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CHAPTER I 

INTRODUCTION 

Over the past fifteen years interest in effective grid generation techniques for 

use in solving partial differential equations has greatly increased due to advances in 

technology. It is through this interest that many discoveries have been made as to 

what makes certain grid generators effective. In this paper we will introduce several 

alternative grid generators to those used in the past and discuss their eflFectiveness, 

comparing them with other generators which work well in some cases but have 

problems in others. 

In Chapter II, we will discuss the major ideas behind grid generation and give 

some methods used to generate grids. A comparison of these methods will be given 

and our focus will be shifted towards the method we will use in this paper, mapped 

grid generation. Several methods of mapped grid generation used previously by 

other researchers will be presented and will be used to lay the foundation for our 

new techniques. 

Chapter III will be devoted to describing the new techniques. An overview of 

the algorithm that was used and an example using the algorithm will be presented 

as well. Functionals will be defined which can be minimized to obtain optimal grids 

in the sense of certain grid-quality measures. In Chapter IV, one of the functionals 

will be shown to attain a unique minimum for a special case in a certain domain. 

Chapter V will contain examples of grids generated using our algorithms on a 

variety of regions. In conclusion. Chapter VI will give a synopsis of the work done 

in this thesis and provide a basis for future research by discussing extensions of 

our techniques. 



CHAPTER II 

BACKGROUND INFORMATION 

The chapter will be divided into two subsections, one where the subject of 

grid generation is described in general and one where emphasis is placed on a 

particular group of techniques used in generating grids, mapped grid generation. 

We will discuss several methods of mapped grid generation used previously to 

provide motivation for the presentation of our new grid generation techniques. 

2.1 An Overview of Grid Generation 

In order to understand the concept of grid generation, it is first useful to intro

duce some basic definitions. Castillo [7] defines a grid (mesh) as a subdivision of 

a region into quadrilaterals, with the quadrilaterals being called the "cells" of the 

grid. He defines the vertices of the quadrilateral to be the "points" of the grid. In 

our approach to the two-dimensional problem, we will use rectangular cells broken 

down into triangles. Explanation for why this is done will be given later in this 

chapter as well as in Chapter III. 

Several methods of grid generation include the algebraic grid generation tech

niques (interpolation techniques), Delaunay triangulation approach, and the mapped 

grid generation techniques. A comparison of these methods leads one to conclude 

that each method has its strengths and weaknesses and is useful in certain partic

ular cases. 

The first class of these techniques, the algebraic techniques, have, according 

to Knupp and Steinberg [14], been extensively developed to exploit their main 

strengths: direct control over grid mesh locations and expedient computation of the 

meshes when compared to some partial differential equation methods. A drawback 

to using these techniques is that they may not generate smooth grids (smoothness 

will be defined later in this section), with slope discontinuities occuring in the 

interior of the region. One of these methods, transfinite interpolation, tends to 

fold grids on some non-convex regions. A grid is said to be "folded" when one or 

more of its grid cells is folded, that is, when one or more of the grid cell areas or 

volumes has become negative. Another of the techniques, Eiseman's multisurface 



method [10, 11], gives "precise grid control" in that properties of a grid can be 

completely specified within a local region independent of other areas of the grid. 

This allows one to embed grids within one another. Overall, the relative speed with 

which grids can be generated makes algebraic grid generation a highly successful 

technique used in three-dimensional grid generation. 

The second of these methods, Delaunay triangulation, is a widely used method 

in Finite Element Analysis. This method is designed to reduce user interaction 

and is thus considered to be an "automatic" method for generating grids [18]. The 

method requires topological information about the system and a more sophisti

cated geometric representation than do mapped mesh generators, which will be 

discussed later in great detail. One shortcoming of this technique is that only tri

angular elements in two dimensions and tetrahedral elements in three dimensions 

are produced. In some grid generation applications quadrilateral elements are pre

ferred for two-dimensional meshes and hexahedral elements for three-dimensional 

meshes because they give more accurate and efficient results than those generated 

using elements of different shapes [16]. In general, Delaunay meshers yield poor 

results when used as hexahedron grid generators. Methods of fusing together pairs 

of triangles to create quadrilateral elements have been developed in two dimen

sions, but the problem remains in three dimensions, so it may be some time before 

significant advances will occur for that Ccise. 

The final family of methods we will discuss are the mapped mesh generation 

techniques. The techniques used in the solution to our problem fall into this class. 

A major advantage of mapped mesh generation techniques over other methods, as 

described in Brauer [3], is that they may be used to create quadrilateral elements 

in two dimensions, and hexahedral and pentahedral elements in three dimensions. 

Thus, the use of this method will not yield the poor results that the Delaunay 

methods sometimes produce when used as a quadrilateral or hexahedral mesher. 

Another advantage is that mapped mesh generation techniques can generate non-

folded grids for some regions which the algebraic techniques cannot. One disad

vantage, which in turn leads to more user interaction, is that the mesh pattern 

must be known before starting the generation process [18]. 

The technique that will be used in this paper is the mapped grid generation 

procedure. In this approach, a grid is generated on some region A called the logical 



space. The grid generated on this region A is called the reference or starting grid. 

Some authors refer to the grid generated on A as the logical grid and make a 

distinction between logical and reference grid. We will not. The reference grid 

is then mapped (transformed) to the physical region which describes the problem 

(see Figure 2.1). This physical region will be called the physical space Cl. The 

mapping onto the physical space forms a grid of the space, thus the technique is 

called mapped grid generation. In the case we will study, the reference grids will 

be squares mapped to regions in the physical space. Thus, for the grids we discuss 

both A and Q, will be limited to subsets of the Euclidean space R^. Beginning 

with reference grids that are squares makes it relatively simple to make precise 

implementations of any numerical boundary conditions imposed on any problem 

which our grids describe. Throughout this paper we use the symbols ^ and 77 to 

represent coordinates in the logical space A, and x and y to represent coordinates 

in the physical space CI. 



T l 

transformation 

^ 

logical space 

A 
physical space 

Figure 2.1: Reference Grid and Target Grid 



One of the main goals of mapped grid generation is to find ways of generating 

grids that work well for a particular problem. Of course, any good grid generation 

algorithm should be accurate and efficient. There are some generalized properties 

that make a grid computationally useful with respect to these attributes. First, 

the grid should be chosen so that the transformed hosted equations, i.e., those 

equations which model the physical problem, do not become over-complicated. 

