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Chapter I 

PURPOSE AND SCOPE 

Problem definition 

One of the problems facing. managers in general, 

and especially engineering managers, is the selection of 

projects to be funded. Investment decisions are probably 

the most important and most difficult decisions that con-

front top management, for several reasons. First, such 

decisions usually involve enormous amounts of money. 

Investments for United States companies in plant and equip-

ment alone are approaching fifty billion dollars a year. 

Another fifty billion dollars or so goes into acquisition, 

development of new products, and other investment expendi-

tures (l). Second, investment decisions have long-lasting 

effects. In general, the effects of mistakes in capital 

budgeting decisions cannot be remedied without a consider-

able dollar penalty. Such mistakes are not easily reversed, 

and usuaily cannot be worked off in a short time. iviajor 

investment decisions often commit management, and a large 

amount of otherwise available working capital, to a plan 

of action extending over several years. Third, investment 

decisions must be visualized as a major part, an integral 



part, of the company's strategy. Such decisions represent 

the arrows that point the general direction of the corpor-

ation, as well as marking management's belief in the mar-

ket trends. 

For all of these reasons the capital budgeting 

decision is of paramount importance and cannot be taken 

lightly. It is, therefore, no wonder that during the last 

twenty-five years a considerable amount of literature and 

effort have been dedicated to developiní^ techniques des-

tined to making investment decision-making a rational, 

scientific, and logical process. 

The results of these efforts have been rather 

pleasing. Over the past two decades numerous techniques 

have been developed in order to solve the capital budget-

ing problem, as it has come to be known, The vast major-

ity of these techniques are centered around the concepts 

of interest and time-value of money. Some are specialized, 

in that specific or particular problems are examined. 

Others are general and can be applied with equal success 

to a vast category of problems. None, however, from a 

managerial standpoint, are absolute. That is, the fact 

that a given technique is applied to a capital budgeting 

decision does not automatically insure that the optimal 

solution will be reached, nor that the estimated results 

will actually be achieved. The reason is simple. Invest-

ment decisions are characterized by a high degree of 
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uncertainty, and are always based on predictions and fore-

casts of the future—often the distant future. Such pre-

dictions often require judgmental estimates of future 

events. Naturally, prediction and forecasting involve a 

game between the analyst and nature, out of which, at last, 

only educated guesses result. Thus, one can say that 

regardless of whatever technique is used, the capital bud-

geting problem involves risk and uncertainty. 

The explicit consideration of risk and uncertainty 

in capital budgeting decisions is of very recent develop-

ment and comprises the main topic of this research effort. 

It is the purpose of this investigation to develop a tech-

nique capable of dealing effectively with the problem of 

investment under conditions of risk when the available 

information is subject to severe restrictions in both 

quality and/or quantity. Such conditions occur frequently, 

especially when the capital budgeting decision involves 

the allocation of funds to first-time projects. Examples 

of these decisions are the installation of a new process, 

the construction of a new plant, the design of new equip-

ment, etc, The methodology hereby introduced will attempt 

to improve the capabilities of already existing techniques 

in an effort to provide the practicioner with an additional 

tool for the consideration of risk in investment decisions. 

Risk Analysis 

For as long as management has existed, for as long 



as mankind has had to deal with economic matters, the sub-

ject of risk and uncertainty has posed numerous and unan-

swerable questions. Before discussing the ways in which 

risk and uncertainty affect business decision-making, it 

would be proper to look into the definition of these two 

terms. V/ebster defines risk as a "hazard, danger, peril, 

exposure to harmj the hazard of loss, either of ship, 

goods, or other property, the amount which may be lost" (2), 

Uncertainty, on the other hand, is defined as "the quality 

or state of being uncertain; dubiety, hesitation; something 

not certainly and exactly known; a contingency" (2). 

The classical distinction between risk and uncer-

tainty has been one of knowledge of the probabilities asso-

ciated with the various states of nature. A situation 

would be considered one of risk if the probabilities of 

the various alternatives were known, Another situation 

would be characterized by uncertainty if the probabilities 

associated with the alternative courses of action were 

unknown. This latter distinction between the two terms 

is the one that will be utilized throughout this investi-

gation. Obviously, the presence of risk and uncertainty 

in any business decision (that is, the presence of intan-

gibles) considerably reduces the efficiency of the tradi-

tional methods of performing economic analysis. This is, 

of course, no criticism of the validity and/or theoretical 

soundness of the techniques available for performing 



economic appraisals. It is, rather, the placement of a 

constraint on their scopei a loss of generality, Econo-

mic variables such as life, salvage value, periodic 

incomes and costs, are random variables rather than known 

constants. Hence, in many economic studies, it becomes 

increasingly desirable to consider and, in some fashion, 

measure the amount of risk involved in a particular deci-

sion, 

Before proceeding, it becomes necessary to narrow 

the capital budgeting problem to a specific type. The 

problems here considered are of a major nature and have 

an engineering content. They may range from the selection 

of a new piece of equipment to the construction of an 

entire plant. Their common characteristics are that large 

amounts of funds are required, they are usually irrever-

sible in nature, and it is difficult to forecast their 

future results. Their purpose is to increase revenue (and 

hopefully profit) and/or to reduce costs. The source of 

funds may be retained earnings, borrowed capital, equity 

financing, or other sources, such as leasing. 

In order to analyze the anatomy of the project, 

the following factors must be identified and quantified» 

1. the initial investment (including phase-in and debug-

ging), 

2. the profile of future returns (including probable sal-

vage value), 
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3. the economic life of bhe project. 

Other- considerations that apply are the depreciation method, 

the depletion allowance, the investment tax credit, and the 

capital /\.TÍns and losses. 

•̂'ith the project profile above described, it is 

obvious that the analysis procedure will encompass risk. 

Basically, risk v/ill enter the picture from two sources* 

natural r-îources, such as m.arket trends, custorner reactions, 

competition, '•̂ overnment, etc, and limitations of the 

analysis technique, such as computation facility, accuracy, 

and analyst capabilities for forecastin̂ '; and prediction. 

The first source of risk has to do with the fact 

that the environment of the project in dynamic. All eco-

nomic variables are sub.iect to change, some periodically, 

some suddenly. The second source of risk is the technique 

itself. The scientific world has yet to discover a fore-

casting technique v/hich is onc hundred percent accurate. 

Naturally, some techniques of analysÍG are better- than 

others, l)ut even in this respect it is virtually hnpossible 

to deter-mine hov/ much better one technique is than another. 

