with the displacement of 

the plate and the depth of the soil s t ra tum. Therefore, the variables w, q, k, t, H 

and 7 are all connected to each other for a plate on an elastic foundation. A set 

of curves is given by VaUabhan and Das (1988) for the vertical deformation 

pa t t e rn of the soil for different values of 7 which is shown in Figure 2,2. 

2.6 Soil Surface Displacement Outside the Plate 

The boundary forces on the plate are obtained by solving Equat ion (2.22). 

The process includes the effect of the surrounding soil domain on the plate 

behavior. Equat ion (2.22) has to be solved in the domain outside the plate with 

z = 0. Vlasov and Leont'ev (1966) assumed an approximate solution for the 

displacement function w(x,y,0) which is referred to as w(x,y) from now on. 

For a rectangular plate with dimensions of 2p in the x direction and 2/ in the y 

direction, the assumed functions are, 

for p < 2; < 00 and —l<y<l, 

w (x,y) = Wpe-'^^-^^ (2.26) 

foT I < y < 00 and —p<x<p, 

w(x,y) = Wie-^^^-^^ (2.27) 



23 
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1.0 

Hs 

Figure 2.2: Variation of ^(z) with 7. 
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and for a corner for p < oo and / < oo, 

w(x,y) = FF,e-^(^-P)e-^(^-') (2.28) 

where, Wp = vertical displacement of the plate at a; = p, 

Wi = vertical displacement of the plate a,i y = I, and 

Wc = vertical displacement at the plate corner, 

A = / | . (2.29) 

The shape of this function w(x,y) is illustrated in Figure 2.3(a) and (b) for a 

rectangular plate and a cutout. 

2.7 Determination of the 7 Parameter 

The parameter 7 is calculated using the equation shown below 

fT\' i-2u, s^::i;::{vwYdxdy 
(2.30) 

\HJ 2(1-^.) J^^J^^wUxdy 

for the entire plate-soil system. The approach used consists of dividing the 

plate-soil surface into regions as shown in Figure 2.4. For the evaluation of the 

parameter 7, the sets of terms in the numerator and in the denominator of 

Equation (2.30) are calculated using the assumed displacement function of each 

region. 

In the positive direction of the a;-axis (in regions II and VI) 

w(x,y) = Wpe-^("-P) 

./ /.oo 1 rl 
Ifw^dxdy = -Jw^dy (2.31) 

J J (Vwfdxdy = -J_^Wp2dy. 



25 

(a) 

(b) 

Figure 2.3: Illustration of the surface displacement beyond the plate edges, (a) A 
rectangular plate, (b) A cutout at the corner of the plate. 
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VI 

vn vm EX 

Figure 2.4: Illustration of a rectangular plate-soil surface divided into regions. 
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In the positive direction of the y-axis (in regions IV and VIII) 

w(x,y) = Wie-^^y-^^ 

t°^ tp \ ft 

J^ ]_ (Vwfdxdy = 2 / ^''^^y ' 

In the region x > p,y > I (m regions III, V, VII and IX) 

w(x,y) = Wce-^('=-P)e-^(2/-0 

L L^'^'^'^y = i ^ (2.33) 

/ r (Vwfdxdy = 

In the plate domain (in region I) 

H 

/ / w^dxdy and f j (Vwfdxdy (2.34) 

are calculated by numerical integration using trapezoidal rule. 

For an interior or boundary soil region within the plate, the integrals can be 

calculated by performing Equation (2.34) with the dimensions of corresponding 

regions. So far expressions have been developed for the computation of the 

soil-deformation parameter, 7. 

2.8 Summary of the Iterative Technique 

A computer program has been developed which uses the finite-element 

method to construct a coefficient matrix for plates on elastic foundations. It is 
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necessary to work with the whole domain of the plate because of possible 

asymmetr ical geometry and general loading. 

The solution technique is an iterative process which is dependent upon the 

value of the paramete r 7 . Therefore, 7 is initially set equal to one and the shape 

function (j) is calculated. These values are used for the computat ion of the 

values of subgrade reaction, k, and soil shear parameter , t. Wi th these values of 

k and t, the total coefficient matr ix of the plate-soil system is constructed from a 

finite element version of Equat ion (2.21) and the set of simultaneous equations is 

solved to find the displacements at discrete points in the plate. Next the value 

of 7 is calculated from Equat ion (2.30) using the plate displacement values found 

in the previous step. A comparison between this calculated value of 7 and the 

initial by assumed 7 or previously calculated 7 value is then made. If the 

difference between the two successive 7 values is within a prescribed tolerance, 

the analysis is s topped. Otherwise, another iteration is performed and the 

process is repeated until convergence is obtained. 

The displacement values from the final step are used for the computat ion of 

the bending moments and the shear forces in the plate. 

A more detailed explanation of the appHcation of the finite-element method 

and the evaluation of the coefficient matr ix and boundary conditions is provided 

in the next chapter . Results and comparisons with other studies are presented 

and discussed in subsequent chapters. 



C H A P T E R III 

A P P L I C A T I O N O F T H E F I N I T E - E L E M E N T 

M E T H O D 

3.1 Introduction 

The numerical approach selected to represent the behavior of the plate in this 

research is the weU-known method of finite elements. Straughan (1990) has used 

the classical finite difference method to solve the equations of plates on elastic 

foundations, where he t reated the case of a rectangular plate resting on soU. He 

had to use a full coefficient matr ix for representing the differential operator as 

the coefficient mat r ix became unsymmetric as he developed his equations at 

certain points on the boundary. The finite difference method is quite convenient 

for simple rectangular geometry, but when there is a hole or a cutout from the 

rectangle, the development of the finite difference method becomes ra ther 

cumbersome. The advantage of the finite element method for the analysis of 

plates lies in its easy application to irregular geometry, general loading, and 

arbi t rary boundary conditions. However, only simple rectangular finite elements 

are used in this research. By adding triangular or quadrilateral elements, one 

can modify this work to analyze any irregular geometry of the plate. 

In the finite element method, one discretizes the entire plate into finite 

elements. Element stiffness matrices [k^] are developed tha t relate the nodal 

displacement and force parameters {we} and {/e} to each other. By using the 

29 
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concept of equiUbrium of forces, these element equations are combined together 

to form a global stiffness mat r ix [K], which connects the global displacement 

and force vectors {W} and {F}, such tha t [if]{FF} = {F}. In this research, 

Kirchhoff plate theory is used for the development of finite element model. 

3.1.1 Stresses and Strains in Kirchhoff P la te Theory 

A th in flat plate supports transverse loads by bending and shear action. 

According to Kirchhoff plate theory, small lateral displacements of points on the 

midsurface occur in the z direction as the plate deforms in bending. A line tha t 

is straight and normal to the midsurface before loading is assumed to remain 

straight and normal to the midsurface after loading. (See Figure 3.1.) Thus , 

t ransverse shear deformation is assumed to be zero in this theory. Wi th these 

assumptions a point not on the midsurface has displacement components u and 

V in the x and y directions, respectively, as follows: 

dw 
u = —z 

v — 

dx 

dw 

dy' 
(3.1) 

where | ^ and | ^ are slopes of the plate along x and y axes, respectively. Hence, 

^x 

^y 

xy 

— 

— 

du 
dx 
dv 

dy 
du 

-L 
dy 

d^w 
^ dx^' 

d^w 

dy^' 
dv 
-— = -2z 
dx 

d'^w 

dxdy 

(3.2) 
uy uy-
du dv ^ d^w 

7a 
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z,w 

0X 

XM 

\—^ —i 

Figure 3.1: Deformations with Kirchhoff plate theory 

Figure 3.2: Stresses that act on a differential element of a homogeneous, linearly 
elastic plate 
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Stresses are a^, (Jy and r^y, shown in Figure 3.2, which correspond to the strains 

Cx, Cy and 7a,y, respectively. Normal stress, cr^, is considered negligible in 

comparisons with a^, ay and r^y. 

