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ABSTRACT 

Three modeling issues involved in Hill-based models for skeletel muscle con

traction are addressed. These include the role of muscle mass, the role of viscosity. 

and the effect of modulating series elastic stiffness by activation. Four models 

are derived in a simplified setting. Xumerical simulations are conducted and the 

implications of the modeling issues are investigated. 
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CHAPTER I 

INTRODUCTIOX 

In 1938, .A.V. Hill first proposed a phenomenological model of skeletal mus

cle. [7] Since then, models based on Hill's work have become commonplace in the 

area of modeling skeletal muscle. There are several reasons for the acceptance and 

utiHzation of Hill-based models. While simple, they capture the essential features 

of muscle mechanics. They are easily implemented in modehng complex actions 

that involve numerous muscle groups, such as walking or standing. The parameters 

of the model are readily estimated by controlled experiments. Hill-based models 

have become a standard approach for analyzing problems in which the mechanical 

aspects of muscular systems are critical elements. 

Hill-based models are used in a variety of applications. This type of model 

can be and has been used in such fields of research as robotics, bioengineering 

(such as artificial limbs), and especially the study of human potential in both 

athletic and military conditions. Recent simulations of head [20], arm [14] and eye 

movements [8], specific tasks such as the minimum time kicking problem [4] and 

maximal jumping problem [11], and more complex problems such as the modelling 

of human and animal gaits [6, 17] have incorporated these models. Xevertheless, 

the possible uses for a relatively simple yet accurate mathematical model of muscle 

certainly have not been exhausted. 

Despite its widespread acceptance, the model remains controversial. It has 

been claimed to be too simple, leaving out essential features of muscle behavior. 

Efforts to make the model more realistic have, in some cases, led to models of 

such complexity as to be unusable in most practical applications. The most widely 

cited example of this kind of complexity is Hatze's model [5], considered elegant 

but impractical from a computational perspective. The more complex models 

also have a greater number of parameters, many of which are unmeasurable from 

direct experimentation. Some studies have also shown that the more complex 

models, with more parameters, are also more sensitive to changes in the parameter 

values [1]. 

Realism and complexity are always modeling issues, especiall}' in the area of 

the modehng of human biology. How realistic can a model be made and still be 



simple enough for practical implementation and analytical tractabihty? Human 

motion involves bones, muscles, neurons, chemical reactions, joints and Ugaments. 

What features of this enormously complex mechanism are essential to include in 

the model, and which may be left out? Clearly, part of the answer to this ([uestion 

Ues in the purpose for which the model is being used. However, much effort has 

been made to make a muscle model flexible enough to be used for a varietv of 

situations. The wide use of Hill-based models impUes a behef in the accuracy of 

such models for many different applications. 

Unfortunately, these models can be very different, from the extremel}- simple 

model of Baildon and Chapman [2] to the complexity of Hatze [5]. There are 

alternative expressions of almost every element of Hill based models, for example, 

active structure, passive effects, neural excitation, and so on. This, then, provides a 

general motivation for this paper. In particular, a major objective of this thesis is to 

analyze variations in the model in a setting simple enough to gain an understanding 

of how changes in the model affect the behavior of the system, if at all. Since it 

is beyond the scope of this paper to analyze every modeling element, it will focus 

on three aspects of modeling that have been raised in the literature. These issues 

are related to muscle mass, muscle viscosity, and effects of neural stimulation on 

component parts of the muscle. Before presenting these issues, however, some 

background into the physiology of muscle and muscle contraction is needed, as 

well as a basic description of the model. 

1.1 Muscle Physiology 

The biomechanics of human motion or posture involves several physiological 

subsystems, including the central nervous system, skeletal muscle, and the skeletal 

structure. Striated skeletal muscle is the actuator of the musculoskeletal system. 

It is responsible for the transformation from neural stimulation into mechanical 

work. Skeletal muscle is attached to bone by tendons. The proximal attachment 

is called the origin, and the distal attachment is called the insertion. The origin 

remains essentially stationary during contraction. The insertion, which generally 

spans a joint, pulls on the bone to which it is attached, using the joint as a 'pivot'. 

Flexion is the action of pulling the distal bone towards the proximate bone, and 

extension pulls the distal bone away. The muscle generates force by a process of 
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shortening called contraction. To understand contraction, we must first understand 

the structure of the muscle itself. 

Striated skeletal muscle is made up of a bundle of parallel muscle fibers, each 

of which is a single muscle cell. Each muscle fiber is made up of many myofibrils, 

which in turn are made up of a series of sarcomeres, tube-Uke structures which are 

the basic contractile element of the muscle. The myofibrils are sheathed within 

a type of 'skin' called the sarcolemma. Within the sarcomere, suspended in a 

fluid called sarcoplasm there are thick filaments of myosin and thin filaments of 

actin and tropomyosin. The thin filaments are attached to edges of the sarcomere, 

while the thick myosin filaments are not attached but float in the middle of the 

sarcomere. The myosin filaments have struts which are able to attach to the thin 

filaments. It is these struts that generate the force of the muscle contraction [9j. 

A muscle contraction begins with neural stimulation of the muscle fibers. .An 

activated nerve causes all the muscle fibers to which it is attached to contract, 

commonly known as the "all or nothing' law. Fortunately, there are multiple nerve 

motor units in each muscle. Thus the amount of contraction can be controlled as 

not all of these nerves must be activated at the same time, while each activated 

nerve causes every fiber to which it is attached to contract. When a nerve activates 

a muscle fiber, a complicated chemical reaction occurs, the end result of which is 

that struts from the myosin filament, reach out to the thin actin filaments, attach 

and rotate, generating force. These attachments are called cross-bridges, and the 

force generated by a muscle fiber is proportionate to the number of cross-bridges 

formed [9]. 

This is an extremely brief and simplified version of what is known as the SUding 

Filament theory of muscle contraction. There are two items of importance to note 

here. First of all, muscles can only pull, they cannot push. Thus muscles that work 

over a joint often come in agonist-antagonist pairs, where one causes flexion of the 

joint, the other extension (there are exceptions for this, however, for example: the 

human hand). For a completely realistic model of the movement of a joint, both the 

agonist and antagonist should be included. Second, while all skeletal muscle fibers 

contract using the same mechanism, a general distinction is made between slow 

oxidative fibers and fast glycolytic fibers. The slow oxidative muscles are slower in 

their rate of contraction, but because of their ability to use oxygen, fatigue more 



slowly as well. These fibers are prevalent in muscles that are used for low and long 

term force generation, such as muscles responsible for maintaining posture. The 

fast glycotic fibers produce brief, high force contractions, and fatigue quickly. Most 

muscles have a proportion of both types of fibers, and it is this proportion that 

determines such factors as maximal contraction velocity, and activation response 

to neural input [6, 16]. 

Hill-based models are phenomenalogical, and as such are not based on the 

Sliding Filament theory, but rather on experimental observations. In fact, these 

models were well established before there was any knowledge of the microscopic 

structure of muscle fibers, or any of the contractile mechanism understood. .As 

it turned out, the fundamental aspects of the model have been supplied with a 

physiological basis by this theory of muscle contraction. 

Hill-based models are made up of several components. First, there is the con

tractile element, representing the force generated within the muscle fibers. In par

allel with the contractile element are elastic like structures and a viscous element. 

The former is typically modeled as a nonlinear spring and represents the passive 

elasticity of the sarcolemma and other muscle structures. A dashpot is used to 

represent the viscosity of the environment in which muscle contraction takes place. 

The contractile element transmits force through the tendon, which is also currently 

modeled as a nonlinear spring in series with the contractile element. The tendon, 

in turn, produces a torque on the joint causing, preventing, or controlling rotation 

of the joint and subsequently extension or flexion of a hmb. Recent results in the 

Uterature suggest that the passive effects of the joint structure itself need to be 

included in the model as well [10]. 

1.2 Objectives Of Thesis 

In this thesis, a Hill-based model will be used to describe the quadriceps acting 

over the knee joint to extend the lower leg against gravity. It is assumed that this 

action takes place from a seated position so that the action of gravity pulls the 

lower leg down to a position perpendicular to the upper leg. .A diagram of this 

model is given in Figure 1.1 and a listing of variables in Table 1.1. The quadriceps, 

as the name impUes, are made up of four muscles, the rectus femoris, the medial 

vastus, the lateral vastus, and the intermediate vastus. The hgament structure of 
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the knee limits its action to flexion and extension almost exclusively. There is only 

a possibihty of slight rotation at full flexion. Thus the lifting of the lower leg is 

an ideal task to model, as the quadriceps are almost entirely pure extensors with 

minimal rotational effects. For simplicity this paper models the patella as a simple 

pully, leaving out effects such as those examined by Yamaguchi and Zajac [18]. 

Again the purpose here is simply to provide a setting for which to examine the 

dynamics of the musculotendon model, not to derive a complete model for knee 

extension. 

The modeling issues which represent the focus of this thesis are now presented. 

1. Is muscle mass an essential component of the model? It is often left out in 

order to reduce the number of state variables and hence the computational 

requirements. However, as will become evident from subsequent discussion, 

the exclusion of muscle mass introduces unnatural lower bounds on the acti

vation level and requires that the parallel viscous element be ignored. He [6] 

examined this issue, showing that the assumptions necessary for a singular 

perturbation argument for excluding muscle mass are inappropriate. The ap

proach taken here will show that while muscle mass does not have a strong 

effect on the behavior of the model, its incorporation into the model is math

ematically convenient. 