In essence, the analysis procedure should not be l.ooked 

upon as the balsani that v/ill inevitaMy cure ai'' t'̂e pro-

blems of tho f̂ irm. On the contr-ary,. ratr'cr hhan 'joivin-: 

all the problems, it is likely to start a fcv/. 'ihe primary 

reason for the effectiveness of an analytical too.l is 

that it forces the analyst to look at a-U , (^v nen-ly all, 
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of the affected variables. 

The State of the Art in Risk Analysis 

The analysis of risk in capital budgeting deci-

sions is of rather recent development, dating back to the 

late 1950*s and the early 196o*s. It was, however, dur-

ing the second half of this decade that the major break-

throughs were produced. 

In its present state, risk analysis is, to a large 

extent, dependent on the modern digital computer and its 

ability to manipulate effectively astronomical amounts of 

data. It is also significantly dependent on the use of 

statistics. 

Literature Survey 

The following survey of the literature does not 

attempt to be an exhaustive one. The literature is so 

varied and so vast that any effort to cover the entire 

range of the publications will have to fall short of its 

aims. The main purpose of this brief survey will be one 

of further defining the area of study. As a secondary 

purpose it is hoped that, by exposing the reader to other 

research efforts, the need to continue investif^ation in 

the areas of economic and risk analysis will be demon-

strated. 

A general framework for evaluating risky invest-

ments was developed by Lutz and Lutz in 1951 (3). îuch 
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of this work and work done preceeding 1951 has been sum-

marized by Farrar in I962 (4), In I962, Masse made a 

vigorous survey of the work done by himself and others 

in the area of risk analysis (5). 

A major milestone in the field was provided by 

Markowitz in 1959 (6). He thoroughly analyzed one spe-

cial case of the general problem of risk analysis—namely, 

the one of evaluating interrelated investments with a 

high degree of risk, such as securities, Mstrkowitz began 

by formulating a static model of the problem, which is an 

assumed deterministic representation of some model under 

risk or uncertainty. Given this formulation, he then 

showed how to determine the portfolio which provides the 

most suitable combination of expected rate of return and 

standard deviation of rate of return. The Markowitz 

approach, together with several developments proposed by 

Tobin, has come to be known as the iWarkowitz-Tobin Port-

folio Analysis and is frequently found in managerial text-

books dealing with securities (7f8). 

The work done by Markowitz motivated related work 

by Cheng in I962 (9), Sharpe in I963 (lo), Baumol in I963 

(11), Fama in I965 (12), and Mao and Sarndal in I966 (13). 

This paper, however, will not address itself to the port-

folio problem. Interested readers are directed to J. Van 

Horne (14). 

The analytical approach to the risk analysis problem 



involving expenditures other than securities has also 

received widespread attention from researchers. One of 

its main contributors has been Hillier (15)» who developed 

a systematic procedure for analyzing one or a large set of 

risky interrelated investments. In his- analysis HiIIier 

considers risky investments which generate one or more 

mutually independent series of normally distributed cash 

flows, when the cash flows within each series are either 

mutually independent or perfectly correlated. By mathe-

matical manipulation of the normally distributed annual 

(or periodic) cash flows, he obtains a distribution of 

present value or other measures of merit. The methods 

he utilizes for finding the optimal solution to an invest-

ment dilemraa (best investment decision) can be classified 

as exact and approximate, By following intricate and 

elaborate procedures, he defines a set of conditions for 

optimality. His work is monumental, but with very little 

practical application from a managerial standpoint. His 

greatest accomplishment is the conceptualization of risk 

in terms of deriving a probability distribution to repre-

sent risk. Hillier formalized the risk analysis problem 

and opened the door for a series of research efforts. 

V^eingarter (I963) has comprehensively applied 

linear prograniming to the problem of capital budgeting (I6). 

He specifically looks at problems of investment allocation 

under several market imperfections. The analytical 
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approach, deeply related to the Operations Research area, 

has also been studied by other scholars. Charnes and 

Gooper (1961,1962) and Charnes and others (1959) have 

contributed considerable research in this field of applied 

mathematics (17). The interested reader should see 

Weingarter (I966) for relevant work by him and other 

analysts (18), 

The rigorous mathematical approach to the capital 

budgeting problem is, however, not the only approach pro-

posed in the literature. A considerable amount of work 

has been done by Hertz and others aimed at describing the 

advantages of Monte Garlo simulation for deriving dis-

counted rate of return or net present value (NPV) proba-

bility distributions. Since its introduction by Hertz 

in 1964, this approach has become highly popular because 

of its simplicity when compared to the more rigorous 

analytical approaches (l9f20). The list of authors who 

have promoted the simulation approach is rather extensive, 

Among them Hess and Quigley in I963 (21), Lerner in 1971 

(22), Gershefsky in 1970 (23), Smith in 1970 (24), and 

V̂ agle in I967 (25) have been leading researchers in this 

area. Monte Carlo simulation has been applied success-

fully to industrial problems. Additional references per-

taining to this very important area can be obtained from 

Kryzanowslci and others (26), Hammersley and Handscomb, 

1964, (27), î ûssey and Stevens, 1971, (28), lílausner (29), 
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and Schreider, I966, (30).^ 

As mentioned earlier, the analysis of risk in cap-

ital budgeting decisions is highly related to the areas 

of statistics and probability theory. One of the major 

contributions, and one which is now receiving considerable 

attention, was provided by Schlaifer (3I). Schlaifer, and 

a series of scholars after him, deal with the actual analy-

sis of the probability distributions of cash flows and/or 

measures of merit associated with an investment dilemma. 

By applying Bayesian statistics, Schlaifer is able to 

derive important information, such as the Expected Value 

of Perfect and Sample Information and the Expected Ûppor-

tunity Loss. 

Bayesian statistics are characterized by the adjust-

ment of prior probabilities for an unknown parameter or 

factor to more reliable posterior probabilities based on 

the result of sample evidence or evidence from further 

study (32). 

If there are n possible outcomes (exhaustive and 

mutually exclusive) A^, A^, . . . A^, and sampling evi-

dence can result in X, where X is discrete and P(X) = 0; 

and prior probabilities, P(A^), have been established, 

then the posterior probability of event A^, given that 

^The simulation approach will be treated more com-
prehensively in the following pages. 
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sample information has resulted in X, can be written as« 

P(Aĵ /X) = P(X/Ai) P(A^) 

P(X) 

Alternat.ively, this formula can be rewritten as « 

P(A^/X) = P(X/A^) P(A^) 

:^P(X/Ai) P(Ai) 
i 

since: P(X) = ^P^X/A^) P(Ai). 
i 

Within this formulation, the Expected Value of Sample 

Information, or additional information, (EVSI) can be 

written as '* 

EVSI = E(R/SI) - E(R). 