Stress-strain relationships for the plate are taken to be the case of plane 

stress because the plate is thin and all the stress components with respect to the 

z direction are assumed to be zero. Thus, for an isotropic material 

' > 

0-x 

^y 

'^xy 

. - ^ P 

(1 -^p^ ) 

1 

Up 

0 

^P 

1 

0 

0 

0 

l — l^p 

2 

< 

' \ 

Cx 

^y 

Txy 
\. J 

(3.3) 

Stresses in Figure 3.2 produce the following bending moments Mxx->Myy,M, 
yy, -"-̂ xy 

and transverse shear forces Q^ and Qy, where 

M^a: = / , a^zdz 

^yy = j \ _ ^ ^y^^^ 

M. xy 
TxyZdz 

Qx 

Qy 

-I 
~ 2 

2 

r^xdz 

Tyzdz (3.4) 

If the vector {M} of generalized moments is taken to be 

{M} = {M^x, Myy, M^y} , ttUd (3.5) 

the vector $ of generalized curvatures is represented as 

d^w d^w d^w . 
(3.6) 
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then 

{M} = [D]{$} . (3.7) 

3.2 Development of the Stiffness Matrix for a Plate 
Element 

The type of plate bending element used in this research is a rectangular 

element of dimensions 2a and 2h in the x and y directions, respectively, and a 

thickness equal to tp. This element is called an MZC element because it was 

originally developed by Melosh (1963), Zienkiewicz and Cheung (1964). See 

Figure 3.3. Nodal displacements at each node are 

'^i,-Q^, and -—^ (i = 1,2,3,4) . (3.8) 

as shown in Figure 3.1. The displacement function chosen for this element is 

w = [N]{w,} (3.9) 

where {we} is the nodal displacement vector containing all 12 components of the 

type shown in Equation (3.8). The matrix [N] containing the displacement 

shape functions for MZC rectangle are given as 

[N] = [N,N2NsN,], (3.10) 

where each 

[Ni] = [Na,Ni2,N,^], for i = 1,2,3,4. (3.11) 
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y,'r\=y/b 

X,^=X/2i 

Figure 3.3: MZC rectangle 



From Weaver and Johnson (1984), the shape functions are: 
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^ . 1 

N^s 

- ( H - C o ) ( l + r y . ) ( 2 + io + r 7 , - e ' 

- ^ H ( l + 6 ) ( l - r 7 o ) ( l + ^ o ) ' , 

i a e . ( l - U ( l - F r ; , ) ( l - f ^ , ) 2 , 

-v% 

(3.12) 

and 

L = CiC Vo = ViV (i = 1,2,3,4) 

The values of ^ and rji corresponding to the corners of a rectangle are given in 

Table 3.1. Recalling the definitions for generalized curvatures discussed before, a 

Table 3.1: Nodal Coordinates for MZC rectangle 

i 1 
- 1 
- 1 

2 

+1 
- 1 

3 

+ 
+ 

1—
' 

1—
' 

4 
- 1 
+1 

generalized linear differential operator {d} is defined such that 

- _ _ _d^ d^ 9_?L\ 
^ ^ ~ ^dx^'dy^' dxdy^ 

(3.13) 

and 

{$} ={d}w (3.14) 

The generaHzed strain-displacement matrix now can be written as 

[B] = [B^ B2 Bs B, (3.15) 
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W = {d}[N,] = 

§^J:LL 

3x2 

ay2 

dx^ 
iZ d^N, 

9x2 
il 

d^N: 
5y2 

iZ d^N, 
ay2 

il 

,d^Nj2_ 2^^^' i l 
dxdy dxdy dxdy 

(i = 1,2,3,4) . (3.16) 

Corresponding to the generalized curvatures, the generalized moments can be 

calculated from 

{M} = [Z)]{$} = lD][B]{w,} . (3.17) 

Now the stiffness matrix for the plate element, [kl], can be calculated from 

[̂ ;i = I lBf[D][B]dA = ahjJ[B]^[D][B]didri. (3.18) 

After these matrix multiplications and integrations are performed, the following 

stiffness matrix can be obtained for one plate finite element (refer to Zienkiewicz 

(1977)): 

K] = ''" [kl + k2 + ka + k^l 
12(1 - '^') 

(3.19) 

where the matrices ki, k2, k^, k^ are given below: 
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kl = rr^ 
b 

6a3 

6 0 

0 

—6a 

0 

8a2 

- 6 

0 

6a 

6 

sym. 

0 

0 

0 

0 

0 

—6a 

0 

4a2 

6a 

0 

8a2 

- 3 

0 

3a 

3 

0 

3a 

6 

0 

0 

0 

0 

0 

0 

0 

0 

—3a 

0 

2a2 

3a 

0 

4a' 

6a 

0 

8a2 

3 

0 

—3a 

- 3 

0 

—3a 

- 6 

0 

—6a 

6 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

—3a 

0 

4a' 

3a 

0 

2a' 

6a 

0 

4a' 

—6a 

0 

8a' 

a 
^' - 663 

6 66 0 

Sb' 0 

0 

3 

36 

0 

6 

sym. 

36 

462 

0 

66 

Sb' 

0 

0 

0 

0 

0 

0 

- 3 

- 36 

0 

- 6 

- 66 

0 

6 

36 

26̂  

0 

66 

4b' 

0 

-66 

Sb' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

- 6 

-66 

0 

- 3 

-36 

0 

3 

-36 

0 

6 

66 

4b' 

0 

36 

262 

0 

- 36 

462 

0 

- 66 

862 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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2a6 

1 6 

0 

— a 

—2a6 

0 

- 1 

- 6 

0 

1 

sym. 

- 6 

0 

0 

6 

0 

0 

0 

0 

a 

2ab 

0 

1 

0 

0 

- 1 

0 

— a 

1 

0 

0 

0 

0 

0 

0 

- 6 

0 

0 

0 

0 

—a 

0 

0 

a 

-2ab 

0 

- 1 

0 

0 

1 

0 

0 

- 1 

6 

0 

1 

0 

0 

0 

0 

0 

0 

6 

0 

0 

- 6 

0 

a 

0 

0 

0 

0 

0 

0 

0 

0 

—a 

2ab 

0 

k.=C 

21 36 

862 

— 3a 

0 

8a2 

- 2 1 

- 3 6 

3a 

21 

sym. 

- 3 6 

-862 

0 

36 

862 

—3a 

0 

-2a2 

3a 

0 

8a2 

21 

36 

— 3a 

- 2 1 

- 3 6 

— 3a 

21 

- 3 6 

262 

0 

36 

-262 

0 

- 3 6 

862 

3a 

0 

2a2 

— 3a 

0 

-8a2 

3a 

0 

8a2 

- 2 1 

- 3 6 

3a 

21 

36 

3a 

- 2 1 

36 

— 3a 

21 

36 

-262 

0 

- 3 6 

262 

0 

36 

-862 

0 

- 3 6 

862 

3a 

0 

-8a2 

—3a 

0 

2a2 

3a 

0 

-2a2 

— 3a 

0 

8a2 

and C = (1- z/p)/(30a6). 
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3.3 Calculation of the Equivalent Nodal Forces 

For a plate with a distributed load, q, equivalent nodal loads are computed 

with the following formulas, according to Weaver and Johnston (1984): 

/ i = / NfgdA 
Jzi 

(3.20) 

or 

fi = abj ^ J ^ N^qd^dv (3.21) 

Substituting Equation (3.11) into Equation (3.21), the load vector for one 

plate element can be obtained as 

{fi} = 4ga6< 

1/4 

6/12 

a/12 

1/4 

6/12 

a/12 

1/4 

-6/12 

a/12 

1/4 

-6/12 

- a / 1 2 

(3.22) 
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3.4 Evaluation of the Matrices to Represent the Soil 

It is shown that the stiffness matrix [k^] and the load vector {/e} of a 

Kirchhoff plate finite element can be derived from the potential energy of the 

internal and external forces acting on the plate. Now, the stiffness of the subsoil 

has to be derived from the strain energy of the soil. For clarity, we express the 

total strain energy in the plate element and in the soil underneath it as 

U. -I 2Jn, 
d'w d'w d'w 

2 dx^ ' dy'' dxdy 

+ 2 / ['^{x^y)fkl'^{x,y)]dA 

D 
d'w d'w d'w 

dx' dy' dxdy 
dA 

ZJn, 

dw dw 

dx ' dy 
2t 

dw dw 

dx ' dy 
dA, (3.23) 

where Hg is the domain of a plate element, and, all the other terms have been 

previously defined. The first part of the above equation gives the conventional 

element stiffness matrix of the plate, \k^, differentiation of the second integral 

with respect to the nodal parameters yields a matrix, [k^, which accounts for 

the axial strain effect in the soil, and differentiation of the last integral yields 

another matrix, [kl\, which represents the shear effect in the soil. In this w ây, we 

can write the total strain energy of a plate element and the soil underneath it as 

u. = \{w,f ([fcp] + K] + [K\) {w^s; (3.24) 
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where [k^] = conventional plate stiffness matrix, 

[kl] = first foundation stiffness matrix to account the effect of k 

[kl] = second foundation stiffness matrix to account the effect of t 

{w^} = element-nodal displacements. 

Thus, the stiffness matrix for one element of the plate-subsoil system is 

m = m + [kl] + K] . (3.25) 

3.4.1 Vertical Deflection Stiffness Matrix, [kl] 

The total strain energy in the soil due to axial strain in the vertical direction 

is 

(U^), = \ l [w(x,y)fk[w(x,y)]dA, (3.26) 
Z J^e 

and for each soil column under plate element the first foundation stiffness 

matrix, [fc ]̂, is calculated by minimizing the total energy (Uk)e with respect to 

each component of the displacement vector, {tt^i}; i.e. 

Employing natural coordinates ^ and 77 and combining Equations (3.26) and 

(3.27) yields 

Displacements w at any point (^,77) of the plate are expressed by the same 

shape functions used in the evaluation of the plate element stiffness matrix. 
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Refer to Equations (3.10), (3.11) and (3.12). Substituting the shape functions of 

the plate element into the expression for w and performing the integration and 

differentiation according to Equation (3.28) yields the foUowing 12x12 stiffness 

matrix to account the axial strain on the soil: 

[kl] = kabj J [N]^[N]d(dr) (3.29) 

This matrix was developed and pubUshed by ChUton and Wekezer (1990), 

but, unfortunately all their coefficients were wrong. Using their coefficients, the 

finite element model does not provide a rigid body displacement when the plate 

is uniformly loaded. Realizing this problem, the author reevaluated all the 

coefficients of the matrix [kl], and employing the current coefficients, the finite 

element program gives exactly a constant q/k displacement when simulating a 

Winkler type model for a uniformly distributed loaded plate. 