2. The second issue to be investigated is closely related to the first. As men

tioned above, if muscle mass is ignored, the parallel damping element must 

also be ignored in order to derive the dynamics. It will be argued that the 

effects of the parallel damping element in the muscle can be reproduced by 

appropriately altering the damping effects attributed to the joint viscosity. 

3. Recent results in the Uterature have suggested that the series elastic element 

should reflect the level of activation [12]. In fact, some muscle physiologists 

claim that the series elasticity is largely due to the cross-bridge structure 

and consequently is very much dependent on the level of activation. There 

are two approaches to incorporate these effects into the muscle model. In 

the spirit of Levine. Zajac et al. [19]. one could add an additional elastic 

series component to the contractile model. Here our approach will follow 

the suggestion of Robinson [12]. In particular, we will examine the effect of 



modulating the series elastic element by activation in addition to assuming 

that this series component represents the nonUnear elasticity of the tendon. 

We will examine the claim by Robinson that " there is Uttle doubt that the 

effects would not be negligible." 

In order to address these issues, the components of the model will be discussed 

first. Mathematical descriptions will be given of the contractile element, which 

involves the muscle force-length and force-velocity relationships, and neural acti

vation. Next, the passive components including the series and parallel elasticity, 

viscous damping and joint structural effects will be described. Having introduced 

the components of a Hill-based system, four distinct models will be derived, which 

will be called the complete, the simplified complete, the reduced and the minimal 

model. The complete and simplified complete model will include muscle mass, 

while the reduced model will exclude it, and necessarily, parallel viscosity. The 

minimal model will exclude muscle mass, and consider the tendon to be inexten-

sible. Numerical simulations will be used to compare the behavior of the three 

models. Finally, the effect of activation on the series elastic component will be 

examined in both the complete, simplified complete and reduced models. 
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Figure 1.1: Diagram of the Muscle Model 

Table 1.1: Model Nomenclature 

Variable 

I'm 

It 

Ip 

Fact 

Fp 

Fd 

Ft 

^ 

Mp 

Md 

Description 

muscle fiber length 

tendon length 

total musculotendon pathlength 

force generated by contractile element 

force generated by parallel elastic element 

force generated by parallel damping constant 

force in the series elastic element 

knee joint angle 

torque due to passive joint effects 

torque due to joint damping effects 



CHAPTER II 

THE CONTRACTILE ELEMENT 

The force generated by the contractile element Fact (see Figure 1.1) is generally 

considered to be the product of three (in this case normahzed) elements: muscle 

activation, the force-length relationship, and the force-velocity relationship [61 

This is represented as 

•T nrf — - I T m a i * :a[t)Fi{lm)F,{lm) (2.1) 

where Fmax is the maximum isometric force that can be generated by the contractile 

element, Fi{lm) is the normahzed force-length relationship. Fy{lm) is the normalized 

force-velocity relationship, and a{t) is the normalized activation level (related to 

neural input). As an average for the quadriceps we have a value of Fmax = 3913 

Newtons [17]. The other contributions to the active muscle force require further 

explanation. 

Table 2.1: Parameter Values for Active Elements 

Parameter 

•'• max 

W 

''mopt 

*m,ax 

Tact 

'^deact 

Value 

3913 Â  

0.643 

0.0959 m 

0.5179 m/s 

0.0012 

0.012 

Description 

maximum isometric force (quad avg) 

width of force-length curve 

optimal fiber length (quad avg) 

maximum unloaded shortening velocity 

activation time constant 

deactivation time constant 

Reference 

Yamaguchi [17j 

See Appendix 1 

Yamaguchi [17] 

See Section 2.2 

2.1 The Force-Length Relationship 

The essence of the force-length relationship is that there is an optimal length 

at which the muscle fibers can generate maximum force. As the muscle fibers 

contract or are stretched from this optimal length, the force the muscle fiber is 

8 



able to produce decreases. This phenomena can be explained within the context 

of the Sliding Filament theory. Recall that force is generated by cross-bridges 

forming from the myosin filaments to the actin filaments. If the muscle fiber is 

stretched, fewer cross-bridges are able to form and so less force can be generated. 

On the other hand as the muscle fiber is compressed, there is less room for the 

cross-bridges to pull and mechanical force breaks the cross bridge attachments so 

again less force is generated. Thus a graph of the force-length relationship would 

be essentially parabohc in nature. 

There are, of course, many ways to model such a curve. Otten (cited by He [6]) 

used an exponential equation 

FKC) = exp(- [ ^ = - ^ 1 ) ^--' 
where w is the relative width of the curve. The parameters r and s account 

for the roundness and skewness of the curve, while Im = Im/lmopt is the relative 

displacement of the muscle fiber from its optimal length. A more comphcated 

model was used by Hatze [5]: 

Fi{lm) = 0.32 + 0.71e-'-''^('--^) sin(3.722/;„ - 2.42). (2.3) 

Clearly Otten's approach has more flexibihty in shaping the curve to fit a 

particular muscle, while Hatze's assumption was that the force-length relationship 

was the same for all mammalian muscle. While models of the relationship may 

have some very different mathematical properties, they are all essentially just a 

fit to a curve. Thus the choice of the force-length model should not effect the 

quahtative results of the muscle model overall [6]. This being the case, we shall 

use a simple quadratic form for the purposes of our model in this thesis, 

FKU = l - ( ^ ] ' . (2.4) 

Here, Q and w are defined as above. The average optimal length of the four 

quadricep muscles is Imopt = 0.0959 [17]. There seems to be no set value for w, 

though a value of around .5 is given in [3]. One way to choose w is to set it so 
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that at full activation, the model tends toward an equihbrium at full extension 

(see Appendix). 

2.2 The Force-Velocity Relationship 

Similarly, the force-velocity relationship has been modeled in many different 

ways using various curve fitting techniques. The discovery of the nature of the 

force-velocity relationship is attributed to Hill, and his famous experiments on frog 

muscle [7]. The basic relationship is that as the velocity of contraction increases, 

the force generated by the muscle decreases, with the muscle able to generate max

imum force at zero velocity. It is important to note that this basic result holds 

for shortening muscle. Much more controversial is the relation of force to velocity 

during a lengthening contraction, also called an eccentric contraction. The muscle 

is still contracting (generating force) even though the muscle is being lengthened 

by an external load. A simple example is a knee-bend where the quadriceps are 

generating force to control the bend, while at the same time the muscle is being 

lengthened. It is generally believed in a lengthening contraction that as length

ening velocity rises, force also rises to approximately 1.8 times the force at zero 

velocity, and then achieves a limiting value. The common term for this is 'yielding.' 

Depending on the task in question, it may be more or less important to account 

for yielding in the force-velocity model. 

One version of Hill's equation for the force-velocity relationship is 

F.iL) = •'f"" " ' ; . 4 > 0 (2.5) 

where Vmax is the maximum velocity of the muscle contraction, c = Fmax I a • and 

Vrr.n-r = hc tt aud 6 are the traditional parameters in Hill's equation. Xote that 

the equation is only valid for shortening velocities (here taken to be positive). For 

a lengthening contraction we have, for an example, the equation used by Otten 

(cited by He [6]): 

F „ ( U = l - 8 - 0 . 8 - ^ 4 T 7 r - ^ - < 0 (2-6) 
1 - <.56^ 

where k depends on the type of muscle fiber {k = 0.25 for fast fibers, k = 0.17 
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for slow muscle fibers). The model that is proposed and shall be employed in this 

thesis covers both shortening and lengthening contractions, and is given by 

F,{lm)=\lL^l (2.7) 

where /^ = ImlVmax- This version of the force-velocity relationship will be used 

since it has the advantage of being smooth, monotonic. simple and accurate for 

both shortening and lengthening contractions. The simplicity of this model is 

especially convenient for the reduced model of the musculotendon dynamics in 

which we will need to invert the force-velocity curve. It should be noted here that 

this version of the force-velocity function is not appropriate for general modelling. 

Equation 2.7 creates instabilities at near-zero velocities during activation. Thus 

it would not be appropriate for such holding motions as maintaining posture or 

keeping the lower leg extended. 

The maximum velocity of an unloaded muscle is thought to be a function of 

the resting length of the muscle, and the percentage of fast fibers in the muscle. 

There are several methods of calculating Vmax- The method given by Winters and 

Stark [16] is as follows 

Vmax = 2LoS-' + SLos-'FCfast (2-8) 

where FCfast is the fraction of fast fibers in the muscle and LQ is the muscle rest 

length. The average of these values for the quadriceps is FCfast = -425 [16] and 

Lo = 0.0959 [17]. This gives Vmax = .5179m/5. 

2.3 Activation Dynamics 

The third factor involved in determining the force output of this muscle model is 

activation dynamics. As mentioned, when a muscle fiber is activated by a neuron, 

a complex chemical reaction must take place for the fiber to begin to contract. 