That is, Expected Value of Sample Information equals 

Expected Return, given Sample Information minus Expected 

Return, wheres 

E (R/SI) = ^ max[E(alternatives) / XJ P(Xj) 

and Xj is the j-th outcome of the sampling process (dis-

crete case). 

The Expected Value of Perfect Information (EVPI) 

is the maximum expected loss due to imperfect information 

concerning the true state of nature in a situation involv-

ing risk. EVPI is synonymous to the Expected Opportunity 
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Loss Goncept (EOL). 

In a generalized manner EVPI (EOL) can be expressed 

as follows* 

EVPI = EOL = E(R/PI) - K{R), 

The difference between the Expected Value of Sample 

Information (added study) and the cost of additional study 

is called the Expected Net Value of Sample Information 

(ENVSI). 

EIWSI = EVSI - Gost of Sample Information 

or : 

ENVSI = E(R/SI) - EIR) - Gost of Sample Information. 

Additional discussion regarding the concepts of 

Expected Value of Sample and Perfect Information will be 

presented in the second chapter. 

Ganada modifies some of the Schlaifer developments 

and proposes a way of incorporating them into the risk 

analysis methodology (32), Other developments in the 

field of capital budgeting include an approach proposed 

by i>iagee (33) and expanded by Hespos and Strassman (l) 

called the decision-tree technique. ̂  Finally, l'iichelson. 

^This technique, known as the Stochastic Decision-
Tree, will receive further coverage in the following pages 
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Gommander, and Snead proposed a method of risk allowance 

for risk-free capital (34), 

Brief Summary of the Glassical Risk 
Analysis Techniques 

There are numerous traditional methods for deal-

ing with risk and uncertainty. The relative validity and 

applicability of each technique is dependent on the par-

ticular problem, its complexity, the importance of the 

decision, and finally, on the particular decision-maker. 

The methods for handling risk can be summarized 

as belonging to one of the following five categories: 

(l) intuitive judgment and conservative adjustment, (2) 

optimistic-pessimistic evaluation, (3) sensitivity analy-

sis, (4) risk discounting, and (5) probability distribu-

tion methods. 

intuitive judgmgnt siiå cgnsgrvative ad.iustment.— 

Intuitive judgment and conservative adjustment is, by far, 

the most traditional and most widely employed method for 

risk accounting. It involves making intuitive judgments 

about the amount of risk involved in a particular project. 

The intuitive judgments can be made a priori or a posteri-

ori to the assumed-certainty analysis. In the a priori 

mode the estimates of the economic variables are changed 

in a conservative direction before the execution of the 

economic evaluation. In the a posteriori mode the analysis 

is performed assuming certainty, and then subjective 
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estimates are made on the amount of risk associated with 

each of the alternatives. The measure of merit is then 

adjusted, in a proportional fashion, in order to obtain 

a risk-corrected measure of merit for each of the alter-

natives. 

Gptimifitig-Pgssiinifítifi evaluatjon.—Thic; proce-

dure, as its name implies, involves changing estimates 

of one or more elements in a favorable outcome (optimis-

tic) direction and in an unfavorable outcome (pessimis-

tic) direction in order to investigate the effect of 

these various changes on the economic study. 

In its usual form, the analyst is required to 

make three estimates of each parameter under analysis* 

a pessimistic, a most likely, and all optimistic. In 

addition, various possible combinations of these states 

are considered. 

Sgnsitivity msitlûíl.—The sensitivity method is 

a variation of the optimistic-pessimistic technique. In 

this kind of analysis the parameters, usually a few 

selected ones, are changed individually along a range 

that goes from optimistic to pessimistic, while maintain-

ing the other parameters fixed at their most likely value. 

This procedure allows the analyst to assess the relative 

importance, or criticality, of each of the parameters 

under study. One of the important concepts derived from 



16 

sensitivity analysis is the relative magnitude of the 

change, in one or more elements of an economy study, which 

will reverse the decision. 

Bisii dÍSCQUntÍng msJiliM.—The risk discounting 

technique is a procedure by which the interest rate uti-

lized throughout the economic analysis is made to reflect 

the risk associated with the alternative. In general, 

the higher the risk of the venture, the higher the 

expected rate of return. 

P3rg]?a\?ility distributiop methods.—These methods 

comprise all those which in some form or another attempt 

to derive the probability distribution of the measure of 

merit (generally NPW or Rate of Return). In general, the 

approach consists of considering each variable under study 

as a random variable and, thus, belonging to some probabil-

ity distribution. The variables and their distributions 

are then algebraically manipulated to obtain the distri-

bution of the measure of merit. This type of approach is 

discussed frequently in the literature, although it has 

had limited acceptance by industry. As was-mentioned 

earlier, much work in obtaining the probability distribu-

tion of NPW and other measures has been done by Hertz 

(1964), Hillier (1963-1965), Hillier and Heebink (I965-

1966), and Horowitz (I966). 
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Simulation and Other Non-Traditional 
Risk Analysis Techniques 

The Monte Carlo technique is an especially use-

ful means of simulating situations involving risk. It 

has enjoyed widespread acceptance in practice because of 

the analytical power the method makes possible without 

the necessity of complex mathematics, This technique, 

which is sometimes called the method of "statistical tri-

als," is a variation of the probability distribution 

method of risk analysis. Monte Carlo involves the random 

selection of an outcome for each variable of interest, 

the combining of these outcomes with other deterministic 

parameters, and the calculation of a one-trial outcome 

of the measure of merit. This process is repeated several 

times in order to obtain an approximate distribution of 

the measure of merit. In general, the iterative process 

has to be repeated a great many times, and for this rea-

son, this technique is especially suited for calculation 

with a digital computer, 

The advantages of the Monte Carlo technique are 

that: (1) it is extremely flexible, (2) it is easy to 

understand, (3) it has the possibility for establishing 

confidence intervals on the measure of merits, (4) it is 

very easy to implement because of the availability of 

special simulation languages, (5) it is completely inde-

pendent from the measure of merit (can be used with equal 

success with any measure of economic worth), and (6) it 
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can be used for sensitivity analysis. 

Still, the technique does have several limita-

tions which must be recognized. John R. Canada observesi 

The technique also inherently possesses the 
same problems of statistical variation and the need 
for experimental design that is encountered in direct 
physical experimentation (32). 