The matrix is partitioned as four, (6x6) matrices for convenience in 

presentation: 

[kl] = kab 
kki kk2 

sym. kk4 

(3.30) 



where 

kki = 

1727 
3150 

4616 
3150 

1662 
315 

sym. 

-461a 
3150 

— a6 
25 

16a2 
315 

613 
3150 

1996 
3150 

-137a 
1575 

1727 
3150 

1996 
3150 

862 
315 

-2o6 
75 

4616 
3150 

1662 
315 

137a 
1575 

2ab 
75 

-4a2 
105 

461a 
3150 

a6 
25 

16a2 

43 

315 

3^2 

197 - 5 8 6 58a 613 -1376 - 1 9 9 a 
3150 

586 
1575 

-58a 
1575 

613 
3150 

1376 
1575 

199a 
3150 

1575 

-262 
105 

4a6 
225 

-1376 
1575 

-462 
105 

-2a6 
75 

1575 

4a6 
225 

-2a2 
105 

199a 
3150 

2a6 
75 

8a2 
315 

3150 

1376 
1575 

-199a 
3150 

197 
3150 

586 
1575 

58a 
1575 

1575 

-462 
105 

2a6 
75 

-586 
1575 

-262 
105 

-4a6 
225 

3150 

-2a6 
75 

8a2 
315 

-58a 
1575 

-4a6 
225 

-2a2 
105 

and 

kk3 = 

1727 
3150 

-4616 461a 
3150 

1662 
315 

sym. 

613 -1996 •137a 
3150 

— a6 
25 

16a2 
315 

3150 

-1996 
3150 

137a 
1575 

1727 
3150 

3150 

862 
315 

-2a6 
75 

-4616 
3150 

1662 
315 

1575 

2a6 
75 

-4a2 
105 

-461a 
3150 

a6 
25 

16a2 

315 
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3.4.2 Shear Deformation Stiffness Matrix [k^] 

Evaluation of the second foundation stiffness matrix to consider the shear 

strain within the soil requires the solution of the third integral in Equation 

(3.23). The total strain energy for the shear strain effect is 

(^')==IL dw dw 

dx ' dy 

-\T 

2t 
dw dw 

dx ' dy 
dA (3.31) 

Minimization of this strain energy function with respect to all components of the 

plate displacement vector yields the second foundation stiffness matrix: 

[kt\i3 — 
d'(Ut)e 
dwidwj 

(3.32) 

Combining Equations (3.31) and (3.32) and applying the natural coordinates 

results in the following equation: 

Z owiOWj J-i J-i 
(3.33) 

where the displacement function, it;, is as defined before. Substituting the 

expression for w into Equation (3.33) and performing the integrations and 

differentiations yields the following second foundation stiffness matrix, which is 

again a 12x12 matrix: 

+1 y+l / 1 

Kl = W-:/-. b 
'dN' 

[di\ 

T 'dN' 1 dN' 
dr] 

T dN' 
dr] d(dr], (3.34) 

[k^] = 2tab 
Hi '^12 

sym. ktz 

(3.35) 



where 

kfA = 

46 
105 (! + !) 116 - 6 110- I ^ . ^ _ ilQ 

105a ~^ 15 15 1056 

463 I 8a6 
105o "I 45 

sym. 

0 

8a6 I 4a^ 
45 ~^ 1056 

17a 

1056 

g 

30 

_6. 
15 

46 

466 

105a 

1162 

105a 

13a2 

2106 

46 / b I a\ 
105Va "^ "6/ 

_a_ _ 1162 

30 105a 

4a6 _ 46^ 

45 105a 

0 

1162 

105a 

463 

105a 

a 
15 

13a-̂  

2106 

_6_ 

15 

0 

-2a6 af_ 
356 

,2 

45 

_6_ I lla^ 
15 "*" 1056 

I 8a6 PI 

8a6 I 4a^ 
45 ' 1056 

45 

kto = 

-17/6 I a\ 
105 V a f" 6'' 

-1362 ^ 

210a 30 

_6_ I 13a2 

30 ' 2106 

176 
105a 

1362 

46a 
1056 

g 

210a 15 

lla2 _6_ 
30 1056 

1362 ^ 

210a ' 30 

35a 
a6 
45 

0 

g 

15 

-6^ 

35a 

1362 

210a 

2a6 
45 

0 

30 

0 

13a2 

2106 
lib 
105a 

1362 

46a 
1056 

a 

a 
15 

-2a6 

1362 

210g 

_ £-

llg2 

1056 

a" 
356 

J_ _ 
30 

_ Eh. 
45 

lla2 

1056 

2ab n 

4a6 
45 

_4ai 
1056 

210a 

lla2 

15 

_6_ 
30 1056 

(! + !) 
1362 

- 1 7 / 6 
105 ̂ a "^ 6 

— a 
30 

Z± 
30 

210a 

13a2 

2106 

45 

1362 ^ 

210g '" 30 

35g 
a6 
45 

0 

_6_ 
30 

-:^ 0 35a 

n 4ab _4ai 
1056 

_6_ I 13a2 

4a_6 
45 

30 2106 

0 

a 
356 

a6 
45 

kfo = 

105 (! + f) 
-1162 ^ 

105g 15 

46^ I 8a6 

105a ' 45 

sym. 

b 1 lla2 

15 ' 1056 

0 

8a6 I 4a^ 
45 "I 1056 

17a 466 
1056 105a 

1162 ^ 

105a 30 

13a2 6 

2106 15 

46/6 1 a\ 

1162 ^ 

105g 30 

4a6 46^ 

45 105a 

0 
-1162 ^ 

6 13a2 
15 2106 

0 

-2a6 a^ 
45 356 

-6 lla2 
105g 

46^ 

15 15 1056 

I 8g6 
105g "^ 45 0 

8g6 I 4g3 

45 ' 1056 
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3.5 Development of the Element Stiffness Matrices for 
Beams 

The stiffness matrices for the beam elements have to be added to the total 

system stiffness matrix in order to consider slabs with beams. The displacement 

function of a beam element is given by 

w(x) = [N„N2,N„N,]{w,}, (3.36) 

where 

A î = 

N2 = 

Ns = 

N, = 

2(f)^-3(f)^ + l, 
tb lb 

x^ x^ 
-7r-2y- + ,̂ 

ifc lb 

-2(f)' + 3(f)^ 
^6 lb 

x' 
--r^lb, 

and Ni functions are the well-known Hermitian polynomials of order one, and 

{wb} = {wi,ei,Wj,9j} 

where Wi,6i,Wj, and $j are the nodal degrees of freedom and l^ is the length of 

the beam element (see Figure 3.4). The strain energy in the beam is then 

U, 
1 rh = -I 
2J0 

d'w 

~d^ 
EI 

d' w 
dx^ 

dx. (3.37) 

The above equation can be written as follows: 

Ub = ^{{wbf[kb]{wb}), (3.38) 



where [k^] is the beam element stiffness mat r ix , which is given as: 
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[̂ 6] = 
EI 
IF 
*6 

12 64 

4/? 

sym. 

-12 

-6h 

12 

6k 

2/2 

-6k 

4̂ 6 

and EI is the beam rigidity. Calculation of the moment of inert ia, / , has to be 

done carefully when a plate and a beam element work together, as indicated by 

Siddiqi (1971) (see Figure 3.5). If the depth of the beam is t^ and depth of the 

pla te is tp, the distance from the middle surface of the slab to the centroidal axis 

of the beam, r, is 

r = l^{tp + -tb) (3.39) 

A rib a t tached to the plate has a relative stiffness of an effective angle or tee 

section which is much higher than tha t of a rectangular section. The code for 

such beams Hmits the usable flange width. For a tee beam, the flange is limited 

to eight t imes the slab thickness on each side of web, or half way to the next 

beam, or to ta l width of one fourth of the span, whichever is smallest. For an 

angle beam, the flange is limited to six times the thickness, or half way to the 

next beam, or 0.083 times the span, whichever is smallest. 
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Figure 3.4: Nodal degrees of freedom and corresponding nodal forces on a beam 
element of length k 

Figure 3.5: A ribbed plate 
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3.6 Determination of the Global Coefficient Matrix of 
the Complete System 

Using the standard procedures in the finite element methodology for the 

assemblage of elements, the global stiffness matrix is constructed as a half 

banded matrix. The global stiffness matrix for the total system is symbolically 

represented by respective capital letters as 

[K] = Edfcp] + [k,] + [h]), (3.40) 
e = l 

[K] = [Kp] + [Kk]-^[K,]. (3.41) 

where N^, is the total number of plate finite elements, and the equation to be 

solved is 

\K]{W} = {F}. (3.42) 

Here [K] is the global coefficient matrix, {W} represents the global nodal 

displacement, and {F} is the appHed equivalent load vector of the system, which 

has already been explained. 

