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ABSTRACT 

This thesis examines the behavior of oscillating systems whose range of motion is 

constrained by forces that effectively act as soft constraints. For conservative systems, 

we shall show that for small constraints, the system has a family of periodic solutions 

in a neighborhood of an equilibrium. These periodic solutions can be approximated 

by a Poincare-Lindstedt expansion. In the case of damped motion, by examining the 

eigenvalues of the linearized system, one can infer information about the equilibria of 

the perturbed system. 
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CHAPTER I 

INTRODUCTION 

This thesis examines the behavior of oscillating systems whose range of motion 

is constrained by forces that effectively act as soft constraints. The motivation for 

these types of problems can be found in the modeling of systems that are described 

as an ensemble of articulating links. Often these systems arise in the context of 

modeling human movement in which ligamentous and skeletal constraints restrict 

joint motion. One modeling approach would be to incorporate these effects as hard 

constraints. A disadvantage of this approach is that the number of states in the system 

would vary depending on whether or not the oscillator is in contact with the hard 

constraint. Such an approach introduces the added complication of nonholonomic 

inequality constraints and associated computational issues. An alternative approach 

is to limit motion through the introduction of continuous external forces that generate 

moments that blow up exponentially when a joint angle approaches the limits of a 

specified range of motion. These restraining moments are often due to joint effects 

and may include a damping term that resists increased velocity of the limb. These 

viscous effects are usually negligible but are sometimes included in models to ensure 

the stability of the system. 

Several studies have utilized this method to limit the range of joint angles through 

the use of ligamentous constraints (see for example, Davy and Audu, 1985,1987; 

Yamaguchi, 1989; Moody, Barhorst and Schovanec, 2003; Schovanec, 2001; DeWoody, 

2001; Meador, 2000). Because these constraining torques are due to physiological 

structures that are not influenced by neural stimulation, they are often referred to as 

passive joint moments. The general form of these passive moments is given by 

where y is the joint angle and y is the joint velocity measured. The terms ymini ymax 

represent the desired bounds on for y. For some applications, physiological values of 
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the parameters may be found in the above references. Nevertheless, in many instances, 

these parameters are found merely by numerical experimentation. In general, the 

dynamics for a n-link segmental model have the form 

y = J{y)-'[M{y,y) + N{y)g - r{y)Ft + Mp{y, y)]. 

In this equation J is the nxn moment of inertial matrix, and the vectors M and N ac

count for centripetal and Coriolus forces and gravitational torques, respectively. The 

term Mp is a vector containing the joint passive effects described above. The torque 

at a joint r{y)Ft is usually coupled to a system of nonlinear differential equations that 

describe activation dynamics and musculotendon contraction dynamics. Studies have 

shown that the musculotendon dynamics can be unstable (Kemp, 2004; He, 1988). 

However, it is illustrated in this thesis that the inclusion ofthe passive joint effects can 

also introduce unstable behavior. Furthermore, what will become apparent is that 

even in the case of a stable equation of motion, the domain attraction of an equi

librium can be small. In modeling human movement systems, compensation for this 

type of behavior in the overall system is provided by introducing sufficient damping 

terms, either in the musculotendon dynamics or, in the passive joint moments. 



CHAPTER II 

CONSERVATIVE OSCILLATIONS 

The problems we consider in this chapter are of the form 

y + F{y) = 0. (2.1) 

Such problems are said to be conservative because the energy, defined as, 

Eiy,y) = \f + V{y) (2.2) 

where 

V{y)= r F{s)ds, 
Jo 

is conserved. To see this, just note that 

j^{E{y{t),yit)))-{y + F{ymy{t)-^o. 

This observation provides a method for solving the differential equation. In par

ticular, for the initial value problem, it follows from equation (2.2) that 

y = ±^2{E-V{y)). (2.3) 

Since E is constant, it can be determined from the initial conditions 

y{0) = a, y (0 )= /3 . 

The differential equation (2.3) is separable and hence we may integrate to get 

dr] rv 

J a ±^2{E-V{n))' 

In choosing the sign, one keeps track of where y is positive and negative. For 

instance, if y(0) = /3 is positive, the positive sign is used first until the solution 

reaches a point where y = 0 and then the negative sign is used. To obtain the 

solution explicitly requires performing the integration and then inverting the result 



to obtain y{t). Although the steps are usually impossible to implement, this method 

does provide a way to compute the period of a solution, and we shall use this approach 

later in this work. 