Clearly this imphes there must be some sort of delay between the neural input 

and the response of the muscle as active force. The change in activation level of 

the muscle in response to neural input depends not only on the level of the neural 

input, but also on the current muscle activation level. The differential equation 

governing activation dynamics is a result of experiments linking electromyogram 
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(EMG) data to muscle force output. A common model of activation dynamics is 
given by 

d(t) = -{n{t)-a{t)) 
T 

(2.9) 

where n{t) represents the neural input EMG. which is modeled as a step function 

with constants î and 2̂ representing the time neural input begins and ends, that 
IS, 

n{t) = h{t - ti) - h{t - ^2), h{x) = 

Here r represents the delay constant with 

1 X > 0 

0 x < 0 
(2.10) 

r = 
'^act t "^ t ^ ''2 

'^deact t > t2 

where Tact is the activation constant, which is typically much smaller than Tdeact, 

the deactivation constant. These constants, like maximum velocity, are related to 

the percentage of fast and slow fibers in the particular muscle [6]. This paper takes 

Tact = 0.0012 and Tdeact = 0.012, which provide a reahstic looking muscle twitch. 

Note that since neural input n{t) is normalized to be between 0 (off) and 1 (on), 

our normalized activation satisfies, 0 < a(^) < 1. Figure 2.1 shows a short neural 

twitch, and the activation response. 
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Figure 2.1: Neural input and the activation response 

Activation level is given by solving Equation 2.9 given a particular neural input. 

Equation 2.4 is used to represent the force-length relationship, and Equation 2.7 
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represents the force-velocity relationship. A graph of these functions is given in 

Figure 2.2. 

The Force-Length Relationship 

^-V 0.8 1 1.2 
Normalized Length (Im/lmopt) 

The Force-Velocity Relationship 

1+w 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 
Normalized Velocity (ImdotA/max) 

Figure 2.2: The Force-Length and Force-Velocity Curves 



CHAPTER III 

THE PASSIVE STRUCTURES 

A muscle generates force within a system of elements that respond passively 

to the state of the system. There are a multitude of passive effects, and these are 

lumped into a few elements of the model as sho^vn in Figure 1.1. These include 

the elasticity of the tendon, the parallel elasticity and viscosity of the muscle, and 

the effects of the jointover which the muscle is acting over. There is a great deal of 

disagreement in the literature over which passive structures must be included, and 

how to model the structures that are included (see Audy and Davy [1] for example). 

Prior to the wide availability of powerful computing, many simplifying assumptions 

were commonplace. The elastic structures were modeled Unearly despite the fact 

that they were known to act in a nonlinear fashion. Now with computers available 

to do the enormous computations involved in analyzing these systems, there is 

little reason not to model these passive structures as closely to their observed 

behavior as possible. Indeed, the oversimplification of the musculotendon model 

has been shown to be of "'limited value" [16]. A mechanical and mathematical 

representation of the passive structures is now presented. 

3.1 The Series Elastic Element: Tendon Dynamics 

The series elastic element represents the tendon and cross-bridge structures, 

which transmit the force of the contractile element to the bone. In an approach 

similar to He [6], the element will be modeled as a nonhnear spring. In particular, 

the tendon dynamics are assumed in the form 

Ft = Kt{Ft)it (3.1) 

where 

' kteFt + kti 0<Ft< Ftc 

Kt{Ft) = \ kt Ft> Ftc (3.2) 

otherwise 1 
14 



Table 3.1: Parameter Values for Passive Elements 
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Parameter 

kte 

kti 

kt 

Ftc 

he 

Hs 

Kc 

l^ml 

h ^me 

k 
"'771 

''ms 

'"m.c 

^ mc 

Em 

ki 

k2 

k4 

ks 

^ 2 

^ 1 

Ep 

Value 

3022 m - i 

31140 N/m 

635540 N/m 

200 Â  

0.3185 m 

0.3175 m 

5 N/m 

487.5 N/m 

90.4 m-^ 

5000 N/m 

0.0959 m 

0.125 m 

69.4723 iV 

257.1 Ns/m 

10.5 A^m 

5.9 ra(i-^ 

3.1 Nm 

11.8 rarf-^ 

.09 rad 

2.5 rad 

3.5 A^m5 

Description 
— 1. 

exponential shape parameter i 
tendon spring constant 

tendon spring constant 

chosen to make Kt{Ft) continuous 

force at which tendon becomes linear 

length at which tendon becomes linear 

tendon slack length 

tendon resistance to compression 

parallel spring constant 

exponential shape parameter 

parallel spring constant 

passive muscle slack length 

length at which spring becomes linear 

force at which spring becomes linear 

chosen to make curve continuous 

parallel damping constant 

joint torque constant 

dimensionless parameter 

joint torque constant 

dimensionless parameter 

joint angles where torque 

begins to increase 

joint damping constant 

Reference | 

He [6] 

He [6] 

Schneck [13] 

1 
1 
i 

Yamaguchi [17] 

See Section 3.1 

Audu/Davy [1] 

Audu/Davy [1] 

Schneck [13] 

Yamaguchi [17] 

Audu/Davy [1] 

.\udu/Davy [1] 

Audu/Davy [1] 

Audu/Davy [1] 

Audu/Davy [1] 

.A.udu/Davy [1] 

Yamaguchi [17] 

and kte is a shape parameter, kti and kt are spring constants and Ftc is the force 

at which tendon elasticity changes from exponential to Unear. The solution of 3.1, 

shown in Figure 3.1, demonstrates the force in the tendon rising exponentially 

when the tendon is at a small stretch, and hnearly with large stretch. The slack 
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length Its is an average length for the quadriceps. 

The parameter kc is a spring constant that will reflect a negligible resistance to 

compression. Most modelers simply assume that the force in the tendon is always 

nonnegative. We shall make this assumption in the reduced and minimal models 

as well. In the complete model however, it was found that externally preventing 

a nonnegative force in the tendon led to unrealistic results in the simulations, 

particularly the passive simulations. This is due, perhaps, to the inertial effects of 

the muscle mass. As it turns out, assuming a negligible, but nonzero, resistance to 

compression (not an unreasonable assumption) made the dynamics of the complete 

model much more realistic. Note that this assumption apphes only to the complete 

model in which muscle mass is included. In the other two models, the tendon will 

be assumed to have no resistance to compression, and the force in the tendon 

will always be nonnegative. As shall be shown, the simplified complete model 

eliminates this difficulty. The value for parameter kc and other parameters are 

given in Table 3.1. 
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Figure 3.1: Tendon Force-Length 
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3.2 The Parallel Elastic Element: The Passive Muscle 

The parallel elastic element represents the various connective tissue and sheaths 

that run parallel to the muscle fibers. It has also experimentally been shown to 

exhibit an exponential to linear elastic property similar to that of the series element, 

but much more compliant [6]. Again, using He [6] as a model, this thesis adopts 

the following expression for the passive force. 

k iexpy^/Cynei^m ''m.s)) I j ''m.s S ^m S ''m.c 

J'p\''m) — \ km\lm Imc) + I'mc Im > Imc \'^-'^) 

( 0 otherwise 

where kme is a shape parameter, kmi and km are spring constants, Ims is the slack 

length of the muscle, and Imc and Fmc are the length and force at which the element 

changes from exponential to linear elasticity. The values for these parameters 

are given in Table 3.1 and a graph of the function Fp is given in Figure 3.2. 

Note that the muscle slack length is assumed to be the same as the optimal fiber 

length for the active muscle. This seems to be a fairly common assumption (see 

McMahon [9] for example), although it is not obvious that the lengths axe the 

same biologically. In fact, a difference between these lengths is noted in various 

references (see Winters [15] for example). Also note that it is commonly aissumed 

that the passive muscle offers no resistance to compression, though again it is not 

clear whether this assumption is warranted in all instances. 

3.3 The Parallel Damping Element 

In many models a parallel damping element is included to account for the 

largely liquid medium within which a muscle contracts. It is typically modeled as 

a simple Unear viscous damper 

Fd{lm) = Bmlm (3-4) 

where Em is the damping constant. It should be mentioned that in muscle models 

employed in oculomotor studies (see [12] and references therein) it is often assumed 

that Em is a function of Im- ImpUcit in this assumption is the notion that the 

parallel damping element accounts for the force-velocity dependence of the active 

contractile element and the multipHcative relation that describes Fact is ignored. 
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Passive Muscle Force 
450 
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Figure 3.2: Passive Muscle Force-Length 

Consequently, such an approach would not account for the fact that the force-

velocity effect is present only in the presence of positive activation. 

3.4 The Passive Joint Structures 

Another element of musculoskeletal motion are the passive joint structures. 

Earlier models rarely included such effects, but recent research, especially in the 

modelhng of human gait, has shown that these effects are essential to the stability 

of the model [6]. It is beheved that the joints have a resistance that grows as 

the Hmits of motion are approached, and also that the joint structure moves in a 

viscous medium, and thus exhibits a damping effect as well. These effects will be 

modeled as in .A.udu and Davy [1] 

Mp{^) = ki exp{-k2((p - ^2)) - ki exY>{-k-,{ji - ^)) 

Md{^) = -Epip 

(3.5) 

(3.6) 

where ki through 5̂ are parameters, Ep is the damping constant and ^ and '~p are 

the joint angle and angular velocity, respectively. The first expression corresponds 
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to a minimal torque while '^ is between pi and ^2- Outside these Umits. however, 

force rises exponentially. See Table 3.1 for parameter values and Figure 3.3 for a 

graph of these functions. 

