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CHAPTER I 

INTRODUCTION 

Many network theorists have relentlessly searched for a simple, 

fast and accurate technique to solve electrical circuits. The inves-

tigation was begun by such great names as Maxwell and Kirchhoff in 

the 1800's and continues today. As a result of these investigations, 

there are many elegant topological methods available for the analysis 

8 32 
of lumped, linear finite networks. ' These methods drastically 

reduce the amount of algebraic manipulation necessary to solve 

electrical networks. However, topological methods are usually not 

as familiar to the electrical engineer as other analysis techniques. 

One reason topological methods have not gained greater popularity is 

that the rules for obtaining the solution to network problems can 

become quite complex, especially when dealing with active nonreci-

procal networks. It is the purpose of this dissertation to present 

a method of network analysis that has the same advantages as topolo-

gical techniques and that is simple and easy to apply to linear, 

lumped, finite networks. 

29 21 9 17 
Previously, Percival, Mayeda, Chen and Malik have 

developed methods for analyzing active networks containing either 

current controlled current sources or voltage controlled voltage 

sources by topological techniques. Networks containing ideal trans-

formers, current controlled current sources or voltage controlled 

voltage sources pose a special problem since both current and 

voltage variables are required to define the effects of the 
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dependent sources. To solve networks of this type branch emittance 

transformations, signal flow graphs or revised graphs are 

10 22 

usually required. Coates and Mayeda have developed methods to 

deal with active networks but both assume the existence of the 

element impedance matrix. 

Most of the topological methods involve finding the trees or 

co-trees of the network. A notable variation to this is Feussner's 
30 

method as modified by R. H. Seacat. This technique allows for the 

coefficients of each power of s in the Laplace transform transfer 

function to be determined individually. The method of residual net-

24 19 

works has been extended by Merkl and Masten to include active 

networks. However, the procedure for obtaining the solution to 

active networks by these methods is still complex, especially in 

determining cofactors of the principal determinant. 

This dissertation will present an extension of the Feussner-

Seacat method of network analysis to include all linear, lumped, 

finite networks. The extension will allow networks containing such 

elements as controlled sources, nullators, norators and other active 

elements to be analyzed by the method of residual networks. In 

addition, a different method of obtaining cofactors of the principal 

determinant of a network will be presented. Using this method all 

transfer of driving point functions can be determined directly and 

the procedure for determining the cofactor is simplified. 

The advantages of this method over other analysis techniques 

include reduced algebraic manipulation, simplified procedures emd 

rapid analysis. The technique has few rules and should be easy to 



learn. It is felt that the method is general enough and simple 

enough to be taught along with loop and nodal equations in intro-

ductory network analysis courses. 

The method of network analysis to be developed in the follow-

ing pages makes special use of nullators and norators. Before the 

method can be developed, it is necessary to examine the circuit 

properties of nullators and norators. 



CHAPTER II 

CIRCUIT PROPERTIES OF NULLATORS AND NORATORS 

Nullators and Norators 

5 
In 1961, Carlin and Youla introduced two new hypothetical 

elements; the nullator and the norator. The nullator is defined as 

a one-port for which both current and voltage are zero. The norator 

is defined as a one-port for which current and voltage can indepen-

dently take on any value. The symbols for the two elements are 

shown in Figure 2.1(a). Both the nullator and the norator have 

indeterminant values of impedance and admittance. The two extreme 

values, a short circuit and an open circuit, can be obtained by 

combining a nullator and a norator, as is shown in Figure 2.1(b). 

In the past few years much has been written about nullators 

1 1 q /yc 

and norators used as models for linear active devices. ' ' A 

few examples of active devices modeled by nullators and norators are 

shown in Figure 2.2. In order to understand fully the analysis of 

nullator-norator circuits, it is necessary to develop the circuit 

properties of nullators and norators. 

As defined, a nullator has zero current and zero voltage and 

a norator has any value of voltage and current. With regard to 

current, the nullator, which has zero current through it, is equiva-

lent to an open circuit and a norator, which can have any value of 

current through it, is equivalent to a short circuit. With regard 

to voltage, the nullator, which has zero voltage across it, is 

equivalent to a short circuit and the norator, which can have any 
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value of voltage across it, is equivalent to an open circuit. Thus, 

the nullator is a short circuit to voltage and an open circuit to 

current. The norator, on the other hand, is a short circuit to 

current and an open circuit to voltage. 

Network Equations 

The normal equations for a network are given by 

where v, ] and i, ] are the branch voltage and current vectors associ-
D D 

ated with the branch impedance matrix CZ, ]. [B] is the current 

connection matrix that relates the branch currents to the indepen-

T 
dent loop currents. The [B ] is the transpose of [B] that relates 

the branch impedance voltages to the source voltages. Combining the 

equations gives the familiar relationship 

V^] = [B] [Z^] [B'^]ÍJ^] (2.2) 

which is the matrix formulation of the loop equations for the circuit. 

Networks containing nullators and norators can be solved in a 

11 T 
similar manner. Since [B ] relates currents, nullators can be 

replaced by open circuits and norators can be replaced by short cir-

T 
cuits giving a new matrix which can be called [B.̂  ]. The matrix [B] 

relates voltages, thus the nullators can be replaced by short clr-

cuits and the norators can be replaced by open circuits, yielding a 

new matrix which can be called [B ]. The circuit equations then 

become 

v^] = [B^] [Zĵ ] CBj^]i^] . (2.3) 
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Equation 2.3 is a matrix formulation of loop equations for a circuit 

containing nullators and norators. 

Another approach to the analysis of circuits containing nulla-

tors and norators yields more insight into the effect nullators and 

norators have on circuits. The generalized Ohm's law equations are 

expressed in the form 

[Y]v^] = [Z]i^] (2.4) 
r r 

where v ] and i ] are the voltage and current vectors of the normal r r • 

or regular impedance elements. Normal impedance elements are consi-

dered to be resistance (R), self-inductance (L), and capacitance (C). 

[Y] and [Z] in Equation 2.4 are diagonal matrices selected so that 

the product given by 

[Y^] = [Z]'^ [Y] (2.5) 

is the diagonal matrix of all normal admittances. The voltage and 

current equations for nullators are expressed in the form 

V ] = 0 and i ] = 0 (2.6) 

nu nu 

where v ] and i ] are the voltage and current vectors of the nulla-
nu nu 

tors. The Kirchhoff's voltage law (KVL) equations are written in the 

forra 

[B̂ ]Vĵ ] = 0 (2.7) 

where [B ] is an arbitrary circuit or loopset matrix and v, ] is the 

voltage vector of all the branches or elements in the network. 

Kirchhoff's current law (KCL) equations are expressed in the forra 

[Aj]iĵ ] = 0 (2.8) 



where [A ] is an arbitrary incidence or cutset matrix and i, ] is the 

current vector of all the branches in the network. Equations 2.4 

through 2.8 can be combined in the single matrix equation 

nu 

no 

b-(n-l) 

n-1 

0 U 

0 0 

B 

0 

0 

0 

z 

0 

0 

0 

0 

u 

0 

A^ 

0 

0 

0 

nu 

no 

nu 

0 

0 

0 

0 

0 
I no_ 

(2.9) 

where [U] is a unity matrix. The vectors v ] and i ] are the 
no no 

voltage and current vectors of the norators. It should be noted that 

the coefficient matrix in Equation 2.9 is partitioned. The quanti-

ties to the left of the matrix indicate the number of rows in each 

partition, where 

r = number of regular elements, 

nu = number of nullators, 

no - number of norators, 

b = number of branches = r + nu + no, 

n = niomber of nodes. 

The columns of the matrix in Equation 2.9 correspond to the voltages 

and currents of the individual elements. The number of rows is given 
by the equation 

r + nu + nu + b -(n-1) + (n-1) = r + 2nu + b . 

The number of columns is given by 

(2.10) 

r + no + nu + r + no + nu = r + no + nu + b (2.11) 
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For the circuit equations to possess a unique solution the matrix 

must be nonsingular which implies that it must be, at least, a 

square matrix. Equating the number of rows and columns in Equations 

2.10 and 2.11 yields the result 

r + 2 + b = r + n o + n u + b nu 

no = nu 
(2.12) 

Therefore, for the network to possess a solution the number of nulla-

tors must equal the number of norators. 

The solution of the network equations involves the evaluation 

of the determinant of the coefficient matrix in Equation 2.9. There 

are four special network configurations that always yield zero deter-

minants. They are: nullator loops, nullator nodes, norator loops 

and norator nodes. A nullator (norator) node is a node that is con-

nected to nullators (norators) only. A nullator (norator) loop is a 

loop that contains only n\illators (norators). 

Nullator Nodes 

Suppose a network contains a nullator node. Then one row of 

[A_] in the matrix of Equation 2.9 will have non-zero terms only in 

the columns associated with nu3-lators. The determinant of the 

coefficient matrix will appear as 

Y 

0 

0 

0 

0 

0 

0 

B v 

0 

0 

0 

U 

0 

0 

-z 

0 

0 

0 

0 

0 

0 

0 

0 

AV 

0 

0 

u 

u 

(2.13) 



The dashed lines indicate the same partitioning as in the referenced 

matrix. The first row in the last partitioned row indicates the 

nullator node. [A' ] is the matrix of the remaining independent KCL 

equations. The [U] is, as before, a unity matrix. Expanding the 

determinant about the columns corresponding to the nullator currents 

gives 

0 

0 

0 

B 

0 

0 

0 

U 

0 

-Z 

0 

0 

0 

0 

0 

A". 