We shall be concerned with a more specific form of equation (2.1) when F{y) = 

ujQ^y — ef{y), in which case we have 

y + a;o'y = e/(y). (2.4) 

The context in which this problem arises is when one adds a nonlinear passive con

straint of the form 

Mp{y) = si e-''^y-y-"''^ - S3 e'^^^^'"'"-'') (2.5) 

to a simple harmonic oscillator in order to create oscillations that remain within 

a prescibed range. The exponential terms generate forces which effectively restrict 

the motion of the pendulum to lie between ymin and ymax- In particular, the term 

containing ymin generates a large positive force which will push the pendulum up 

while the term containing ymax generates a large negative force which pushes the 

pendulum down. 

To illustrate the nature of the problem we want to analyze, first consider the 

simple example 

y{t) + uJoMt) = 0 

with initial conditions 

y(0) = .2, y'(0) = .2. 

For this initial value problem, we observe the motion in Figure 2.1. We perturb the 

simple harmonic oscillator by adding a nonlinear passive constraint, 

y{t) + yit) + Mp{y{t)) = 0. (2.6) 

For example suppose we want to constrain the motion to lie between the values 

of ymin = 0 and ymax = -3. Using numerical experimentation, we find that when Mp 

is of the form 

Mp = -0 .62e(-^«-° ' + .44e(''(*)--^) (2.7) 



we can limit the oscillations to lie between the desired bounds. This is illustrated in 

Figure 2.2. 

Figure 2.1: Linear simple harmonic motion. 

Figure 2.2: Constrained oscillations with Mp = -0.62e(-''(*)-°) + .44ef2'(*)--3). 

When the original equation of motion is modified by the term Mp we would like 

to know when the dynamics of the equation remain, in some sense, similar to the 

original problem. For instance, if the pendulum was undergoing periodic motion, 

does it continue to do so when the passive constraint term is added to the equation 

of motion? It is also natural to ask if the stability of the system is affected by the 

constraint term. In this chapter, we shall be primarily concerned with the question 

of the existence of periodic solutions, and defer the issue of stability to the case of 

damped motion that is addressed in the next chapter. 



Figure 2.3 numerically illustrates that the effect of perturbing the linear oscillator 

by the addition of Mp still leaves a system that has periodic orbits. 

x ' = y 
y ' = - X + .62 exp( - X) - .44 exp( - 1 (.3 - x)) 

f T T: T ^\^ 

1.5 

0.5 

^ 1/ \/ \ , 'iv 

>- 0 

-0.5 

-1.5 

Figure 2.3: Phase portrait for oscillator with Mp = -0.62e(-2'W-°) + .44e(^(*)--^). 

To further explore the question of when the perturbed equation has periodic so

lutions, we first observe that the graph of Mp shows that the perturbation appears 

to be affine for this specific example. This suggests that we might be able to achieve 

the same constrained oscillations by using an affine map. Slight modifications to the 

affine map illustrated in Figure 2.4 lead to the following harmonic oscillator whose 

motion is constrained to lie between ymin and ymax, 

y{t) + y{t) + 0.65y(i) - 0.26 = 0. (2.8) 

The solution to this system is displayed in Figure 2.5. With an affine constraint, 

the solution of the perturbed equation is clearly periodic. However, for the types of 



applications that motivate this problem, experience shows that the motion can not 

always be effectively constrained by using a aflfine constraint for Mp. However, we 

would like to know if for a general Mp, is the solution to (2.6) is still periodic as 

suggested in Figure 2.3. The following theorem (Murdock) tells us that this is indeed 

the case when Mp is not too large. 

Mp 

-0.16 

0.05 0.1 0.15 0.2 0.25 0.3 

Figure 2.4: Mp = -0.62e(-^-°) + .44e(^--^) 

Figure 2.5: The motion achieved with a linear constraint. 

