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CHAPTER I 

INTRODUCTION 

One of the most common ways of collecting data is by making observations of a 

phenomenon over time. The annual figures for crops and li\('stock production. soil 

erosion and export sales are recorded in agriculture. In meteorology. observations 

are taken of annual rainfalL daily highs and lows in temperature. In economics 

and business, we observe values of stock prices. yearly sales figur(\s, interest rates. 

and unemployment rates. These are all examples of realizations of a time series. 

The purpose of times series analysis is to create and understand the model tliat 

arises from the observed series and to predict future values of the series based on 

past observations. 

An important diagnostic tool for examining the degree of dependence in the 

data and in selecting a model for the data which refiects this is the sample auto-

correlation function. Since the sample autocorrelation function is an estimate of 

the autocorrelation function, we need to investigate the sampling characteristics 

of the autocorrelation function in order to compare the estimated correlations to 

their theoretical correlations. In particular, we need to find the asyniptotic vari-

ances and covariances of the autocorrelations. The resulting formula to calculate 

the asymptotic variances and covariances is given in terms of an infinite series. 

Bartlett (1946) carried out the original work in this area. In general. Bart let ts 

formula is diflScult to calculate since it's analytical (i.e., involves an infinite series). 

Cavazos-Cadena developed an algebraic procedure to determine the asymptotic co-

variance matrix of a vector of sample autocorrelations of an autoregressive process 

of finite order. This work concerns the implementation of the algebraic procedure 

that he developed. 

The thesis is organized into the following chapters. A brief introduction to 

Bartlett's formula and preliminaries are presented in Chapter II. The general re-

sults from Cavazos-Cadena (1994) are presented in Chapter III. Chapter 1\' has one 

non-numerical example that is calculated by using the two techniques developed 

by Cavazos-Cadena and two numerical examples that are calculated using the pro-

vided source code. A brief summary and conclusions are presented in Chapter \ ' . 

Chapter VI is broken into two sections. The first section presents a general outline 
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of the source code and the Matlab source code for calculating the Bartletts matrix 

for an AR{p) process by using the matrix technique. The second section presents 

a general outline of the source code and the Matlab source code for calculating 

the the Bartlett's matrix for an AR(p) process by using the recursive technique 

mentioned above.. 



CHAPTER II 

BACKGROUND AXD PRELIMIXARIES 

A time series is a set of observations j(. each one being recorded at a specified 

time t. where t is an element of a continuous interval of time or an element of a 

discrete set of times. In either case. the interval or the discrete set is denoted by 

To. 

, When analyzing a time series, the first step is the selection of a suitable model 

for the data. Since the nature of future observations is unpredictable, it is natural 

to suppose that each observation Xt is a realized value of a certain random variable 

Xt- Then the time series {xt,t e TQ} is a reaUzation of the family of random 

variables {Xt,t G TQ}. This suggests modeling the data as a realization of a 

stochastic process. 

For a stochastic process {Xt : t = 0, ±1. ±2 } the mean function is defined 

to be 

/it = E{Xt) for t = 0, ±1. ± 2 . . . . , 

that is, Ht is the expected value of the process at time t. The autocovariance 
function is defined as 

jt,s = Cov{Xt. Xs) for í, s = 0, ±1. ±2 . . . . 

and the autocorrelation function is defined as 

Pt,s = Corr^Xí. Xs) for t,s = 0, ±1, ±2 

In order to make statistical inferences about the structure of a stochastic process 

based on a finite set of data. an assumption about that structure is usually made. 

Stationarity of the time series is the assumption and this concept is covered in 

section 2.1. The moving average process is covered in section 2.2 and the autore-

gressive process is covered in section 2.3. Finally Bartletts formula is introduced 

in section 2.4. 

2.1 Stationarity 

According to Brockwell and Davis [2]. a stochastic process {Xt} is said to 

be strictly stationary if the joint distribution of (A'i, A'2 A';̂ ) is the same as 



the joint distribution of {Xi^h^X^+h, • • • .^n^h) for all integers h and n > 0. .\ 

definition that is similar to that of strictly stationary. but is mathematically weaker 

is the following definition from Cryer [4]. 

Definition 2.1 A stochastic process {Xt} is said to be weakly (or second-order) 

stationary if 

(i) The mean function is constant over time, and 

(ii) 7í,í_fc = 7o,fc for all time t and lag k. 

Notice that (ii) implies that the variance is constant for all time t. Throughout the 

rest of this paper, only processes of second-order stationarity wiU be considered. 

Also, the conventions that 7^ = jt,t-k and pk = pt,t-k = Ik/lo wiU be used. 

2.2 General Linear and Moving Average Process 

In this section two concepts wiU be discussed. the general linear process and 

the moving average process. A general linear process {Xt} is a process that can 

be represented as a weighted linear combination of the present and past terms of 

a sequence of identically distributed, zero-mean, independent random variables. 

This sequence is called a white noise series. Thus, the general linear process has 

the following form, 

Xt = at-\- ipiat-i + ip2Cit-2 + 

where {ot} is an unobserved white noise series. 