(2.14) 

which is equal to zero since a zero row does exist. 

Nullator Loop 

Suppose a network contains a nullator loop. One row of [B ] 

in the Equation 2.9 will have non-zero terms only in the columns 

associated with nullators. The determinant of the coefficient 

matrix will be 

0 -Z 0 

0 

0 

0 

0 

0 

0 

B' 

U 

0 

I 

0 

0 

0 

0 

0 

0 

0 

0 

u 

0 

(2.15) 

where I is a row matrix of ones. Expanding the determinant of 
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Equation 2.15 about the coefficients of the nullator voltages gives 

Y 

0 

0 

B" 

0 

0 

0 

-Z 

0 

0 

0 

0 

0 

0 

0 

u 

0 

0 

(2.16) 

Again a zero row exists, making the value of the determinant equal 

to zero. 

Norator Loop 

Consider a circuit containing a norator loop. The siíb-matrix 

[A ] is given by the matrix set of equations 

[A^] 

11 

12 

13 

In 

0 

0 

-1 

0 

1 -1 

0 

A- T 0 0 
l,n-l 

0 . . . 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 -1 

0 1 

(2.17) 

where the [A',] term represents the KCL equations not involved with 

the norator loop. Naturally the norators in the loop do not appear 

in these KCL equations. The [A..] terms represent the coefficients 

of the currents of other elements that may be connected to the 

junctions in the norator loop. By adding the^columns of [A ] 
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associated with the norator loop together from left to right and by 

leaving the sum in the last column to be added (i.e., 1 + 2 = 2, 

1 + 2 + 3 = 3 , 1 + 2 + 3 + 4 = 4 , ...),itis seen that 

11 

12 

13 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

• • 

• • 

• • 

• • 

Â  T 0 0 l,n-l 

In 
-1 -1 

0 

-1 

• 

• 

• 

• 

• 

• 

0 

0 

0 

0 

• 

• 

1 

- 1 

^—^ 

0 

0 

0 

0 

• 

• 

0 

0 

(2.18) 

These operations do not alter the value of the determinant. The 

columns associated with the norator currents are zero everywhere 

except in [A ], as seen in Equation 2.9. Since the last column in 

[A.|.] contains all zeros there is a zero column in the determinant of 

the coefficient matrix. Therefore, the value of the determinant will 

be zero. 

Norator Node 

A norator node is analogous to a norator loop. An examination 

of the submatrix [B ] of Equation 2.9 yields the following: 

B' 

t\̂  

B 
11 

B 12 

B l,n-l 

B In 

0 

1 

0 

0 

- 1 

0 

- 1 

1 

0 

0 

0 . . 

0 . , 

- 1 . , 

0 . . 

0 . . 

. 0 

. 0 

, . 0 

. . 1 

. . 0 

0 

0 

0 

- 1 

1 

(2.19) 
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As in the case of the norator loop, if the columns of the KVL 

equations associated with the norator node are added together, the 

result is 

B' 

B 
ll 

B 12 

B l,n-l 

B In 

0 

1 

0 

0 

1 

0 

1 

0 

- 1 

0 

0 

0 

- 1 

0 0 

0 

0 

1 

1 

0 

0 

0 

0 

(2.20) 

where, again, the value of the determinant remains the same. It is 

observed from Equation 2.9 that the columns assoclated with the 

norator voltages are zero everywhere except in [B ]. Since the last 

column in [B ] is all zeros, the corresponding column in the deter-

minant of the coefficient matrix contains all zeros. Therefore, the 

value of the determinant of the coefficient matrix is zero. 

An interesting feature of the preceding results can be seen 

from an examination of two circuits in Figure 2.3. Recalling that 

a nullator in parallel with a norator is the same as a short circuit, 

the circuit in Figure 2.3(a) represents what is known as a double 

short. Since this circuit contains a nullator loop the determinant 

of the network is zero. The circuit in Figure 2.3(b) is called an 

isolated node since the series combination of a nullator and a 

norator is an open circuit. A nullator node exists giving a zero 

determinant. The circuits in Figure 2.3(a) and (b) can be redrawn 

in the form shown in Figure 2.3(c) and (d) respectively. It is seen 
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that circuits in Figure 2.3(c) and (d) yield zero determinants. Thus, 

whenever a circuit contains a double short or an isolated node the 

determinant is zero. 

The preceding development has shown how to recognize circuits 

that have zero determinants. The next step is to develop a proce-

dure to evaluate circuits that have non-zero determinants. 
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Norator 

(a) 
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Open Circuit 
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Figure 2.2. Nullator-norator models of controlled sources. 
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(a) A = 0 

15 

-0-0>-' 
(b) A = 0 

(c) A = 0 (d) A = 0 

Figure 2.3. Networks with zero determinants, 



CHAPTER III 

RESIDUAL NETWORKS: THE PRINCIPAL DETERMINANT 

The basic idea of analysis using residual networks is to 

relate the expansion of a determinant of network coefficients to 

operations of the network itself. A complete set of equations for 

a network containing R, L, C, nullators, norators and independent 

sources can be written in the form 

Y 0 0 0 0 

0 U 0 0 0 

0 0 0 0 0 

0 0 0 U 0 

0 0 0 0 0 

B 

-Z 0 0 0 0 

0 0 0 0 0 

0 U 0 0 0 

0 0 0 0 0 

0 0 0 0 u 

V 

r 
V 

nu 
V 

no 

^sl 

^s2 
• 
1 r 
• 
1 nu 
• 
1 no 

^sl 

is2 

0 

0 

0 

0 

(3.1) 

Equation 3.1 differs from Equation 2.9 only in the addition of inde-

pendent sources. The equations for the sources are in the forra 

V ,] = E] and i^.] = 1] 
sl S<í 

(3.2) 

where v ] and i ] are the voltage and current vectors for the volt-
sl sl 

age sources and v ^] and i ^^ ̂ ® "^^^ voltage and current vectors 

for the current soiorces. The vectors E] and 1] represent the values 

16 



17 

of the voltage sources and the current sources, respectively. The 

m solution, or response, to these equations is given by the 

equation 

T̂  Ara , -

X = ~ (3.3) 

where X is the response, A represents the principal determinant of 

the coefficient matrix, and Am is the determinant of the matrix with 

m column replaced by the source column. 

Expansion by Independent Sources 

The principal determinant can first be expanded about the 

source terms. Examining Equation 3.1 shows that the rows corres-

ponding to the V-I relationship of the sources contain a single non-

zero term that is equal to +1. This term appears in a voltage 

column for a voltage source and in a current column for a current 

source. Expanding the determinant about the row corresponding to a 

voltage source gives 

A = 1 Aĵ  (3.4) 

where A, is the cofactor of A associated with the voltage source 

position. A, does not contain the row associated with the voltage 

source or the column associated with the voltage across the source. 

A does, however, contain the column associated with the current 

through the source. The determinant A, is the same as the principal 

determinant of the network with the voltage source replaced by a 

short circuit, since a short circuit would not have a row associated 

with it (a V-I relationship), would not have a voltage column (V=0), 
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but would have a current column (I = any value). By the same 

reasoning if the principal determinant is expanded about a current 

source, the resulting determinant is the determinant of the network 

remaining when the current source is replaced by an open circuit. 

Thus, the principal determinant is the determinant of the network 

remaining when all voltage sources have been replaced by short cir-

cuits and all current sources have been replaced by open circuits 

or, in other words, all the sources have been set to zero. 

Expansion by Passive Elements 

The principal determinant can then be expanded about the 

passive elements, the Y's and Z's, in the first r rows in the 

principal determinant. There are only two non-zero entries in the 

row associated with a passive element. The two non-zero entries in 

the row are in the columns associated with the voltage across the 

element and the current through the element. The expansion of any 

determinant of network coefficients about the row of a passive 

element will be the sum of two terms. The first term will be the 

admittance of the element (a Y or a 1) times the cofactor of the 

position the admittance occupies. The cofactor does not contain the 

column associated with the voltage across the element but does con-

tain the column associated with the current through the element. 

Thus, the element is removed from the KVL equations but remains in 

the KCL equations. The cofactor is the deterrainant of the network 

that reraains when the voltage across the element is set to zero and 

the current through the element can have any value, which is the same 
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as replacing the element by a short circuit. The second term in the 

expansion of the deterrainant will be the impedance of the element 

(a Z or a 1) times the cofactor of the position the impedance 

occupies. This cofactor does not contain the column associated with 

the current through the element but does contain the column associated 

with the voltage across the element. The cofactor represents the 

determinant of a network in which the current through the element has 

been set to zero and the voltage across the element can have any 

value, which is the same as replacing the element by an open circuit. 