3.7 Linearly Varying Modulus of Elasticity of the Soil 

The subsoil is assumed to have a uniform depth and a Hnearly varying elastic 

modulus; 

Eg = ^ i ( l - | ) + ^ 2 ( ; ^ ) , (3.43) 

where Ei and E2 represent the moduH of elasticity at the top and the bottom of 

the soil stratum, respectively. Using this expression for the modulus of elasticity 
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of the soU in Equation (2.12) and substituting Equations (2.12) and (2.24) into 

Equations (2.16) and (2.17), new expressions for k and 2t can be derived as 

k = ' - ^ 
SH(l + u)(l-2u) 

Ei(2jsinh2j -f 472) + (E2 - E^)(cosh2-f - 1 + 272) 

2* = " 

sinh'^j 

Ei(2jsinh2j - 472) + (E2 - Ei)(cosh2j - 1 - 2j') 

sinh^j 1672(1-f I.) 

These equations are also given by VaUabhan and Das (1991) 

(3.44) 

3.8 Boundary Conditions 

The aim of this section is to show some ideas expressing the effect of the 

infinite soil domain outside the plate applying equivalent stiffness parameters on 

the boundary. To do this, the equivalent forces due to the surrounding soil 

domain on the boundary of the plate have to be computed as a function of the 

displacement on the boundary. Reduction of the infinite domain outside the 

plate leads to the solution of equations in the smaller domain defined for the 

plate only. In this way, the overall size of the stiffness matrix [K] in this model 

is the same as would be necessary for a similar Winkler type model. While 

representing the effect of the soil on the plate, we have two types of stiffness to 

consider. One type is axial stiffness related to the displacement of the plate in 

the z-direction, and the other type is a rotational stiffness related to the rotation 

of the plate at its edge. 
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3.8.1 Axial Stiffness on the Boundary, kg 

The effect of the surrounding soU can be obtained by writing the potential 

energy of the soil outside the plate domain: 

1 y yi? 
(n)n. = - L (cTz^z + r^zlxz + '^yzlyz) dzdA, 

Z JQi Jo 
(3.45) 

where fti is the soil domain which has unit width and aU the other terms have 

been previously defined. 

Substituting all the terms into Equation (3.45), the foUowing expression can 

be obtained: 

w-=u,r Ew' 
df 
dz 

^Gcf' 
d w 
d X 

+ G(i>' 
dw 

dy 
dzdA. (3.46) 

Recalling Equations (2.16) and (2.17), the potential energy becomes 

W-4X, 
, , ^ , dw\ ^ f dw 
k.,^ + 2t{-] +2t - dA. (3.47) 

For a rectangular plate with the dimensions 2p and 2/ in the x and y directions, 

respectively, the displacement pattern outside the plate domain is given by 

Equations (2.26), (2.27) and (2.28) (see Figure 2.3). Boundary forces for the 

plate edge Sit x = p can be derived by substituting Equation (2.26) into Equation 

(3.47). The summation of first two terms in Equation (3.47) represent the 

energy in the soil due to axial displacement and the other term represent the 

energy due to a rotation dw j dy sA, x = p. Taking the first two terms, and 

dA (3.48) 
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after taking the integration with respect to x from p to oo, the strain energy 

expression becomes 

2A 

or 

1 
(n.)n. = -^^U^2kt. (3.50) 

Minimizing the strain-energy expression, the boundary force at a; = p is found as 

^ 1 ^ = fc.U^p = V2HVF(p), (3.51) 
Ovy {p) 

where I^(p) is the displacement of a discrete point at the boundary of the plate 

at a; = p. 

The same procedure can be followed to determine the boundary conditions 

for the other side of the plate at ?/ = /, which is 

^(n.)n. 
dWi (0 

kg\y^i = %f2ki\A\iy (3.52) 

3.8.2 Rotational Stiffness on the Boundary, fc© 

Energy due to rotation of the subsoil surface around the normal to the 

boundary determines the rotational stiffness (see Figure 3.6(a)). RecaUing 

Equation (2.26) for the displacement pattern, and taking the energy in a strip 

which has a width of dy outside the boundary of the plate is 

(ne )n . = 5 / " 2 < ( ^ ) ' e - " < - ^ W , . (3.53) 
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(a) 

<%^r-'^s 
(b) 

Figure 3.6: Illustration of the boundary forces, (a) Rotation on the boundary, (b) 
Concentration of Hne stiffness on boundary nodal points. 
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Figure 3.7: Illustration of an opening and an interior soil region, (a) A hole within 
the plate domain, (b) A cutout at the edge. 
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Integration of the above equation with respect to x yields 

^''-'r., = \2i{^f^ ^/y = \2i[Q.r^^dy, (3.54) 

the rotational boundary condition for a discrete point at the boundary, k^, is 

obtained as 

^ = 2*(0.)^d, (3.55) 

or 

kQ\x^p^\2t^^(Q,)dy. (3.56) 

A similar equation can be derived for the boundary at t/ = / as 

kQ\y^i = ]^2tS^((dy)dx. (3.57) 

3.8.3 Equivalent Boundary Forces at the Nodes 

After the boundary forces for discrete points are calculated, it is necessary to 

concentrate the continuous boundary forces into equivalent boundary forces at 

the nodes of the finite element. Using a finite element mesh as shown in Figure 

3.6(b), a continuous boundary force can simply be concentrated into boundary 

nodal forces. Let three successive nodes on the boundary be denoted 1, 2, 3 and 

the distance between the nodes be designated as a^ and 03. The boundary 

length a appropriate to node 2 is then defined as 

' 1/ 
a = 2(^^"^^2)- (3.58) 
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Vertical and rotational reaction forces for a continuous boundary can be 

obtained by 

Rg = a kg = a'\/2fct W2 

1 /2T 
Re = ake = ^'^'^t^J (Ox)2, (3-59) 

where W2, and (0^)2 represent the displacement and the slope at node 2 as 

shown in Figure 3.6(b). Since these reaction forces for each boundary nodal 

point are proportional to the respective displacement parameters, they are added 

at the corresponding places on the diagonal of the coefficient matrix. 

3.8.4 Corner Reactions 

The displacement function for a corner region, as shown in Figure 2.3 (a), is 

given by Equation (2.28). The potential energy of a corner region can be 

written as 

1 /too /ttX) 

°'=2i i 
, , ^ , dw\ ^ I dw 
kw' ^ 2 t \ - - \ + 2t dxdy. (3.60) 

dx J \dy 

Substituting Equation (2.28) into Equation (3.60) and performing the 

integration, the potential energy expression takes the following form: 

l[i = l ItW^. (3.61) 
2 2 ^ ^ 

Minimizing the energy with respect to displacement at that point, the equivalent 

corner reaction is 

3 
Re = ^tW,. (3.62) 
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AU the other corner forces are also equal to 3^/2 times the displacements of the 

plate at the respective corners. Thus the effect at the corner of the soil region 

outside the corner is modeled by adding Zt/2 to the stiffness term representing 

the corner displacement. 

3.9 Boundary Forces for Interior Regions 

The effect of an interior soil region or a cutout at the edge on the plate 

boundary as shown in Figure 3.7(a) and (b) is obtained by solving Equation 

(2.22) for that region. The stiffness matrix of the soil region is obtained with 

plate rigidity. Dp, equal to zero. The problem has to be solved with perfect 

displacement compatibility at the boundary between the plate and the soil, and 

without compatibility of the slopes on the boundary. To solve the system 

equation, the known vertical nodal displacement values on the boundary are 

used as prescribed displacements. After the solution of the system equation for 

the soil, for nodal displacements the coefficient matrix of the soil is multiplied by 

the corresponding vertical displacement vector to find the nodal force vector. 

The components of the force vector on the plate boundary are divided by the 

corresponding displacement in order to obtain the additional stiffness of the soil 

on the boundary, and these stiffness coefficients are added to the corresponding 

places on the diagonal of the stiffness matrix of the structure. The numbering of 

the finite element mesh for interior soil regions has to be done separately from 
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the plate domain, but the corresponding nodal numbers on the plate boundary, 

and on the boundary of the soil region are given as input data. 

3.10 Internal Forces 

After the elements have been assembled and the structure has been analyzed 

for nodal displacements, the values of the bending moments at nodal points in 

each element may be obtained by using 

M = [D][B]{w,}. (3.63) 

Straughan (1990) calculated the shearing forces by using 

Qx = -Dp—(V'w) + 2t- '^ 
dx d X 

Q, = -D,^{V'w) + 2t^ (3.64) 

from the equilibrium of the plate. Here each element stiffness matrix is 

multiplied by the corresponding nodal displacement vector to obtain the nodal 

force vector. 



CHAPTER IV 

RESULTS 

4.1 Introduction 

This chapter starts with the some simple checks on the behavior of the 

model. Then, some comparisons with similar studies done by other researchers 

are made. These comparisons are presented in a series of figures and tables. 

Further, the analysis and results of several sample problems are shown to 

illustrate the potentiality of the model. For each example, the displacements, 

bending moments, and shear forces in the plate are calculated at discrete points 

and presented in a series of figures. 