Second, the transformation should never cause the grid to fold, that is the Jacobian 

of the transformation should never be zero at any point. Pictorially, a folded target 

grid can be thought of as a grid where (1) at least one of the grid points has been 

mapped from the reference grid to a point outside of the physical region to be 

described or (2) two or more points in the reference domain are mapped to the 

same point in the physical region or both. When one of these cases occurs, many 

of the mathematical and physical properties of the hosted equations under the 

transformation are not preserved. Thus, it is paramount that the mapping from 

the reference grid to the target grid be one-to-one. 

A third significant property that makes a grid useful is grid smoothness. A 

smooth grid is one where spacing between the grid points varies uniformly. The 

approximation error of the hosted equations depends directly on grid spacing as 

well as the rate-of-change of grid spacing, so obtaining smooth grids is paramount 

for minimizing numerical error. One method of grid smoothing is to adjust the 

coordinates of a grid point so that they become the numerical average of the 

adjacent grid point coordinates. This method works well on convex regions, but 

has problems on non-convex regions, so other techniques have been initiated to get 

around this problem. 

Another desirable property for grids to have is orthogonality. According to 

Steinberg and Roache [20], a grid is nearly orthogonal when the cosines of the 

angles between the grid lines are approximately zero. They actually quantify this 

grid-quality measure by taking a deviation of the cosines of the angles from zero. 

As in the case of smoothness, orthogonal grids reduce the approximation error in 

numerical calculations. Also, the transformed hosted equation has fewer terms 

and it is easier to represent boundary conditions when the grids are orthogonal 

as opposed to being nonorthogonal [14]. However, one major disadvantage of 

producing orthogonal grids exists. According to Eiseman [9], orthogonal grids 
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only exist for planar regions and thus it is not possible for many grids to achie\'e 

orthogonality. 

Many of these grid-quaUty measures will be explored further in the next section, 

which provides some groundwork for our technique. 

2.2 Previous Methods of Mapped Grid Generation 

In this section we will present some previous techniques of mapped grid gen

eration and some useful grid-quality measures used in the techniques. These grid-

quality measures are given in terms of functionals which are based on geometrical 

properties of the grids. We will consider functionals of both the continuous and 

discrete variety. 

Winslow [22] uses the smoothness functional 

Is = Jl{\\^ay\\Vr,f)dxdy (2.1) 

to generate grids. His approach to obtain the grid which minimizes Is is to numer

ically solve the Euler-Lagrange equations for this smoothness functional. Brackbill 

and Saltzmann [2] extend Winslow's method to take into account grid-quality 

measures of orthogonality and uniform area of the grid cells. They introduce two 

orthogonality functionals, namely: 

Io = j jjyi-^r]fdxdy (2.2) 

and 
K = j jjyi-'^nfJ'dxdy. (2.3) 

Their functional for controlling the area of the individual grid cells is given by 

h = j I wJdxdy, (2.4) 

where J = x^Xjj — y^yn and w{x, y) is a given function. They consider each of these 

functionals along with Winslow's smoothness functional. Of all of the functionals, 

only Winslow's functional alone attains a unique minimum. In order to obtain 

a unique minimum while still considering grid orthogonality and grid cell area, 

Brackbill and Saltzmann found that they could minimize the functional 

/ = /5 + Aa/a + A X Aa>0, A'̂  > 0. (2.5) 
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Their minimization technique is identical to Winslow's except that they inter

change independent and dependent variables in order to minimize / . Under this 

change of independent and dependent variables the functionals become 

= / / . 

la = J J wJ'^d^dTj (2.7) 

I'o = J l^{x^x,-^y^y,)'d^drj. (2.8) 

with J and w(x,y) as before. 

Steinberg and Roache [19] later proposed a new set of grid-quality control func

tionals, namely: 

Smoothness functional: 

Area functional: 

Orthogonality functional: 

= j j^{\\Vxr + \\Vyf)d^dr^ (2.9) 

i^=ffj^d^dr] (2.10) 

o = / J^i^^^rj + yiyrj)^d^d7]. (2.11) 

All of the computational work by Steinberg and Roache is done in the logical 

space, while the grids are generated in the physical space. They find the Euler-

Lagrange equations associated with each of these integrals and, as has been done 

in the techniques discussed previously, obtain a discrete mapping from the logical 

space to the physical space by solving the finite-difference approximation to the 

E-L equations. Qualitatively, they determine that of their three quality measures, 

area control is the most important, followed by length (smoothness) control, and 

finally orthogonality control. They explore the usage of each of these controls 

individually to obtain grids and give an appropriate linear combination of these 

integrals to obtain the "best" grid for their physical region. Their introduction of 

a reference grid prevents the folding of grids caused by length control. As noted 

previously, we will use this idea of a reference grid in our work for similar purposes. 



Now we will discuss techniques based on discrete-type functionals. One stan

dard method of mapped grid generation involves generating a grid on a physical 

region by creating a reference grid composed of quadrilaterals, points, and lines, 

and moving the points of the reference grid to minimize some function of the com

ponent pieces of the mesh with the restriction that the boundary points of the 

starting mesh be mapped to the boundary of the target mesh. This method is 

employed by Kennon and Dulikravich [12], Cststillo [7], and Nunn [17]. These and 

other previous applications of mapped grid generation lay the foundation for the 

work discussed in this paper, as our method is an extension of these ideas. We 

now give a brief synopsis of these other techniques. 