Frederic S. Hillier says: 

. . . It has a number of serious disadvantages 
which make it poorly suited for the analysis of 
risky interrelated investments, One of the lesser 
of these is that simulation is inherently an impre-
cise technique, even with respect to the model used, 
since it provides only statistical estimates rather 
than exact results. . . . Furthermore, simulation 
is a cumbersome way to study a problem since it 
requires developing the model and input data, and 
doing the computer programming, and executing the 
computer runs. However, the most critical disadvan-
tage is that simulation yields only numerical data 
about the predicted performance of investments, so 
that it yields no additional insight into cause and 
effect relationships. Therefore, every slightly new 
case must be completely rerun (15). 

Nevertheless, even with these disadvantages and short-

comings, the î ionte Carlo simulation method of risk anal-

ysis remains as one of the most potent, popular, and 

practical techniques for risk analysis. 

The Decision-Tree Method 

The decision-tree method, a technique which has 

evolved from dynamic programming, is a convenient way of 

representing and analyzing a series of investment deci-

sions to be made over time. To illustrate this technique, 

Figure 1 has been constructed with pertinent information 

concerning the decision-tree method. Each decision point 
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in time is represented by a square at a fork in the deci-

sion tree, Each branch deriving from the square repre-

sents one alternative which might be selected at this 

point in time. In the figure, the two alternatives are 

labeled "old" and "new." 

Hi $45K P = (0.5) ENW = $22.5^ 

Lo $27.5K P = (0.5) JtiíMW = $13.75^ 

-$35k 

new \ . _ Hi $75ií P = (0.5) ENW = $35ií 

Lo $48iv P = (0.5) ^^^ = $24ií 

Figure 1 

The Decision-Tree Method^ 

The decision tree, in addition to representing 

decision points in time, also represents chance events. 

Thus, the tree can be visualized as a game between the 

analyst and nature. Every time that a chance event 

3john R. Canada, nt.ermediate ^̂([ QnQniic AnaÍYSÍS 
for Mnnnp-ement ami En^inegrinf^ (Englewood Gliffs, New 
Jersey: Prentice-Hall, 1971), p. 32^. 
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influences the outcome, a circle is shown to demonstrate 

the possibility of chance eyents occuring. Emanating 

from each chance-event node, the branches represent the 

different random outcomes possible. A node representing 

a chance event generally has a probability associated with 

each of the branches generated at that node. The total 

of such probabilities leading from a chance node must 

equal to one. 

In the example, the probability associated with a 

"hi" demand is 0.5. Finally, each combination of deci-

sions and chance events has some outcome (in this case, 

Expected Net Worth) associated with it. 

The optimal sequence of decisions is found by 

moving from right to left on the decision tree. The "roll-

back" is performed according to the following rules: 

If the node is a chance-event node, the expected 
worth is calculated for all the branches emanating 
from the node, 

If the node is a decision point, the expected 
worth is calculated for SiãQh branch emanating from 
that node, and the highest is selected. 

In either case, the expected worth of that node 
is carried back to the next chance event or decision 
point by multiplying it by the probabilities associ-
ated with branches that it travels over (l). 

In the example problem the roll-back technique 

outlined above yields the following results: 

Decision Point Alternative Expected Worth ($1000) 

old $22.5 + $13.7 - 10 

1 = $26.25 

new $35 + 24 - 35 = $2^ 
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Hence, the chosen alternative at decision point 1 is "old." 

One of the disadvantages of the technique is that 

computations can quickly become unwieldy. To make the 

approach feasible it is necessary to limit the number of 

branches emanating from chance-event nodes to a very small 

number. The single most critical characteristic of the 

decision-tree approach is that it gives na information 

concerning the range of possible outcomes from the invest-

ment or the probabilities associated with those outcomes. 

In other words, the roll-back technique generates only 

one number for each branch emanating from a decision point, 

rather than a distribution of possible outcomes. However, 

in spite of these shortcomings, the decision-tree approach 

is a very useful analytical tool, 

The Stochastic Decision-Tree Approach 

One of the most important contributions to the 

field of risk analysis was provided by Hespos and Strass-

man in I965 under the name of Stochastic Decision Trees (l), 

Their technique combines all the advantages of the Monte 

Carlo approach with those of the decision-tree methodology. 

The result is an analytical tool which enables the analyst 

to investigate sequential investment dilemmas with the 

virtual elimination of all of the drawbacks present in 

the decision-tree approach, Hespos and Strassman state 

the following: 

The stochastic decision-tree approach is similar 
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to the conventional decision-tree approach, except 
that it also has the following features: 
1. All quantities and factors, including chance 

events, can be represented by continuous empiri-
cal distributions, 

2. The information about the results from any or 
all possible combinations of decisions made at 
sequential points in time can be obtained in a 
probabilistic form. 

3. The probability distribution of possible results 
from any particular combination of decisions can 
be analyzed using the concepts of utility and 
risk (1). 

In order to assess the three additional features, 

one may look at Figure 2. From the figure, it is seen 

that chance-events nodes have been replaced by probabil-

ity distributions. The model is run under simulation. 

That is, at the point where a chance event occurs, a ran-

dom selection is made from the probability distribution 

associated with the chance node, The value selected is 

then used in conjunction with other random selections to 

calculate a measure of worth for that iteration, 

The Stochastic Decision Tree produces a distri-

bution of outcomes (measure of merit) for each branch 

emanating from a decision point, rather than a single 

value (expected outcome) as was the case with the decision-

tree technique. The decision-maker is thus confronted 

with probabilistic estimates and ranges at each decision 

point and for each branch—a substantial improvement over 

the traditional decision-tree approach. 

Purpose 

So far the discussion has dealt with defining the 
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area of study and surveying the literature in order that 

an adequate basis be established for the technique to be 

developed. 

Figure 2 

The Stochastic Decision-Tree Approach 

Undoubtedly, the many techniques already in exis-

tence have provided the practicioner with some good tools 

for the analysis of capital ventures. There are, however, 

several areas within the field of risk analysis which 

deserve attention. Frederic S. Hillier states the fol-

lowing: 

There seems to be a number of interesting areas 
for future research on the problem [deriving measure 
of merit distribution] . Perhaps the most crucial 
one is to develop improved procedures for handlinr; 
dynamic aspects of the problem. . , . In particular. 
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a strategy approach for making sequential investment 
decisions would be very useful (I5). 