Theorem 2.0.1. For sufficiently small e, y + cuQy = ef{y) has a rest point near (0,0) 

and there are no other rest points near the origin. If /(O) = 0, this rest point is 

exactly (0,0). Around this rest point is a regime of periodic orbits. For any a > 0 

there exists CQ such that for \e\ < CQ the solution through {a, 0) is periodic with period 

T{a, e) depending smoothly on a and e. 
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When si,53 are of the same order of magnitude, it is easy to apply Theorem 

(2.1.1) to the general form of Mp. However, we shall be interested in computing an 

approximation of the periodic solution by the use of perturbation expansion methods 

that can only be reasonably carried out when Mp has but one exponential term. For 

most biomechanical applications, the most relevant constraint is ymin = 0, which 

corresponds to the prevention of hyper-extension. For this reason, we shall restrict 

our discussion to that case. First we should note that with this simpler form of Mp, 

one can still ensure the bounds that were imposed on the previous simulation. That 

is illustrated in Figure 2.6. 

Figure 2.6: Mp = -0.4e(-^-^(^». 

We see that the imposition of the constraint gives rise to an oscillator described 

by the equation of motion, 

y + u;o'y = e/(y). (2.9) 

We shall estimate the periodic solutions to this problem by using the Poincare-

Lindstedt method. To motivate the method, we first show how a simple perturbation 

power series expansion will fail for the type of problem that is addressed here. 

Assume e is small and that we can expand y{t) as 

y = yo + eyi -I- e y2 -I- • 



and 

where 

fivo + v) = fivo) + f'{yo)v + \f"{yoW + 

r] = eyi+ e^ys + • 

It follows that 

f{y) = /(yo) + 6/'(yo)yi + \e'f"{yo){yi' + 2y2) + 

Substituting into the differential equation (2.9), we get 

(2/0 + eyi + ê y2 + • • •) + Wô (yo + eyi + e^ys + ••• 

= e(/(yo) + 6/ '(yo)yi+ ••• ) • 

Equating terms of the same order in e, we obtain 

y'o + <̂ ô yo = 0 

y'l+ujQ^yi = /(yo) 

y2+ojo^y2 = /'(yo)yi 

ys + ^o'ya = ^f"{yo){yi^ + 2y2) 

We see that 

yo{t) = Acos{ujot + (t>) 

for constants A and 0. Upon substituting into the next differential equation, we get 

y\ + ujo^y = f{A{cos{uJot + (j))) 

and so on. The problem that develops is related to the resonance that can occur. To 

see this, define 

6 = uot + (f). 



Because yo{6) is an even periodic function of 6 with period 27r, so is /(yo(^))- Thus 

we may expand f{yo{8)) in a Fourier cosine series, 

oo 

/ ( ^ c o s ^ ) = ^ / „ ( A ) c o s n ^ . (2.10) 
n=0 

Notice that the term corresponding to n = 1 will lead to resonance since the solution 

to the differential equation for yi{t) is given by 

^ i W = Yl 7-^^^^^f-^cos(nu;oi + n0) + 4 ^ ^ s i ' ^ ( ^ o * + '^)-^ (1 - n/JLUo^ 2a;o 

To avoid this difficulty we assume the frequency of the nonlinear oscillator is a 

function of e and define a dimensionless time, s = Qt = Q{e)t. Then equation (2.9) 

becomes 

n'^+uoh = ef{y) (2.11) 

where 

y = yo + eyi + ê y2 - i — 

Q = ao + eai+ e^a2 + •• • 

When we substitute into (2.11) we get 

/ 0 ^/C^^VO d'^yi od^y2 ^ 2/ 2 \ 

{al + 2eaoai + ••• ) ( - ^ + e - ^ + ' " ^ + ' ' ' ^ + "^"^^o + ^^^ + ^ ^^ + ' ' ' ^ 

= e/(yo) + eV'(yo)t/i + ^eV"(yo)(yi' + 2y2) + • • • 

By equating similar terms in e we get 

a. + u;o'yo = 0 (2.12) 2^^yO , 2 

°ds2 

2^^yi , 2 f/ A o '̂ ^^O 

at-^ + uJo'y2 = f (yo)yi - (2aoa2 + «i ) - ^ " ^ ^ o ^ i - ^ - 2 ^ 2 " ^ 

For the first equation, take 

Oo = UJO, 
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yo(s) = Acos{s + (j)). 

For the second equation we have, 

-TT + yi = —^f{Acos{s + (l))) —Acos{s + (j)). 

By considering the Fourier expansion of f{0), we expect to get a resonant forcing 

term that corresponds to n = 1. To avoid this situation, we adjust the coefficient of 

ai to cancel the resonant term by choosing 

2aoai = -fi{A)/A. 