Passive Joint Effects 
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Figure 3.3: Passive Joint Resistance and Damping 



CHAPTER I\' 

THE COMPLETE MODELS FOR THE MUSCULOTENDON 

DYNAMICS OF THE KNEE JOINT EXTEXSORS 

Having discussed how the individual components of our musculotendon system 

will be modelled, the equations that will describe the dynamics of the complete 

model are now derived. This model will include muscle mass, the nonlinear model 

of tendon dynamics, and the parallel damping element. The derivation is quite 

straightforward when muscle mass is included in the model. This derivation mostly 

foUows the approach of He [6], with the exception that Im remains a state variable. 

An alternative approach is given afterward which still includes muscle mass, but 

ehminates a state and is a more intuitive model. 

Recall that the tendon dynamics are governed by Equation 3.1 

Ft = Kt{Ft)it. (4.1) 

The net force acting on the muscle mass Mm is the difference of the force in the 

muscle and the tendon. Consequently, from Newton's second law it follows that 

Mml'm = Ft- Fact{a{t), Im, L) " Fp{lm) - Fd(lm). (4 .2 ) 

(See Table 4.1 for value and description of all parameters.) 

Recall the pathlength is given by (see Figure 1.1) 

Ip ^ Im ~^ H- \'^-^) 

When 

lt — lp~ ^m (^••^) 

is substituted into Equation 4.1 the following is obtained 

Ft = Kt{Ft){ip - Im) (4.5) 

•• Ft - Fact{0'{t). Im^ Im) " Fp{lm) - Fd{lm) , , ^. 

U = ^7 • (4.6) 
'm 

The angular version of Newton's law to the knee-limb dynamics is expressed 

by 
J^ = T (4.7) 

20 



Table 4.1: Parameter Values for Musculotendon Dvnamics 
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Parameter 

Mm 

m 

^cm 

Tp 

lo 

J 

9 

Value 

.95 kg 

4.88 kg 

.264 m 

.033 m 

.3616 m 

.1832 kgm"^ 

9.8 m/s~ 

Description 

muscle mass of quads 

mass of lower segment 

distance from joint axis to center of mass 

radius of pully (patella) 

pathlength at full extension 

moment of inertia of lower segment 

gravitational constant 

Reference 

Winters/Stark [16] 

Winters/Stark [16] 

Winters/Stark [16] 

Winters/Stark [16] 

See Equation 4.20 

Winters/Stark [16] 

where J is the moment of inertia of the lower limb. ^ is the angular acceleration, 

and T is the total torque acting on the limb. This torque is the result of grav

itational torque, the torque transfered to the limb by K. and the passive joint 

torques. The torque produced by gravity is given by 

,7r 
G{^) = mgrcmsm{- - ^) (4.8) 

where m is the mass of the lower segment, g is the gravitational constant and 

rem is the distance from the joint axis to the center of mass of the lower segment. 

The torque produced by the force in the series element is -VpFt. where Vp is the 

effective radius of the patella. Thus the overall torque is expressed as 

r = G{^) - rpFt + Mp(^-) + Md{^) (4.9) 

thus 

From Figure 1.1. 

y 

G{^)-rpFt + Mp{ip) + Md{;^) 
J 

Ip — IQ -'t- Tp^ 

where IQ is the minimum musculotendon pathlength when '.p 

extension. Since 

Ip = ^pY 

(4,10) 

(4.11) 

0, that is, at full 

(4.12) 



0 0 

when substituted into Equation 4.5 the complete dynamics for the system are 
derived as 

•3 ^ G{^) - rpFt + Mp[^) + Md(p) 

J 

Ft = Kt{Ft){Tp'p - Im) 

/•• _ Ft - Fa,t{a{t). Im, Im) " Fpjlm) - F , ( 4 ) 
Im -

'm 
a(t) = i (n( t ) - a(t)). 

In order to convert this system into a first-order system let 

a{t) denote the state variables. Define 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

) Ft- Im, Im and 

x(t) = Ft 

I 
m 

I 
m 

a 

(4.1-

We then obtain the first-order system, 

X = f (x) (4.18) 

where 

f(x) = 

^2 

(4.19) 

M, 

^{G{xi) - rpx^ + Mp{xi) + Md{x2)) 

Kt{xz){rpX2 -x-o) 

x^ 

ix3 - Fact{x6, Xi, X-o) - Fp{Xi) - Fd{xs)) 

-rHt)~xe) 
Some initial conditions are needed in order to solve the system. If it is assumed 

that when the leg is at rest hanging straight down (i.e. ^p = IT/2) that the muscle 

and tendon are at their respective slack lengths. In particular we have 

lp = lo + rp-/2 = Ims + ks (4.20) 



2.3 

x(0) = (4.21) 

which allows solving for IQ. This also suggests that if one begins with the leg at 

rest hanging straight down, there is no force in the tendon. This gives the initial 

conditions 
7r/2 

0.0 

0.0 

0.0959 

0.0 

0.0 

The only other information that must be supplied to simulate the active model are 

the initiation and termination times for neural inputs. 

A different set of initial conditions will be used when making passive simula

tions. The leg will begin at full extension, and then be allowed to drop. The initial 

conditions for this are 

0.0 

0.0 

0.0 

0.0441 

0.0 

0.0 

x(0) = (4.22) 

The results of all simulations are given in Chapter VII. 

As an alternative to the above derivation, a more direct approach is proposed. 

By integrating the tendon dynamics Ft = Kt{Ft)lt an expression for the force in 

the tendon in terms of length is obtained. 

hi 

Ft{lt) = 

^f^{exp{kte{lt -Its)-'^) lts<lt< kc 

ktih -ltc) + Ftc k > he 
0 otherwise 

(4.23) 

The parameter he is the length of the tendon at which the force Ftc is achieved, and 

the other parameter values are the same as in Equation 3.2. Knowing It = Ip - l^ 

and Ip = IQ -\- rpif, Ft is obtained in terms of other state variables. This reduces 

the number of state variables by one and the overall dynamics of the simplified 

complete model are 
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'f 

^m — 

Gjif) - TpFtjlo + Tpip - Im) -^ Mp{^) + Mdjy:) 

J 

Ft(lo + Tpif - Im) - Fact{a(t). Im, Im) " Fp{lm) " Fd{lm) 

A/, m 
1 

a(t) = -(n(i) - a{t)). 
T 

As a first-order system this is 

X = f (x) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

where 

f(x) = 

X2 

)(G(xi) - rpFtik + Tpip - xz) + Mp{xi) + Mdix.)) 

X4 

^{Ft{k + rpif - xz) - Fact{xQ, X4,0:5) - ^^(^4) - ^^(^5)) 

'-{n{t)-x,) 
(4.28) 

and 

x(t) = 

I'm, 

a 

(4.29) 

This model will be simulated in Chapter VII as well. 



CHAPTER V 

THE REDUCED MODEL FOR THE MUSCULOTEXDOX 

DYNAMICS OF THE KNEE JOINT EXTEXSORS 

While the derivation of the complete models are very straightforward, it also 

results in a system with six state variables, and five for the simplified complete. 

From a computational point of view it would be convenient to reduce the number 

of states in the system. It will be noted in subsequent simulations of the complete 

system, that muscle mass has very little effect on the behavior of the system. Thus 

one possibility to reduce the number of states may be to ignore muscle mass. This 

is the approach taken by Zajac and Levine in [19]. 

As before, the tendon dynamics are governed by 

Ft = Kt(Ft)it. (5.1) 

If there is no muscle mass, a balance of forces requires 

Ft = Fact{a{t), Im, Im) + Fp{lm) + Fd(lm)- (5-2) 

Again, from Figure 1.1 

lp = lm + h (5.3) 

from which it readily follows that 

Ft = Kt{Ft){ip-lm). (5.4) 

The pathlength velocity Ip is a function of angular velocity ^. There is not, 

however, a convenient expression for the muscle velocity Im- The only alternative 

would be to extract it from the balance of forces in Equation 5.2. The difficulty is 

that both Fact and Fd depend upon muscle velocity, making it extremely difficult 

to solve for Im- One alternative is to ignore the force-velocity relation in the active 

force generator. Equation 5.2 could then be solved for muscle velocity as follows 

4 = J - ( F , - Fact{a{t). Im) - Fp{lm))- (5-5) 
• D m 

While this is useful as an expression for Im, the force-velocity dependence is ignored, 

which is a fundamental part of the Hill-based model of muscle contraction. This 

leaves only one option, which is to discard the parallel damping element. 

25 
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By omitting the parallel damping element, it is possible to solve for Im by 

inverting the force-velocity curve. Recall that Fact = Fmaxa{t)Fi{lm)F,{lm)- Sub

stitute this expression for Fact in Equation 5.2, omit Fd from (5.2), and solve for 

Im to obtain 

l' -V p-i (Ft- Fpjlm) \ 

\a(t)Fi(lm)FmaxJ 

As a consequence of the normahzation of the force-velocity curve one must multiply 

by Vmax in the above equation and it also follows that 

0 < ^ ~ Fpjlm) ^ .„ _. 
- a(i)F,(UF™x - ^ ' 

Now inverting the force-velocity Equation 2.7 gives 

F;' = jf-lf. (5.8) 

As stated earher, using Equation 2.7 for the force-velocity relationship has the 
additional benefit of being easily invertible. Thus 

''" = ^"'"(ia(i)V,(J)£ l"^l • (̂ -̂ ^ 
max 

Substituting this into Equation 5.4 gives the musculotendon dynamics 

Ft — Fpjlm) 
Ft = KtjFt) 

^' ^"^^^ ^ ^ ajt)F,jlm)F, 
m,ax 

(5.10) 

There are some obvious difficulties with Equation 5.10. First of all, it is clear 

that if ajt) —> 0 or if F̂  —̂  0, then Equation 5.10 becomes singular. Secondly, 

this equation is still a function of Im, for which there is not an obvious expression. 