Richard R. Hespos and Paul A, Strassman cite this obser-

vation: 

In the evolution of these techniques [capital 
budgeting techniques], each advance has served to 
overcome certain drawbacks or weaknesses inherent in 
previous techniques. However, until recently, two 
troublesome aspects of investment decision-making 
were not adequately treated, in a practical sense, 
by existing techniques. One of these problems was 
handling the uncertainty that exists in virtually 
all investment decisions. The other was analyzing 
separate but related investment decisions that must 
be made at different points in time (l), 

Lawrence Kryzanowski, Peter Lusztig, and Bernard Schwab 

observe: 

A considerable amount of pioneering work was done 
by Hertz and others aimed at describing the advantages 
of Monte Carlo simulation for deriving discounted rate 
of return or net present value probability distribu-
tions. . . . Such contributions have been incorporated 
into the more rigorous and comprehensive managerial 
finance texts, but all too often leave the impression 
that the approach is straight-forward and fully opera-
tional (26), 

Lynn E. Bussey and G, T, Stevens state: 

While the theoretical aspects of the project evalu-
ation problem have been well investigated, two problems 
for the practitioner still remain: applying the theory 
to specific real-life data, and finding adequate esti-
mating techniques to get realistic estimates of the 
correlation parameters (28). 

All of the authors mentioned here seem to be of 

the same opinion concerning one specific point—namely, 

in the need to make risk analysis a practical, easy to 

understand, and operational approach. Too often the risk 

analysis techniques develop into levels of mathematical 
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sophistication which escape the managerial ability and 

time frame. While most risk analysis methodologies make 

free use of probabilities, it should be pointed out that 

these probabilities are, in most cases, the result of 

subjective estimates. The evidence supporting any given 

probability may differ markedly in both quality and quan-

tity from that supporting any other probability. 

Ganada states the followings 

When probabilities are used, the risk and uncer-
tainty concerning outcomes in question are not elimi-
nated, but rather the uncertainty then becomes uncer-
tainty connected with the probabilities on which the 
analysis is based (32). 

Thus, one of the areas of risk analysis which 

deserves attention is the one related to the uncertainty 

surrounding the use of probabilities. As was mentioned 

earlier, this case occurs repeatedly (from a managerial 

standpoint) in decisions involving first-time and one-

time-only capital disbursements. In such situations the 

amount of initial information (prior information) is 

relatively small, and certainly not sufficient to gener-

ate an optimal decision. The manager facing a decision 

for which the prior information is, by his own estimate, 

small or non-existant has one of two choices: 

1. Perform an additional study at a given cost (that is, 

construct a pilot study, hire a consulting firm, 

sample the market, etc.) or, 

2. perform an economic evaluation under a given risk 



26 

analysis technique, and under a sensitivity mode, in 

order to gather information about his own estimates. 

(Parametric sensitivity studies are not uncommon and 

have the added advantage of having a cost which is 

substantially less than the one associated with the 

construction of pilot models. In some cases the sen-

sitivity approach itself will point out the best alter-

native.) 

This research effort will deal with the second of 

these two alternatives. That is, it will attempt to pro-

duce a sensitivity model for the analysis of risky capi-

tal budgeting decisions under conditions of severe infor-

mation restrictions. 

The purposes of this research are now more speci-

fically stated as follows: 

1. to modify the Stochastic Decision-Tree approach pro-

posed by Hespos and Strassman (l) in order to produce 

a sensitivity model capable of analyzing risky capi-

tal budgeting decisions under severe information restric-

tions, 

2. to formulate such a technique in a manner which is easy 

to understand, easy to use, and as fully operational 

(from the practicioner's point of view) as possible, 

3. and to produce a computerized approach of such a sen-

sitivity model. 

This investigation will only be propositional; that 
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is. it will restrict itself to the presentation of the 

technique. The only validation which will be undertaken 

will be the testing of the methodology under an hypothe-

tical "real world" problem. It is suggested that a more 

exhaustive validation of the technique be the subject of 

future research. It is believed, however, that the results 

of this investigation will be sufficient to outline its 

strengths and weaknesses, as well as for determining pos-

sible new directions in the consideration of riskv invest-

ment decisions. 

A more extensive review of some of the analytical 

and conceptual bases for the analysis of risk in budget-

ing decisions is presented in the second chapter. The 

third chapter is devoted to the development of a technique 

for performing additional study through simulation. In 

the fourth chapter, the computer model is introduced and 

tested under an hypothetical real world problem. FineLlly, 

a summary of the results, the conclusions, and recommenda-

tions for future research are presented in the fifth chap-

ter. 



Chapter II 

CONGEPTUAL AND iviATHETIGAL BASIS 

In the first chapter a brief description of the 

best known and most traditionally used risk analysis tech-

niques was presented. Several of these techniques con-

stitute the basis for the model developed here. For this 

reason, some of the features and mathematical backgrounds 

pertaining to those methodologies will be discussed more 

extensively in this chapter. 

Advantages and Disadvantages of the 
Sensitivity Approach 

The sensitivity analysis approach was described 

in the first chapter as a technique in which selected 

parameters are made to vary along a range from optimis-

tic to pessimistic in order to determine the criticality 

of each, in relation to the decision at hand. It was 

stated that one of the important concepts derived from 

a sensitivity analysis is the relative magnitude of the 

change, in one of the parameters, which will reverse the 

decision. 

The usual output of a sensitivity analysis is a 

graph describing the variation in the measure of merit 

28 
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as a function of the parameter under study. Such a graph 

is exemplified in Figure 3, 

Annual 
worth 

Interest î ate 

Figure 3 

Annual Worth Variation Versus 
Interest Rate 

Occasionally, it is desirable to graph results 

for independent variation of all elements of concern as 

a function of the percentage deviation from the expected 

value as shown, for example, in Figure 4. In every case, 

however, the measure of merit is affected by independent 

variations of one of the parameters under study (sometimes 

more than one factor is affected at the same time). 

The sensitivity approach thus differs from the 

simulation approach in that only one (or a few selected 
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ones) factor (s) is allowed to change at one tirr.e. In 

simulation the measure of merit is investigated under 

simultaneous alterations of the parameters being analyzed. 

Annual 
worth 

Project Life 

Interest Rate 

Percent deviation 
from expected 

Figure 4 

Simultaneous Variation of Project 
Life and Interest Rate 

The advantages of the sensitivity approach are 

that: 

1. it provides the decision-maker with some estimate 

of the possible variability of the measure of merit; 

2. it signals to the manager the relative importance 

of one factor over another, thus shifting his atten-

tion to the more critical or strenuous parameters; 

3. and it provides a pseudo measure of merit by pointing 
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ou t tho T̂ êlative variation of one alternative over 

another. 