In this case, the solution for yi(s) is 

1 ^ fn{A) 
^(*) = ; 7 Z ^ ^ — ^ c o s ( n s + 0). 

0 n=0,n#l 

yi( 

The most common applications of these results correspond to that case that / (y) 

is a polynomial. In such cases, it is usually possible to explicitly calculate the Fourier 

coefficents for arbitrary values of A and 0. However, for the problems that we are 

considering when / (y) is of an exponential form, it is not possible to compute the 

Fourier coefficients without recourse to numerical methods. In this case, one needs 

to determine the parameters A and 0 from the initial conditions before attempting 

to compute the Fourier coefficients. 

We shall now illustrate a method for approximating a low-order Lindstedt expan

sion of the periodic solution to (2.11) for the case that 

/ (y) = e-^y 

and 

y(0) = a, y(0) = 0. 

11 



Starting with equations (2.12), we see that 

yo" + yo = 0 

// y2 +y2 = 
[f'{yo)yi - ai^yo"] (2a2yo" + 2aiyi") 

We need y(0) = 0 and so we take yo(0) = a and all other y„(0) = 0 and 

y(0) = y'(0) = 0 

yi(0) = y;(0) = 0 

yn(0) = y:(0) = 0. 

If we take ao = CUQ, then 

yo(s) = Q;COS(S) 

and hence 
f(acoss) 2aiQ;coss 

y'i + yi = — — ^ — + // 
Wo OJo 

The solution to the differential equation for yi will not remain bounded if the 

Fourier series for / (y) contains the first harmonic, sin s or cos s, as such a term would 

give rise to resonance. As discussed earlier, / (coss) is even, and so its Fourier series 

will have no sine terms. Thus we choose Oi to eliminate the term that corresponds 

to coss. If fnici) denotes the Fourier coefficients, then 

1 1 / /• / X !• / N N 2aia cos s 
—- - hacoss = —^(/o(a) + fi[a)coss-\ ) + 
UJO ^Q t^o 

we impose the condition 

or equivalent ly, 

— / i (« ) + ^ = 0 
Wo / t̂ o 

1 /-STT 

oi = — / / ( a cos 5) cos sds. 
27rQ;a;o Jo 
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We will now consider a specific example 

y + y = .8e-^ 

with the initial conditions 

y(0) = l, y(0) = 0 

and so here, wo = 1, a = 1. Thus yo(s) = coss 

ai = - - ^ / e'^"^" cos sds. = - - / 

We numerically compute this integral and find that Oi = 0.566159. Now s = fit and 

the first-order approximation for Q is fi = 1 -|- eai. Thus 

yo = cos((ao+ eai H )t) 

= cos(1.4529i). 

To find yi, we need to solve 

( ^yff ^ 2aiyo^^ 

yi + yi = — /(yo) 
\^oJ t̂ o 

= / (yo)-h2aicoss . 

We solve for the approximation of y(i) by constructing the Fourier series for /(cos s) = 

g-coss -^g gj^^ ^Yisd. Fourier expansion of /(yo) is given by 

/(yo) = 1.26607- 1.13032cosi + .271495cos2i- .0443368cos3^ + .0054742cos4i. 

When /(yo) is replace by the Fourier approximation, we numerically solve for yi(s) 

and compute the first order approximation to y{t) as 

yo(1.4529i) + .8yi(1.4529t). 

This first-order approximation is illustrated in Figure 2.8. 

An alternative method for approximating the period of the solution can be com

puted from the energy integral defined earlier. In this case, we integrate (2.3) from 

13 



Figure 2.7: Oscillations when Mp = -0.8e~^. 

0.5 1 1.5 

Figure 2.8: A comparison of yo + eyi and y{t) = y + y — 0.8e ^ = 0. 

the initial condition to the first zero of y{t). This represents the time to complete one 

half of a period and so for this particular problem we get an asymptotic expansion 

for the period. 

then 

where 

2g(«+A) 

rex 

Jo 

(^2g(u+/i) + 2ae-4 - yl2e("+-4) _ 2ae") 

. = 2. i + ̂  

du = 27r 

du, 

^-(e("+"))(u2-a2) 
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and 

4 ( - e " + e") 
-du. 

y-(e(«+")(u2-a2))(r i2 - a'^) 

These calculations show that a first-order approximation to u is given by 1.7315 as 

compared to the value of 1.4259 found above. 