Kennon and Dulikravich introduce two discrete grid quality measures, a smooth

ness measure and an orthogonality measure. Each of the measures is defined in 

terms of position vectors originating from a central grid point {xij,yij). They 

consider the problem of optimizing a master cell composed of four smaller base 

cells (see Figure 2.2). The master cell is constructed by connecting the grid points 

with straight line segments defined by the vectors: 

ri+i,j = {xi+ij - Xij)i + (yi+ij - yij)i (2.12) 

ri,j+i = (xij+i - Xij)i -\- (yij+i - 7/ij)j (2.13) 

ri-i,j = (xi-ij - Xij)i -f (yi-ij - yij)j (2.14) 

ri,j-i = (xij^i - Xij)i + (yij.i - 2/ij)j. (2.15) 

The smoothness measure is given in terms of the areas of each of the grid cells and 

a smooth grid is defined as one with minimal change in cell area from one grid cell 

to the next. Quatitatively, the smoothness measure is: 

aij = (A, - A2)' + (A2 - A^)' + (A, - A,)' 4- (A, - A,)' (2.16) 

where Am is the area of the m-th base cell formed by taking the cross products of 

the local position vectors. For instance, 

Ai = \{Ti+i,j X Tij+i)\ = \xi+ijyij+i - yi+ijXij+i\. (2.17) 

The orthogonality measure is constructed from dot products of the position vectors 

originating at the central grid point and is given by 

Pij = ( r ^ i , ; • Tij+i)^ + (Tij.i • ri+i,j)2 -h (n.ij • ri,,_i)2 + (^j^, . Ti.,j)\ (2.18) 
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They minimize a linear combination of these two-dimesional grid-quality measures 

to achieve very good results for several meshes which were previously considered 

as difficult to grid. The linear combination is given by: 

f = EE ^£i£ + (^l _ a)-^^] , 0 < a < l . (2.19) 

They also demonstrate that their method can be used to unravel some two-dimensional 

and three-dimensional folded grids. Finally, they discuss the three-dimensional 

case, introducing two measures of smoothness as well as an orthogonality mea

sure. One of the smoothness measures is the three-dimensional analog of their 

two-dimensional smoothness measure and the other is a functional which is appar

ently more computationally efficient than the aformentioned measure. These are 

given below as equations (2.20) and (2.22). 

C7i,j,k = {Vi - V2)' + (̂ 2 - Vs)' + (F3 - V,)' + (^4 - V l̂)' 

+(^5 - Ve)' + [Ve - V7)' + (V-r - Vs)' + (Vs - Vs)' 

+(Vi - 1̂ 5)' + (̂ 2 - Ve)' + (Vs - Vj)^ + (V, - Vg)' (2.20) 

where, for instance, 

Vi = \{ri,j,k+i • (rt+i,i,Jt X Tij+i,k)\. (2.21) 

Pi,j,k = (ri+i,i,fc • ri,j+i,fc) + {Ti,j-i,k • ri+i,j,fc) + {ri-i,j,k • ^ij-hk) 

+ (ri,j+l,fc • Ti-iJ.ib)^ + {Ti+l,j,k • T^i,j,k-l)^ + {^i,j-i,k • ^i,j,k-l)^ 

+(ri-i,j,fc • ^i,3,k-\) + (ri,j+i,fc • ^i,j,k-\) + \Ji+\,j,k ' rij,k+i) 

-^{Tij-i,k • rij,jfc+i)̂  + (rt-i,i,fc • rij,k+i)^ + (rt,j+i,fc • rij^k+i)^- (2.22) 

The orthogonality functional is just the three-dimensional extension of their two-

dimensional measure, or: 

Pi,j,k = i.^i+hj,k ' T^i+i,j,k) + (ri,i-i,fc • T^i,j-i,k) + (ri-i,i,fc • ri_ij,fc) 

+(rij+i,jfc • Tij+i^k) + (rrj,fc+i • T^i,j,k+i) + {^i,j,k-\' T^i,j,k-i)' (2.23) 
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(xi-i,i, yi+i.i) 

(xi.i+1, yu+i) 

(xi+i,i, yi+i.i) 

(xi,)-i,yi,i-i) 

Figure 2.2: Master Cell in method of Kennon and Dulikravich 
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Castillo, in a series of papers[4, 5, 6, 7, 8], presents a set of three different 

discrete grid quality measures from those of Kennon and Dulikravich. As in the 

method of Kennon and Dulikravich, the measures are derived directly from the 

discrete geometry of the region. Motivation for this new technique was provided 

when it was found that some previous techniques produced folded grids in some 

cases [4]. Castillo defines his smoothness measure by 

Cs = ESij, (2.24) 
D 

where Sij is 

Sij = (xi+ij - Xi^jf + (2/i+ij - yi^jf + {Xi+i,j+i - Xi+ij)2 

+(2/z+i,j+i - Vi+hj)'^ + [xij+i - Xi+ij+i)^ 

HVid+i - Vi+hj+i)^ + {xi,j - Xij+i)^ + (yij - yi,j+if (2.25) 

taken from the oriented quadrilateral Pij,Pi+ij, Pi+ij+i,Pij+i (see Figure 2.3). 

D indicates that we are summing over all the polygons which comprise the mesh. 

The functional has the constraint 

I][(a^i+iJ - ^i^j) + (2/i+i,j - yi,j) 
u 

+ (^t+l,j+l - ^i+l,j) + {yi+l,3+\ - 2/t+l,j) 

+ {Xi,j+l - Xj+ij+i) + (2/z,j+l - 2/i+ij+i) 
+ f e j - Xi,j+i) + (yi,j - 2/i,j+i)] 

= Ci, for some constant Ci, (2.26) 

placed on it. One can see that the functional is broken down in terms of the 

lengths of the horizontal segments between the grid points and the lengths of the 

vertical segments between the grid points, thus allowing directional control over 

the lengths of the grid segments. He shows that this smoothness functional attains 

a unique minimum on the set where it is defined. 
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Pi,]+i = (Xi,j+i, yi,j+i) Pi+1,j+1 = (Xi+1,j+1, yi+1,j+l) 

Pi.j = (Xi.j, yi,j) Pi+i. j = (Xi+i,j, yi+i.j) 

Figure 2.3: The oriented polygon Pij, Pi+ij, Pi+ij^i, Pij+i 
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The functional for area control is simply the sum of the squares of the grid cell 

areas, or 

CA = Y.Ah, (2.27) 
D 

where Ai^j is the area of the (i, j)-th cell. Castillo places the constraint ^ Ai^j = C2, 

where C2 is constant, on this area functional. In one case which is difficult to grid, 

a horseshoe-shaped region similar to the one illustrated in Figure 2.4, pure length 

control folds the grid near the bottom edge and pure area control produces non-

convex cells near the edge. Knowing this, he uses a linear combination of the two 

measures to obtain an unfolded grid with cells which are convex. He also shows 

that his method works for a horn-shaped region which we will also consider in this 

thesis. In another paper [6], Castillo presents an orthogonality functional which is 

given by 

Co = T,Olp (2.28) 
D 

where Oij is the dot product of the two vectors whose origin lies at the (z, j)-th 

grid point. In other words, if the oriented quadrilateral is defined as before (see 

Figure 2.3), then the orthogonality functional can be broken down as the sum of 

all the lower left angles in the cells, the lower right angles in the cells, the upper 

right angles in the cells, and the upper left angles in the cells. For instance, the 

sum of all of the lower left angles in the cells would be given by OLL = H 5 Z ^Ij^ 
i 3 

where Oi^j = (Pi+i,j - Pi,j) • iPi,j+i - Pi,j)- This allows the user to place more 
control over those angles needing the most adjustment. 