The disadvantages, on the other hand, are that: 

1. it conF̂ iders only one, or a few, of the parameters 

under study; this characteristic som.etimes diminishes 

the posGÍble variatioTi in the measure of merit and 

at other times amplifies this variation; 

2. the expected value of the measure of m.erit only 

represents an additional point in the ran.̂ ê of varia-

tion, since it cannot be construed to represent the 

true expected outcome because of the failure to 

include all the si;gnificant parameters in the study.l 

With these limitations considered, the sensiti-

vity approach still remains as a valid and straight-

forv/ard technique for estimating the amount of rJsk asso-

ciated v/ith a particular capital venture. It is also 

important to note that the simulation approach and the 

sensitivity methods are only different in their mode of 

operation and not in their basic concept. In its more 

basic sense, simulation is only a variation of the sen-

sitivity rnethod. The variation is that simulation con-

siders all factors at the same time (that is, all 

1 

Obviously, not all the parameters can le included 
in an economic evaluation. The presence of factors v/iiich 
cannot be quantified (intangibles) makes this an impossi-
b i 1 ity. 
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significant factors are varied simultaneously), 

Advantages and Disadvantages of the 
Stochastic Decision-Tree Model 

In the first chapter the Stochastic Decision-Tree 

model was described as the successful combination of two 

of the most potent analytical tools for the analysis of 

risk in capital investments: simulation and decision 

trees. 

The relative advantages of each of these two tech-

niques were also described in the first chapter.^ One 

of the important characteristics of the Stochastic Deci-

sion Tree, and one inherited from the decision-tree method 

(see Magee, 33), is the ability to investigate sequentiaJ. 

investment decisions; that is, investment decisions made 

at different points in time but related in origin. 

There now appears to be a substantial opinion 

among economists and academicians in related areas that 

the probabilistic treatment of risk is the most appro-

priate, That is, the measure of merit is conceptualized 

as a random variable defined by a mean, a standard devia-

tion, and occasionally by higher moments. The probabil-

istic treatment of risk involves the derivation and anal-

ysis of such distributions.3 The Stochastic Decision-Tree 

^See page 17 to page 21. 

3The following pages will dwell upon the probabil-
istic treatment of risk. 
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ajtproac'h i r;. a technique which uses this concept. For 

every branch, and ultimately for each dccision point, 

(throû :h simulation) a distribution of the measure of 

lîcrit is '"leî'ived. 

Tbe arlvantages and disadvantap;es of the Stochas-

tic Decision-Tree model are summarized as follows. The 

advantages of the model are that: 

1. .11 nia\'Os uce of the best character-istics of the simu-

lotion approach and the decision-tree model—namely, 

the probabilistic treatment of risk and the analysis 

0*" sequential investment decisions; 

2. although the technique itself is not conceptually 

rest.ricted to simulation (otlier ways of deriving the 

mcasure of merit distribution could be used), its 

use considerably simplifies the effort-of the decision-

maker because of the availability of computerized 

simulation models; 

3. it can be used in a parametric sensitivity mode. 

ThG disadvantages are that: 

1. the method suffers from the same lim.itations associ-

ated v/ith the probabilistic treatment of data (that 

is, It is subject to sampling errors), 

2. no information is obtained pertainin"; to cause 

and effect relationships because of the confounding 

of information associated with the r;eneration of the 

measure of merit distribution, v/hich means that every 
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slightly new case must be completely rerun. 

The Probabilistic "Treatment of Risk 

Although underlying several of the techniques 

already mentioned, the concept known as the probabilis-

tic treatment of risk has, so far, only been referenced 

in passing. This method for handling risk is character-

ized by the derivation of a probability distribution for 

the measure of merit. The derivation of such a probabil-

ity distribution implies that each of the parameters 

involved in the analysis is a random variable. That is, 

each of the economic variables considered relevant to the 

capital venture belong to individual probability distri-

butions.^ These individual probability distributions 

are functions of the particular elements associated with 

a given parameter which, in turn, may or may not be part 

of the economic evaluation. The probability distributions 

associated with the parameters could be statistically 

independent or correlated, and are identified by speci-

fic moment-generating functions. 

The probabilistic treatment of the economic vari-

ables enhances the previous definition of risk, since 

risk is considered as existing whenever the alternatives 

Very often several variables are considered 
fixed (constants), despite the fact that the remaining 
are being treated as random variables. 
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can be weighed by their respective probabilities. 

Two questions are pertinent in relation to the 

probabilistic treatment of risk: (1) how to derive the 

measure of merit probability distribution, and (2) how 

to analyze the measure of merit distribution. The deri-

vation of the distribution of the measure of merit follows 

one of two possible approaches: a theoretical approach 

or a simulation approach. The theoretical approach, which 

has received some (generally restricted) acceptance, 

involves the mathematical derivation of the measure of 

merit distribution. As the literature review revealed, 

this approach has been treated extensively by Hillier (I5), 

who has derived formulae for both the independent and the 

correlated cases. The simulation approach has also received 

considerable coverage in the literature and was discussed 

to some extent in the first chapter. 

The analysis of the measure of merit distribution 

could be considered as the core of the probabilistic treat-

ment of risk. Since it involves the analysis of a proba-

bility distribution. it is naturally associated with the 

rules of statistical inference and test of hypothesis. 

Statistical inference, in turn, can be classified 

in two vast categories: Glassical Inference and Bayesian 

Decision-making. The particular approach selected for 

the analysis will depend on several factors, among which 

the most outstanding are the following: 
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1. reliability of the information with regard to source 

and amount, 

2. criticality of the decision (usually in terms of mone-

tary outlay and irreversibility), 

3. and type of information desired. 

The three factors listed above are not mutually 

exclusive, and must be established qualitatively by the 

decision-maker. If the amount of information used for 

evaluation is considered to be small, then a proper choice 

for the analysis would be the selection of the Bayesian 

criterion. This is also true when the information desired 

involves the calculation of possible monetary losses. 

The reason for such selections has to do with the intrin-

sic characteristics of the Bayesian and Classical Infer-

ence techniques. The Classical Inference techniques deal 

only with the magnitude of the error. On the other hand, 

Bayesian techniques are characterized by the evaluation 

of expected losses and the modification of prior proba-

bilities to more reliable posterior probabilities. 

There are many situations in which the mere know-

ledge of the magnitude of the error is not sufficient to 

properly evaluate the risk associated with a particular 

decision. The decision-maker is generally more interested 

in knowing the dollar penalty attached to a given alter-

native. Herein lies the main difference between the tra-

ditional inference methods and the Bayesian technique. 
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Hence, the most important concept attached to the Baye-

sian statistics is that one of Expected Opportunity Loss. 

This concept was introduced in the first chapter and will 

now be more precisely defined. 