Thus, the expansion of the determinant can be represented by the 

equation 

A = Aĵ , + Zĵ Aĵ  (3.5) 

or by 

A = Ŷ Aĵ , + A^ (3.6) 

where A., , is the determinant of the network that remains when the 

element is short-circuited and A is the determinant of the network 

that remains when the element is open-circuited. A.. , and A.. can now 

be expanded about a second eleraent. Thus, it is possible to expand 

the principal deterrainant A about impedance elements Z^ and Z . It 

is seen that 

A = Z^ (Z^ A^2 + ̂ 12'^ + ^^2 ̂ 1'2 ^ ^1'2'^ ^̂ *'̂ ^ 

where A , , is the determinant of the network that remains when 

eleraents 1 and 2 have both been replaced by short circuits; A ,_ is 

the deterrainant of the network that reraains when eleraent 1 is 

replaced by the short circuLt and eleraent 2 is replaced by an open 
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circuit; A , is the determinant of the network that remains when 

eleraent 1 is replaced by an open circuit and element 2 is replaced 

by a short circuit; and A is the determinant of the network that 

remains when both elements 1 and 2 are open-circuited. The expan-

sion of the principal determinant can be continued about the 

impedances and/or admittances until only nullators, norators, short 

circuits and open circuits are left. The simple circuits that remain 

after the expansion are the final residual networks. It will be 

shown later that these circuits have the value 0 or ±1. The value 

of these residual networks will often be indicated by a ô. The 

determinant of a network can be written as 

n 
A = Z G. 6. (3.8) 

i=l ^ ^ 

where 6. is the determinant of the i residual network and G. is an 
1 1 

J-T-

impedance-admittance product associated with the i residual net-

work. Zero residual networks are easily recognizable from the rules 

stated In the previous chapter. If there are no nullators and 

norators present, the final residual networks consist of short cir-

cuits and open circuits only and are equal to 0 or +1. In order to 

clarify the procedure, a few examples of the expansion of the 

principal determinant are given in the following examples. 

Example 3.1: Consider the simple network in Figure 3.1(a). The 

principal determinant of the network using impedances A is calculated 

by using the network in Figure 3.1(b). Expanding the determinant 

about Z gives the equation 
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^Z "" ̂l ̂ l "̂  ̂ l' ^^'^^ 

where A is the determinant of the network remaining when Z. is 

replaced by an open circuit and A ' is the determinant of the network 

remaining when Z.. is replaced by a short circuit. The networks cor-

responding to A and A , are shown in Figure 3.1(c) and Figure 3.1(d) 

respectively. The network corresponding to A.. , is a double short 

circuit and, thus, A , equals to zero. It will be shown later that 

A has a value of +1. Thus, A can be written as 

Â , = Zj_(l) + 0 

A^ = Zj_ (3.10) 

Networks can be expanded about impedances or admittances or a combi-

nation. Expanding the admittance principal determinant, A , about the 

element, Y , gives 

AY = A^ + Y^ Aj_, (3.11) 

where A, and A, , are the same as in Equation 3.9. Replacing A.. and 

A.̂  , by their previously given values results in the equation 

AY = 1 + Y^(0) 

AY = 1 (3.12) 

Although the two principal determinants for the network are not the 

sarae the final solution will be the same if element 1 is expanded in 

the same form throughout the problem; that is if Z is used in the 

principal deterrainant, it raust be used in all cofactors of the 

principal deterrainant. 
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Example 3.2: Consider the network shown in Figure 3.2(a). It is 

desired to find the principal determinant, A , of this network. The 
Ll 

circuit used in calculating the principal determinant is shown in 

Figure 3.2(b). Expanding the determinant about Z gives 

^Z " ̂ l ̂ l "̂  ̂ l' (3.13) 

where Â^ is the determinant of the network of Figure 3.2(c) and A , 

is the determinant of the network of Figure 3.2(d). Continuing the 

expansion about the element Z , it is seen that 

^Z = \ ^h ^̂ 12 "" ̂ 12'^ ^ ^h \'2 ^ ^1'2'^ ^̂ •̂ '̂ ^ 

the f irst term A.. ̂  is the determinant of the network shown in 

Figure 3.3(a). The network of Figure 3.3(a) has an isolated node 

and is, therefore, equal to zero. The three non-zero minors are the 

determinants of the residual networks as indicated in Figure 3.3(b), 

(c) and (d). If Z is replaced by an open circuit in A , or A , an 

isolated node will exist yielding a zero determinant. If Z is 

replaced by a short circuit in A ,̂ , a double short circuit will exist 

yielding a zero deterrainant. Thus, the values of the three rainors are 

given by 

^12' = Z3 (0) + 1 = 1 

^1'2 = Z3 (0) + 1 = 1 (3.15) 

^1'2' = Z3 ^̂ ^ ̂  ° = h 

and the principal deterrainant for the circuit becoraes 

^Z "" ̂ l "^^2 •*" ^3 • (3.16) 
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A similar expansion of the network's principal determinant using 

admittances yields 

^Y = ̂ 2 ̂ 3 + ̂ l ̂ 3 + ̂ l ̂ 2 • (3.17) 

Example 3.3: Consider the parallel network shown in Figure 3.4(a). 

The principal determinant of the network is calculated from the 

circuit in Figure 3.4(b). If any of the elements are replaced by 

short circuits a double short circuit will exist. Therefore, all the 

impedance elements must be replaced by open circuits. In terms of 

impedance the principal determinant, A„ is given by 
Li 

A^ = Z^ Z^ Z3 (3.18) 

and in terms of admittance, A„ is given by 

A = 1 . (3.19) 

The dual of Examples 3.2 and 3.3 along with their determinant 

values are shown in Figure 3.5. 

Example 3.4: Consider the network in Figure 3.6(a). It is desired 

to evaluate the principal determinant using an impedance and an 

admittance expansion. The principal determinant corresponds to the 

network in Figure 3.6(b). Expanding A about Z gives 

A = Z^ Aĵ  + Aĵ , (3.20) 

where A and A., , are the determinants of the residual networks in 

Figure 3.6(c) and (d) respectively. Since Y raust be replaced by a 

short circuit in A., and by an open circuit in A , , the two rainors 

are given by 



24 

A = Y^ Aĵ ' = 1 (3.21) 

and A becoraes 

A = Zĵ  Y^ + 1 . (3.22) 

This example illustrates a particularly useful feature of the method 

of residual networks. The impedance of an inductor and the adrait-

tance of a capacitor are the most convenient forms to use for the 

element values. Unlike conventional methods the method of residual 

networks allows both forms to be used together. To further illus-

trate this idea, consider an example using the network of Figure 

3.7(a). 

Example 3.5: In the network of Figure 3.7(a) the principal determi-

nant will be expanded about the elements L , C, and L^. The principal 

determinant, in terms of the Laplace transform impedance, corresponds 

to the circuit of Figure 3.7(b). Expanding A about the admittance 

Cs gives 

A = Aj_ + Cs Aj_, (3.23) 

where A and A , are represented by the networks of Figure 3.7(c) 

and (d). Treating L S and L̂ S as simple impedances, it is seen that 

A = Lĵ S + L^S and A^, = L^S L^S . (3.24) 

Therefore, the expansion of A about Lj^, L^, and C yields the 

equation 

A = S(Lj_ + L^) + L^ L^ Cs^ (3.25) 
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Four-Fold Branch Point Expansion 

An operation that aids in decomposing more complex networks 

into simpler networks can be deduced from an examination of the 

construction of the network in Figure 3.8. In this case there are 

four elements terminating at a "four-fold" branch point. The 

principal determinant of a network is expanded as a function of the 

fowc branch elements terminating at the branch point, P, in the 

following manner: 

A = R A + A , a a a' 

= W ^Vabc ^ âbc-̂  * ^ '̂̂ c \b 'c + ^ab'c^ 

+ h tVa'bo * ^a-bC^ + ̂ c^'b'c + '^a'b'c' ' ^^'^^^ 

= R R, R A , + R R^A ̂  , + R R A , , + R, R A ^ , , ^ + R^A , , âD c abc aD abc' a c ab'c 15 c a'bc a ab'c' 

^ Va'bc' ^ Va'b 'c ^ ^ 'b 'c ' • 

= Wc^abcd' ^ Vc^d^'bcd ^ WVab'cd ^ \ W a b c ' d 

+ ̂ a ^Vabc'd' ^ Vab'cd' ^ Vab'c'd^ ^ ^^Va'bcd' ^ Va'bc'd^ 

-̂  W a ' b ' c d ^ Vab'c'd' + Va'bc'd' ^ Va'b'cd' -" Va'b'c'd^ 

•̂  ^ a ' b ' c ' d ' • 

It is noted that each of the determinants on the right side of the 

equation above forraed from the principal determinant represents a 

network in which the point, P, is raissing. Therefore, the expansion 

of the deterrainant in the equation raay be said to represent the 

reraoval of a four-fold point, P, frora the network. There is a 
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logical pattern to the process of removing branch points. First, 

all possible product combinations of the four network elements 

terminating at P are determined. The elements in each product 

represent the branches which are removed from the original network 

and the elements which do not appear in the product are replaced by 

short circuits. Each product is then multiplied by the determinant 

of a network which was derived from the original network by replacing 

the elements in the product by open circuits and the remaining 

elements by short circuits. The sum of all the terms obtained in 

the manner described is the principal determinant. 

Evaluating Final Residual Networks 

For linear circuits containing norraal RLC elements, nullators 

and norators the residual networks left after expanding the principal 

determinant about all of the passive elements contain nullators, 

norators, short circuits and open circuits. The determinant associ-

ated with the residual network is of the forra 

^ = (-1) R 

0 U 

0 

B, 

0 

0 

0 

U 

0 

0 

0 (3.27) 

where (-1) represents the sign associated with t h i s cofactor. In 

Equation 3.27 [U] i s a \inity diagonal raatrix, [B, ] i s the subraatrix 

of [B ] associated with the n u l l a t o r s , norators and the eleraents tha t 

have been open-circxiited in forraing the pa r t i cu la r res idua l network 

and [A-i] i s the siibmatrix of [Aj] associated with the n u H a t o r s , 

file:///inity
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norators and elements that have been short-circuited in forraing the 

particular residual network. Expanding this determinant about the 

nullator rows gives 

A.J. = (-1)*̂  
^TV ° 

0 A^, 
(3.28) 

T 
where (-1) represents the sign associated with this cofactor. In 

Equation 3.28 [B ] is the submatrix of [B ] associated with the 
IV V 

elements that have been open-circuited in forming the residual net-

work and the norator voltages. It is recalled that a norator is an 

open circuit to voltage. CA .j.] is the submatrix of [A ] associated 

with the elements that have been short-circuited in formiîig the 

residual network and the norator currents. It is also recalled that 

a norator is a short circuit to current. The short-circuited elements 

that correspond to a non-zero major determinant of [A ] form a tree. 