Having all three functionals, Castillo now minimizes a weighted combination 

of them, namely: 

C = aCs-^ hCA + cCo (2.29) 

where a + 6 -hc= 1, a > 0, 6 > 0, c > 0. 
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Figure 2.4: A Horseshoe-Shaped Region 
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He achieves good results for a variety of shapes. However, there exist some grids 

for which using this linear combination causes problems. One example of this is 

given by Berrera and Perez [1], who use Castillo's functional to attempt to produce 

a convex grid, i.e., a grid where all of the cells are convex, of Habana Harbor. The 

functional failed to produce a convex grid in that case. Other examples of non-

convex regions which are considered difficult to grid due to a grid-folding problem 

are given by Knupp and Steinberg [14]. Nunn [17] has addressed this problem 

by introducing a new functional which, using a minimization technique similar to 

those employed by Kennon, Dulikravich, and Castillo, can independently generate 

smooth, non-folded grids in two or three dimensions. 

The last of the previous techniques to be presented is Nunn's method, which 

will be discussed in some detail because the new methods applied in this thesis are 

based directly upon this method. Nunn's method begins with a reference mesh 

composed of triangles because the functional to be minimized is defined as a sum 

of functions, with each function being defined on a single triangle. However, the 

standard reference mesh in two-dimensional mapped grid generation is composed 

of quadrilaterals, so the reference mesh in this case can be considered as made up 

of quadrilaterals, with each quadrilateral broken into two triangles (see Figure 2.5). 

Thus, an individual quadrilateral is folded when one of its two triangles is folded. 

The main difference between Nunn's method and other methods used in the past 

is that Nunn's method is the first mapped grid generation method where the func

tional to be minimized is based upon triangles instead of quadrilaterals. Nunn's 

grid-quality measures differ in this manner also. In order to develop a grid-quality 

measure to handle smoothness, Nunn considers the lengths of all three sides of each 

triangle. This is in opposition to Castillo's method of considering only the sides 

of the quadrilateral, thus leaving out the diagonals of the quadrilateral. Similarly, 

the grid-quality measure of uniform area is handled by Nunn by computing the 

area of each triangle as opposed to the area of quadrilaterals for Castillo and oth

ers. These differences are illustrated in Figure 2.6, where one quadrilateral from 

Nunn's method is shown versus one quadrilateral from Castillo's. 
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T l 
(2,0) 

(0,1) 

(0,0) 

(1.2) 

(1,0) 

(2,2) 

(2,1) 

(2.0) ^ 

Figure 2.5: A Standard Reference Mesh with Triangular Division 
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(X1.2, yi.2) (X2.2, y2.2) (xi,3, yi,3) = (X2.3, ^2,^) (X2.2, y2.2) 

( x i . i , y i . i ) (X2.i,y2.i) ( x i . i , y i . i ) (xi,2, y i . 2 ) = (X2.1, y2.i) 

Castillo Nunn 

Figure 2.6: First cells from Castillo's method and Nunn's method 
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In this construction, Nunn breaks the reference grid points into two mutually 

exclusive categories: the set of points /? which lie on the boundary of the mesh and 

the set of points F which are interior to the mesh. Each of the rectangles making 

up the mesh is a square, so the reference grid points are evenly spaced. Beginning 

with a square reference mesh with n points on each horizontal boundary and m 

points on each vertical boundary there will be 2n -I- 2m — 4 boundary points on the 

mesh. Thus, there are nm total points in the triangulation of the rectangle, and 

2(n — l)(m — 1) total triangles. Therefore, there are nm — (2n -f 2m — 4) interior 

points in the triangulation. The following notation is used by Nunn: 

/ij(r, (5) will denote the length of the j - th edge of the i-th triangle. 

ai(r, (5) will denote the area of the i-ih traingle. 

Now, Nunn considers the i-ih triangle and defines a function Si^t on that trian

gle. If the vertices of the triangle are labeled (a;i,i,?/i,i), (xi^2,yi,2), and (2:1,3,2/1,3) 

then we can easily determine the lengths of the three sides as follows: 

ki = ^/{Xi,2 - X M ) 2 + {yi,2 - yi,if (2.30) 

k2 = yj{xi,3 - Xi,2)' + (2/i,3 - 2/i,2)2 (2.31) 

/i,3 = y/ixi,i-Xi,3)^-^(yi,i-yi,3)\ (2.32) 

so that each triangle has a counterclockwise positive orientation. Using this nota

tion, the area of the i-th triangle is given in terms of the following determinant: 

1 
2 

Xi,i yi,i 1 

Xi,2 yi,2 1 

Xi,3 yi,3 1 

(2.33) 

In the algorithm, the values of the lengths of the sides of the triangles and the 

areas of the traingles are determined iteratively. The function Si^t which Nunn 

defines is given by: 
/2 4 - /2 -1-/2 

(2ai) 

Now, summing over all of the triangles he obtains the functional to be minimized: 

2(m-l) (n- l ) 

St= E ^i^t- (2.35) 
t=i 
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The denominator of this functional tends to make the physical grids non-folded 

with uniform areas, while the numerator causes the grids to be smooth. The func

tional (2.35) can be used to generate smooth, non-folding grids in two dimensions. 

Thus, for a given set of boundary points (3, a local minimum of St can be found 

with p fixed. That is, for a known target region, the points on the boundary of the 

reference mesh are mapped to points on the boundary of the target region. Then 

the problem is to find the set of interior points of the target region which minimize 

(2.35). Thus, there will be nm - (2n + 2m - 4) points to be found. 