A basic principle in decision-making states that 

before choosing between two (or more) economic acts, all 

present and future flows of cash must be taken into account, 

and that these cash flows are the only elements of profit 

or cost which should be taken into consideration. How-

ever, even though the best possible decision is made in 

light of the information available before the fact. this 

decision may prove to be incorrect aftey the fact. This 

is no criticism of the rationality of the original deci-

sion; such errors are frequent whenever a decision must 

be made under information levels which are less than per-

fect. It does mean, however, that there is particulsir 

interest attached to the losses which may be incurred 

because of the imperfection of the available information. 

Such errors are called "opportunity losses" because they 

represent the difference between the profit realized after 

the fact, and the greater profit which could have been 

realized if the correct decision had been made. Schlai-

fer (31) defines Opportunity Loss in the following man-

ner » 

. . . 
it is the difference between the cost or 

profit actually realized under that decision [a given 
decisiorf] and the cost or profit which could have 
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been realized if the decision had been the best one 
possible for the event which actually occurred, 

The concept of Opportunity Loss (OL) is very use-

ful in the analysis of the measure of merit distribution, 

Frequently this concept is expanded in order to incorpo-

rate in the analysis features such as the Expected Value 

of Sample Information (additional study) and Expected 

Return Given Sample Information, Both of these terms 

are part of the Bayesiain principles of statistical infer-

ence and the formulae for computing them were given in 

the first chapter, The following example presents some 

of the features of the Bayesian methodology as applied 

to an investment dilemma involving discrete probabilities,° 

Gonsider an investment project with a return of 

$12,000 if event Rj, occurs and a loss of $8,000 if event 

R^ occurs. Before the decision is made, the decision-

maker has estimated the probabilities of R̂ĵ  and R^ happen-

ing, as being 0.4 and 0.6, respectively. The Expected 

Return of the project can be computed to be: 

E{R) = 12,000(0.4) + (-8,000)(0.6) 

= 4,800 + (-4,800) = $0.0 

The manager is also considering the hiring of a 

consulting firm to provide him with additional information 

^The application of the same concepts to continu-
ous distributions will be outlined in the third chapter. 
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about the project. The consulting firm will be engaged 

in determining which of the two events (Rĵ  or R^) will 

occur. The consultant's study will result in two possible 

events: X̂  and X^. The event X^ indicates that R̂  will 

occur, and X^ that R^ will occur. 

Because of previous work with the consulting firm, 

the manager is able to construct confidence levels on the 

firm's predictions. He believes that if R̂  will take 

place, then the consulting firm will predict X-ĵ  with a 

probability of 0.8, Similarly, he believes that if R^ 

will take place, then the consultant will predict X^ with 

a probability of 0.6. 

This information is summarized as: 

^iRl) = $12,000 FiXi/R^) = 0.8 

E(R2) = -8,000 P(X2A2) = 0.6 

P(R^) = 0.4 P(X2/Ri) = 1.0 - P(Xi/Ri) = 0.2 

P(R2) = 0.6 PU1/R2) = 1.0 - P(X2/R2) = 0.4 

The posterior probabilities resulting from the additional 

study can now be constructed. The formula for that modi-

fication was introduced in the first chapter and will be 

presented again for the sake of completeness: 

P(Ri/Xi) = P(Xi/Ri) P(Ri) 

P(Xi) 



HX^/R^) Pín^) 

2:P(Xi/h.) P(R^) 

Therefore : 

P(Rl/Xi) = P(Xi/Ri) P(Ri) 

P(X^) 

P(X^/Rl) P(Ki) 

FiX^/R^) P(R^) + PÍX^/R^) P(R2) 

(0.8)(0.4) 

(0.8)(0.4) + (0.4)(0.6) 

0.57 

Similarly s 

P(R2/Xi) = 0.43 

P(Rl/X2) = 0.18 

P^R^/X^) = 0.12 

Also: 
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P(Xi) = P(Xi/Ri) P(Ri) + P(Xi/R2) P(R2) 

= 0.56 

P(X2) = PÍX^Al) P(Rl) + PU2/R2) P(R2^ 

= 0.44 

The Expected Return given additional study (sam-

ple information) can now be calculated. The formula for 
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such a calculation was also introduced in the first chap-

ter as: 

E(R/SI) = ^max[E(alternatives) / XÃ P(Xj) 

The Expected Return given X̂  can be calculated as: 

E(R/X;,̂ ) = £(R^) P(Ri/Xi) + EiR^) P̂ R̂ /̂ i ) 

= (12,000)(0.57) + (-8,000)(0.43) 

= $1,71^ 

The Expected Return given X^ is: 

E(R/X2) = E(Ri) P(Ri/X2) + E^R^) ^ÍR^Az) 

= (12,000)(0.18) + (-8,000)(0.82) 

= -$2,182 

Since the return is negative when X^ is predicted, 

then the decision rule should be that one of not invest-

ing, if the consulting firm predicts X^. 

The Expected Return given additional study is: 

E(R/SI) = E(R/Xi) P(Xi) + E(R/X2) PÍX^) 

= (1,71^)(0.56) + (0.0)(0.44) 

= $960 

Additional study has thus changed the expected value of 

the project from $0.0 to $960. Such a change is known 

as the Expected Value of Sample Information (added study). 
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and is defined in the following formula: 

EVSI = E(R/SI) - E(R) 

= $960 - $0.0 

= $960 

In order to contrast the application of the Baye-

sian methodology with the rules of traditional inference, 

consider now a problem involving only the magnitude, or 

amount, of risk, 

Projects A, B, and C have been brought to the 

attention of a manager as feasible investment alternatives. 

The application of the probabilistic treatment of risk 

has yielded the Net Present Value densities shown in 

Figure 5» 

f(NPV) 

NPV 

Figure 5 

Hypothetical NPV Densities for 
Three Projects: A, B, and G 
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Note that projects A and B have the same average 

return, although project A has a larger variance than 

project B, This means that project A could result in a 

greater return. It also means that project A could also 

result in a greater loss than project B, 

A comparison of projects A and C reveals that 

both have the same variance (amount of risk), but project 

C has a higher expected return, Thus, under a decision 

rule which calls for minimizing the amount of risk involved, 

one could say that project B is preferred over project A, 

and that project C is preferred over project A, 

Still, it is necessary to compare projects B and 

C, This comparison can be performed by plotting variance 

versus average return, as is shown in Figure 6. 

(Risk) 
/ 

A 

/ 
¥ 

Investment Frontier 

/ 

B 

B and G dominate A 

Average NPV 

Figure 6 

The Investment Frontier 
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In the figure, both projects B and C dominate 

project A; project B dominates because of lower risk for 

the same average return, and project C because of higher 

return for the same risk. The line that joins the domi-

nant alternatives is called the "investment frontier." 