A moving average process is a general linear process where only a finite number 

of the ip's are nonzero. The idea here is that A'( is obtained by applying the weights 

1, — ̂ i , . . . , — ̂ g to the û í , . . . , ot-q and then moving the same weights forward 1 unit 

of time and applying them to Ot+i,..., Ot+i-q to get Xt+i. Notice the change from 

^ ' s to ^'s in the notation and the equation is as foUows. 

Xt = at — OiOt-l — ^2Ûí-2 — . . . — OqOt-q. 

Such a series is called a moving average process of order q and is denoted by MA{q). 



2.3 Autoregressive Process 

An autoregressive process is a stochastic process that regresses on itself Specif-

ically , a pth-order autoregressive process{A'í} satisfies the following equation 

Xt = (f)iXt-i + . . . + (ppXt-p -\- Zt. t eZ, 

where the current value of the series {Xt} is a linear combination of the p most 

recent past values of itself plus an additional term Z^, which explains any error 

in the series at time t that the previous values of the serios did not explain. It is 

assumed that the Zt are independent of the {Xt} Such a serics is called an autore-

gressive process of order p and is denoted as .A.R(p). This equation is also known as 

a stochastic difference equation. Then according to Cryer [4] and assuming Zt are 

independent of Xt-i, Xt-2, • • • ,Xi, the autoregressive model is stationary if and 

only if the p roots of the AR characteristic equation all exceed unity in modulus, 

where the AR characteristic equation is given by 

(f){z) := 1 - (j)iz - ... - (j)pzP. 

This polynomial is said to be causal if the p roots all exceed unity in modulus. Thus 

if the AR equation is causal then the autoregressive process {Xt} is stationary. 

2.4 Introduction to Bartlett's Formula 

Before introducing Bartlett's formula, the concept of an ARMA model needs 

to be introduced. The ARMA model or the autoregressive-moving average model 

is a process that involves both an autoregressive part and a moving average part 

in the same model. The model has the following equation 

Xt = (plXt-l + . . . + (ppXt-p + ttí - OiQt-l - 02at-2 - . . . - OqOt-q 

and is denoted as an ARMA(p, q) process. This is a general type of model that 

arises in time series analysis. Xotice that the niodel reduces to a moving average 

model when (pi = 0, i = 1,2, . . . , p and that the ARMA model reduces to an 

autoregressive model when ^̂  = 0, i = 1.2 q. 

It will be important in selecting an appropriate ARMA model for a given set of 

observations to be able to recognize when the sample autocorrelations (i.e., p{h)) 



are significantly diff'erent from zero. In order to do this. we will need informatioii 

about the p(/i)'s. 

We will get this information by examining the sampling distribution for the 

estimator p{h). This distribution is usually well approximated by a normal distri-

bution, when sample sizes are large. For linear models and in particular ARMA 

models, we have that for large n, ph = ( p ( l ) , . . . ,p(/?))' is asyniptotically normal 

with mean ph and covariance matrix {n~^Bh). where ph = ( p ( l ) , . . . ,p(/i))'. and 

(z, j)-element of Bh is given by BartletUs formula, 

oo 

Khj) = J2lPÍk + z) + p{k - z) - 2p{k)p{i)][p{k + z) + p{k - j) - 2p{k)p{j)]. 
k=l 

A more formal result for the sampling distribution of p{h) is given in the fol-

lowing theorem from Brockwell and Davis [1]. 

Theorem 2.1 If {Xt} is the stationary process, 

oo 

Zt = p+ Yl ^J^t-j {A'J-IID(0,a2), 
J=-oo 

where lC?Lo \^j\ ^ ^ ^^^ Jl^-ooJ^'j < ^ ? ^^^^ /^^ ^̂ <̂ ^ ̂  ^ {l^ -̂ ' • • •} ^^ have 

p{h) isAN{p{h),n-'Bh). 

where 

p{h)' = [p(l), p (2 ) , . . . , p{h)i PW = W l ) , p (2 ) , . . . , p{h)i 

and B is the covariance matrix whose {i,j)-element is given by Bartlett's formula. 

oo 

K«,j) = E[^(^ + 0 + P(^-0-2/9(A:)p(z)][p(A: + z) + p(A:-j)-2p(A:)p(j)] (2.1) 



CHAPTER III 

ASPECTS OF THE ASYMPTOTIC CORRELATIOX MATRIX 

In this chapter, the development of various methods of calculating the asymp-

totic correlation matrix will be explored for the moving average and autoregressive 

processes. Section 1 deals with the algebraic process for the moving average pro-

cess. In section 2, the algebraic process developed by Cavazos-Cadena [3] for the 

autoregressive process will be examined. He developed two different t(Hhniques 

to calculate the asymptotic correlation matrix for an AK{p) process. The first of 

these techniques is a purely matrix approach. The second technique to calculate 

the asymptotic correlation matrix involves a recursive process mentioned in the 

introduction. 