The minimization technique used in this case is a conjugate gradient algorithm. 

Nunn has developed an analogous functional for handling three-dimensional phys

ical grids. For both functionals Nunn show that if one begins with a non-folding 

mesh for a particular boundary shape, it is assured that the functional will have a 

non-folding minimum in the convex set where the functional is defined [17]. How

ever, problems arise in Nunn's technique since care must be taken to start the 

search for the minimizing mesh at a grid which is itself non-folded. If the target 

region is not geometrically close enough to the reference domain to find the op

timal grid using this technique, then the boundary can be moved in small steps 

with St being minimized at each step. This approach is costly with respect to 

computational time. The techniques used in this thesis are designed to alleviate 

this problem and allow the user to begin the search for the optimal grid with a 

mesh that is non-folded. 



CHAPTER III 

NEW TECHNIQUES FOR MAPPED GRID GENERATION 

In this chapter we will give an overview of the two-dimensional algorithm which 

was used in constructing the grids. A second, alternative form of the algorithm 

will also be illustrated. Finally, we will show a simple example to further illustrate 

how our algorithm works. 

3.1 The Algorithm 

The algorithm is similar to Nunn's technique, but eliminates the problem of 

having to start with a non-folded mesh on the non-convex region and allows the 

user to start with a mesh that is folded. Again, we will begin with a reference 

mesh composed of squares broken down into triangles. This will , as in Nunn's 

technique, make the nodal grid points evenly spaced. However, it is possible to 

begin with unevenly spaced nodal points. To be consistent with the notation 

used in this paper, the reference domain will be called A and the target region 

Q. The construction of the reference mesh and the notation used in our technique 

are identical to that used in Nunn's method (see previous chapter), so it is not 

necessary to restate them. Thus, our functional will be defined with these ideas in 

mind. 

If lij and tti represent the quantities discussed in Nunn's method, then define 

the function on the z-th triangle to be: 

/2 1 / 2 I /2 

{2ai + e) 

where t and e are parameters used to control grid-quality properties and to elimi

nate folded triangles. When the summation over all of the triangles in the reference 

space is taken, the functional 

2(m-l ) (n- l ) 2(m-l)(n- l ) 72 , /2 , ;2 

is obtained. Recalling Nunn's functional (2.35), one can easily see that if the 

area of the i-th triangle a, is negative or zero, then the functional will behave 
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asymptotically. If this is the case, then at least one of the grid cells composing the 

mesh is folded. Intuitively, we can circumvent this problem by giving a quantitative 

value to e based upon all of the triangles. Thus, we choose 

^ ^ 1 (l + 6)\mini(2ai)\ if 2a, < 0 

1 0 otherwise, 

where (5 > 0 is a user-specified parameter. Next, we will minimize the functional 

(3.2) for a given set of boundary points F of the reference grid, repeating this 

minimization several times for new values of e. e either begins with a value of 

0 (if ttj > 0 for all i) or after each iteration mini(2ai) will increase in value, so 

that e —> 0. To numerically minimize our functional, we use the Polak-Ribiere 

conjugate gradient technique with a golden section line search [13]. We restrict 

the line search to the region where e -h 2ai > 0 for each i. We will not dwell on the 

details of the conjugate gradient algorithm, but refer the reader to Luenberger [15]. 

However, it is interesting to discuss what occurs if we look at a series of points on 

a line for a simple example such as the one in the next section, showing that Ft 

does attain a minimum. 

An alternative way of getting around the problem of having to begin with a 

grid that is non-folded is to replace 2^ in Nunn's functional (2.35) with its Taylor 

series expansion. Applying this idea, equation (2.35) becomes 

2(m-l ) (n- l ) 2(m-l ) (n- l ) •" / _ . .\ t•^ 
(fi +;2 , .2 W f (-l)^(2ai-a)^ 

i=l 0^^' 
(3.4) 

for some a , some positive integer p, and t defined as before. Thus, we can now 

minimize (3.4) to generate our physical grid. The same minimization techniques 

that were applied in the first case can be applied here, although some care must 

be taken when choosing values of a, t, and p. For the case considered in this thesis 

we let t = 0.2 initially and after each iteration of the conjugate gradient technique 

increase t in value by 0.2. a is chosen to be some function of the average areas of 

all of the triangles, as we will see in Chapter V. In general, we have found that 

the expansion method works best when p is an even positive integer. In equation 

(3.4), the Taylor expansion tends to make the grids non-folded while the sum 

of the lengths of the triangles causes the grids to be smooth. It should also be 
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noted that convergence of the Taylor algorithm is somewhat slower than the e-t 

algorithm, perhaps due to the iterative process that is used to obtain the Taylor 

series expansion of 2^. 

3.2 An Example Using the Algorithm 

As mentioned previously, in this section we will present an example which 

further illustrates the usage of our algorithm to build grids on non-convex regions. 

Recall that the basic technique we use begins by creating a reference grid composed 

of quadrilaterals (squares), points, and lines. The points of the reference grid are 

then moved to minimize some function (in this case Ft) of the points interior to 

the target mesh obtained when the condition is applied that the boundary points 

of the starting mesh be mapped to the boundary of the target mesh. That is, we 

will minimize some function Ft of the interior points of the target mesh to obtain 

our optimal grid after the points from the boundary of the reference mesh have 

already been mapped to the boundary of the target mesh. With this in mind, the 

choice of our mapping should depend on the boundary of the physical region to be 

described. 

We begin by creating the reference mesh for 0 < ^ < 2 and 0 < 7/ < 2. Again, 

each of the squares of the reference mesh are broken up into two triangles since the 

functional Ft is a function of component triangles. The reference mesh is illustrated 

in Figure 2.5. We will use this reference grid to generate a grid on the physical 

region for the simplest case of the arch-shaped region shown in Figure 2.4. For this 

simple case, our final grid will have 2n-\-2m- 4 = 2(3) + 2(3) - 4 = 8 boundary 

points and, of course, nm = 3(3) = 9 points in the total triangulation. Thus, there 

is nm — (2n -I- 2m - 4) = 1 interior point in our final grid. The triangles in the 

reference mesh are labeled so that they can be compared with their corresponding 

triangles in the target grid once the algorithm has been completed (see Figures 2.5 

and 3.23). Similar examples to the ones described here are given in Steinberg and 

Roache [21] and Castillo [4, 21], but are used for different purposes than ours. 