It is natural to explore these problems in the case that the motion corresponds to 

a nonlinear pendulm. Although the procedure for calculating a Lindsdedt approxima

tion is not feasible in this case, we still expect the problem to have period solutions as 

shown by numerical simulation. In comparing this graph to Figure 2.3, one observes 

rather insignificant effects of the nonUnearity siny(i). 

- sin(x) + .62 exp( .44 exp( - (.3 - X)) 

. /: r ;; /- ^ y. ^ 
/• r 7" 7- ," '̂ :• 
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r T T ; t It 1 V 

. T 1. t : -T..V. :v \ 
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Figure 2.9: Constrained motion for the nonlinear pendulum. 
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CHAPTER III 

DAMPED CONSTRAINED MOTION 

In this chapter, we address the same type of problems where the differential equa

tion and the constraint term include damping effects. In particular, we consider 

problems of the form 

y + iy + ujly = ef{y,y). (3.1) 

The question of existence is answered in the following theorem 

Theorem 3.0.2. Let f he defined for all t in a compact interval 0 <t<T, for all y 

and y, and for all e near zero. Let f have continuous partial derivatives of all orders 

<r. Let compact intervals A and B be specified for a and (5. Then there exists CQ > 0 

such that a solution 

y = (t){t;a,(3;e) 

of 

ay + by + cy = ef{t,y,y,e), 

y{0) = a, 

y = P 

exists for all 0 < t < T, |e| < eo, a G A, and f3 e B. Furthermore, this solution is 

unique, and 0 is as smooth as f; that is, it has continuous partial derivatives of all 

orders < r with respect to all of its arguments t, a, (3, and e (including mixed partial 

derivatives). 

To analyze the dynamics for such problems, we first consider the linearization 

of the problem about an equilibrium, in which case we obtain a system of the form 

X = A{e)x. Typically, one finds that for e small, the dynamics for A{e) are similar to 

those of A(0). 

For example, suppose that 

y + .ly + y = 2e-^^^ 

16 



Typically, for problems that involve damping, the parameters in the exponential 

term must be large if one wants to create a system that has an equilibrium that 

is close to that for the unconstrained problem. These values were used to enforce a 

constraint at y™„ = 0 corresponding to initial conditions y(0) = .5,y(0) = 0. This is 

illustrated in Figure 3.1. For this problem, one can compute that the equilibrium is 

Figure 3.1: Constrained motion for the damped oscillator. 

now located at (.07343,0) and the eigenvalues for the hnearization are —.05 ± 2.074z. 

This corresponds to a spiral sink, and as Figure 3.2 shows, it is not obvious if this 

equilibrium is globally asymptotically stable. 

y ' o - 1 y - X + 2 e x p ( . 45 X) 

Figure 3.2: Phase portrait for y + .ly -I- y = 2e '*̂ .̂ 
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Figure 3.3: Constraints imposed at both endpoints. 

Figure 3.3 iUustrates the effect of an active constraint at both ends of the range 

of motion. The effect of such a constraint is to create oscillations that are somewhat 

self-sustaining. For this problem, an equilibrium is located at (0.22541,0). The 

eigenvalues of the linearized system are —0.05 ± 2.791i. Hence, we see that the 

equilibrium is a stable spiral. From numerical experimentation, it is not clear if this 

equilibrium is globally asymptotically stable. This requires further analysis. 
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CHAPTER IV 

CONCLUSION 

The introduction of exponential forces can be used to effectively constrain an os

cillating system between two specified bounds. In this work, the parameters needed 

to achieve the bounds were determined by numerical experimentation. An open ques

tion that should be pursued is whether one can prove there exists a set of parameters 

that guarantee these constraints can always be enforced. In the absence of damping, 

one can show that the periodicity of solutions is retained for the perturbed problem 

when the constraint forces are not large. Numerical evidence suggests that periodicity 

is retained even for large constraining forces. 

The analysis of the damped case is incomplete. Arguments based on the lin

earization of the system can be used to infer qualitative properties of the equilibria 

of the constrained system. Questions concerning global asymptotic stability of stable 

equilibria still need to be explored as well as the existence of limit cycles for these 

problems. 
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