3.1 Moving Average Process 

If {Xt} is a stationary moving average process of order q ,\lA{q). satisfying 

Xt = at — OiOt-i — O^at-^ — . . . — OqOt-q, 

then it can be shown that Bartlett's formula reduces to the following 

Q 

b{i, i) = 1 + 2 ^ pj ÍOT i> q 

b{i,j) = 0 iori,j>q 

3.2 Autoregressive Process 

Throughout this section the {A't} is the (fixed) autoregressive process of order 

p , AR{p), satisfying 

Xt - (f)iXt-i - . . . - (f)pXt-p = Zt. t e Z, 

where (/>!,..., </)p G M and the {Zt} are subject to the following conditions: 

(i) The random variables Zt are independent and identically distributed with mean 

zero and variance cr̂  > 0. 

(ii) (f){z) := 1 — (f)iz — . . . — (f)pzP is a causal polynomial. That is (f){z) / 0 for all 

complex z with \z\ < 1. 
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The following convention about the Ok's will be used. 

(f)k .= 0 íoi k <0 01 k > p 

From the previous conditions (i) and (ii). it follows that '-(•) satisfies the following 

equations (Cavazos-Cadena [3]). 

7(0) - J2^kl{k) = (T' (3T) 
k=l 

7(s) - Y.^kl{\s-k\) = 0. 5 = 1.2.3,... . (3.2) 
A ; = l 

Dividing both sides of 3.1 and 3.2 by 7(0). we get that 

Pi^) - J2Mk) = cr' (3.3) 
fc=i 

Pis) - J2Ms-k\) = 0, 5 = 1.2.3..... (3.4) 
k=l 

Equations 3.3 and 3.4 are known as the Yule-Walker equations. 

3.2.1 A matrix formula for Bh 

The following approach to find the asymptotic correlation matrix by an alge-

braic process is due to Cavazos-Cadena [3]. It involves finding the autocorrelation 

matrix and an auxihary matrix Ch, where Cavazos-Cadena [3] gives the following 

definition of the autocorrelation matrix. 

Definition 3.1 Let h be a positive integer. 

(i) Then the (autocorrelation) matrix Rh = [Rh{i-j)] of order h x h is defined by 

Rh{i.3):=p{\i-3\). ^ J = 1.2. . . . / i (3.5) 

(ii) the number a is defined by a := (7^/7(0). 

To find the matrix Rh{iJ)^ i,j = i.2.....h. we need the values of p(0). p(l) 

p{h-l). These values are found by solving equations 3.3 and 3.4. Cavazos-Cadena 

[3] gives the following definition for the auxiliary matrix C^. 



Definition 3.2 For h> 0, the matrix Ch is defined as follows: 

Ch{iJ) :=6{i.j)- [(f)i+j + (l)i_j]. i.j = 1.2 h: 

where ô{-,-) is the Kronecker symbol, that is. 6{i.j) = 1 if i=j. and ô{i.j) = 0 if 

i + h 

Recalling our convention about the (̂ jt s. that is ø^ := 0 for A: < 0 or k > p. we 

see that (f)i+j = 0 when i -\- j > p and that øi-j = 0 when i - j <0. The foUowing 

theorem is due to Cavazos-Cadena [3]. 

Theorem 3.1 Let h be an integer > p. Then, 

(i) Ch is nonsingular, 

(ii) Bh = aC^^Rh{C'^)-\ where a = (72/7(0). 

For a proof of this theorem see Cavazos-Cadena [3]. The matrix technique is 

based on the formula in part (ii). Notice that for this calculation the matrices Rh 

and Ch will need to be stored. 

3.2.2 A recursive procedure 

First the development for the recursive matrix method is shown. Then a sim-

pler description for the vectors Wh is given, which makes for a more convenient 

computational implementation. In the implementation of the computer program. 

only the second situation will be used. We need to define the foUowing vectors. 

which wiU be used in Theorem 3.2 

Definition 3.3 Given a positive integer h. define the h-dimensional vectors Vh 

and Wh as follows: 

Vh{k) := (f)h+i-k, k = l,2 h. and Wh := {Ih +C'^)vh: 

where Ih is an identity matrix of size h and Ch is the auxiliary matrix. 

The foUowing theorem is due to Cavazos-Cadena [3]. 
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Theorem 3.2 Forh > p the matrices Ch+i and Bh~i can be written in block form 

as follows: 

' CH 0 
(0 CH^I = 

-V'H 1 
(3.6) 

and then. 

^h+l — 

^ - 1 

^h^h 

0 
1 

:3.7) 

(u) Bh+i = (3.8) 
Bh BhWh 

{BhWh)' w'^BhWh + a^ 

Xotice that this recursive method avoids inverting the matrix C^. since B^^i is 

found by the vector w^ and B^. The auxiliary matrix Ch stiU needs to be stored. 

so that Wh can be computed. Theorem 3.3 gives a simpler description for the w^. 

which avoids finding the auxiliary matrix Ch altogether. Before stating Theorem 

3.3, we need the following definition about the <f)k. 

Definition 3.4 The numbers (f)^. k = 1.2...., are defined by 

k 

4>k := X ^ (f>s(f)k-s (3.9) 
3 = 1 

The recursive technique used in the computer program is based on part (ii) of 

the following theorem due to Cavazos-Cadena [3]. 

Theorem 3.3 (i) For h > p, Wh in Definition 3.3 can be expressed as 

Wh{k) = 2(f)h+i-k - {(()h+i-k + ø/i+i+fc)- A: = 1. 2 h. 