4.2 Simple Checks of the Computer Model 

The computer program has been checked in several ways. One of the most 

important and simple checks is to verify whether the code simulates the Winkler 

model by eliminating the shear effect in the soil continuum. This can be done 

by equating the soil shear parameter, 2t, to zero. According to the Winkler 

model, a plate with a uniformly distributed load, q, deforms as a rigid body with 

a constant displacement w = q/k. The computer results confirmed this 

rigid-body displacement precisely. Here it is also illustrated that for this 

particular case, if one uses the Winkler model, there is no bending moment or 

shear force in the plate, which is completely unrealistic and unsafe from a design 

58 
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point of view. Another interesting check is to show tha t even if one incorporates 

the shear effect of the soU by adding 2t into the model, the plate displacements 

were identical to those obtained from the first check using the Winkler 

hypothesis . This i l lustrates the importance of the edge shear forces from the soil 

beyond the boundary of the plate. It should be noted tha t if we include the 

edge shear effect from the soil continuum outside the plate domain, then the 

deformation pa t t e rn looks like of a bowl as shown in Figure 4 .1 . This shows the 

power of the Vlasov model to predict the behavior of the plate more accurately 

and in a manner t ha t is consistent with energy principles in solid mechanics. 

4.3 Study of the Convergence of the Model 

Before presenting results for a problem, a convergence s tudy is thought to be 

of use to the reader. An example has been chosen from the study done by 

S t r aughan (1990). He solved a rectangular plate for different types of loading 

and various values of soil depth. The convergence s tudy is done for two loading 

cases, namely, a uniformly dis t r ibuted load q = 500 psf and a concentrated load 

P = 30 kips at the center of the plate. Before s tar t ing the error analysis, the 

pla te is analyzed for several different finite element meshes. The number of 

elements are increased until the displacement values calculated from the last two 

finite element meshes are almost equal, and this value is used in the error 

analysis. The fuU pla te , which is iUustrated in Figure 4.2 (a) , is used for the 

convergence study, even though only one quar ter of the plate is necessary for the 
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Figure 4.1: Deflected shape of a uniformly distributed loaded plate 
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Figure 4.2: Illustration of the plates solved in the study. 
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analysis of these cases. The pla te has a dimensions of 30 ft in x direction and 

40 ft in y direction. Thickness of the plate is taken to be 0.5 ft. Modulus of 

elasticity and Poisson's ration^of the plate are 4.32x10^ psf and 0.2, respectively. 

The dep th of the soil is 20 ft and Poisson's rat io of the soil is 0.25. Modulus of 

elasticity of the soil is assumed to be constant at the top and at the b o t t o m of 

the soil, 1.44x10^ psf. The number of elements used for whole domain of the 

pla te is 9. As i l lustrated in Figure 4.3, for the case of the uniformly dis t r ibuted 

load, the error in max imum displacement is only 2.5% even when only four 

elements are used for the whole plate domain, which is equivalent to 1 element if 

one uses 1/4 of the plate . However, the error in maximum bending moment is 

found to be 40%. The maximum displacement of the plate is obtained with 

almost no error when 36 finite elements are used for the whole domain, which is 

equal to 9 elements for a quar ter plate , and corresponding error in the max imum 

bending moment is 3%. As can be seen in Figure 4.4, for the case of a 

concentra ted load at the center of the plate , the error in maximum displacement 

is 6% when 16 elements are used for the whole plate which is equivalent to 4 

elements if one uses 1/4 of the plate. However, the error in bending moment is 

50%. T h e max imum displacement is obtained with negUgible error when 64 

finite d e m e n t s are used for the whole domain which is equal to 16 elements for 

the quar te r p la te , and the corresponding error in the max imum bending moment 

is 12%. 
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Figure 4.4: Convergence for a concentrated load at the center. (The number of 
elements shown here is for fuU plate.) 
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4.4 Comparisons with Other Research 

After complet ing the above tasks for checks and convergence, the overall 

results using the new model still need to be verified and compared with results 

from other researchers. To the au thor ' s knowledge, there is no evidence in the 

l i te ra ture of an experiment tha t has been done for plates on elastic foundations 

where the mater ia l propert ies of the soil such as Eg and 1/5 are specifically 

de termined and utilized. The closest modeling exists in the doctoral 

disser tat ion wr i t ten by St raughan (1990). He analyzed a regular rectangular 

p la te rest ing on an elastic foundation using the modified Vlasov method by the 

m e t h o d of the finite differences. He considered several loading cases, including 

uniformly dis t r ibuted loads, line loads, and concentrated loads at specific 

locations on the plate. Kolar and Nemec (1989) also have solved the problem 

using 3-D finite element method as well as the Vlasov model. They used brick 

elements for the 3-D F E M model without any domain restriction. For the 

Vlasov model , they assumed an arbi t rary value of 7 Equat ion 2.17 for the 

calculat ion of the modulus of the subgrade reaction, k, bu t for the value of the 

soil shear parameter , 2t, they assumed an arbi t rary value. 

4.4.1 Comparisons of Rectangular Pla te using Modified 

Vlasov Method 

T h e example chosen for the convergence study is also used here for the first 

comparison of results . S t raughan (1990) solved this problem for different kinds 
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of loading and with different values of the depth of the soil. Here, a comparison 

is presented for one par t icular soU depth and two loading cases. Comparisons 

for o ther loading cases were found to be identical, so the results for these cases 

are not presented. Comparisons are made for a uniformly distr ibuted load and 

for a concentra ted load at the center of the plate. For each loading case, the 

displacements , bending moments , and shear forces from the two studies are 

compared. A full domain of the plate is analyzed and 36 rectangular finite 

elements are used. For solving the above problem using the finite difference 

m e t h o d , S t raughan (1990) used 12 divisions in the x direction and 16 divisions 

in the y direction, which means he solved a full matr ix of the order 217x217. 

Here, in the finite element method, the coefficient matr ix is half-banded with the 

half-bandwidth equal to 27, and the number of equations is only 108 for the full 

domain of the plate . Figures 4.5 and 4.6 i l lustrate the results of the problem 

using the finite element method and the finite difference method for a uniformly 

dis t r ibuted load and for a concentrated load at the center, respectively. The 

solutions are very close as can be seen in the figures. The results of the 

computed values of the three soil parameters from the two studies are given in 

Table 4 .1 . The results for the F E M model were obtained after performing 3 

i tera t ions for the uniformly dis t r ibuted load and 5 i terations for the concentrated 

load. 
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15.0 20.0 25.0 30.0 

• * • g " • I 

(a) Displacement 

30.0 

(b) Bending moment 

A = P resen t model 
X - S t raughan (1990) 

30.0 

(c) Shear force 

Figure 4.5: Results obtained with the present model and by Straughan (1990) for 
a uniformly distributed loaded plate along A-A (see Figure 4.2 (a)). 
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(a) Displacement 

30.0 

(b) Bending moment 

10.0 

A = P r e s e n t model 
X - S t raughan (1990) 

i!..0 

(c) Shear force 

20.0 

Figure 4.6: Results obtained with the present model and by Straughan (1990) for 
a concentrated load at the center of the plate along A-A (see Figure 4.2 (a)). 
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Table 4 .1 : Three soil parameter values obtained from the two studies 

Load 

q=500 psf 

P=30 kip 

Parameters 
k (lb/ft') 
t (lb/ft) 
7 

k (lb/ft') 
t (lb/ft) 
7 

FEM (Present model) 
8742. 

173992. 
0.8845 
9913. 

134036. 
1.8400 

FDM (Straughan) 
8749. 

173361. 
0.9017 
9913. 

134049. 
1.8401 

4.4.2 Comparisons with Various Other Models 

A problem of a plate with a uniformly distr ibuted load has been solved by 

Kolar and Nemec using a 3-D F E M , a 3-D efficient subsoil model , and a Vlasov 

model wi th arbi t rary parameters . The details of the plate and the soil are 

i l lus t ra ted in Figure 4.2 (b) . The geometry and material properties for the 

problem are given as follows. Pla te length in x direction and in y direction are 

66 ft and 39 ft, respectively. Thickness of the plate is 1.64 ft, and appHed 

uniformly dis t r ibuted load, q, is 1060 psf. Modulus of elasticity and Poisson's 

ra t io of the plate is 4.39x10® psf and 0.15, respectively. Depth of the soil 

s t r a t u m is taken as 200 ft, and Poisson's rat io of the soil is 0.30. Modulus of 

elasticity of the soil for this problem is 1.9x10^ psf. For the 3-D F E M solution, 

Kolar and Nemec used a 200 ft x 200 ft soil medium in the x-y plane and a soU 

dep th equal to 200 ft. The plate was placed symmetrically on the top of the 

SOI 1. In other words a whole cube of dimensions 200x200x200 ft was considered 
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for the analysis of a 39x66 ft plate. They also developed another finite element 

model , called a 3-D efficient model of the subsoil, in which they ignored the u 

and V displacements of the soil, but the geometry of the soU remained the same. 

Fur the rmore , they solved the same problem using a Vlasov model with a rb i t ra ry 

values for k and t. For comparison purposes, they also solved the problem by 

their Vlasov model in which they used the soil depths of 20 ft, 72 ft, and 200 ft. 