The open-circulted elements that correspond to a non-zero major 
32 

determinant of [B ] correspond to the chords of a tree. Therefore, 

the determinant | B ^ | is associated with the chords of a tree of the 

network and the deterrainant |A„.J.| is associated with a tree of the 

network. However, if nullators and norators are in the circuit, 

IB I and IA ̂ l are not related to the same tree of the network. The 
I TV' ' TI' 

tree TV associated with |B„^| is called a voltage tree and the tree 

TI, associated with |A^J|, is called a current tree. Expanding the 

principal determinant, A, by admittances only would result in the 

determinant value of the final residual networks, A„, multiplied by 

the admittances that have been short-circuited to forra the final 
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residual networks. These adraittances which are replaced by short 

circuits are branches in both the voltage tree and the current tree. 

The determinant of the final residual network is multiplied by the 

common tree admittance product and can be written as 

\ = \ ••• Y. IB̂ Î |A^J (-1)̂  . (3.29) 

The principal determinant, A, is the sum of all of the residual net-

works which is given by 

A = E Y^ |B^^| |A^^| (-1)"̂  , (3.30) 

where Y^ represents the common tree admittance product of the 

residual network. 

The principal determinant of Equation 3.1 when expanded by 

admittances only is the same as the determinant of the nodal admit-

tance matrix, [Y ]. The nodal admittance matrix is given by the 

matrix set of equations 

[Y^] = [Aj] [Y] [Â "̂ ] . (3.31) 

The raatrix [A.̂ ] is the incidence matrix of the network obtained by 

replacing the norators by short circuits and by replacing the 

11 T 

nullators by open circuits. The matrix [A ] is the transpose of 

the incidence raatrix of the network obtained by replacing the 

nullators by short circuits and by replacing the norators by open 

circuits. The raatrix [Y] is the branch admittance matrix with the 

addition of unity diagonal eleraents that correspond to nullator-

norator pairs. By the Binet-Cauchy theorera, the deterrainant of the 

nodal admittance matrix, A, is given by the equation 
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A = Z Y^ IA^JI IA^^I , (3.32) 

oo 

where Y^ is the complete tree admittance product. The determinant 

|A^J| is a non-zero major determinant of [A ] and the determinant 

|A^^| is a corresponding major determinant of [A ]. It should be 
noted that the unity diagonal terms do not effect the value of Y . 

Equation 3.32 can be placed in the form of Davies result by 

eliminating the shorted norators in |A | and the shorted nullators 

in |A^^| . 

Equating Equation 3.30 and 3.32 gives 

z (-1)^ Y^ IB^^I IA^JI = z Y^ IA^^I IA^JI . (3.33) 

Since the tree admittance product is different for each tree, the 

terras in each summation corresponding to a particular tree are equal. 

Thus, the relationship becomes 

(-1)^ Y^ |B^^| |A^J = Y^ lÂ Î |A^j| (3.34) 

for each tree. Simplifying Equation 3.34 gives the result 

(-1)^ |B^^| = |A^^| , (3.35) 

for each tree. Equation 3.35 demonstrates the fact that the major 

determinant of [A] corresponding to a particular tree is equal to the 

major of [B] corresponding to the chords of the tree with a possible 

sign difference. Thus, A^ can be written as 

A^ = lA^^I lÂ jl . (3.36) 



30 

The majors of [A ] and [A ] have the value of ±1. If TV and 

TI were to correspond to the same tree, then |A„^ | would equal \\-r\ 

and A would equal to +1. The determinant |A | is related to all 

the elements that do not appear in the determinant | B |, that is, 

all the elements that have been shorted to obtain the particular 

residual network and the nullators. Initially it appears, from an 

examination of the principal deterrainant, that the direction of the 

nullators is unnecessary since in the expansion the nullators are 

effectively removed from the network. However, the nullator currents 

do occur in JA |. Thus, the directions of the nullator currents are 

important. Another interesting relationship comes to light in 

examining Equation 3.35. The nullator and norator are complements 

of each other. One is contained in the tree; the other in the co-

tree. Changing the voltage direction of a norator multiplies a 

coluran of |B | by -1. For Equation 3.35 to be true, changing the 

direction of the voltage of a norator must be accompanied by 

changing the current direction of a nullator. Thus, the nullator 

and norator are closely paired. 

All of the shorted elements except the nullators and norators 

are coramon to the two trees, TV and TI. The columns of |A^^| and 

|A I that correspond to the regular elements (R, L, C) that were 

short-circuited to forra the residual network are the same. The 

difference between |A^^| and \A^^\ is that |A^^| contains the 

columns associated with the nullator currents and |A^| contains 

the columns associated with the norator currents. 
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Many authors ' ' have developed techniques to determine 

the value of the product |A„^| |A„,| for different types of circuits 

that yield separate voltage and current trees. One approach is to 

21 
convert both the voltage and current trees into principal trees. 

The form of a principal tree is shown in Figure 3.9. The branches 

of a principal tree are all connected to the reference vertex, which 

is chosen to be the same for both trees. A general tree can be con-

32 
verted into a principal tree by the following process. Consider 

any tree T and its incidence matrix [A^], with reference vertex v. 

T contains at least one end-vertex j , at which only one element y. is 

incident. If the other vertex y. is v, no change is required. If 

it is not, let the other vertex be k. Row i of [A^] contains only 

one non-zero element, in column y.. Add row i to row k. In this 

process, the major determinants of [A ] are unaltered, but the 

element in row k, column y. , is now zero. No other element of [A_,] 

is changed. The new matrix is the incidence matrix of a tree T, in 

which V. is incident to vertices i and v and all other branches are 
•'i 

as in T. The procedure can be repeated for other branches until T 

is converted into a principal tree, with [A ] remaining unaltered 

throughout. The vertex, i, of an element y. other than the reference 

vertex, v, in a principal tree is called the principal vertex of y.. 

The eleraent y. is called the principal edge of vertex i if y^ is 

incident at i and the unique path in the tree frora vertex i to the 

reference vertex v contains y.. The [A ] of a principal tree has the 

21 
followmg properties: 
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(a) [A ] is of order v-1. 

(b) Each column has only one non-zero element, either +1 or -1. 

(c) The location of a non-zero element in [A ] corresponding 

to y. is the intersection of the column representing y. 

and the j row representing the vertex j, which is the 

principal vertex of v.. 

(d) The major determinants of [A ] are either +1 or -1. 

These properties are derived from the properties of an incident 

square submatrix and the definition of an incident matrix. 

The technique described above can be applied to residual net-

works. The voltage tree and the current tree for a particular 

residual network can be converted into principal trees. Changing a 

tree into a principal tree does not change its determinant value. 

Thus, the determinants of the principal tree are given by 

I^TIpl " I^Tll ^^ I^TVpl " I^Tvl ^̂•̂'̂^ 

where |A .̂pl is the determinant of the current principal tree and 

|A__| is the determinant of the normal current tree. The same 

relationship holds for |A^^p| and |A^^|. The regular branches 

(R, L, C) are common to the voltage and current tree. However, a 

given regular branch y. may not have the same principal vertex in 

each tree. If y« is connected between vertex j and vertex k, then 

one of these two vertices raust be its principal vertex. The vertex i 

may be the principal vertex in the voltage tree and the vertex k raay 

be the principal vertex of y. in the current tree. If y. is directed 

out of vertex i, then the coluran y. in the determinant |A^^p| will 
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have a +1 in row i and the rest zeros. The column y. in the 

deterrainant |A.j,j-p| will have a -1 in row k and the other rows will 

have zeros. If row k and row i of |A | are interchanged and the 

new row i in |A^jp| is multiplied by -1 the i"̂ ^ row of |A„,p| and 

|A^Ypl will be the same as will the y. column. Interchanging two 

rows multiplies the determinant by -1. These two operations do not 

alter the value of |A |. This same procedure can be carried out on 

all of the regular elements in lÂ p̂l and |A |. Thus, the 

columns in |A j and |A _! associated with the regular elements 

can be made exactly the same without altering the value of the two 

determinants. The difference between the two determinants is in the 

first nu columns. The first nu columns of |A _[ are related to the 

nullators and the first nu columns of jÂ ypl are related to the 

norators. In both cases the elements are listed in natural order; 

that is, the first column of |A„„p| involves the first nullator, 

the first column of lA^^p | involves the first norator and so forth. 