Third, the force-velocity effects appear only in the active state dynamics, and thus, 

as implied by the presence of ajt) in the denominator. Equation 5.10 is invalid for 

passive state dynamics (in which there is no activation). 

A solution for the first difficulty is to pick values Ci and C2 such that ajt) > Ci > 

0 and Fijlm) > C2 > 0. The problem with this approach, however, is in choosing ci 

and C2. They must be small enough so that the system could model minimal states 

of activation. They must also be large enough to prevent numerical instabilitv. 

This approach also does nothing to help the third difficulty mentioned. As an 



alternative to this approach, a separate derivation of the passive state dynamics is 

proposed. 

Without activation or parallel viscosity. Equation 5.2 becomes 

Ft = Fpjlm). (5.11) 

Recalling Equation 3.3 and differentiating gives 

Ft = Fp = fjlm)lm (5.12) 

where 

''me i^ml exp(̂ /Cj7ieî m <'ms)) ''ms S 'm S T̂ 

film) = 1 km lm> Ime • (5-13) 

0 otherwise 

Substituting for Ft in Equation 5.4, 

fjlm)lm = KtjFt)jip-lm). (5.14) 

Finally, solving this for Im gives 

/• _ ^tjFt)lp (- \-\ 
'^~ fjim) + KtjFty ^'-''^ 

Note that since KtjFt) is always nonzero, this expression will always be bounded. 

The first and third difficulties associated with Equation 5.10 will be addressed by 

using Equation 5.9 for the active dynamics jajt) > c), and Equation 5.15 for the 

passive dynamics jajt) < c), where c = .01 is a minimum activation level, which is 

needed to prevent numerical instability. 

One more issue must be addressed. An expression is needed for the muscle 

length Im that depends only on the force in the tendon Ft and the angular dis

placement of the joint (p. 

Following the approach of He [6], an expression for the tendon length h is 

obtained by solving Equation 5.1 for h and integrating. This gives 

l^ ^ I /,. + ln(|^F, + l)/ku 0 < F, < F,c 5̂ jĝ  
hs -^ Ft/kf^ had] Ft > Ftc 



28 

where ho^dj is a small adjustment parameter (^ 0.000683 for the parameters used 

here) to make h continuous. The other parameter values were given in Table 3.1. 

Recall angular displacement is related to pathlength by Equation 4.11. This, along 

with the fact that the pathlength is the sum of tendon and muscle lengths gives 

^m — ''p H — ^0 ' ^pt^ H (5.17) 

where h is given by Equation 5.16. 

With expressions for Im and Im that depend only upon activation, angular 

displacement and tendon force, the total dynamics of the reduced model are given 

by 
Gjip) - TpFt + Mp{p) + Mdj^) 

ip = J 
Ft = KtjFt)jrp^-lmjajt),Ft,ip)) 

ajt) = -jnjt)-ajt)). 
T 

As before, in order to obtain a first-order system, let 

x(t) = 
Ft 
a 

Then the first-order system describing the dynamics is 

X = f (x) 

where 

f(x) = 

^2 

){G{xi) - Tpxz 4- Mp{xi) + Md{x2)) 

Kt{x^){rpX2 - Im) 

l{n{t) - X,) 
with 

L = < 

V max 

' Xz - Fp{lm) \ _ A 
X^rijimjL'rnax J ) 

•rn 
Kt{xi)r^xi 

fil^} + Kt{X3) 

X4 > C 

X4 < c 

5.18) 

(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 

(5.24) 
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and 

where 

Im — 'o + Tp^l ~ h 

kt 

(5.25) 

I ^ts 4- ln ( |^X3 + l)lkte 0 < ra < Ftc 
h= { . (5.26) 

ks + Xz/h + kadj 0C3 > Ftc 

For this model the force in the tendon is assumed to always be nonnegative, thus 

X3 > 0. Also, in the active state, 0:4 > c, we must also be sure that FijIm) > 0 and 

0 < ^3_-Fp(|m) ^ 2. 

m.ax ^4Fijlm)F„ 

System 5.22 is solved using the initial conditions 

x(0) = 

for active simulations and 

x(0) = 

7r/2 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

(5.2-

(5.28) 

for passive simulations. Once the duration for neural input is specified, a simulation 

of the model can be run. 

It is obvious that this derivation is more difficult than the derivation of the 

complete model. By removing muscle mass, we have managed to eliminate two 

state variables, Im and Im- However, the expression for Im given here could have 

been used in the complete model as well, ehminating one state variable. The 

major disadvantage of the reduced model is that the derivation is far less intuitive 

and forces the exclusion of the parallel damping element. The advantage of the 

reduced model is that it does speed up the computation of the simulations, and 

the results of the simulations are practically indistinguishable from the solutions 

of the complete model, as will be shown in Chapter VII. 



CHAPTER VI 

THE MINIMAL MODEL FOR THE MUSCULOTEXDOX 

DYNAMICS OF THE KNEE JOINT EXTEXSORS 

Due to the complexity of the full and reduced models, a minimal model is 

developed as a control against which the behavior of the other models can be 

compared. This model will ignore muscle mass and assume an inextensible tendon 

which is fixed at the tendon slack length hs- This will eliminate the state variable 

Ft, leaving only angular displacement (/?, angular velocity ip. and activation ajt). 

The force balance equation from Figure 1.1 without muscle mass becomes 

Ft = Factjajt), Im, Im) + Fpjlm) + Fdjlm)- (6-1) 

Since 

lp = lo + Tpip = lm + h (6-2) 

when h is fixed we have 

Im = 0̂ + Tp^ - h (6-3) 

Im = Tpip. (6.4) 

Substituting this into Equation 6.1 gives 

Ft = Factjajt), lo + rp<p - h, Tp^p + Fpjlo + Vpcp - h) + FdJTpp). (6.5) 

Recall the limb dynamics are given by 

.. ^ Gjip) - TpFt + MpJY-) -F- Mdjp) ĝ_ĝ  

Substituting for Ft in the above equation and including activation dynamics, the 

system of equations for the minimal model is obtained as 

.. ^ Gjip) - TpFt + Mpjp) + Mdjp) ^g-.^ 

ajt) = -jnjt)-ajt)). (6.8) 
r 
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Convert the dynamics to a first-order system by setting 

x(t) = 

a 

so 

where 

f(x) = 

x = f (x) 

X2 

^{G{xi) - TpFt + Mp{xi) + Md{x2)) 

-Mt) - xz) 
with 

It will be assumed that Ft > 0. 

The initial conditions are 

x(0) = 
7r/2 

0.0 

0.0 

for the active simulations and 

x(0) = 

0.0 

0.0 

0.0 

(6.9) 

(6.10) 

(6.11) 

Ft = (FactiXl, k + TpXi - It, TpXi) + Fp(lo + TpXi - /,) + F<i(rpX2)). (6.12) 

(6.13) 

(6.14) 

for the passive. 

Clearly, the assumption of an inextensible tendon greatly simplifies the system. 

However, does this assumption render the minimal model invalid for simulating 

actual muscle dynamics? In Chapter VII this model will be compared with the 

models that include a nonlinearly modeled tendon. 



CHAPTER Vn 

SIMULATIOX OF THE MODELS 

The various systems are solved using Matlab's ••ode45" function. This algo

rithm numerically solves a system of ordinary differential equations using a fourth-

and fifth-order Runge-Kutta predictor-corrector pair. The first simulations are 

without any neural stimulation, so that activation remains at zero, and the mus

cle behaves purely passively. These simulations provide evidence that the passive 

muscle properties have been modeled properly. Then variations in muscle mass 

will be examined in the behavior of the complete model. A comparison will then 

be made between the complete, reduced and minimal models in which passive joint 

damping is modified to make these models behave as closely to each other as is 

possible. Activation will then be allowed to modify the stiffness of the series elastic 

element in the complete and reduced models. Finally, the complete and simplified 

complete models will be compared in both passive and active settings. 

7.1 Passive Simulations 

The first simulations correspond to a passive setting, in which there is no neural 

input and hence, no activation. The passive initial conditions are used, which starts 

the leg at full extension, presumably held there by external forces (i.e., the position 

is not due to exertion of muscle forces). The simulation is allowed to run for three 

seconds, representing the lower leg being allowed to fall from the extended position. 

For all three models the overall results were as expected: the system behaved as 

a damped pendulum. Seven passive simulations were run, labeled run 1 through 

run 7, in which the damping constants were the only parameters changed. The 

simulation results are given in Table 7.1 and Figures 7.L 7.2, and 7.3. 