(ii) Suppose that b{i,j). i.j = 1,2 h are known. Then 

b{i,h-\-l) = b{h + l.i) =i:k=iKi-k)ii'h{k). l<i<h. 

b{h + 1. /i + 1) =a^ + ZLi Kk- h + l)wh{k). 

(3.10) 

(3.11) 

(3.12) 

It is important to note that the recursive technique reUes on knowing either 

the previous b{i,j). i.j = l,...,p for Theorem 3.3 or the matrix Bp and the vector 

Wp for Theorem 3.2. Then from either of these two situations. we can compute the 

matrix Bh îoi h > p via a recursive method. 



11 

3.3 Extensions to a Sample 

The previous chapter dealt with the theoretical situations. In this section the 

analogous sample results for the quantities in Definition 3.1 are introduced. 

Definition 3.5 Let n be a positive integer. 

(i) For k = 0,1..... the sample autocorrelation p{k) at lag k based on A' i . . . . . Xn 

is defined as follows: 

(a) p(0) := 1 and p{k) := 0 for k > n. 

(b) Forl<k <n, 

£Ux''^.)' ^f T.t=ÁX, - x„) >o 
0 otherwise 

where X„ := E?=i Xt/n. 

(ii) For h > 0, the (sample autocorrelation) matrix R^ = [Rh{i-j)] of order h x h 

is given by 

Rh{iJ) := p{\i-J\)^'^J = l ,2 , . . . , / i 

whereas p is the h-dimensional vector defined by ph := (/5(1). p{h))'• Notice 

that p{'),ph. and Rh depend on n, but this dependence is not explicitly indicated. 

Using these quantities and theorem 2.1 to extend the theoretical results to a sample. 

Basically, you replace p{k) with p{k) îoi k = 1 ,h. 



CHAPTER I \ ' 

IMPLEMEXTIXG THE COMPUTATIOXAL ASPECTS OF THE 

ASYMPTOTIC CORRELATIOX MATRIX 

In the previous chapter. the theoretical results from Cavazos-Cadena [3] were 

presented. Here. the concern is how would one go about implementing these re-

sults on a computer. For both techniques, matrices wiU need to be handled and 

manipulated, so a suitable computer language needs to be chosen. The source code 

presented in this work is used with Matlab. An important aspect of implementing 

the code was to be able to encode the Yule-Walker equations and solve them. .A. 

matrix approach was used to solve the system of Yule-Walker equations. The dif-

ficulty here was in finding the general coeflScient matrix for this system. since the 

program needed to be able to handle any size of an autoregressive process. In the 

following section the computations for finding the Bart let ts matrix for an arbi-

trary AR(1) process with /i = 3 will be found using both techniques. In the second 

section the computer programs wiU be used to generate the Bart let ts matrix for 

a specific AR(1) process and a specific AR(2) process. 

4.1 Example for an Arbitrary AR(1) Process 

Consider the AR(1) process Xt — (f)iXt-i = Z^.t e Z, where |0i| < 1. The 

objective is to be able to find the Bartlett's matrix of size 3. The matrix technique 

will be used first. To compute B^ by the matrix technique. R^ and C3 must be 

found. In determining R3, the system of Yule-Walker equations in 3.3 and 3.4 

must be solved. The results of solving that system are p(l) = pi and p{2) = 0^. 

The corresponding value for a is 1 — (f)^. By using 3.5. R^ is found to be 

/?.. -

and by using Definition 3.2, C3 is 

C,= 

1 

01 

. 0 ? 

1 

-01 
0 

01 ôl 
1 01 

01 1 

0 0 

1 0 

-01 1 

12 
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Knowing C3, one can find its inverse to be 

Cs' = 

1 0 0 

01 1 0 

0? 01 1 . 

To calculate (CJ) \ just take the transpose of C^\ since C3 is nonsingular by 

Theorem 3.1, which gives (C^)"^) to be 

iC's)-' = 

1 01 cf)l 

0 1 01 

0 0 1 

Applying Theorem 3.1 with the previous values for a. ÍÎ3, (C^)-^ and C3 

yields 

Bs = a-C^'Rs{C',)-' = a 

1 201 302 

201 1 + 30? 2oi + 40^ 

30? 201 + m 50Í + 3oÍ + 1 _ 

Notice that Theorem 3.1 allows B^, for h > p, to be found by using standard 

matrix algebra and that for h < p, B^ is â submatrix of Bp. 

Consider the same AR(1) process as above, except this time the recursive tech-

nique wiU be used to compute B^. Recall that the previous b{î,j) i.j = 1.2 p 

need to be known so that the values of b{i,j), i.j=p-\-l.p-\-2 h can be 

computed. Hence, for the AR(1) process the only element that needs to be known 

is 6(1,1). In the previous computation, the value for 6(1,1) is 1 — 0? = a. Before 

starting the recursive process. the values of øk. k = 1,2 need to be found. Let 

j) = (ø^, 02 , . . . ) . Using equation 3.9 to find the 0^, k = 1. 2 we get 

í> = (0 ,0? ,0 ,0 , . . . ) . 