The principal vertices connected to nullators in the modified 

principal voltage tree are connected to norators in the modified 

principal current tree. If the j nullator is connected to the k 

principal vertex and directed away from that vertex, then the j 

column of |A^p| will have, as its only non-zero terms, a +1 in the 

]^*" row. If the j norator is connected to the k principal 

vertex and directed away frora it, the j coluran of Urpjp I will be 

the sarae as the j coluran of |A„„p |. If the nullator and norator 

are connected to the same node but are in opposite directions the 

j^" columns of the two deterrainants can be raade the same by 
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multiplying the j column of one of them by -1 and multiplying the 

determinant by -1 to keep from altering its value. In a circuit 

containing only one nullator-norator pair, the nullator and norator 

would be connected to the same principal vertex since, as it has 

been shown, all of the regular elements can be modified so that they 

are connected to the same principal vertex in both the voltage and 

current trees. Since the regular element can be made the sarae in 

both trees, without changing the value of the determinant, they need 

not be considered at all. Thus, the only portion of the voltage 

tree and the current tree that can effect the value of the determi-

nant is indicated in Figure 3.10. When both the nullator and norator 

are in the same direction the v column in |Â -j.p| is equal to |A p| 

and if this is the only pair of nullators and norators then 

Kipl = l\vpl • ^̂ •̂ ^̂  

This implies that 

IATII = IATVI (3-39) 

and that 

A^jl lÂ yl = |A^J lÂ jl = 1 (3.40) 

since 

Â jl = ±1 . (3.41) 

When the nullator and norator are oriented in opposite directions, 

the direction can be changed by raultiplying the coluran by -1. Thus, 

IATVPI = -lAripl (3.42) 

and 
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ATVI = "Kil . (3.43) 

Finally, 

Kvl ÎTll = -Î Tll Kll = -̂  • ^^'"^"^^ 
It is a siraple matter to recognize whether the determinant is +1 or 

-1 by observation of the final residual network which contains only 

the nullator and norator. With a single nullator-norator pair the 

final residual network will be one of the forms shown in Figure 3.11 

along with the indicated determinant values. 

•f-V> 

If there is more than one nullator-norator pair, the j 

norator may not be connected to the same principal vertex as the j 

nullator. In order to make the j columns of lArpjpl and |Arnyp| the 
•f-Vi 

same, the j nullator is interchanged with the nullator that is 
•t"Vi 

connected to the j norator. This is achieved by interchanging the 

rows associated with the two nullators. This interchanging of rows 

changes the sign of the determinant. Each norator has a nullator 

connected to the same principal vertex. If the nullator is not 

paired with a norator of the same subscript, an interchange of 

columns is necessary. The subscripts of the norators can be written 

down in natural numeric order and under these numbers are the num-

bers of the nullators that share the same principal vertex. The 

nullator numbers are interchanged until they are in natural order. 

This operation corresponds to the interchanging of rows of the 
IA I deterrainant. Thus, each interchange of numbers corresponds 
I TVP 

to the multiplication of the deterrainant by -1. If the total 

number of interchanges is odd the deterrainant is multiplied by -1 
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and if the total number of interchanges is even the determinant is 

multiplied by +1. Once the nullators have been rearranged so that 

they are connected to the same principal vertex as their paired 

norators, it is necessary that they have the same orientation as 

their paired norators. Accomplishing this the determinant |A^„p| will 

become 

where n is the number of rearrangements made to place the nullators 

in natural order and m is the number of direction changes in 

nullators to have them correspond to their paired norators. 

Example 3.6: Two nullator-norator pairs exist in a network. A final 

residual network would be of the form shown in Figure 3.12(a). The 

shorted regular elements are ignored since they do not effect the 

value of the determinant of the residual network. Vertex C is 

chosen as the reference vertex. The principal voltage tree is then 

of the forra shown in Figure 3.12(b) and the principal current tree 

is of the form given in Figure 3.12(c). In the two trees both 

nullators are directed differently than the two norators. Making 

the two changes of sign necessary results in 

Kipl = ^'^^ ^'^^ Kvpl = l*TVpl ^̂•''̂^ 

and 

IA^J lÂ yl = lA^jpl lÂ vpl = +1 . (3.47) 

Thus, the determinant value of this final residual network is +1. 

This same result is obtained by inspection of the final residual 
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network. For every nullator there is a paired norator, which is 

easily recognized. If they are oriented in the same direction the 

sign associated with the pair is +1. If they are directed oppositely 

the sign associated with the pair is -1. In addition to these signs 

there is a sign associated with order, as previously described. It 

is only necessary to count the number of interchanges necessary to 

arrange the norators in natural order to determine the sign associ-

ated with the order. If there are an odd number of interchanges 

necessary the sign is -1, otherwise the sign is +1. The final 

value of the final residual network is the product of the individual 

sign changes. 

Example 3.7: Consider the final residual network shown in Figure 

3.13. Each nullator-norator has a sign associated with it, as is 

shown in Figure 3.13. There is also a sign associated with the 

ordering of nullators and norators. This sign is indicated in 

Figure 3.13. The value of this final residual network is the product 

of all of the individual signs. Therefore, 

A = (+1) (-1) (-1) = +1 . 

Example 3.8: Consider the final residual network shown in Figure 

3.14. The determination of the signs associated with the nullator-

norator pairs and the sign associated with the ordering of nullators 

and norators are shown in Figure 3.14. The value of the final 

residual network is given by 

A = (-1) (+1) (+1) (-1) (-1) = -1 . 
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In case the nullator-norator pairs are not obvious, it is best to 

draw the two principal trees and proceed in the manner indicated 

previously. 

It is now possible to evaluate the principal determinant of 

a network using the method of residual networks. In order to 

obtain a final solution it is necessary to be able to evaluate 

cofactors of the principal determinant. The next chapter describes 

how to evaluate cofactors of the principal determinant by the method 

of residual networks. 
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(a) Circuit (b) A, 

(c) A, W A^, 

Figure 3.1. Networks used to 
calculate the principal determinant in Example 3.1, 

T o 
1 

3 
•AAA^ 

(a) Circuit 

1 
-AAA*-

3 
-AA/V-
(b) A. 

(c) A, (d) A^, 

Figure 3.2. Networks used to expand 
the principal determinant in Exaraple 3.2. 
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l—VSAA-* 

(a) A,2 (b) A^2, 

(c) A^,2 (d) A^.2, 

Figure 3.3. Residual networks of the circuit in Figure 3.2, 

(a) Circuit (b) A, 

Figure 3.4. Networks used to calculate the 
principal determinant in Example 3.3. 

t 
I 
t 

•'VW 
(a) ^ 2 = 1 

A = Y Y y 
Y 1 2 3 

(b) A^ = Z^Z^ + Z^Zj + Z2Z3 

^̂^ = ̂ 1 + ̂ 2 + Y3 

Figure 3.5. Dual circuits of Examples 3.2 and 3.3. 
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(a) Circuit 

41 
1 

-vw 

(b) A 

(c) A, (d) A^, 

Figure 3.6. Networks used to calculate 
principal determinant in Example 3.4. 

'ô 
•vJULr 
L, 

(a) Circuit 

•\JULr 

L^S 

CS 

(b) A 

L^S 

•vJULr 
L^S 

L^S 

(d) A. 

•\suu-
L^S 

-L̂ S 

(e) A^, 

Figure 3.7. Networks used to calculate 
principal deterrainant in Exaraple 3.5. 

file://�/JULr


42 

Figure 3.8. Four-fold branch point. 

Reference Vertex 

Figure 3.9. Form of a principal tree.. 

k Vertex 

<' Reference Vertex 

(a) Voltage Graph 

f k Vertex 

ô 
* Reference Vertex 

(b) Current Graph 

Figure 3.10. Principal trees for single nullator-norator pair. 

(a) 6 = +1 (b) 6 = -1 

Figure 3.11. Final residual networks for single nullator-norator pair, 
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B 

O r 

c c c 
(a) (b) (c) 

Figure 3.12. Principal trees for two nullator-norator pairs. 

K 

1 0 
pairs 

1,2' 

2,1' 

sign 

+1 

-1 

order 

1,2 

2' ,!• 

sign 

-1 

Figure 3.13. Final residual network 
for two nullator-norator pairs. 

pairs 

1,3» 

2,1' 

3.1' 

sign 

-1 

+1 

+1 

order 

1,2,3 

3' ,1',2' 

sign 

(-1) 
(-1) 

Figure 3.14. Final residual network 
for three nullator-norator pairs. 



CHAPTER IV 

RESIDUAL NETWORKS: THE COFACTOR DETERMINANT 

All network response functions are fractions. The denorainator 

is the principal determinant of the circuit equations. The numerator 

+v> 
Am is the principal deterrainant A with the m column replaced by 

the source column, the column on the right hand side in Equation 3.1. 

If there is more than one source in the network, superposition can 

be used. Therefore, it is only necessary to examine single source 

circuits. The response is considered to be associated with a single 

passive element, which is called the response element. This apparent 

restriction is for convenience only, as will be shown later. Also 

for convenience and without loss of generality, the response element 

is selected as the first passive element. 