But the bending moment values for the Vlasov model with 5^ = 72 ft has been 

given because they obtained the best agreement with 3-D F E M solutions for this 

value of soil depth . Solution using Vlasov method by Kolar and Nemec (1989) 

have been done by assuming an arbi t rary value of 7 for the calculation of the 

value of subgrade reaction, k, but they assumed some arbi t rary soil shear 

pa ramete r , t. They found tha t the best agreement of their Vlasov model with 

3-D F E M was found for a soil depth H = 72 ft different from the analysis where 

H was taken as equal to 200 ft. The author solved the above problem using the 

modified Vlasov model developed here, with the values of k and t are computed 

i t e r a t i vdy within the code. Bending moment values obtained by the four 

models ment ioned above are plot ted in Figure 4.7 for comparison purposes. The 

solution by the au thor gives sHghtly higher values of the bending moment ; 

however, it has to be realized the parameters k, t, and 7 were not assumed, but 

were internally calculated from the input da ta , whereas Kolar and Nemec (1989) 

had to assume arb i t ra ry values of 7 , k, and t for their Vlasov solution. They 
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found their results matched for a depth of soil equal to 72 ft, but there is no 

explanation for the selection of this depth except that it matches. These checks 

and comparisons showed the vaUdity of the present computer model for analysis 

of plates on elastic foundations. 

Naturally the major advantage of the present model is the efficiency of the 

computer program as compared to a 3-D FEM or even a 3-D efficient subsoil 

model. A comparison of the number of nodes, the bandwidth, the number of 

elements, and the number of unknowns is given in Table 4.2 for this particular 

problem as formulated by various methods and models. Also a graph is 

presented in Figure 4.8 to compare the models mentioned above. 

Table 4.2: Details of the models for quarter plate solved by various researchers. 

Number of nodes 
Number of elements 
Number of unknowns 
Bandwidth 

3-D efficient subsoil 
137 
240 

481 to 755 
430 to 754 

3-D FEM 
1652 to 2685 
2544 to 4032 
3725 to 6276 

260 to 383 

Present model 
77 
60 

231 
27 

The present finite element model has been modified to incorporate several 

special features of the soil and the plate. The foUowing features are added. 

• Incorporation of a variation in the material properties of the soil from top 

to bottom. Here it is assumed that the modulus of elasticity of the soil 

varies linearly with depth. A suitable value of Poisson's ratio, Ug, of the soil 

is assumed and kept as a constant. 
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= 3D FEM (H=200 ft) 
= Modified Vlasov method 
= 3D-Efficient subsoil 
= Vlasov method (H=72 ft) 

33.0 

Figure 4.7: Comparison of bending moments by various methods for a uniformly 
distributed loaded plate along B-B (see Figure 4.2 (b)). 
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(d) Modified Vlasov method 

Figure 4.8: Comparison of the domain, bandwidth and the number of equations 
for the various models for plates on elastic foundation problem. 
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• Incorporation of beams along the x and y axes of the plate. 

• Incorporation of a rectangular opening or hole in the plane of the plate, 

• Incorporation of a cutout on the edge of the plate. 

4.5 An Example with a Linearly Varying Modulus of 
Elasticity of the Soil 

A plate on soil is analysed assuming the soil to have a linearly varying 

modulus of elasticity with depth. The plate geometry is shown in Figure 

4.2 (a). It is a 30 /^ X 40 ft plate with thickness of 0.5 ft. Modulus of 

elasticity of the plate is 4.32x10® psf, and Poisson's ratio is 0.2. The problem is 

solved for several values of the E2/E1 ratio such as 1, 3, 5, and 10. Here Ei 

represents the modulus of elasticity of the soil at the top and E2 represents the 

modulus of elasticity of the soil at the bottom. Ei is taken as 1.44x10^ P^f-

The depth of the soil for the problem is 30 ft with a Poisson's ratio of 0.25. A 

uniformly distributed load and a concentrated load at the center of the plate are 

considered. The three soil parameters obtained after iteration are given in 

Tables 4.3 and 4.4 for different E2/E1 ratios. The results obtained from the 

finite element model are plotted in Figures 4.9 and 4.10. For each loading case 

the displacements, bending moments and shear forces in the plateare plotted in 

subsequent figures. As can be seen from plots, for a uniformly distributed load 

the displacements and the bending moments vary substantiaUy with the £^2/^1 

ratio, but the shear forces are not affected that much. For a concentrated load 
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(a) Deflection 

30.0 

(b) Bending moment 

30.0 

(c) Shear force 

Figure 4.9: Results for a uniformly distributed loaded plate with varying modulus 
of elasticity of the soil along A-A (see Figure 4.2 (a)). 
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(a) Displacement 

30.0 

(b) Bending moment 

II ..0 

(c) Shear force 

Figure 4.10: Results for a concentrated load at the center with varying modulus 
of elasticity of the soil along A-A (see Figure 4.2 (a)). 
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at the center, the displacements are affected, but the bending moments and 

shear force do not change much, with the variation in E2/E1. For this reason, 

the bending moments and shear forces are plotted only for two E2/E1 values. 

Table 4.3: Three soil parameter values for a uniformly distributed load with vary 
ing modulus of elasticity of the soU. 

E2/EI 

1 
3 
5 
10 

k 
(lb/ft') 
5939. 
10659. 
15293. 
26767. 

t 
(lb/ft) 
245178. 
351550. 
457488. 
721513. 

7 

1.1538 
1.2105 
1.2364 
1.2658 

Table 4.4: Three soil parameter values for a concentrated load at the center with 
varying modulus of elasticity of the soil. 

E2/E, 

1 
3 
5 
10 

k 

(lb/ft') 
7941. 
11747. 
15266. 
23536. 

t 
(lb/ft) 
159810. 
195093. 
225450. 
288800. 

7 

2.5709 
2.8370 
3.0274 
3.3669 

4.6 An Example of a Plate Including Beams 

The capabiUty of the code is enhanced by incorporating beams into the 

overall equations. This capability is extremely useful in practical foundation 

designs. The same plate geometry and properties in previous example are used 

here for convenience. Beams may be placed anywhere on the plate in orthogonal 

directions along the x and y directions. In this example the beams are placed on 

the edges and on centerHnes of the plate, as shown in Figure 4.2 (a). The 
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problem is first solved for a beam cross section of 1 ft x 1 ft in addition to the 

slab. Then, the analysis is repeated for 1 ft x 1.5 ft cross sections of the beams. 

The calculation of the effective moment of inertia and stiffness of the b eam was 

explained earlier in Chapter III. Analyses are performed for two loading cases 

such as, a uniformly distributed load, and a concentrated load at the center of 

the plate. For each loading case, the nodal displacements, bending moments and 

shear forces in the plate are calculated. All of the results are given in Figures 

4.11 and 4.12. The computed values of the three soil parameters k, t, and 7 for 

each loading case are given in Table 4.5. It is interesting to note the changes in 

these values of the soil parameters. As can be seen from the plots, for the case 

of a uniformly distributed load, the displacements and the shear forces are not 

changed significantly by adding the beams, but the bending moments are 

changed considerably. For the case of a concentrated load at the center of the 

plate, the variations in displacements, bending moments and shear forces are all 

significant. 

Table 4.5: Three parameter values for plate including beams. 

Load 

q = 500 psf 
P = 30 kip 
q = 500 psf 
P = 30 kip 

Cross section 

ft' 
1x1 
1x1 
1x1.5 
1x1.5 

k 

(Ib/ff) 
5942. 
7260. 
5943. 
6860. 

t 

(lb/ft) 
244849. 
177534. 
244734. 
190864. 

7 

1.1590 
2.2353 
1.1692 
2.0061 
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Figure 4.11: Results for uniformly distributed loading on a plate with beams along 

A-A (see Figure 4.2 (a)). 
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(a) Displacement 

(b) Bending moment 

30.0 

10.0 

Wjthout beam 
With_lx_1_beam 
With"fxT5"bearn' 

11 i 1 1 ) • 11 

i:>.o 20.0 

(c) Shear force 

Figure 4.12: Results for a concentrated load at the center of a plate with beams 
along A-A (see Figure 4.2 (a)). 
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4.7 An Example of a Plate with an Opening 

Sometimes mat foundations or warehouse floor slabs have an interior opening 

which can influence the behavior of the plate structure. In this case, the soil in 

the interior region will produce shear forces on the interior edges of the plate, as 

explained earUer in Chapter III. As an example problem, a plate with a hole 

carrying a uniformly distributed load has been selected, as shown in Figure 

4.2 (c). It is a square plate of 65 ft x 65 ft with a thickness of 1.5 ft. Modulus 

of elasticity and Poisson's ratio of the plate are 4.32x10® psf and 0.2, 

respectively. Modulus of elasticity of the soil is 1.44x10^ psf with a Poisson's 

ratio of 0.25. Plate example has been solved for different depth of soil stratum 

such as 10 ft,25 ft and 50 ft. The results of the computed values of the three 

soil parameters for each depth of the soil are tabulated in Table 4.6. The 

modulus of the subgrade reaction, k, varies significantly with the soil depth even 

when the material properties and the uniformly distributed load remain the 

same. Figure 4.13 presents plots of the results for displacements, bending 

moments, and shear forces for the uniformly distributed load, q = 1500 psf on 

the plate. The analysis of the plate has been carried out for the different depths 

of the soU to show how the soil depth affects the displacements, bending 

moments and shear forces in the plate. The displacement of the plate increases 

with increasing depth of the soU stratum; however, the effect is less as the depth 

of the soU stratum becomes greater. The maximum value of the shear force 
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occurs at the edge of the plate for aU values of the soil depth. The deflected 

shape of the plate and of interior soil surface are presented in Figure 4.14. 