Next, we map the boundary points of the square grid to the boundary of our 

target grid. This leaves the one interior point from the reference grid which will 

be moved to the interior of the horseshoe to give it its optimum shape. The 

coordinates of each of the points pi through pg are given in Table 3.1 along with 
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the coordinates of their corresponding points in the reference space. Now, we must 

determine the coordinates of the free point (3:5,2/5) which optimize Ft to give us our 

final grid. For this example, we will first look at a series of points on a line. This is 

done because this series can easily demonstrate that Ft attains a minimum value 

within our physical region. As the point moves, we will observe what happens to 

X — aSJFt for some a as a is increased from the initial value a = 0. A series of 

pictures is illustrated in Figures 3.1 - 3.16 showing the progression of this point 

along the line. Note that the values of the grid-quality parameters in Ft for this 

example are t = 1.0 and 6 = 0.5 (recall that b determines e). For convenience, 

OL is taken in a step size of 0.009731301641. Table 3.2 gives the values of Ft for 

progressively higher values of a. These values are also given below each picture 

in Figures 3.1 -3.16. From the table it is seen that Ft decreases until it reaches 

a minimum value and then increases once it has passed the point where it is a 

minimum. We allow the sequence to go past the point where Ft is a minimum to 

illustrate how Ft behaves as we approach the boundary of the triangular region 

(horseshoe). Ft continues to increase in value until the progression reaches a point 

just outside of the triangular region and Ft becomes undefined. The addition of 

e into Nunn's functional (2.35) to give Ft appears to extend the region where 

(3.2) is defined to just outside of the triangular region. Ft becomes undefined 

when 2ai -I- e < 0 for some z, as opposed to (2.35) which becomes undefined when 

2ai < 0. Even if the progression moves the point to just outside of the triangular 

region (where 2af < 0 for some i), 2ai -f e can still be positive and Ft will still be 

defined. Therefore, Ft will not become undefined until 2ai + e < 0 for some i. 
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Table 3.1: Coordinates of the grid points for the reference and target grids 

i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

te,7/i) 
(0,0) 

(1,0) 
(2,0) 

(0,1) 
(0,2) 

(2,1) 
(0,2) 

(1,2) 

(2,2) 

Pi = {xi,yi) 

(0,0) 

(1,0) 

(2,0) 

(3,3) 

(X5,y5) 

(3,1) 
(6,0) 

(5,0) 

(4,0) 
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Table 3.2: Values of the functional Ft obtained when moving along a line 

i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

a 

0.0 

0.009731301641000 

0.019462603282000 

0.029193904923000 

0.038925206564000 

0.048656508205000 

0.058387809846000 

0.068119111487000 

0.077850413128000 

0.087581714769000 

0.09731301641000 

0.10704431805100 

0.11677561969200 

0.12650692133300 

0.13623822297400 

0.14596952461500 

Ft 

32.553187313124 

26.818846162261 

23.736856111570 

21.982752372003 

21.070608160536 

20.783631968925 

21.020516417493 

21.747238302212 

22.990180766952 

24.865073748121 

27.685403356836 

32.378934801686 

42.933043639157 

129.46253152240 

undefined 

undefined 
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2 . 5 

1 . 5 -

Figure 3.1: Point on the line corresponding with OL 

Ft = 32.553187313124 

= 0.0 and 



s 
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^ 

Figure 3.2: Point on the line corresponding with a = 0.0097313016410000 and 

Ft = 26.818846162261 
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9S 
« 5 

Figure 3.3: Point on the line corresponding with a = 0.019462603282000 and 

Ft = 23.736856111570 
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2 . 5 

1.5 

0 . 5 

Figure 3.4: Point on the line corresponding with a = 0.029193904923000 and 

Ft = 21.982752372003 
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2 . 5 -

1.5 

0 .5 

Figure 3.5: Point on the line corresponding with a = 0.038925206564000 and 

Ft = 21.070608160536 

- , . j 
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Figure 3.6: Point on the line corresponding with a = 0.048656508205000 and 

Ft = 20.783631968925 
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oe 

Figure 3.7: Point on the line corresponding with a = 0.058387809846000 and 

Ft = 21.020516417493 
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Figure 3.8: Point on the line corresponding with a = 0.068119111487000 and 

Ft = 21.747238302212 
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Figure 3.9: Point on the line corresponding with a = 0.077850413128000 and 

Ft = 22.990180766952 
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Figure 3.10: Point on the line corresponding with a = 0.087581714769000 and 

Ft = 24.865073748121 
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Figure 3.11: Point on the line corresponding with a = 0.097313016410000 and 

Ft = 27.685403356836 
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Figure 3.12: Point on the line corresponding with a = 0.10704431805100 and 

Ft = 32.378934801686 
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Figure 3.13: Point on the line corresponding with a = 0.11677561969200 and 

Ft = 42.933043639157 
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Figure 3.14: Point on the line corresponding with a = 0.12650692133300 and 

Ft = 129.46253152240 



41 

Figure 3.15: Point on the line corresponding with a = 0.13623822297400 and Ft 

is undefined 
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Figure 3.16: Point on the line corresponding with a = 0.14596952461500 and Ft 

is undefined 
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In this example we also wish to show that through successive golden section 

line searches applied to the conjugate gradient technique, we obtain a non-folded 

(optimal) grid for this simple arch-shaped region. Illustrated in Figures 3.17 - 3.23 

are pictures for several iterations of the conjugate gradient technique applied to 

this region, showing how the free point and triangles are moved until we obtain 

our final grid. The final grid is illustrated in Figure 3.23, where the triangles are 

labeled to correspond with the respective triangles from the reference grid. In 

the results section later in this thesis we will show several optimal grids we have 

obtained using this technique on more complex regions. 
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Figure 3.17: Conjugate Gradient Technique with Ft = 20.783430574257 
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Figure 3.18: Conjugate Gradient Technique with Ft = 19.778717014893 
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2 . 5 -

Figure 3.19: Conjugate Gradient Technique with Ft = 19.743436467681 
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Figure 3.20: Conjugate Gradient Technique with Ft = 44.593781390492 
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Figure 3.21: Conjugate Gradient Technique with Ft = 44.439757858367 
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2 . 5 

Figure 3.22: Conjugate Gradient Technique with Ft = 72.075236832624 
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Figure 3.23: Conjugate Gradient Technique with Ft = 71.419078047844 



CHAPTER IV 

A UNIQUE MINIMUM OF Ft FOR A SPECIAL CASE 

In this chapter we will show that for a very simple case, the functional Ft attains 

a unique minimum. In order to prove this, we will make use of the idea from convex 
function theory that if a convex function on a convex set has a minimum value, 

then the minimum is unique. Now we will present the statement and proof of our 

result. 