Current Response-Voltage Excitatíon 

The numerator, Am , for computing a current response to voltage 

source excitation is given by 

Am, 

0 0 0 

0 

0 

u 

0 

B 

0 

0 

1 

0 

E 

-Z' 

0 

0 

A' 

0 

0 (4.1) 

where [A'] differs from [A] in Equation 3.1 in that the first column 

of [A'] has all zeros. For simplicity, the expansion is about irape-

dances only. Thus, [Y] becoraes the unity submatrix, [U]. The 

44 
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column associated with the current through the response element has 

been replaced by the source column, thus, altering the matrices [Z] 

and [A]. The determinant A . of the matrix formed by replacing the 

voltage source by a norator and the response element by a nullator 

is given by 

A . = 
XI 

0 

0 

0 

u 

0 

B 

0 

0 

0 

0 

0 

1 

0 

-Z' 

0 

0 

A" 

0 

0 (4.2) 

where the matrix [A"] differs from the matrix [A] in that the first 

column of [A"] is the negative of the first column of [A]. This is 

due to the fact that nullators and norators are directed as sources; 

i.e. , V and I in the same direction. The coefficient of the nullator 

c\irrent in [A"] is replaced by the coefficient of the response current 

in [A]. The direction of the inserted nullator coincides with the 

voJtage direction of the passive element it replaces. This is due 

to the fact that the voltage direction of the element is still con-

tained in Am where the current direction is not. Expanding the 

determinant in Equation 4.1 about the column containing the source 

voltage, E, gives 

Ara. = E 

0 

U 

B 

0 

-Z' 

A' 
^l 

(4.3) 
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where [A' ] is equal to [A'] with the first column deleted. The 

determinant, A . given by the equation 

A . = 
ci 

0 U 

B 

0 

0 

0 

0 

-Z' 

0 

A^ 

0 

(4.4) 

is the cofactor of principal determinant used in determining the 

numerator of the response. Thus, Equation 4.3 may be written in the 

form 

Am. = EA . 
1 ci 

(4.5) 

Expanding the determinant in Equation 4.2 about the row 

associated with the nullator current gives 

A . = 1 
XI 

0 0 

0 U 0 

B 

0 

-Z' 

0 

0 
(4.6) 

0 A" 

where [A" ] is equal to [A"] with the first column deleted, which 

means that [A',] and [A"j_] are exactly the same. Therefore, A^^ can 

be written as 

A . = A . . 
ci XI 

(4.7) 

The numerator cofactor used to find a current response to a voltage 

excitation can be obtained by replacing the voltage soiorce by a 

norator and the response element by a nullator. The norator has the 

same direction as the source. The nullator is directed the same as 
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the voltage of the impedance element it replaces. The determinant 

A . is the same as a principal determinant and can be expanded in 

the manner described in Chapter III. 

Voltage Response-Voltage Excitation 

The niomerator for a voltage response to a voltage source 

excitation is given by 

m2 

0 

0 

E 

0 

u 

0 

B' 

0 

0 

0 

1 

-^ i 

0 

0 

0 

-Z' 

0 

0 

A 

0 

0 

0 (4.8) 

where [B'] differs from [B] in that the first column of [B'] has all 

zeros. For convenience, the voltage across the first element is to 

be determined. The determinant A of the matrix formed by replac-
XV J e 

ing the voltage source by a norator and the response element by a 

nullator is given by 

XV 

0 

0 

1 

0 

u 

0 

B" 

0 

0 

0 

0 

1 

0 

0 

0 

-Z' 

0 

0 

A 

0 

0 

0 (4.9) 

where the matrix [B"] differs frora [B] in that the first column of 

[B"] is the negative of the first column of [B]. The direction of 

the inserted nullator coincides with the current direction of the 
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passive element it replaces. This is due to the fact that the 

current direction is still contained in A whereas the voltage 

direction is not. Expanding A^^ about the element of the first 

column gives 

\2 - ^ 

0 

u 

0 

0 

-z. 

0 

0 

-Z' 

B' 

0 

0 
(4.10) 

where [B' ] is equal to the matrix [B'] with the first column 

deleted. The determinant to the right of the equal sign in Equation 

4.10 is the cofactor A . Expanding A about the b row gives 
CV ^ XV 

XV 

U 

0 

B II 

0 

0 

-z 

A 

0 

0 
(4.11) 

where [B".,] is equal to the matrix [B"] with the first column 

deleted. Coraparing Equation 4.11 to the cofactor, A , in Equation 

4.10 shows that 

A = -Z^ A 
cv 1 XV 

(4.12) 

The nuraerator cofactor used to find a voltage response to a voltage 

excitation can be obtained by replacing the voltage source by a 

norator and the response element by a nullator. The norator has 

the same direction as the source. The nullator is directed the same 

as the current through the element. The principal determinant of 



49 

the modified circuit, A , is evaluated by the method of residual 

networks. The numerator cofactor is given by Equation 4.12 and the 

numerator itself is given by 

A ^ = -E Z, A 
m2 1 XV (4.13) 

Voltage Response-Current Excitation 

The numerator for computing a voltage response to current source 

excitation is given by 

ra3 

0 0 

0 U 

B' 

0 

0 

0 

-Z. 

0 

0 

0 

-Z' 

0 

0 

0 

(4.14) 

Expanding A about the first column gives 

A ^ = I A 
m3 cv 

(4.15) 

where A is the same as before and is related to A by Equation 
CV XV 

4.12. Therefore, A ^ can be written as 
rao 

A ^ = -I Ẑ  A 
m3 1 XV 

(4.16) 

The only difference between Equation 4.16 and Equation 4.13 is the 

multiplication by I in Equation 4.16 instead of by E as in Equation 

4.13. In both cases the network corresponding to A has a norator 

in place of the source and a nullator in place of the response eleraent, 
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Current Response-Current Excitation 

The numerator for computing a current response to a current 

source excitation is given by 

ra4 0 

0 0 

U 

B 

0 

0 

0 

0 0 

-Z' 

0 

0 

A' 

0 

(4.17) 

Expanding A ̂  about the column containing the current source value, 

I, gives 

A , = I A . (4.18) 
m4 ci 

where A . is the same as before. Thus A . may be written as 
ci m4 •' 

A = I A . . (4.19) 
m4 XI 

The value of A . is founded in the same manner as in the current 
XI 

response-voltage excitation case. 

Simplification of Rules 

In all the cases described above the element in which the 

response is to be determined is replaced by a nullator. Actually, 

it isn't necessary to replace the element by a nullator. The 

nullator can be combined with the element in such a manner as to 

achieve the same effect. When a nullator is placed in series with 

an element, the element raust be shorted to keep the determinant frora 

being zero. Shorting the irapedance raultiplies the determinant by 

+1 (or by Y in the case of an admittance expansion) and the nullator 
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effectively replaces the element. When a nullator is placed in 

parallel with an element, the element must be opened to maintain a 

non-zero deterrainant. Opening the impedance multiplies the determi-

nant by Z (or by +1 for an adraittance expansion) and effectively 

replaces the impedance by a nullator. In order to determine the 

current through a given element, a nullator is placed in series with 

the element and directed in the same manner as the voltage across 

the element. To determine the voltage across an element, a nullator 

is placed in parallel with the element and directed in the same 

manner as the current through the element and the final result is 

multiplied by -1. 

Directing the nullator in the direction of a given voltage in 

one case and a given current in the other case is somewhat inconsis-

tent. Since the current directions are used in the tree structure, 

it would seera appropriate to always direct the nullator in the direc-

tion of current through the eleraent. This action alters the equations 

A , = E A . and A , = I A . (4.20) 
ml XI m4 XI 

to the forra 

A = -E A . and A . = -I A . . (4.21) 
ml XI m4 XI 

The minus sign is necessary since the first column of A . is now the 

negative of the first column of A .. Therefore, it can now be stated 

that if the nullator is always oriented in the direction of the 

assumed current through the element, the final result is always multi-

plied by the negative of the value of the source. 
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The previous development has indicated how to determine the 

voltage across or the current through a particular element. 

However, it is often desirable to find a voltage or current not 

related to a single eleraent. 

Current Response 

Figure 4.1(a) indicates a circuit in which it is desired to 

determine the current through a short circuit. The network may 

contain R, L, C, nullators, norators and sources. The solution is 

given by the equation 

A 
I = -j- (4.22) 

where A is the determinant of the network with the sources set to 

zero and A is the numerator determinant to be found. The same net-
m 

work, with the exception that the short circuit is replaced by an 

impedance element, is shown in Figure 4.1(b). The solution for this 

circuit is given by 

A , 
I' = ̂  (4.23) 

A' 

where the priraes indicate the circuits differ by the addition of Z, . 

The circuit in Figure 4.1(b) can be solved by the methods previously 

discussed. These methods include replacing Z, by a nullator with the 

same current direction, expanding the circuit by residual networks 

and multiplying the result by -1 times the value of the source. It 

is important to note that Z does not appear in the numerator, A ,. 

The principal determinant can be expanded about Z, such that 
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A' = Z^ Aĵ  + A^, (4.24) 

where A, is the determinant of the network with Z open-circuited and 

Zi, , is the determinant of the network with Z, short-circuited. Since 

Z, is the only difference between the network in Figure 4.1(a) and 

the network in Figxjre 4.1(b), letting Z, go to zero would make the 

two networks identical. This is indicated by the familiar expression 

lim lim A , 

I = I' = ^ . "̂,̂  .— . (4.25) 
Ẑ -K) Ẑ -H) \ \ "̂  \ ' 
k k 

Since A , and A^, do not contain Z, the equation becomes 

A , 
I = JL- (4.26) 

\ ' 

where A, . is the determinant of the network with Z, short-circuited. 
k' Ĵ  

However, this is the same as A in Equation 4.22. Combining Equation 

4.22 and Equation 4.26 shows that 

A , = A 
ra' ra 

(4.27) 

Thus, the nuraerator of a current response anywhere in a network can 

be calcxilated using the following procedure: 

(1) Replace the source by a norator with the sarae orientation, 

(2) Place a nullator where it is desired to calculate the 

response and orient the nullator in the assumed direction 

of the current response, 

(3) Evaluate the principal determinant of this modified circuit 

using residual networks. 
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(4) Multiply the principal determinant by the negative of the 

value of the source. 