The values of l> are used in calculating the diff"erent values of Wh{k). which are 

used in the calculation of the b{i,j), ij = p-\-l.p-\-2 h. Recall that Wh{k) = 

2(f)h+i-k - (ø/i+i-fc + ø/i+i+A;)̂  A- = 1, 2 h and from Theorem 3.3 

6(z:, /i + 1) = 6(/i + 1, 0 = Y. K^^ k)wh{k). 
k=l 

1< i<h. (4.1) 
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and 

h 

b{h + 1, /i + 1) = a ' + ^ b{k, h + l)wh{k). (4.2) 
fc=i 

The foUowing values are needed to find B^: 6(2,1), 6(1,2), 6(2,2), 6(1,3). 

6(3,1), 6(2, 3), 6(3, 2), and 6(3, 3). We can calculate the values of 6(2.1) and 6(1. 2) 

by letting i = 1 and h = 1 in equation 4.1. Examining equation 4.1. wc see that 

the values of Wi(l) and 6(1,1) are needed to calculate the values of 6(2.1) and 
6(1, 2). Calculating wi{l), we get 

w;i(l) = 2 0 i - ( 0 i + 03) = 20i, 

and recaU that the value of 6(1,1) = 1 - ø? = a. Hence the values of 6(1, 2) and 

6(2,1) are 

6(2,1) = 6(1,2) = b{l,l)wi{l) 

= a • wi{l) 

= a • 201. 

Upon examining equation 4.2 with /i = 1, we see that the value of 6(2, 2) wiU be 

calculated and that the values of Wi{l) and 6(1,2) wiU also be needed. Hence, 

6(2,2) is 

6(2,2) = a^-\-b{l,2)wi{l) 

= a^ + 2øia • 201 

= a(a + 4ø ) 

= a(l + 30?). 

The calculation of values of 6(1,3) and 6(3,1) requires that i = 1 and h = 2 

in equation 4.1. Expanding that equation, one sees that the values of ^^^(l) and 

W2{2) wiU be needed and they are 

W2{1) = - 02 = -4>\ 

W2{2) = 201. 

Now knowing these values and the values of 6(1,1) and 6(1, 2). we find the values 

of 6(1,3) and6(3,1) to be 

6(1,3) = 6(3,1) = 6(l , l) ír2(l) + 6(l,2)u'2(2) 



= a ( - ô ) + 2cí)ia(2oi) 

= 3ø?a. 

By letting i = 2 and /i = 2 in equation 4.1 we wiU get the values of 6(2, 3) and 

6(3,2). Xotice that the values of ^2(1), ^2(2), 6(2.1). and 6(2. 2) are used in the 

calculation of 6(2, 3) and 6(3,2). Using the previously found values of w^^l). "'ií-)-

6(2,1), and 6(2, 2), the values of 6(2, 3) and 6(3, 2) are 

6(2,3) = 6(3,2) = 6(2.1)^2(1) +6(2. 2)ír2(2) 

= 20ia(-0?) + a(l + 3o?)(2oi) 

= a(20i+40?). 

The last value needed is 6(3,3). By letting h = 2 in equation 4.2 and using the 

previously found values for 6(1,3), 6(2,3), w^^l), and W2{2). we find 6(3.3) to be 

6(3,3) = a' +6(1,3)^/^2(1)+ 6(2,3)^2(2) 

= a2 + 30 a(-0?) + a(20i + 40 )(20i) 

= a(a + 30?(-0?) + (20i + 40?)(2oi)) 

= a(50t + 30? + l). 

Thus B^ is given by 

B, = a 

1 

201 

201 
1 + 30? 

30? 

20i + 40? 

_ 30? 201 + 40? 50Í + 30? + 1 

4.2 Numerical Examples 

In the foUowing two examples the AR(1) process used wiU be A'j-O.SAVi = ^t-

where Zt has p = 0 and cr̂  = 1. The results for the matrix technique with /1 = 6 

are as foUows. The matrices CQ. Re, and Be are 

C. = 

1.0000 

-0.8000 

0 

0 

0 

0 

0 

1.0000 

-0.8000 

0 

0 

0 

0 

0 

1.0000 

-0.8000 

0 

0 

0 

0 

0 

1.0000 

-0.8000 

0 

0 

0 

0 

0 

1.0000 

-0.8000 

0 

0 

0 

0 

0 

1.00 
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Re, = 

and 

5f i = 

1.0000 0.8000 0.6400 0.5120 0.4096 0.3277 

0.8000 1.0000 0.8000 0.6400 0.5120 0.4096 

0.6400 0.8000 1.0000 0.8000 0.6400 0.5120 

0.5120 0.6400 0.8000 1.0000 0.8000 0.6400 

0.4096 0.5120 0.6400 0.8000 1.0000 0.8000 

0.3277 0.4096 0.5120 0.6400 0.8000 1.0000 

0.3600 0.5760 0.6912 0.7373 0.7373 0.7078 

0.5760 1.0512 1.3133 1.4285 1.4451 1.3979 

0.6912 1.3133 1.7885 2.0211 2.0891 2.0490 

0.7373 1.4285 2.0211 2.4491 2.6250 2.6327 

0.7373 1.4451 2.0891 2.6250 2.9927 3.1082 

0.7078 1.3979 2.0490 2.6327 3.1082 3.4179 

Notice that the matrix technique requires the storage of two 6 x 6 matrices before 

the calculation of the 6 x 6 Bartlett's matrix. 