Theorem: Let t\pip2P3 denote a triangular region with fixed vertices pi = 

{xi,yi),i = 1,2,3 and let p^ = (2:4,2/4) be a non-fixed point interior to AP1P2P3 

(see Figure 4.1). There is a unique minimum for the functional Ft when t = \ and 

e = 0 as long as ^4 remains within ApiP2P3. 

Proof: To prove that Ft, t = l and e = 0, attains a unique minimum on 
ApiP2P3, we must show that 

(1) Apip2P3 is convex 

(2) a minimum exists for Ft within ApiP2P3 

(3) Ft is a convex function on Apip2P3 

(1) is clear. (2) is also clear since as the non-fixed point p4 approaches any of 

the boundaries of the triangle. Ft increases without bound. To show (3), we may 

write Ft as a sum of three functions, where each function is a function of only one 

of the triangles contructed interior to ApiP2P3 with p4 as a vertex. If we can show 

that one of the functions is convex within ApiP2P3, then our functional will be 

convex since the sum of convex functions is a convex function. Consider a function 

/ of one of the triangles which is given below in equation (4.1). 

•' -xg Vi+a:^ Vl+ij y2-=̂ .< V2-X1 y^+xg v̂  \y'^) 

We will show that / is convex by showing that the Hessian of / is positive 

definite. To do this, it suffices to show that the /ii j element of the Hessian matrix 

is positive and the determinant of the Hessian is positive. The Hessian is given in 

equation (4.2). 
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H = ^1,1 ^1,2 

^2,1 ^2,2 

4 n i n 2 — 2n.Tn4 
( 2 a i ) 3 ( 2 a i ) 3 

—2n.-}n4 4/157X2 

(2ai)3 (2ai)3 J 
(4.2) 

where 

ni = y2^ + ?// + t/i^ -y2y4 - yi y2 - yi y4 (4.3) 

712 = ?//̂  - 2 ?/; 2/2 - 2a:̂  xg + ys^ -f- a;̂ ^ + a;;̂  (4.4) 

^3 = ^i^ - 2 ?// y^ - 22;; xg + yg^ -f xg^ + a;/̂  (4.5) 

riA = -xi y2-xi y4+2xi yi-\-2x4 y4-X4 y2-X2y4+2x2y2-X2yi -X4 yi (4.6) 

n^ = X2 -\-X4 -^xi - X2 X4 - X1X2- xj X4 

1 , 
tti = ;̂  (~^2 yi +^4yi -^ ^1 y2 -X4y2- xi y4 -\-x2y4) 

(4.7) 

(4.8) 

Consider the numerator of /ii,i, that is 4nin2. Now, ni > 0 since it can be 

factored into: 

ni = -[(2/2 - 2/4)' + (2/2 - 2/1)' + (2/4 - 2/1)']. (4.9) 

If ni = 0, then 2/1 = 2/2 = 2/4 and the vertices of the ApiP2PA would lie in a line, 

which would fold the grid. Thus, ni > 0. Now, 722 readily factors into 

712 = (xi - X2f + (2/1 - 2/2)^ (4.10) 

which implies that 712 > 0. However, 712 7̂  0 since if 712 = 0 it would imply that 

Pi = p2 and ApiP2P4 would collapse. Thus, 712 > 0. The denominator of hi^i, 

(2ai)^, is positive since it is just the cube of twice the area ai of the triangle, and 

within the triangle Pi,P2,P3 area was defined to be positive. Thus, hi^i > 0. Now, 

consider the determinant of the Hessian matrix H, which is given by 

/ii,i hi^2 

/i2,i ^2,2 

2\2 12 (yr -2yj y2-\-y2 -^ X2^ - 2 Xj xs + x^) 

(x2 yi -X4yi - xi y2 -\-X4 y2-h xj y4 - X2 y4y 
(4.11) 

The denominator is positive by our previous reasoning about the area of the tri

angle (it is just a |) and the numerator is positive since it is 1271 ,̂ where TII > 0 

by equation (4.9). Hence, \H\ > 0 and Ft is convex on the triangle Pi,P2,P3. 

Therefore, our theorem is proved. 

file://-/-x2y4
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P3= (X3, ys) 

pi = (x i , y i ) 
P2 = (X2, y2) 

Figure 4.1: A triangular region Apip2P3 



CHAPTER V 

RESULTS FOR THE TWO-DIMENSIONAL CASE 

In this chapter we will present some of the physical grids generated by our new 
techniques. Examples will include the generation of meshes for an arch-shaped 
region, a horseshoe-shaped region, a clover-shaped region, and a peanut-shaped 
region. 

5.1 Grids Generated Using the e - t Method 

This section will be comprised of meshes generated using the e - t method for 

diff'erent values of e and t. For all of the meshes included in this section e is given 

by (3.3), so our displays will be listed for different values of 6. In general, for a 

fixed value of 6, the amount of time for the e - i algorithm to converge and give 

an optimal grid increases with increased t. Different values of 6 for which the 

algorithm converges do not effect the shape of the interior of the grid, thus we 

have chosen 6 = 0.5 in all of the results. The grids for the arch-shaped region 

and the horn-shaped region are comparable to those grids generated by Castillo 

[4, 5, 6, 7, 8]. All of the grids are non-folded and are relatively smooth. 