Table 4.6: Three soil parameter values for a uniformly distributed load on a plate 
with an opening. 

Soil depth 
(ft) 
10. 
25. 
50. 

Number of 
Iterations 

3 
4 
6 

k 
(lb/ft') 
17317. 
6969. 
3572. 

(lb/ft) 
92095. 

221022. 
405934. 

7 

0.5670 
0.8050 
1.1789 

4.8 An Example for an L-shaped plate 

An L-shaped plate occurs very commonly in foundation engineering. Figure 

4.2 (d) iUustrates the geometry of the plate used as an example here. The plate 

is square with dimensions of 100 ft x 100 ft in x and y directions. Thickness of 

the plate is 2.0 ft. Poisson's ratio and modulus of elasticity of the plate are 0.2 

d 4.32x10® psf, respectively. Modulus of elasticity of the soil is 1.44x10^ psf 
an 

with a Poisson's ratio of 0.25. This example has been solved for the following 

three depths of the soU stratum: 10 ft, 30 ft, and 50 ft. Figure 4.15 presents 

plots of the results for a uniformly distributed load, q = 2000 psf, at the 

location AB in Figure 4.2 (d). Displacements, bending moments and shear 

forces are plotted for three different soil depths. As it can be seen from the 

plots, the displacements, bending moments and shear forces are changed 

substentially with the increasing depth of the soU. The computed values of the 

three soil parameter for each depth of the soil are tabulated in Table 4.7. 
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Figure 4.13: Results for a plate with an opening along C-C (see Figure 4.2 (c)). 



84 

Figure 4.14: Deflected shape of the plate. 
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Table 4.7: Three soil parameter values for an L-shaped plate with a uniformly 
distributed load. 

Soil depth 

ift) 
10. 
30. 
50. 

Number of 
Iterations 

3 
4 
6 

k 
(lb/ft') 
17280. 
5764. 
3466. 

t 
(lb/ft) 
191163. 
281509. 
456940. 

7 

0.1809 
0.4162 
0.6163 
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Figure 4.15: Results for uniformly distributed load along D-D (see Figure 4.2 (d)). 



CHAPTER V 

NONDIMENSIONAL ANALYSIS 

5.1 Introduction 

In the classical problem of beams or plates resting on an elastic foundation, 

different assumptions have been introduced to simpHfy the mathematical 

formulation. For the Winkler model, it is assumed that no interaction exists 

between adjacent points of the foundation soil, in other words, the model is 

represented by a series of isolated springs as indicated in the previous chapters. 

This is obviously a fiction when a true subsoil is considered. In spite of its 

unrealistic assumptions, the model has been used in everyday design by 

practicing engineers because of its simplicity. The major problem in using this 

model is the need to determine k, which is known as the "modulus of subgrade 

reaction," from the experimental or empirical data. The model has a behavioral 

inconsistency for uniformly distributed load, but it leads to results that appear 

to be satisfactory for a concentrated load. Unfortunately, there is no easy 

method to determine the error in the computed displacements, bending moments 

or shear forces in the plate, unless the right value of k is used. 

In this chapter, a nondimensional analysis has been performed for the 

analysis of a plate on an elastic foundation. An attempt is made to develop a 

method to evaluate the modulus of subgrade reaction, fc, to be used in the 

Winkler model for the analysis of plates subjected to a concentrated load. The 
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concentrated load can be placed at the center, at the corner, or at the center of 

the edge of the rectangular plate. This numerical effort is made for a constant 

value of Poisson's ratio for the soU, i/g = 0.25. Equations and graphs are 

provided from which a value of k can be computed as soon as the complete 

geometry and the properties of the overaU system are known. 

5.2 Nondimensional Equations 

Assuming the plate has a uniform thickness and introducing a parameter, r: 

r = ^'1^ (5.1) 

as a characteristic length of the plate, the coordinate axes and the lateral 

displacement w are nondimensionalized as: 

X = ^ 
r 

Y = y 
T 

Z = - (5.2) 
r 
w 

W = - . 
r 

Substituting these equations into Equation (1.8), the field equation can be 

written: 

V^W - 2Tr.V'W + Kr^^W = Qn, (5.3) 

where 

kr^ 



2T. = 

89 

2tr' 
D ' 

are the nondimensional modulus of subgrade reaction and the nondimensional 

shear stiffness for the Vlasov model, respectively. The nondimensional 

uniformly distributed load in Equation (5.3), (?„, becomes, 

and all the terms such as V^ and V^ are as previously defined, except that the 

derivatives are with respect to the new coordinate axes X and Y. Equations 

(5.1) through (5.4) does not contain the effect of the size of the plate, 2p and 21. 

The effect of the size of the plate can be studied by introducing another 

nondimensional parameter, 2p/r. 

5.3 Evaluation of the Nondimensional Modulus of 
Subgrade Reaction, K^w, for the Winkler Model 

From the nondimensional parameter Knv, calculated from the Vlasov model, 

the nondimensional Knw for the Winkler model has been evaluated in the 

foUowing manner. A plate with a concentrated load at the center is considered 

first. After performing the analysis of the plate using the Vlasov model, the 

value of the modulus of subgrade reaction, Knv, and the maximum displacement 

at the center under the load are obtained. Using this value of modulus of 

subgrade reaction, the same plate is analyzed by the Winkler model, and a 

corresponding value for the maximum displacement at the center is calculated. 



90 

The ratio between the displacement values from the two models is then 

calculated and the modulus of subgrade reaction for the Vlasov model is 

multiplied by this ratio. The plate is solved once again using the Winkler model 

with this new value of modulus of subgrade reaction. The resulting maximum 

displacement at the center is closer to the one which is obtained from the Vlasov 

model this time. Then the ratio between maximum displacements from the 

Vlasov and Winkler models is calculated once again, and modulus of subgrade 

reaction is again multiplied by this value. The same procedure is repeated until 

the difference between the maximum displacements obtained from the Vlasov 

and W^inkler models is close to zero. 

This calculation has been done for different soil depths. If the 2p/r ratio is 

greater than 4.0, the plate acts as if the lateral sizes, 2p and 21, has no influence 

on the value of K^^. A plot of the nondimensional modulus of subgrade 

reaction for the Winkler model, Kr,w, versus the ratio H/r is given in Figure 5.1. 

Using the same idea, two more curves are plotted in the same figure as the 

concentrated load is appHed at the corner and at the center of the edge of the 

plate. The foUowing functions have been fitted to each curve using the weU 

known least squares method, for 2 < H/v < 10, and 2p/r > 4.0: 

for a concentrated load at the center 

Knu. = 0.7409 -f- 0.2997 i^-j + 0.0471 ( ^ - j , (5.5) 
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12.0 

Figure 5.1: Nondimensional modulus of subgrade reaction for the Winkler model. 
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for a concentrated load at the center of the edge 

2 

Kr^u, = -0.2232 -f 1.6875 (—) + 0.1152 (—] , (5.6) 

and for a concentrated load at the corner 

Kr,^ = -2 ,4425 + 5.1822 (—) + 0.2718 (—) . (5.7) 

The following section illustrates the methodology to calculate the required 

modulus of subgrade reaction of the soil for use of the Winkler model. 

5.4 Calculation of the Modulus of Subgrade Reaction 
for the Winkler Model for Concentrated Loads 

For a given plate and soil, r has to be calculated first using Equation (5.1). 

Then using the H/r ratio, the value of the nondimensional modulus of subgrade 

reaction, Knw> to be used for the solution of the Winkler model can be read from 

the appropriate curve in Figure 5.1, depending on the location of the 

concentrated load on the plate. Alternatively, Knw can be calculated using 

Equations 5.5, 5.6, and 5.7. FinaUy, the modulus of subgrade reaction, k^ 

(with dimensions of FL~') can be calculated from the following equation: 

fc. = % ^ , (5.8) 
r^ 

where D is the flexural rigidity of the plate. FinaUy, the above value of the 

modulus of subgrade reaction, k^, can be used for the analysis of the plate on an 

elastic foundation using the Winkler model with satisfactory accuracy for 

^W •) 
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practical engineering designs. The advantage of this technique is that the above 

formula aUows an engineer to determine the k^ based on the properties and the 

geometry of the plate and the soil. Before, according to the knowledge of the 

author, a mathematically consistent prediction of the value of k^ was not 

possible for aU the three load cases. However, it should be noted that the use of 

the Winkler model cannot completely simulate the modified Vlasov model for 

the problem. In other words, there can be some discrepancies between the two 

solutions. The possible discrepancy or error is discussed in the following section 

by comparing the two solutions. 