For the recursive technique, the matrix BQ wiU be shown without the compii-

tations that are required to find the individual elements of the matrix as was done 

in the arbitrary AR(1) example. The AR(1) process is the same as in the previous 

numerical example. The matrix B^ is given by 

0.3600 0.5760 0.6912 0.7373 0.7373 0.7078 

0.5760 1.0512 1.3133 1.4285 1.4451 1.3979 

0.6912 1.3133 1.7885 2.0211 2.0891 2.0490 

0.7373 1.4285 2.0211 2.4491 2.62-50 2.6327 

0.7373 1.4451 2.0891 2.6250 2.9927 3.1082 

0.7078 1.3979 2.0490 2.6327 3.1082 3.4179 ^ 

In the recursive technique only the 6 x 6 Bartlctt's matrix is stored. RecaU that 

the vector Wh uses the values of the vector í>. The vector <l is also stored and is 

of size 11, since in the calculation of Wr>{ô) the value of ôi is used. 

Using either technique the time taken to calculate BQ was approximately 0.0163 

seconds for the matrix technique and approximately 0.0160 seconds for the recur-

sive technique. The only major difference was in storage of the variables. 

B . = 



The next numerical example considers the actual time series of quarterly L .S. 

unemployment rate series from Cryer [4], where he specified the time series as an 

AR(2) process with øi = 1.50 and Ø2 = —0.598. The sample mean and variance of 

this series were found to be 5.1059 and 1.99, respectively. Here Zt is a zero mean 

white noise process with standard deviation 0.388. Hence the model is given by 

A : Í - 1 . 5 ( A V I - 5 . 1 0 5 9 ) + .598(AV2-5.1059) = Zf AUernativelv. in constant-term 

form, it can be written as 

Xt - 1.5Aí_i + .598A:Í_2 + 0.5005 = Zt 

The results from the matrix technique with h = 7. are as foUows. 

C7 = 

Ri 

and 

^ 7 = 

1.5980 0 

-1.5000 1.0000 

0.5980 -1.5000 

0 0.5980 -

0 

0 

0 

= 

= 

' 1.0000 

0.9387 

0.8100 

0.6537 

0.4961 

0.3533 

0.2333 

" 0.0299 

0.0897 

0.1554 

0.2107 

0.2468 

0.2611 

0.2553 

0 

0 

0 

0.9387 

1.0000 

0.9387 

0.8100 

0.6537 

0.4961 

0.3533 

0.0897 

0.2783 

0.4935 

0.6826 

0.8143 

0.8764 

0.8714 

0 

0 

1.0000 

-1.5000 

0.5980 

0 

0 

0.8100 

0.9387 

1.0000 

0.9387 

0.8100 

0.6537 

0.4961 

0.1554 

0.4935 

0.8952 

1.2638 

1.5362 

1.6833 

1.7031 

0 

0 

0 

1.0000 

-1.500C 

0.5980 

0 

0.6537 

0.8100 

0.9387 

1.0000 

0.9387 

0.8100 

0.6537 

0.2107 

0.6826 

1.2638 

1.8230 

2.2632 

2.5307 

2.6116 

0 

0 

0 

0 

0 ( 

0 ( 

0 ( 

0 

) 1.0000 0 

-1.5000 1.0000 

3 

3 

3 

D 

0 

0 

0.5980 -1.5000 1.0000 

0.4961 

0.6537 

0.8100 

0.9387 

1.0000 

0.9387 

0.8100 

0.2468 

0.8143 

1.5362 

2.2632 

2.8740 

3.2878 

3.4705 

0.3533 

0.4961 

0.6537 

0.8100 

0.9387 

1.0000 

0.9387 

0.2611 

0.8764 

1.6833 

2.5307 

3.2878 

3.8549 

4.1731 

0.2333 " 

0.3533 

0.4961 

0.6537 

0.8100 

0.9387 

1.0000 

0.2553 ' 

0.8714 

1.7031 

2.6116 

3.4705 

4.1731 

4.6419 

1 

• 
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Using the previous .A.R(2) equation and the recursive technique with h = i, we 

get that Bj is 

0.0299 0.0897 0.1554 0.2107 0.2468 0.2611 0.2553 

0.0897 0.2783 0.4935 0.6826 0.8143 0.8764 0.8714 

0.1554 0.4935 0.8952 1.2638 1.5362 1.6833 1.7031 

Bj = 0.2107 0.6826 1.2638 1.8230 2.2632 2.5307 2.6116 

0.2468 0.8143 1.5362 2.2632 2.8740 3.2878 3.4705 

0.2611 0.8764 1.6833 2.5307 3.2878 3.8549 4.1731 

0.2553 0.8714 1.7031 2.6116 3.4705 4.1731 4.6419 

The computational times for the matrix and recursive ^chniques were 0.0204 

seconds and 0.0205 seconds, respectively. Even taking h = 50. the time to compute 

B50 was less than 3 seconds for either technique. Once again the only major 

difference is in the storage of the variables. 