Voltage Response 

Figure 4.2(a) shows a circuit in which the voltage across an 

open circuit is desired. The procedure used to determine the voltage 

response is similar to that used to determine the current response 

in a short circuit. The solutions to the circuits in Figure 4.2, which 

are the same except for the addition of Z, in Figure 4.2(b), are 

given by 

A A , 
V = -^ and V' = ̂  (4.28) 

where the primes indicate that these terms differ from the unprimed 

terms by the addition of Z, . The circuit in Figure 4.2(b) can be 

solved by the methods previously described. It is recalled that the 

element is replaced by a nullator directed as the cin?rent through 

the eleraent and the determinant is multiplied by Z . Thus V' is 

calculated by the equation 

Zv A „ 
V ' = r, , "1 ^ (̂ .29) 

h \ + \' 

where the denominator has been expanded about Z, . Since the two net-

works are identical except for Z, , letting Z, go to infinity would 

make the two circuits the same. Thus, the voltage, V, can be 

expressed as 

lim lim Z, A „ 

V = V' = / J" (4.30) 
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and, in the limit. 

\ " 
V = r ^ . (4.31) 

It is seen that 

A^ = A and A_̂  = A__̂„ . (4.32) 

Therefore, the procedure used to determine the numerator of a voltage 

response an̂ rwhere in the network is as follows: 

(1) Replace the source by a norator with the same orientation, 

(2) Place a nullator across the terminals at which the response 

is desired and direct it in the manner current would flow 

through a passive element in that position, 

(3) Evaluate the principal determinant of this modified circuit 

using residual networks, 

(4) Multiplying the principal determinant by the negative of 

the value of the source. 

A few examples of how to determine the numerator of a response 

function are given below. 

Exaraple 4.1: Consider the circuit indicated in Figure 4.3(a). It is 

desired to find the voltage, V . The principal determinant of the 

circuit is calculated in Example 3.2. The network used to find the 

cofactor determinant is shown in Figure 4.3(b). It is recalled that 

the principal determinant of this modified network is multiplied by 

-E to yield the numerator of the response function. In expanding the 

circuit in Figiore 4.3(b), Z must be open-circuited and Z and Z raust 



56 

short-circuited to yield a non-zero final residual network. The 

final residual network is shown in Figure 4.3(c) along with its 

determinant value. With the expansion about impedances, this gives 

the numerator as 

\ = -E (-Ẑ ) = E Z^ (4.33) 

and the final solution is of the form 

E Z 

"2 = Z^^Z^^ Z3 • (̂ -̂ )̂ 

Example 4.2: Consider the network in Figure 4.4(a). It is desired 

to determine the current I^. The principal determinant of the net-

work is calculated in Example 3.5. The inductance is expanded as 

an impedance and the capacitance is expanded as an admittance. The 

network corresponding to the cofactor determinant is shown in Figure 

4.4(b). By examining Figure 4.4(b), it is seen that L must be short-

circuited, C must be open-circuited and L.. must be short-circuited to 

yield a non-zero final residual network. Thus, the numerator is 

given by the equation 

A = -E (-1) = E (4.35) 
m 

and the final solution is of the forra 

I = _ i (4.35) 
Lj_ L^ CS'' + S CLĵ  + L^) 

îlxample 4.3: Consider the circuit shown in Figure 4.5Ca). It is 

desired to find the current 1«. The network that corresponds to the 

principal deterrainant is shown in Figure 4.5(b). The only non-zero 



57 

final residual network is shown in Figure 4.5(c) and is obtained by 

short-circuiting R and open-circuiting R and R . The value of the 

final residual network is +1 as indicated in Figure 4.5(c). The 

principal determinant is given by 

A = Rĵ  Rg (4.37) 

where an impedance ejq̂ ansion is used. The circuit corresponding to 

the numerator of the response function is shown in Figure 4.5(a). 

The only non-zero residual network is indicated in Figure 4.6(b), 

where R has open-circuited and R and R- have been short-circuited. 

The determinant value, ô, of the final residual network is the pro-

duct of the individual signs indicated in Figure 4.6(b). Thus, ô is 

given by • 

6 = (-1) (+1) (-1) = +1 (4.38) 

and the numerator is given by the equation 

A = -I (R^) (+1) = -I R^ . (4.39) 

m 2 2 
Combining Equation 4.39 and Equation 4.37 the final solution becomes 

-I R^ 
T = ±. . (4.40) 

The following development has shown how to analyze circuits 

containing R, L, C, nullators, norators and independent sources 

using the nullator-norator raethod of residual networks. There are 

raany other eleraents that can be included in a linear, lumped, finite 

network. Techniques to deal with theseother elements will be 

developed in the next chapter. 
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(a) Given Network (b) Modified Network 

Figure 4.1. Current response through a short circuit. 

• 

; 
V 

( 

(a) Given Network (b) Modlfied Network 

Figure 4.2. Voltage response across an open circuit. 
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Figure 4.3. Networks used to calculate the cofactor in Example 4.1. 
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(c) 6 = -1 

Figure 4.4. Networks used to calculate the cofactor in Example 4.2, 

R, 

M/V 
R^ 

(a) Circuit 

R. 

R, 

•̂ 2 
-VW-

(b) A 

R/ 

R 
(c) 6 = 1 

Figure 4.5. Networks used to calculate 
the principal determinant in Example 4.3. 
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(a) A^. 

ô 
(b) 6 

o 
R. 

pairs sign order sign 

1, 2' +1 1, 2 

2, 1' -1 2', l' 
-1 

Figure 4.6. Networks used to calculate 
the cofactor in Example 4.3. 



CHAPTER V 

CONTROLLED SOURCES 

Controlled soxirces can be modeled by nullator-norator networks. 

However, controlled sources play a vital role in circuit theory and 

are very familiar. For these reasons it would be advantageous to be 

able to use the controlled source directly in the method of residual 

networks. It is only necessary to determine how to expand the net-

work about a controlled source, since this expansion would be the 

same in both the numerator and the denominator. There are four types 

of controlled sources to be considered. They are designated in 

Figure 5.1. It is not necessary to consider more than a single 

controlled source at one time. If there is more than one controlled 

source, the residual networks remaining after the expansion of the 

first will still contain the other controlled sources. Thus, the 

expansion takes one con^trolled source at a time in the same manner 

as expanding the principal determinant about regular impedance 

elements. 

Voltage Controlled-Voltage Source 

The equations for a circuit containing regular R, L, C elements, 

nullators, norators and a voltage controlled-voltage source are given 

by 

61 
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U 

0 

y 

0 0 

U 0 

0 0 

0 0 

B 

0 

0 -Z 

0 

0 0 

0 0 

U 0 

0 0 

0 

0 

0 

0 

' 

r 
r 

nu 
r 

no 
r 

y 

r 

nu 

no 

"y 

• 

0 

0 

0 

^ 

0 

0 

0 

(5.1) 

where the fourth partition row is a single row corresponding to the 

controlled source. [y] is a row submatrix with only one non-zero 

entry for the controlling voltage which is assumed to be across an 

element, which will be called the control voltage element. It isn't 

necessary that the voltage be across an element since an element can 

be introduced and then reraoved, in the same manner as described in 

Chapter IV, without changing the ultimate solution. For simplicity, 

the first element voltage is chosen to be the controlling voltage and 

an impedance expansion is assumed. The principal determinant, A, then 

has the forra 

A = 

1 

0 

0 

0 

y 

0 

u 

0 

0 

0 

0 

0 

u 

0 

0 

B 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

'h 
0 

0 

0 

0 

0 

-Z' 

0 

0 

0 

0 

0 

0 

u 

0 

0 

A 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

(5.2) 
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Expanding A about the row related to the controlled source indicates 

that A raay also be written as the sum of two determinants as 

A = A^ + y A^, 

where Â ^ is given by the deterrainant 

(5.3) 

1 

0 

0 

0 

0 

0 

u 

0 

0 

0 

0 

0 
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0 

0 

B 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

'h 
0 

0 

0 

0 

0 

- Z ' 

0 

0 

0 

0 

0 

0 

u 

0 

0 

A 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

and A , is given by the deterrainant 

'̂ i' = 

0 

0 

0 

u 

0 

0 

0 

0 

u 

0 

B 
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0 

0 

0 

0 

0 

0 

0 

^ l 
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0 

0 

0 

0 

- Z ' 

0 

0 

0 

0 

A 

0 

0 

0 

u 

0 

0 

0 

0 

0 

0 

(5.4) 

(5.5) 

The determinant A is the same as the principal determinant of a 

network with: an independent voltage source. Expanding about the 

fifth partitioned row, which is a single row, is perforjned in the 

same manner as setting the source to zero. It is noted that this is 

the same as the case in which the principal determinant was expanded 



64 

about an independent source. The determinant A^ is the determinant 

of the network with the controlled source set to zero. The determi-

nant, A^, , is the determinant of the network with the controlled 

source replaced by a norator directed in the same manner as the source 

with the control voltage element replaced by a nullator directed the 

same as the current through the element. A , is given by 

A , x' 

0 

0 

0 

0 

1 

0 

u 

0 

0 

0 

0 

0 

u 

0 

0 

B 
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0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

- Z ' 
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0 

0 

0 
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0 

0 

0 

A' 

0 

0 

0 

u 

0 

0 

0 

0 

0 

0 

(5.6) 

where [A'] is the same as [A] except that the first column of [A'] is 

the negative of the first column of [A]. This is due to the fact that 

the nullator is directed as a source and is replacing a passive 

element. This replacement procedure is very similar to the procedure 

used in evaluating the cofactor determinant. The difference is that 

one of the columns (voltage or current) associated with the passive 

element was replaced in A by the source, whereas both columns 

associated with the passive element are contained in A ,. Multiplying 

the sixth column of A. , by -Z shows that 
X X 

l̂' = - \ .̂' C5.7) 

It is interesting to compare this relationship with the numerator 
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determinant for the voltage excitation-voltage response case which 

is given by 

A = -E Z, A (5.8) 

m 1 X 

where the A was the determinant of the network with the source 

replaced by a norator directed in the same manner as the source. 