Figure 7.1 shows some general results from run 1. In the top left graph, the 

joint angle starts at full extension, falls, and settles at an equihbrium position 

corresponding to the lower leg hanging straight down. The top right plot gives 

the simulated musculotendon pathlength (sohd), which is the sum of the tendon 

length (dotted) and the muscle length (dashed). The bottom left shows the torques 

acting on the joint. The tendon force (sohd) offers a small resistance to the stretch 

32 
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Table 7.1: Passive Simulation Results 

Run 

1 

2 

3 

4 

5 

6 

7 

Mdl 

C 

R 

M 

C 

M 

R 

C 

Em 

257.1 

N/A 

257.1 

0.0 

0.0 

N/A 

257.1 

Ep 

.70 

.70 

.70 

.70 

.70 

.94 

.47 

Comp 

12.6 

7.3 

1.7 

77.6 

1.8 

6.3 

15.6 

Max V 

8.46 

9.42 

8.47 

9.43 

9.42 

8.60 

9.24 

time 

.1420 

.1601 

.1391 

.1490 

.1601 

.1388 

.1503 

Max Ft 

71.86 

39.17 

71.90 

192.18 

41.55 

21.45 

78.47 

time 

.1366 1 

.3607 

.1391 

.3767 

.3705 

.3837 

.1460 

Knee Joint Angle Total Musculotendon Pathlength (solid line) 

B 
CD 

E 
I c o 

0} 

1 2 
Time (seconds) 

Torques on Knee Joint 

2 0.3 
(D 

£0.2 
C 
0} 

-•0.1 

Tendon Length 

Muscle Length 

1 2 
Time (seconds) 

Knee Joint Angular Velocity 

1 2 
Time (seconds) 

1 2 
Time (seconds) 

Figure 7.1: A Passive Simulation of the Complete Model 

as the leg falls, and then drops off as the system moves to equihbrium. The 

dotted line gives the passive joint effects including damping. The torque created 

by gravitational forces is given by the dashed hue. The bottom left graph of 

Figure 7.1 is the angular velocity during the simulation. 

In Figure 7.2 we have several phase portrait comparisons of the various simu-
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(a)1(-) .2( )and3(...) (b)4(-), 2 (—.and5( . . . ) 

1 2 
Angle 

(c) 7(-), 2( ) and 5(...) 

1 2 3 
Angle 

(d)1( - ) ,6(—)and3( . . . ) 

Figure 7.2: Phase Plane Portraits (Joint Angle vs. Angular Velocity) 

lations. In (a), runs 1, 2 and 3 are compared. The complete and minimal models, 

with identical damping, show almost identical phase portraits, while the reduced 

model reflects the lack of the parallel damping element. At the top right, there 

are actually three phase portraits plotted, including runs 2. 4 and 5. When the 

parallel damping element is removed from the complete and minimal models, their 

phase portraits become practically identical with the reduced model. However, re

moving the parallel damping element from the complete model has a destabilizing 

effect as can be seen from the computational time (given in seconds) for run 4 and 

the tendon force for the run which is much larger and erratic (see Table 7.1 and 

Figure 7.3). Thus Figure 7.2 (c) reflects a different strategy-. In this plot, runs 2 

and 5 are compared with run 7. In run 7, the complete model's parallel damping 

element was at its normal value, but the joint viscosity was lowered in order to 

make the model behave like the reduced model in run 2. In (d) the joint damping 

element in the reduced model was increased to mimic the behavior of the complete 

and minimal models given in runs 1 and 3. Thus, at least passively, manipulation 

of the damping constants can achieve nearly identical phase portraits for all three 



35 

(a)1(-) .2( )and3(...) 
200 

{b)4 

150 

(0 

5100 
u. 

0 1 2 3 

(c) 7(-), 2( ) and 5(...) 

50 ^ 

0 111. 
0 1 2 3 

Time 

(d)1(-),6( )and3(...) 

60 

<0 

5 40 
u. 

20 

n 

h 
\ 

Ml 

' V 

1 \ \ V 

• 

•K 
1 2 

Time 

Figure 7.3: Tendon Force over Time of Simulation 

models. 

While the external behavior (joint angle and joint velocity) of the three models 

is remarkably similar, Figure 7.3 demonstrates that the internal dynamics can be 

quite different. At the top left, (a) is a comparison of the force of the tendon in 

runs 1, 2 and 3. The complete and minimal models consistently generated more 

force in the tendon than the reduced model. The plots (c) and (d) make the same 

comparison for runs 7, 2 and 5 and runs 1, 6 and 3, respectively. Now, at the 

top right, (b) is a plot of the tendon force for the complete model of run 4. The 

destabilizing effect of removing passive muscle viscosity is clear. This phenomenon 

did not occur with the minimal model when parallel viscosity was removed. Thus 

muscle mass must be involved in the cause of the instabihty. Perhaps this is the 

result of the undamped inertial effects of the moving muscle mass. 

The columns in Table 7.1 are, from left to right, 

• a reference number. 

the model simulated, (C)omplete, (R)educed, or (M)inimal, 
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• the parallel damping element viscosity. 

• the joint damping viscosity, 

• the computational time required to simulate the model in seconds, 

• the maximum angular velocity of the knee joint during the simulation, 

• the time at which the maximum velocity occurred, 

• the maximum force attained in the tendon, 

• the time at which the maximum force occurred. 

An important fact to observe from Table 7.1 is the computational time required 

to run each model. This time is shown to be proportional to the number of states 

of the model. The complete model, with six state variables takes the most time to 

run, while the minimal model with only three states takes the least time. Of course, 

other factors such as the complexity and numerical stability qualities of the models 

also come into play. Still, one of the primary motivations of developing simplified 

models such as the reduced and minimal models is to reduce computation time. 

From this point of view, they are successful. 

7.2 Active Simulations 

In the simulations of active dynamics, a short burst of neural input is given 

lasting two tenths of a second. The subsequent activation of the muscle raises 

the lower leg. Then, as the model reenters the passive state, the leg returns to its 

resting position. The runs include the varying of muscle mass and parallel viscosity 

in the complete model, manipulating the damping constants in an attempt to 

make the behavior of the complete, reduced, and minimal models as similar as 

possible. All the simulations are for a duration of three seconds. Results are given 

in Table 7.2. Note that in this table, 'extension' refers to the closest the leg comes 

to full extension (^ = 0) during the simulation. Also note that the joint viscosity 

has been increased in order to prevent hyperextension j(p < 0). The lower viscosity 

in the passive runs gave more realistic looking results for those simulations. The 

active simulations are labeled run 8 through run 21. 



Table 7.2: Active Simulation Results 

Run 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

Mdl 

C 

R 

M 

C 

C 

c 
c 
c 
c 
c 
c 
c 
R 

R 

Mm 

.95 

N/A 

N/A 

.10 

10 

100 

.05 

.95 

.95 

.95 

.95 

.95 

N/A 

N/A 

Em 
257.1 

N/A 

257.1 

257.1 

257.1 

257.1 

257.1 

500 

1500 

100 

10 

10 

N/A 

N/A 

Ep 

1.50 

1.50 

1.50 

1.50 

1.50 

1.50 

1.50 

1.50 

1.50 

1.50 

1.50 

1.75 

1.75 

1.80 

Comp 

12.66 

7.44 

3.27 

76.54 

6.87 

9.09 

162.47 

15.87 

29.24 

13.94 

30.10 

25.48 

7.24 

6.86 

Extension 

.069 

.030 

.055 

.069 

.064 

.021 

.069 

.104 

.238 

.046 

.032 

.067 

.065 

.072 

time 

.2449 

.2403 

.2419 

.2447 

.2466 

.2671 

.2446 

.2480 

.2553 

.2426 

.2413 

.2446 

.2435 

.2446 

Max V 

8.81 

9.13 

8.56 

8.82 

8.73 

8.71 

8.82 

8.55 

7.72 

8.99 

9.11 

8.79 

8.82 

8.76 

— 1 

Max Ft 

1556 

1575 

2188 

1550 

1647 

1840 

1550 

1532 

1441 

1572 

1581 

1583 

1577 

1576 

Figures 7.4, 7.5, and 7.6 show a variety of results from an active simulation. 

The particular simulation in these figures is run 8, which is a complete model with 

normal parameter values. Notice that there is large amount of information that can 

be obtained from these simulations. This information is easiest to obtain from the 

complete model, since it has the most state variables. In the reduced and minimal 

models, many of the results must be reconstructed. The 'Knee Joint .A.ngle' plot 

in Figure 7.4 demonstrates the leg being raised almost to full extension following 

the burst of activation, and then returning to its rest position. The "Muscle Phase 

Portrait' of Figure 7.5 shows the muscle shortening to about half of its rest length 

at a maximum velocity close to —0.5 m/s. The 'Passive Muscle Force' plot below 

shows the passive muscle generating force only after about .6 seconds, when the 

leg flexes beyond vertical and the muscle is stretched beyond its slack length Ims-

Another interesting graph is the 'FL, FV and Activation" graph in Figure 7.6. 

kv 
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Figure 7.4: Complete Model: General Plots 
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Figure 7.6: Complete Model: General Plots 

Here, the value of the force-length, force-velocity, and activation contributions to 

Fact are shown together for the duration of the active phase of the run. The force-

velocity curve nearly reaches zero, showing that the muscle came very near to the 

maximum unloaded velocity specified by Vmax-

Figure 7.7 shows a comparison between the complete, reduced and minimal 

models with normal parameter values. All three show very similar external dy

namics in the phase portrait (a), and except for the force generated in the reduced 

model early in the simulation, all three models behave very much ahke internally 

as well (represented by the tendon force (b) ). The minimal model is seen to gen

erate more force, but the force also decreases more quickly, which explains how 

they might have such similar phase portraits. 