CHAPTER V 

SUMMARY AND CONCLUSIOXS 

The objective of this thesis was to see if it was feasible to implement the 

algebraic procedure that Cavazos-Cadena (1994) developed. The results are that: 

i. There were no major difíiculties in developing the computer source code. 

ii. The computational time for finding Bartlett's matrix for an AR(p) process is 

reasonable using either technique. 

iii. The ability to store the autocorrelation matrix and the auxiliary matrix could 

be a potential problem for the matrix technique. 

iv. Being able to calculate the values of the asymptotic variances and covariances is 

very useful. It allows you to calculate confidence intervals for the autocorrelations, 

which will indicate the compatibility of the data with the model. 

This study has demonstrated the feasibility of using Cavazos-Cadena's algebraic 

procedure to find Bartlett's matrix. The computational aspects were implemented 

using Matlab. This shows that it is conceivable that the same could be done using 

other existing software. Of particular interest would be to include this algebraic 

procedure with the capability of calculating confidence intervals for the values of 

the autocorrelation function for an AR(p) process in a procedure for use with SAS 

and other available statistical software. 
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APPENDIX A 

MATRIX TECHNIQUE SOURCE CODE 
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The only restrictions on the values of h and the size of the autoregressive process 

is the capability of the computer. The code verifies that the autoregressive process 

is causal, up to the roundoff error of the computer. If the process is not causal then 

the program ends and gives you the roots of the AR characteristic polynomial. 

The foUowing is a general outline of the source code for the matrix technique. 

1. Setup of initial values. 

(a) Input size of model and the value of h. 

2. Check if the equation is causal, if not end the run. 

3. Calculate the matrix Ch-

4. Calculate the matrix R^. 

(a) Setup and solve the Yule-Walker equations. 

(b) Find the values of ph where h > p. 

5. Calculate the matrix B^. 

6. Print out the matrices C/j, R^. and B^. 

Here is the code for the matrix technique. Xote that any line that starts with a 9c 

is a comment line. 

% F i r s t c l e a r out any values in the memory 

c l e a r ; 

y, The following two lines involve the size of the AR model and the 

% value of h 

h=input('input the h value ' ) ; 

p=input('input the size of the autoregressive model ' ) ; 
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7, Set up of the phi values before you input the values for your 

y, model 

phi=zeros(l,2*(h+l)); 

°/, Enter the Autoregressive equation here 

% The rest of the program has increase the index variable by 1 so 

% the arrays don't try to index the zero position 

% You must check that your equation is causal. 

for j=2:p+l 

phi(j)=input('input the value for the phi(i) ' ) ; 

end 

7, Example if you want an AR(1) equation, you will enter 

7o phi(2)= your value for phi(l) 

7. Example if you want an AR(2) equation, you will enter 

7. phi(2)= value for phi(l), phi(3)= value for phi(2) 

% here is the val e of the variance of the white noise process 

sigma=input('input the value of sigma ' ) ; 

7o Determine if the polynomial is casual if not the end the run 

pol=ones(l,p+l); 

for i=l:p 

pol(i)=-phi(p+2-i); 

end 

7, Find the roots of the causal equation 

rot=roots(pol); 
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aroot=abs(rot); 

if all(aroot>l) 

7o continue with the process 

7o The matrix Ch is found from the following code 

Ch=eye(h); 

for i=l:h 

for j=l:h 

if i-j<=0 

Ch(i,j)=Ch(i,j)-phi(i+j+l); 

else 

Ch(i,j)=Ch(i,j)-phi(i+j+l)-phi(i-j+l); 

end 

end 

end 

7o The following set of code creates the rhos for use in Rh 

7o First the Yule-Walker equations must be solved 

7o Then any values for rho(h) where h>p must be found 

phimat=eye(p+l,p+l); 

for k=l:p+l 

for s=l:p+l 

if s-k+p+l>0 

phimat(s,k)=phimat(s,k)-phi(k+s-l); 

end 

end 

end 

for s=2:p+l 

for k=2:p+l 

if s-k>0 

phimat(s,k)=phimat(s,k)-phi(s-k+l); 
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end 

end 

end 

7o The phimat is a matrix that has the Yule-Walker equations, which 

7o allow you to find the rhos from the gammas. Then you need to find 

7o the rhos for h>p. 

bvec=zeros(p+1,1); 

bvecd, l)=sigma; 

gamma=inv(phimat)*bvec; 

7o Set up for the rhos 

rhos=zeros(l,h); 

rhos(l:p+l)=gamma./gamma(l,l); 

7, The rhos have the first p components starting with 0 

7, The rest of the values for h>p are now found 

for i=p+2:h 

for k=2:p+l 
rhos(i)=rhos(i)+phi(k)*rhos(abs(i-k) + l); 

end 

end 

7, Now we find the matrix Rh 

Rh=zeros(h,h); 

for i=l:h 

for j=l:h 

Rh(i,j)=rhos(abs(i-j)+l); 

end 
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end 

a=sigma/gamma(l); 

7o The next lines of code output the matrices Ch, Rh, Bh 

Ch 

Rh 

Bh=inv(Ch)*Rh*inv(Ch').*a 

7o output result that the equation is not causal 

else 

dispC ') 

dispC The equation that has been entered is not causal ') 

dispC The roots of the causal polynomial are ') 

disp(rot) 

end 



APPEXDIX B 

RECURSIVE TECHXIQUE SOURCE CODE 

2' 
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The only restrictions on the values of h and the size of the autoregressive procf^ss 

is the capability of the computer. The code verifies that the autoregressive proccss 

is causal. up to the roundoff" error of the computer. If the procf^ss is not causal then 

the program ends and gives you the roots of the AR characteristic polynomial. 