5.5 Numerical Example 

A numerical example has been selected to show how to use the curves in 

Figure 5.1 and to compare the results with those from the modified Vlasov 

method. This example has been solved by Kolar and Nemec (1989) by their 3D 

efficient subsoil model using Mindlin plate theory. The example consists of a 

square plate with a concentrated load at the center. They performed the 

solution using a large soil region of size 177x177 ft for a 33x33 ft plate in order 

to include the effect of the soil outside the domain of the plate. Modulus of 

elasticity of the plate is taken to be 4.39x10® and Poisson's ratio of the plate is 

0.15. Modulus of elasticity and Poisson's ratio of the soil are 1.9x10^ and 0.3, 

respectively. Concentrated load for this problem is 56 — kip. They solved the 

problem for different thicknesses of the plate as weU as two different soil depths. 
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Their pubUshed results contain only displacements of the plate at three selected 

nodes. Comparisons of the resuUs with the solution given by Kolar and Nemec 

(1989) are tabulated in Table 5.1 for two different plate thicknesses and two 

different soil depths. The results are fairly agreeable considering the complexity 

of the problem. 

Table 5.1: Comparison of the results for concentrated load at the center. 

H 
(ft) 

10 

20 

10 

20 

Thickness 
(ft) 

1.834 

1.834 

0.851 

0.851 

Kolar@Nemec 
Vlasov model 

Winkler model 
Kolar@ Nemec 
Vlasov model 

Winkler model 
Kolar@Nemec 
Vlasov model 

Winkler model 
Kolar @Nemec 
Vlasov model 

Winkler model 

Center node 
(ft) 

0.02126 
0.02119 
0.02120 
0.02497 
0.02392 
0.02434 
0.03205 
0.03448 
0.03450 
0.03600 
0.04056 
0.04097 

Edge node 
(ft) 

0.01620 
0.01471 
0.00902 
0.01863 
0.01780 
0.01483 
0.01279 
0.00883 
0.00650 
0.01663 
0.01259 
0.00853 

Corner node 
(ft) 

0.0124 
0.0105 
0.0043 
0.0155 
0.0131 
0.0097 
0.0085 
0.0053 
0.0015 
0.0124 
0.0090 
0.0038 

For further comparison, the plate is analysed for one particular soil depth, 

30 ft, and thickness of the plate, 0.851 ft, by the modified Vlasov model and by 

the Winkler model. The three loading cases considered are a concentrated load 

at the center, at the corner, and at the cente of the edge of the plate. These 

loading cases are caUed LI, L2, and L3 respectively. Using the properties of the 

soil and the plate, the characteristic length, r, can be calculated as 7.77 ft, and 

H/r is 3.86. The nondimensional modulus of the subgrade reaction, Knu,- can 



then be read from the curve provided in Figure 5.1, or calculated from Equati 

5.6, 5.7, and 5.8. Finally, the modulus of subgrade reaction, k^, to be used for 

the Winkler m o d d is calculated, and the values of dimensional and 

nondimensional parameters are tabulated in Table 5.2. 

Table 5.2: Additional input data for Winkler model. 

95 

ons 

Load case 
LI 
L2 
L3 

H/r 
3.86 
3.86 
3.86 

•^nw 

2.600 
8.064 
21.61 

kw{lb/ft') 
16453. 
51030. 
136750. 

Figure 5.2 iUustrates the location of the concentrated loads and the dashed Hnes 

represent the chosen locations on the plate for plotting the displacement, 

bending moment, and shear force distribution in Figures 5.3 through 5.6. For 

the benefit of the reader, three soil parameters, the modulus of subgrade 

reaction, k, the soil shear parameter, 2t, and the soil deformation parameter, 7, 

obtained from the analysis of each plate using the Vlasov model are presented in 

Table 5.3 for three load cases. 

Table 5.3: Three-parameter values obtained from the modified Vlasov model. 

Load Case 

LI 
L2 
L3 

k 
9604. 
11964. 
23908. 

t 

262166. 
198750. 
195456. 

7 
1.75 
2.64 
5.61 
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Figure 5.2: Illustration of load placement and plotting directions for three load 
.(Dashed lines indicate the position and direction for plotting.) 

cases. 
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(a) Displacement 
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(b) Bending moment 
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q 
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33.0 

Figure 5.3: Results for load case LI along AB (see Figure 5.2). 
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Figure 5.4: Results for load case L2 in x direction along AB (see Figure 5.2). 
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Figure 5.5: Results for load case L2 in y direction along CD (see Figure 5.2). 
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Figure 5.6: Results for load case L3 along AB (see Figure 5.2). 
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5.6 Observations of the Results 

Both the solutions from the modified Vlasov and Winkler models are 

presented in Figures 5.3, 5.4, 5.5 and 5.6. SoUd and dashed Hnes represent the 

solutions by the Winkler and modified Vlasov models, respectively. The results 

are close to each other from a practical point of view. Therefore, it can be said 

that the Winkler model leads to fairly good results for the displacements of a 

plate subjected a concentrated load when the proper value of the modulus of 

subgrade reaction, k^, is avaUable. There are some differences in the variations 

of displacements, bending moments and shear forces, as can be seen from the 

plots. These errors are because the shear effect in the soil is not considered by 

the Winkler model. Even though the maximum displacements obtained from 

the two solutions are the same, for the edge load and the corner load there is 

almost a 25% error in the maximum bending moment. Obviously, the reason for 

this lack of correlation between the two models is that only the maximum 

displacements are matched and not the entire distribution of displacements. An 

error analysis in calculating of the bending moments for different values of H/r 

is given in the next section. Maximum shear forces are the same for all the 

loading cases except load case L3, but there is some difference in the variation of 

the shear forces also. This is expected because the shear effect within the soil 

domain is ignored in Winkler model. 
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5.7 Error Analysis 

An error analysis has been carried out to show the possible distribution of 

the errors in the maximum bending moment in the plate and these errors are 

illustrated by curves in Figure 5.7. 

The bending moments in the plate are calculated using the Vlasov model for 

different soil depths. The same plate is solved using the Winkler model with the 

modulus of subgrade reactions obtained from Figure 5.1. The percentage error 

between the two solutions versus the H/r ratio is plotted given in Figure 5.7. 

For an edge load on the center line of the plate, it can be easily seen that the 

error in calculating the bending moment in the y direction is almost 4%. For a 

plate with a concentrated load at the center, the error is very small for small 

values of H/r, but it exceeds 20% for larger values of H/r. The error is around 

25% for the corner loads. 
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CHAPTER VI 

SUMMARY, CONCLUSIONS, AND 

RECOMMENDATIONS 

6.1 Summary 

A numerical iterative approach using the finite element method has been 

introduced for the analysis of plates on elastic foundations. The elastic 

foundation is assumed to be finite layer of soil resting on a rigid base. 

Provisions are made to allow the Young's modulus of the soil layer to vary 

linearly with depth. One of the major purposes of this study is to develop an 

accurate engineering model for a three-dimensional subsoil by two parameters 

using energy principles. The two parameters represent the soil-structure 

interaction at the plate-subsoil interface and the effect of the subsoil outside the 

domain of the plate by the properties on the boundary of the plate. Plates with 

interior openings, cutouts along the edge, and attached beams have been 

considered for the first time in this study. To the knowledge of the author, the 

development of the finite element method for this plate-soil system has not been 

reported in the literature. 

A nondimensional parametric study is performed using the program 

developed for the evaluation of the modulus of subgrade reaction, k^, to be used 

in the Winkler model for the concentrated loads at specific locations. These are 

presented graphicaUy as weU as in equation form. 

104 
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6.2 Conclusions 

The following i tems present a summary of the impor tant conclusions reached 

as a result of this study. 

• A ma themat i ca l model has been developed for the analysis of plates 

suppor ted by a finite soil medium. The modulus of subgrade reaction, k, 

and the soil shear parameter , t, are calculated i t e ra t ivdy within the 

program. It has been shown tha t there is no unique value of modulus of 

subgrade reaction, k. The value of k depends on the soil stiffness, the plate 

stiffness, the dep th of the soil s t r a tum, the size of the plate, and the type 

and dis tr ibut ion of the loading. 

• T h e model and the program are capable of analyzing plates supported by an 

elastic foundation with satisfactory accuracy for practical design purposes. 

• It is possible to solve this problem by a Winkler model for concentrated 

load if the value of k is predicted corrctly. A method is suggested here to 

make this predict ion. 

• T h e edge shear forces from the soil outside the domain of the plate are very 

impor t an t for the analysis of a plate resting on an elastic foundation, and 

by neglecting these forces, one can get inaccurate solutions. 
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• The soil under the slab often has layers with variable material properties. 

If these properties can be assumed to have a linear variation, such a feature 

can be handled by this method. 

• A hole or a cutout in the plate domain also creates edge shears at the 

boundary around the cutout. 

• The computer program is capable of analyzing plates that have beams 

attached to the plate. 

6.3 Recommendations 

The following items should be considered to further expand the application 

of this method for a plate on an elastic foundation. 

• In this research, a constant soil stratum depth is assumed. The model can 

be developed to consider varying soil depth. 

• Small and large-scale experiments should be conducted to verify these 

computational results. 

• Viscoplastic modeUing of the subsoil can be introduced to represent the 

time settlement characteristics of a clayey type soil. 

• The effects of dynamic loading can be considered by introducing inertia 

forces in the soil and the plate. 
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The program developed in this study can be expanded by adding triangular 

finite elements to solve any geometry of the plate. 
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