The response element was replaced by a nullator directed as the 

current through the element. The difference between A and A , is 
X x' 

that in A , the nullator is directed as the voltage across the element 
and in A the nullator is directed as the current through the element. 

X ^ 

It was also mentioned, in Chapter IV, that the nullator's direction 

could be reversed if the determinant were multiplied by -1. There-

fore, A may be written as 

A,, = Z, A . (5.9) 
1' 1 X 

Since the Z multiplier will occur if the nullator is placed in 

parallel with the element, A is simply the determinant of the 

network with the controlled voltage source replaced by a norator with 

the same orientation and with a nullator placed across the controlling 

voltage and directed in the manner current would flow through a 

passive element. 

Other Controlled Source Expansion 

As one might expect, the other three cases have the same rela-

tionship to their numerator counterparts as the caae cited in previous 

paragraphs. This can be demonstrated by going through the same pro-

cedure as before. The only difference between a numerator determinant 
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and the portion of a denominator determinant expanded about a 

controlled source is a minus sign. To be more specific, in both 

cases the source is replaced by a norator with the same direction. 

A current response or a control current has a nullator so placed 

that the current goes through it. The nullator has the same direction 

as the current. A voltage response or a control voltage has a nulla-

tor placed so that the voltage is across it and the nullator is 

directed in the manner current would flow through a passive element 

in that position. The difference lies in the equations. These 

relationships are given in the Table 5.1. 

Type Excitation-Response Source-Control 

Voltage-Voltage A^ = -E A^ A = A^ + y A^ 

Voltage-Current A^ = -E A^ A = A^ + r A^ 

Current-Voltage A^ = -I A^ A = A^ + g A^ 

Current-Current A^ = -I A^ A = A^ + a A^ 

Table 5.1 

In the table A indicates the nullator is in parallel, A^ indicates 

the nullator is in series and A indicates the controlled source is 

set to zero. 

Example 5.1: The circuit shown in Figure 5.2Ca) is a simplified model 

of a transistor araplifier. It is desired to find the output voltage 

V . The network corresponding to the denorainator determinant, A, is 
o 



67 

given in Figure 5.2(b). Expanding A about the controlled source gives 

A = A^ + 3 A^, (5.10) 

where Â ^ and Â ,̂ are the determinants of the circuits in Figures 5.2 

(c) and (d) respectively. Expanding A , about R yields a norator 

loop and a norator node. Thus, A^, is zero. Expanding A in the 

usual manner gives 

A-L = R-L (̂ 2 + R3) + ̂ 2 H (5.11) 

and, thus, 

A = R^ R^ + Rĵ  R^ + R^ R3 . (5.12) 

The numerator determinant, A , corresponds to the network in Figure 

5.3(a). The determinant value of this network is multiplied by -E. 

Again the network is expanded about the controlled source and A is 

given by 

A = A T + 3 A ., (5.13) 
m ral ral' 

where A , and A ... correspond to the network in Figures 5.3(b) and 
ral ral' ^ 

5.3(c) respectively. Expanding A about R^ shows that A = 0. 

Exaraining A , , , it is seen that to yield a non-zero determinant R̂ ^ 

must be opened, R shorted, R opened and R shorted. Thus, A^, is 

given by 

\a' = \ ^2 ^fr '̂-̂ ^̂  

where A ^ ^s the final residual network indicated in Figure 5.3Cd). 

The value of íi, is the product of all the individual signs in the 

residual network which are indicated in Figure 5.3(d). The value 
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of the numerator determinant is given by 

A^ = - E B R^ R^ (-1) 

= - E e R^ R^ 

This gives the final solution as 

(5.15) 

- E e R^ R^ 

^" ^1^2 ^^1^3 ^^2 ^3 • '̂'"'̂  

Additional Active Elements 

All linear, lumped, finite networks can be modeled in terms of 

passive elements and controlled sources. Therefore, all of these 

circuits can be solved using the nullator-norator method of residual 

networks. Networks containing mutual inductance, ideal transformers, 

gyrators, negative impedance convertors and so forth can be solved 

with this technique. It is possible to develop the expansion proce-

dure for each of these devices, but it is just as easy to use the 

controlled source model for the devices and the expansion technique 

already derived for controlled sources. Aside from the fact that 

controlled source models are well known, using controlled source 

models reduces the number of rules involved in solving circuit 

problems with residual networks. An example will illustrate how 

the procedure works with other devices. 

Example 5.2: The network in Figure 5.4(a) includes a gyrator. The 

controlled source raodel of the circuit in Figure 5.4(a) is shown in 

Figure 5.4(b). The output voltage, V , is to be evaluated. 
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Figure 5.5(a) shows the network used to calculate the principal 

determinant. It should be noted that the circuit contains two 

controlled sources. Expanding the denominator about the controlled 

sources gives 

A = A.j_ + G A-L, (5.17) 

and 

A = A^2 "̂  ̂  ̂ 12 "̂  ̂  ̂ 12' ^ ̂ ^ ̂ 1'2' (5.18) 

where A-.^ ̂ ®ans both controlled sources are set to zero, A,,^ means 

source two is set to zero and the expansion is about source one, and 

so forth. The networks corresponding to these determinants are shown 

in Figure 5.5. The value of both the determinants A,,^ and A,,̂ , is 

zero since the nullator and norator are separated. The determinant 

A,^ can be expanded in the usual manner and, using the Laplace trans-

form and assuming zero initial conditions, is given by 

A-L2 = (̂ i Cj_ s+1) (R3 C^ s+1) (5.19) 

where the capacitors are expanded as admittances. In expanding the 

determinant A-, ,p, it is seen that both R and C must be open-

circuited and either R.. and R are opened and C is shorted, or R 

and C are opened and R is shorted, or R and C are opened and R^ 

is shorted. In all three of these cases the final residual network 

is the same and is shown in Figure 5.5(f) along with the sign changes 

for the residual network. Combining these equationa glves 

A = iR^ C^ s+1) CR3 C^ s+1) + G^ R3 ER^ R-L Ĉ ŝ + R^ + \ 1 (5.20) 
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for the value of the principal determinant. The network used to 

calculate the numerator is shown in Figure 5.6(a). Expanding the 

network in Figure 5.6(a) about the two controlled sources gives 

^ = ̂ ,̂̂ 2 ̂  '̂  ^:a'2 ^ " V 2 ' ^ "^ \V2' ^^'^^^ 

where the networks corresponding to the sub-determinants are indicated 

in Figure 5.6. A brief examination of the networks corresponding to 

^ml2' ̂ ral'2 ̂ ^^ ^ml'2' î î̂ "̂tes that there is no way to expand the 

networks without arriving at a nullator (norator) node or a nullator 

(norator) loop. Thus, all three determinants are equal to zero. The 

network corresponding to A is expanded by shorting R and R and 

opening the other elements. This is the only combination that yields 

a non-zero determinant. The final residual network is shown in 

Figure 5.6(f) along with the sign associated with that residual net-

work. The value of A is given by 

V 2 ' = -̂ 3̂ • ^'-''^ 

The numerator can be written as 

A = -V. G (-R̂ ) = V. G R^ (5.23) 
ra m 3 m 3 

and, finally, the solution is of the forra 

V. G R_ 
V = ^" ^ . (5.24) 
° (R^ C^ s+l)(R3 C^ s+1) + G^ R3 [R^ \ Ĉ s + R^ + \ 2 
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Figure 5.1. Controlled sources. 
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Figure 5.2. Networks used to calculate 
the principal deterrainant In Example 5.1. 
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Figure 5.5. Networks used to calculate principal 
determinant in Exaraple 5.2. (continued on page 75) 
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Figure 5.5. Networks used to calculate principal 
deterrainant in Example 5.2. (continued from page 74) 
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Figure 5.6. Networks used to calculate the 
cofactor in Example 5.2. (continued on page 77) 
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CHAPTER VI 

CONCLUSIONS 

The analysis of linear, lumped, finite networks by the nullator-

norator method of residual networks has been considered. The reduction 

techniques of Fuessner and Seacat form the basis of the technique. It 

has been shown that a nullator-norator pair can be used to simplify 

the calculation of cofactors of the principal determinant of a network. 

Nullator-norator pairs are also used to expand the principal determi-

nant or cofactor of a network about active elements. 

Some of the advantages of the nullator-norator method of residual 

networks are: 

1. no algebraic raanipulation is required, 

2. the network expansion procedure is simple, 

3. an element may be expanded as an impedance or an admittance 

with equal eeise, 

4. the evaluation of the final residual network is simple, 

5. cofactors are evaluated in the same manner as the principal 

determinant; only the network changes, 

6. all source-response combinations follow the same rules, 

7. all types of controlled sources are expanded in the same 

manner. 

Since the network can be expanded about any element, active or 

passive, the sensitivity of a transfer function with respect to a 

particular pararaeter can be easily determined. 

78 
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The research has indicated that there are areas that warrant 

further study. These areas include the application of the method to 

analysis and design of networks. The adaptation of the method to 

computer aided analysis is one of the most interesting and important 

areas for future reaearch. 
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