The foUowing is a general outline for the source code of recursi\'e technique. 

1. Setup of initial values. 

(a) Input size of model and the value of h. 

2. Check if the equation is causal, if not end the run. 

3. Find the matrix Bp by using the matrix technique with h = p. 

(a) Calculate the matrix Cp. 

(b) Calculate the matrix Rp. 

i. Setup and solve the Yule-Walker equations. 

(c) Calculate the matrix Bp. 

4. Find the Ok 

5. Start a recursive process the finds the missing elements oî B^.n = p^l.. .h 

(a) Find the values for Wn- which are used in the calculation of the B^ 

6. Print out the matrix B^. 

RecaU that any Une that starts with a 9c is a comment line. 

7, First clear any values ion memory 

clear; 

7, Input the values of the autoregressive process and h and sigma 

p=input('input the size of the autoregressive process ' ) ; 
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h=input('input the value of h ' ) ; 

sigma=input(' Input the value of sigma ' ) ; 

7o Set up for the values of phi 

phi=zeros(l,2*(h+l)); 

7o Input the phi value of the phi's for the AR(p) process 

for j=2:p+l 

i=j-l 

phi(j)=input('input the value for the phi(i) ' ) ; 

end 

7o Determine if the polynomial is casual if not the end the rim 

pol=ones(l,p+l); 

for i=l:p 

pol(i)=-phi(p+2-i); 

end 

7o Find the roots of the causal equation 

rot=roots(pol); 

aroot=abs(rot); 

if all(aroot>l) 

7, continue with the process 

7, The following set of code creates the gammas so that 

7. we can find gamma naught 

7, First the Yule-Walker equations must be soived 

7, Then any values for rho(h) where h>p must be found 

phimat=eye(p+l,p+l); 
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for k=l:p+l 

for s=l:p+l 

if s-k+p+l>0 

phimat(s,k)=phimat(s,k)-phi(k+s-l); 

end 

end 

end 

for s=2:p+l 

for k=2:p+l 

if s-k>0 

phimat(s,k)=phimat(s,k)-phi(s-k+l); 

end 

end 

end 

7oThese are the Yule-Walker equations 

bvec=zeros(p+1,1); 

bvec(l,l)=sigma; 

gamma=inv(phimat)*bvec; 

a=sigma/gamma(l); 

rhos=zeros( l ,h ) ; 

r h o s d :p+l)=gamma./gamma(l,l); 

7o The rhos have the first p components starting with 0 

7o This section finds the pxp matrix of Bh that is needed 

7o for the recursive method 

7o The code that is used is the same as the first method 

7. but with "h" in the first method equal to p 

7o The matrix Ch is found in the following code 

Ch=eye(p); 

s 
2 
3 
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for i=l:p 

for j=l:p 

if i-j<=0 

Ch(i,j)=Ch(i,j)-phi(i+j+l); 

else 

Ch(i,j)=Ch(i,j)-phi(i+j+l)-phi(i-j+l); 

end 

end 

end 

7o Now we find the matrix Rh 

Rh=zeros(p,p); 

for i=l:p 

for j=l:p 

Rh(i, j)=rhos(abs(i-j) + l) ; 

end 

end 

a=sigma/gamma(l): 

7o This section of code finds the previous Bp that are needed 

Bh=zeros(h,h); 

Bh(l:p,l:p)=inv(Ch)*Rh*inv(Ch').*a; 

7o Now we need to get the rest of the Bartlett's matrix 

7o This set of code finds all of the phi twiddles that 

7o are needed 

phitit=zeros(l,2*h+2); 

for k=l:2*p+5 

for s=l:k 

phitit(k)=phitit(k)+phi(s+l)*phi(k-s+l); 
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end 

end 

7o Now we need to find the values for Bh which need wh 

7o for each h and Bh is calculated 

for n=p:h-l 

wh=zeros(l,n+3); 

for k=l:n 

wh(k)=2*phi(n+2-k)-(phitit(n+l-k)+phitit(n+l+k)); 

end 

for i=l:n 

for k=l:n 

Bh(i,n+l)=Bh(i,n+l)+Bh(i,k)*wh(k); 

end 

Bh(n+l,i)=Bh(i,n+l); 

end 

for k=l:n 

Bh(n+l,n+l)=Bh(n+l,n+l)+Bh(k,n+l)*wh(k); 

end 

Bh(n+1,n+l)=Bh(n+l,n+l)+a~2; 

end 

7o Now Bh is printed 

Bh 

else 

dispC ') 

dispC The equation that has been entered is not causal ') 

dispC The roots of the causal polynomial are ') 

disp(rot) 

end 
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