In Figure 7.8, the eflfects of changing muscle mass are seen. Run 8 is the 

complete model with the normal value for muscle mass. In (a) and (b) of the 

figure, this normal run is compared with runs with much smaller values for muscle 

mass (.1 for run 11, and .05 for run 14). There are actually three fines plotted in 

(a) and (b), but the phase portraits are so ahke, the lines nearly coincide. Clearly 

the decrease in muscle mass has had no discernable effect on the dvnamics. It is 
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Figure 7.7: Comparison of Complete, Reduced and Minimal Models 
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Figure 7.8: Complete Model: Changes in Muscle Mass 



41 

(a)8(-), 15( )and16(...) 

0 0.5 1 1.5 2 

(c)8(-), 17( )and18(...) 

1 
0 

-5 

1 
10 

if 

i 
\ 
\ 

• X 

•) OF, • *.-

N X . 

V 

• 1.S - -.a 

0 0.05 0.1 0.15 0.2 

p (d)8(-). 17( )and18(...) 

1500 

1000 

500 

0 0.05 0.1 0.15 0.2 

Figure 7.9: Complete Model: Changes in Passive Viscosity 

interesting to note in Table 7.2, however, that the decrease had a significant effect 

in computation time (which follows from the fact that the muscle force is divided 

by muscle mass Mm)- Plots (c) and (d) of Figure 7.8 demonstrate the efiFect 

of increasing muscle mass. Even at 10 times the normal value, there is still no 

significant effect. At 100 times the normal value, however, a change can finally be 

seen. Thus the dynamics of the complete model are shown to be quite insensitive 

to changes in muscle mass, particularly smaller values. Hence, the claim made 

when leaving out muscle mass from musculotendon models, that muscle mass has 

a negligible effect on the dynamics of the system, seems justified. It does, however, 

remain a modeling convenience to include it in the dynamics. This, of course, must 

be weighed against the computational costs. 

The next figures have to do with the importance of the parallel damping element 

Fd- Recall that in the derivation of the reduced model, this element must be 

discarded in order to obtain an expression for Im- How critical an element is this, 

and can its effects be compensated for in the joint damping element? Plots (a) 

and (b) of Figure 7.9 compare the phase portrait and tendon forces of the models 

specified in runs 8, 15 and 16 in which the damping constant is increased from 
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Figure 7.10: Complete Model: Changes in Passive Viscosity 

the normal value, 257.1, in run 8, to 500 for run 15, and 1500 for run 16. The 

phase portrait shows a recognizable effect of increased damping, the velocity slows 

and hence, the extension is lessened. In (c) and (d), the damping constant Em is 

reduced to 100 in run 17, and to 10 in run 18. Again, these are compared with run 8. 

The results show a small change consistent with a less damped system (i.e., velocity 

and extension increase). From Table 7.2, however, we see that the computation 

time from run 17 to 18 doubles. Recall that in the passive runs, setting Em to 

0 caused a great deal of instability. Hence this parameter seems to be necessary 

to stabilize the complete model, even though the model is relatively insensitive to 

even large changes in this parameter. Furthermore, if one considers Figure 7.10, we 

see from phase portrait (a) that just a 17% increase in the joint damping coefficient 

compensates for a 96% decrease in the parallel damping coefficient. This shows 

that the system is much more sensitive to the joint viscous effects, than the parallel 

damping effects. 

As another example of the system's response to changes in the joint viscosity, 

consider Figure 7.11. In this case, the joint viscosity has been increased in the 

reduced model to compensate for the loss of the parallel viscosity. As the phase 
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Figure 7.11: Complete and Reduced Models: Adjusting Joint Viscosity 

portrait and tendon forces demonstrate, the behavior of the complete model and 

the reduced model can be made nearly identical by manipulation of the joint 

viscosity. 

7.3 Series Elasticity Modulated By Activation 

Having addressed the issues of muscle mass and viscosity, the effect of modu

lating the series elastic component with activation is now examined. This will be 

done by changing the tendon dynamics given in Equation 3.1 to 

Ft = e^^'^I^KtjFt)h (7.1) 

where ajt) is, of course, the activation level at time t, and p is a parameter that 

determines the level of effect the activation will have on the elasticity of the tendon. 

These new tendon dynamics will be substituted into the complete and reduced 

models. The results are given in Table 7.3 and in Figures 7.12, 7.13 and 7.14. 

In Figure 7.12 we see the effect of modulating the tendon dynamics upon the 

phase portrait and tendon force. From the phase portrait, no significant difference 

appears when this modulation is added, and the modulation parameter p manip-
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Table 7.3: Active Simulation Results: Series Modulation 

Run 

22 

23 

24 

Mdl 

C 

R 

C 

P 
1.0 

1.0 

.2 

Comp 

14.68 

8.4165 

25.48 

Extension 

.061 

.031 

.057 

time 

.2435 

.2399 

.2423 

Max V 

8.63 

8.95 

8.56 

Max Ft 

1846 

1845 

2307 

(a) 8(-), 22( ) and 24(. 
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Figure 7.12: Complete Model: Modulation of Series Elasticity by Activation 

ulated. There is, however, a significant effect on the tendon forces. Adding the 

modulation causes tendon forces to develop more quickly and reach higher levels. 

This makes sense as the activation level quickly rises to 1, in which case the tendon 

is almost 3 times stiffer in run 22, and over 150 times stiffer in run 24, than it would 

be in the normal model (represented by run 8). Note that with the addition of 

the modulated parameter, the tendon force over time now closely resembles that 

of the minimal model (see Figure 7.14). In fact, if this effect truly has a biological 

basis and should be included in the model, then the minimal model represents a 

better approximation to the complete model than is shown when comparing the 
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Figure 7.14: Reduced Model: Modulation of Series Elasticity by Activation 
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minimal model to the unmodulated complete model. 

Figure 7.13 shows a deceptive plot of the effects of modulated series elastic

ity upon the reduced model. The plot is deceptive because the addition of the 

series modulation has invalidated the dynamics derived for the reduced model. 

Recall that in the derivation of the dynamics of the reduced model, the forces 

calculated depend upon hjFt)- An expression for this function was found by in

tegrating Ft/KjFt). However, in order to obtain a valid expression for hjFt) ^vith 

the modulated elasticity, the expression ex-pj—ajt)/p)Ft/KjFt) would have to be 

integrated. Unfortunately, this is not possible. Hence, without a valid expression 

for h, the assumption must be made that the results of the simulation without such 

an expression are invalid as well. Note that this reinforces the claim of modeling 

convenience for the complete model. In the complete model, it is not required 

that the tendon dynamics be integrated. This leaves one free to choose whatever 

expression for tendon elasticity that seems the most appropriate, without concern 

for integrability of the expression. 

7.4 The Simplified Complete Model 

At the end of Chapter IV a simplified version of the complete model was derived 

using an expression for the force in the tendon that depended on tendon length. 

The results of the simulations show that, with a few exceptions, the complete and 

simphfied complete models behave identically. The results of the simplified com

plete model simulations are given in Table 7.4, and are compared to the complete 

model in Figures 7.15, 7.16, 7.17 and 7.18. 

In Table 7.4 there are some new columns: 

• In 'Mdl,' SC stands for the simphfied complete model. Xote that run 29 is a 

simulation of the complete model. 

• T /A ' indicates whether the run was a passive or active simulation. 

• 7^0' is the initial condition for muscle length specffied for the run. All the 

active runs use the passive muscle slack length, .0959. The passive runs use 

two different initial conditions for muscle length, .0441, and .0959. 

The other columns are labeled in the same way as in the previous tables. 
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(a) Tendon Length - 29 
0.16 

(b) Muscle Length - 29 

Figure 7.16: Complete versus Simplified Complete Models: Passive Dynamics 

in the passive simulations, the leg began at extension, making the pathlength 

/p = IQ = .3616. The tendon was assumed to be at its slack length while the 

muscle was shortened to compensate for the shorter pathlength. Hence the initial 

condition Imo = lo — hs = -0441. In runs 29 and 30, the muscle is assumed to be 

at its slack length Imo = Ims = .0959, and the tendon therefore must be shorter 

than its slack length. In this test, the simplified complete model succeeds where 

the complete model fails. From the phase portrait (c) the simphfied model begins 

at angle 0 (corresponding to full extension), drops, and comes to rest at the angle 

7r/2 (corresponding to hanging straight down). The complete model comes to rest 

at an unrealistic angle in which the leg is stih quite extended. An analysis of (d) 

shows again, the simplified model working properly. If there is slack in the tendon, 

there should be no force in the tendon. The simphfied model shows no force in the 

tendon until the slack has been taken out, resulting in the spike on the graph. The 

tendon force then, correctly, returns to zero as the leg comes to rest. However, 

something clearly has gone wrong with the complete model. Figure 7.16 provides 

some enlightenment. We see in the complete model (a) that the tendon length does 

not return to its slack length, and the muscle (b) is stretched unrealistically. Thus 
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we se that it is the passive muscle force Fp preventing the leg from returning to its 

actual rest position. It is not so clear what caused the problem in the complete 

model. The simphfied complete model, however, shows the correct results of such 

a simulation. In (c) the slack is gradually taken out of the tendon until it reaches 

its slack length and resists further lengthening. The muscle length correspondingly 

stays fixed until it is stretched by the force in the tendon, and then returns to its 

slack length. 
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Figure 7.17: Complete versus Simplified Complete Models: Active Dynamics 

Figure 7.17 shows a comparison of the phase portrait and tendon forces of run 

8, the normal active run of the complete model, and run 26, the corresponding 

active dynamics of the simplified complete model. Again, the two models show 

identical behavior. 