5.1.1 The Arch-Shaped Mesh 

Displayed in Figures 5.1 - 5.4 are grids of an arch-shaped region for varied 

values of 6 and t. Note that as t increases for fixed value of 6, the individual 

triangles decrease in size near the top boundary of the region, while near the 

bottom edge they increase in size. Also note how some groups of grid lines form 

more perfect half-ellipses for lower values of t than when t is larger. 

5.1.2 The Horn-Shaped Mesh 

In Figures 5.5 - 5.8 are the results of our algorithm applied to a horn-shaped 

region found to give many other grid generation algorithms trouble. Note that 

the triangles near the right edge of the region tend to become elongated cis t is 

increased for fixed 6. 
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Figure 5.1: The arch-shaped mesh for t = 1 and <5 = 0.5 
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Figure 5.2: The arch-shaped mesh for ^ = 1.4 and 6 = 0.5 
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Figure 5.3: The arch-shaped mesh for t = 1.7 and 6 = 0.5 
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Figure 5.4: The arch-shaped mesh for t = 2.0 and 6 = 0.5 
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Figure 5.5: The horn-shaped mesh for t = 0.3 and S = 0.5 
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Figure 5.6: The horn-shaped mesh for t = 0.5 and 6 = 0.5 
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Figure 5.7: The horn-shaped mesh for t = 0.7 and 6 = 0.5 
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Figure 5.8: The horn-shaped mesh for i = 1 and 6 = 0.5 
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5.1.3 The Peanut-Shaped Mesh 

Illustrated in Figures 5.9 - 5.12 are grids for a peanut-shaped region. Areas 

of the individual triangles tend to decrease as one moves from the boundary to 

the center of the peanut. Note also that as we increase t in value, the area of the 

smallest triangle in the grid increases. In general, convergence of the algorithm for 

this region is much faster than for the arch-shaped region, the horn-shaped region, 

or the clover-shaped region about to be presented. 

5.1.4 The Clover-Shaped Mesh 

Figures 5.13 - 5.15 show illustrations of grids for a clover-shaped region with 

four leaves. As in the case of the peanut-shaped mesh, increasing the value of t 

increases the area of the smallest triangle in the grid. The clover-shaped grid is 

probably not a very good grid for applications, but it illustrates the use of the 

algorithm to generate grids for highly non-convex regions. 
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Figure 5.9: The peanut-shaped mesh for t = 0.3 and 6 = 0.5 
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Figure 5.10: The peanut-shaped mesh for t = 0.5 and 6 = 0.5 
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Figure 5.11: The peanut-shaped mesh for t = 0.7 and 6 = 0.5 
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Figure 5.12: The peanut-shaped mesh for t = 1 and 6 = 0.5 
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Figure 5.13: The clover-shaped mesh for i = 0.7 and (5 = 0.5 
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Figure 5.14: The clover-shaped mesh for t = 1 and 6 = 0.5 
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Figure 5.15: The clover-shaped mesh for t = l.2 and 6 = 0.5 
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5.2 Grids Generated Using the Taylor Algorithm 

In this section we will show some meshes generated using the Taylor series 

expansion algorithm, varying t with each application of the conjugate gradient 

minimization technique. In the algorithm, a is chosen in terms the average of all 

the areas of the triangles making up the physical region, or 

a = Caavg(2a,), (5.1) 

where CQ is a constant chosen by the user. 

5.2.1 The Arch-Shaped Mesh 

Illustrated in Figures 5.16 - 5.18 are grids generated for the arch-shaped mesh 

using the Taylor algorithm with p = 2 and t ranging from t = 0.2tot = 1.0 in steps 

of 0.2. When the constant Ca in (5.1) is chosen correctly, the grid is better in the 

sense that it is smoother. This property is illustrated by the arch-shaped mesh as a 

is increased from a = .4avg{2ai) = 0.105052096 to a = .6avg(2ai) = 0.157548144. 

For values of a outside of this range the algorithm does not converge to a non-

folded grid in a reasonable amount of time if it converges at all. However, this 

method does, in some cases, generate better grids than the e-t method. Take, 

for instance, the grid in Figure 5.16 where the triangles have more uniform areas 

than those from grids generated using the e-t method. In general, however, this 

method is not as reliable as the e-t technique. For a given region, one cannot 

necessarily find a non-folded grid. 
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Figure 5.16: The arch-shaped mesh using the Taylor algorithm for p = 2, 

a = .4avg(2ai). t has been iteratively moved from ^ = 0 . 2 t o i = l i n steps 

of 0.2. 
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Figure 5.17: The arch-shaped mesh using the Taylor algorithm for p = 2, 

a = .5avg(2ai). t has been iteratively moved from i = 0.2 to t = 1 in steps 

of 0.2. 



Figure 5.18: The arch-shaped mesh using the Taylor algorithm for p = 2, 

a = .Qavg(2ai). t has been iteratively moved from i = 0.2 to ^ = 1 in steps 

of 0.2. 



CHAPTER VI 

CONCLUDING REMARKS AND AREAS OF FURTHER RESEARCH 

We have presented two new techniques for generating grids on two-dimensional 

non-convex regions based upon other techniques used in the past. The problem in 

Nunn's method of having to begin the search for an optimal grid with a grid that 

is non-folded has been eliminated. Grids of physical regions considered by many 

as hard to grid have been generated. It was shown that one of our functional grid 

generators (Ft) has a unique minimum in a simple triangular region. 

To extend this research, we can consider some ideas to generate grids on three-

dimensional physical volumes. Analagous to the two-dimensional case, a physical 

grid on a volume is a subdivision of that volume into cubes. These cubes could be 

broken down into tetrahedra and functionals could be defined on the tetrahedra 

comprising the volume. Nunn has extended his ideas to three-dimensions by using 

the function 

and then summing over all of the tetrahedra to obtain the functional: 

Qt = E Qi,t^ (6-2) 

where rij is the length of the j-th edge of the i-th tetrahedron and Vi is the volume 

of the i-th tetrahedron. However, the same problem of having to begin the search 

for the optimal grid with a non-folded grid still occurs. The problem could again 

be eliminated by adding a constant defined in terms of the smallest volume of all 

the tetrahedral volumes to the volume in the denominator of (6.1). An analogous 

Taylor series algorithm could also be explored. In the two-dimensional case, fur

ther study could reveal how to choose constants to take advantage of the Taylor 

algorithm so that grids of other regions can be found. 
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