Finally, in Figure 7.18, we see the comparison of the modulated tendon effects 

in the complete and simplified complete models. Plots (a) and (b) demonstrate 

with the modulation parameter p at 1, the dynamics are again the same in both 

models. Interestingly, in (c) and (d), where the parameter has been lowered to 

p— .2, the simplified complete model reaches an unusually large force, which, sur

prisingly, did not affect the phase portrait. It should be noted that the modulation 



50 

(a) 22( ). 30(...) (b) 22( ). 30(...) 
10 

. ^ 5^ 
o 
CO 

> Oh n 
3 
O) 

^ -5 

-10 

• 
/ 

/ 

• 1 

I 
\ 

• * « . - - - — _. 

^ 

^ 

\ 

1 

0.5 1 1.5 
Angle 

(c)24( ),31(... 

0.05 0.1 0.15 
Time 

(d)24( ),31(...) 

0.2 

Angle 
0.1 0.15 

Time 

Figure 7.18: Complete versus Simplified Complete Models: Series Modulation 

is necessarily modeled differently in the complete and simplified complete models. 

In the complete model, the modulation appears in an expression for the change in 

tendon force Ft, while in the simplified complete model, the modulation is applied 

directly to the tendon force Ft. As we have seen in other figures, the external 

behavior can be very similar, while the internal dynamics are very different. 



CHAPTER VIII 

CONCLUSION AND FUTURE DIRECTIONS 

From the results of the previous chapter, several conclusions can be made. 

The dynamics of the four models are surprisingly similar to each other in the 

simulations run. Some difference in the tendon force can be seen, with the reduced 

model generating less force in the tendon than the other models during the active 

simulations. Since their behaviors are so ahke, it seems reasonable to take factors 

such as simphcity of the model and computational cost into consideration, when 

deciding which approach to take in using a Hill-based model. 

When considering whether or not to include muscle mass in the model, the 

results suggest several points. Muscle mass clearly does not have a large effect 

on the model. Large changes in muscle mass resulted in nearly identical results 

in the simulations. In comparing the complete and reduced models, the exclusion 

of muscle mass does improve computational speed. This must be weighed against 

the difficulties involved with the derivation of the reduced model. Particularly, the 

reduced model requires that the force-velocity curve be invertible. While the sim

ple choice of the force-velocity function used here was easily invertible. for other 

force-velocity functions this is not the case. As mentioned before, using the cubed 

root for the force velocity function introduces instability when the muscle is acti

vated but muscle velocity is near zero, as in a muscle working to maintain posture. 

Furthermore, inverting the force-velocity curve in order to obtain an expression 

for muscle velocity is only valid for the active muscle. This requires a separate 

expression for muscle velocity when the muscle is passive. Furthermore, an ex

pression must be derived for muscle length in terms of the force in the tendon and 

pathlength. None of these expressions are intuitive, and they make understand

ing the dynamics difficult. With muscle mass included, however, the derivation 

results in state equations that are simple, intuitive and understandable. This is 

particularly the case in the simplified complete model. Thus muscle mass, while 

not having a discernable effect on system behavior, is a modelling convenience. 

It should be stated as well, that there is, in actuahty, muscle mass and it is in 

motion. Even though it had little effect of the simulations here, perhaps other 

simulations of other situations of muscle contraction will reveal that muscle mass 
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has an influence not detected in this thesis. 

The results of the simulations also seem to indicate that the parallel and joint 

viscous effects are somewhat redundant. The behavior of the reduced model with

out parallel viscosity can be made to resemble the complete model by increasing 

joint viscosit}'. On the other hand, the complete can be made to look like the 

reduced by decreasing parallel viscosity, or reducing joint viscosity. It is interest

ing to note, however, the stabilizing effect of parahel viscosity on the complete 

model. Note also, that the viscosity had to be increased in the active simulations 

to prevent hyperextension, while a lower viscosity was needed in the passive runs 

for the behavior to be realistic. Both these notes suggest that a further study of 

the role of viscosity in the model needs to be made. 

The results related to modulation of series elasticity by activation level are 

somewhat inconclusive. It would seem that the modulation had little effect except 

in the simplified complete model when the modulation was large (using p = .2 

results in a modulated stiffness over 150 times normal at full activation). It is 

possible that the nominal tendon stiffness was too large for the modulation to 

have a noticable effect. 

Finally the results seem to indicate that the simplified complete model behaves 

identically to the complete model. The simplified complete model, however, has 

several advantages. The number of states has been decreased by one, with, how

ever, little effect on computational time. The dynamics are made much more clear: 

two inertial bodies, the muscle and the lower leg, are connected to each other by 

an nonlinear elastic spring, the tendon. This derivation also ehminates the ne

cessity of including a resistance to compression in the series elastic element. It is 

not clear why this approach has not been previously adopted (to the knowledge 

of the author). Perhaps it is related to the usual omission of muscle mass in the 

musculotendon dynamics. 

There are many possible directions for further study of these models. The 

addition of an antagonist to the model is an obvious problem to address. It has 

been shown through EMG data that even when the motion is in one direction, 

such as extenstion of the lower limb, both the agonist and antagonist are involved. 

Techniques of optimal control might be brought to bear on defining neurological 

inputs involved in such motion. An example of this kind of problem would be: 



what neural input to the agonist and antagonist would result in extending the 

leg in the shortest amount of time, without hyperextension? Or, which control 

would generate the most force in the tendon during extension*^ It would also be 

interesting to determine whether muscle mass has more influence in this realistic 

setting and in a wider variety of muscle tasks. The model could also be made more 

realisticaUy be considering the muscles of the quadriceps separately. The vasti are 

very similar, but the rectus femoris is longer, and spans two joints as it is a flexor 

of the hip as well as an extensor of the leg. 

The subject of viscosity in the model could also be explored more deepl}-. It 

is interesting that modification of the levels of viscosity in the models can cause 

them to behave so similarly. However, the joint and muscle viscosity should be 

experimentally measured and hence fixed at some level. What changes to the 

model would be necessary so that at a fixed viscosity level, both passive and active 

simulations are realistic? The consideration of the antagonist could be important 

in this problem since the antagonist provides a sense of braking and control. It 

seems plausible that the viscosity problem requires the simultaneous consideration 

of the agonist, the antagonist, and the proper neural inputs. 

In the inclusion of series modulation, as mentioned before, it is not known 

what parameter values for the elasticity of the series element should be used. It is 

possible, that the values given in the literature and used here are a kind of hybrid. 

reflecting both tendon and cross-bridge elasticity. Thus, these values may be too 

stiff for the passive tendon, and too compliant for the active cross-bridge. One 

should flnd the proper stiffness for the passive tendon, and then let the activation 

modulate the stiffness to the proper level for the active cross-bridge structure. 

When including series modulation, it may be worthwhile to devise a numerical 

scheme in the reduced model to estimate the tendon length in terms of the tendon 

force when the elasticity is modulated by activation. Recall that in the reduced 

model, one must integrate the tendon dynamics to obtain this expression which is 

made impossible with the addition of modulation. Another possibility is to begin 

with the tendon length in terms of a modulated tendon force, and then differentiate 

this expression to obtain the tendon dynamics. 

Finally, the author would hke to offer the simplified complete model as a possi

bihty for general muscle modeling purposes. In order for this to be done, however, 
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the vahdity of the model would have to be more thoroughly tested than was pos

sible within the scope of this thesis. The simplified complete model has many 

advantages that have already been pointed out. The only disadvantage seems to 

be the computational cost involved in both models where muscle mass was in

volved. A numerical study should address ways to improve the computational 

speed. It is hoped that the simplified complete model may be revealed to be an 

excellent alternative for those who wish to use a Hill-based model for simulating 

motion propelled by striated skeletal muscle. 
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APPENDIX 

FINDING A VALUE FOR THE FORCE-LENGTH PARAMETER w 
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As mentioned when the force-length relationship was introduced in Section 2.1, 

one can find a value for w so that the fully activated system will tend toward 

equihbrium at full extension. From Equation 4.19, setting f(x) = 0. and fixing 

njt) = 1, xi = 0 (full extension) yields the system 

:r2 = 0 

GjO)-rpX3^MpjO) + Mdjx2) = 0 

F:tjX3)jrpX2 - xs) = 0 

X5 = 0 

^3 - Factjooe, X4, xs) - Fpjx^) - Fdjxs) = 0 

1 - X6 = 0. 

Noting that MdjO) = 0, FdjO) = 0, and Fpjx4) = 0 (since the muscle is certainly at 

a length shorter than its slack length Ims), and doing a httle algebraic manipulation 

reduces the above system to 

2:3 = jGjO) + MpjO))/rp 

X3 = FmaxFijX4,w) 

from which a value for x^ can be found. Once 0:3 is known, X4 can be found using 

the formula 

X4 = lo- hjxs) 

where hjx^) is given by Equation 5.26. Now eliminating X3 from the above system 

gives 

jGjO) + MpjO))/rp) /Fmax = Fijx,, w). 

in which w is the only unknown. Using the parameter values given in Tables 3.1 

and 4.1, w is found to be about .643. This is the value used in the simulations. 

lu 