The investment frontier is characterized by the fact that 

all projects in the interior are dominated by some pro-

ject in the frontier, because of either iower risk for 

the same or greater return, or higher return for the 

same or lower variance. Depending on how conservative 

the decision-msLker is, he would select projects at either 

end of the frontier, or at some point in the middle of 

it. 

One point which cannot be ignored, regardless of 

the analytical technique being utilized, is the conser-

vatism of the decision-maker, The fact that the indivi-

dual's level of conservatism, or risk aversion, cannot be 

ignored has produced a number of techniques which attempt 

to rationalize the decision process without eliminating 

the individuality of the decision-maker's criteria, These 

techniques are the product of a field of rather recent 

development which is known as Utility Theory. Utility 

Theory deals with developing a measure of the relative 

degree of usefulness, or desirability, to the decision-

maker of the monetary outcomes associated with each of 

the investment alternatives. Ganada (32) states the 
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foilowing: 

The application of this method is based on the 
premise that it is possible to measure the attitudes 
of an individual or decision-maker toward risk. If 
the decision-maker is consistent with himself, then 
a relationship between monetary gain or loss, and 
the utility or relative desirability of that gain 
or loss can be obtained. . . . 

Figure 7 presents a typical cardinal utility curve 

for a decision-maker, Utility Theory is very useful in 

the analysis of capital budgeting decisions, especially 

for the derivation of management investment frontiers. 

Utility 

Outcome,dollars 

Figure 7 

Cardinal Utility Curve 

The model developed in the third chapter will 

utilize most of the concepts developed in this chapter. 

In the model, the Stochastic Decision-Tree model has been 
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combined with the Bayesian rules of statistical decision-

making in order to produce a sensitivity model for the 

analysis of risk in capital budgeting decisions when the 

information levels are severely restricted. Throughout 

the model developed the probabilistic treatment of risk, 

as well as some Utility Theory principles, have been inter-

mixed to provide a solid, and general, structure for the 

model. 



Ghapter III 

MODEL DEVELOFMENT 

The first and second chapters have established 

the basis for the model to be constructed in this chapter. 

Additionally, a brief summary of certain relevant aspects 

of the risk analysis problem was provided. 

The General Format of the 
Risk Analysis Problem 

The general format of the risk analysis problem 

was presented in earlier sections. Further explanation 

of this format, as well as some of the assumptions which 

support the analysis procedure, will now be introduced. 

Gonsider an investment alternative defined by a 

finite series of random net cash flows, R-f Each of 

the random cash flows in the stream, R-j. (where t = 0, 1, 

2, . . . n), completely defines the worth of the capital 

venture from an economic standpoint. Such an alternative, 

defined in terms of probabilistic cash flows, comprises 

the type of economic entities which will be treated in 

For the purpose of this model they will be assumed 
to occur at the end of the time period "t". 

^7 



48 

this chapter, 

In probabilistic cash flow streams, each of the 

cash flows, R-ĵ , is defined by a distribution, This 

implies that each incremental cash flow can be defined 

by a mean and a variance, and possibly by higher moments,^ 

As was surmised in the second chapter, if the cash flows 

are construed to be random variables rather than fixed 

constants, then the measure of merit (which is a function 

of such random cash flows) will also be a random variable 

and will itself be defined by a probability density func-

tion and by its moments. 

There are many measures of merit which have been 

developed over the years for the economic appraisal of 

investment alternatives. Examples of such different cri-

teria are: Net Present Value, Annual Worth, Payout 

Method, Internal Rate of Return, etc. No attempt is made 

here to reviev; the merits of the several available cri-

teria for measuring investment worth.3 It is proper to 

note, however, that there now appears to be a substantial 

opinion among economists and related academicians that 

the most appropriate measure of economic value is the 

^ln this exposition the discussion will be reduced 
to the cases when only the mean and variance are of interest. 

3lnterested readers are directed to J. Mao, "The 
Internal Rate of Return as a Ranking Griteria," XhS. ånsX' 
neerinfr Enonomist. Winter, I966, pp. 1-13. 
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Net Present Value criterion, This criterion will be used 

in this presentation, 

Probabilistic cash flow streams comprise the type 

of economic alternatives on which this research effort 

has focussed. There is, however, a need to restrict the 

scope even further, The following assumptions and restric-

tions apply to the model to be developed later in this 

chapter. 

The economic and monetary assumptions follow the 

subsequent form: 

1. The projects considered are major in nature, are irre-

versible, and require large amounts of funds. That 

is, the projects do not represent average investments, 

nor can a decision be made without seriously endan-

gering the financial status of the firm. 

2. The periodic interest rate, for the economic evalua-

tion of the alternative, will be treated as a con-

stant, "i", and shall represent the annual cost of 

capital. 

3. All the cash flows in the stream will be considered 

to be random variables, defined by a mean, MS^, and 

a variance, d^'^, where t = 0 , 1, 2, . . . n. The 

cash flows will, in turn, represent net cash inputs 

or outputs; therefore, no itemization concerning 

source (or cause) of the flow is required. 

The statistical assumptions are as follows: 
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1. All probability distributions considered in this 

research are normal and will be identified by their 

mean and standard deviation. 

2. All probabilities used will be considered to be the 

result of subjective estimates of the decision-maker. 

Other assumptions which implicitly underlie the 

model are the following: 

1. The decision-maker is considered to have a linear 

utility curve. This assumption is important, since 

the technique will attempt to maximize profits and 

minimize losses. If the utility curve of the mana-

ger is not linear, then the point of maximum profit 

may not be optimaJ.. The converse is also true; that 

is, minimum losses may not be optimal for a non-linear 

utility curve. 

2. For the purpose of comparison and determination of 

economic worth, the criterion known as Net Present 

Value (NPV) will be utilized. 

The Probabilistic Net Present 
Value Model 

In probabilistic cash flow models, the project 

Net Present Value (NPV) is a random variable. It is 

assumed to possess a probability density function and 

associated moments. The probabilistic approach to risk 

analysis involves the derivation of such NPV distribution. 

The general form of the Net Present Value method is 
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defined in equation (l): 

NPV = 
n 

t = 0 

R 

Tí (1 + i^) 
r = 0 

(1) 

where : 

NPV = Net Present Value of the cash flow stream 

R-t = Net cash flow at time period t (t = 0, 1, 

2, . . , n) 

ij. = interest rate 

n = number of cash flows in the stream, 

Some qualifying remarks are pertinent in relation 

to the interest rate, i^. In practice, the interest rate 

represents the "cost of capital," or a specific "hurdle" 

rate below which the company will not invest. In either 

case, ijp is usually specified as a constant, "i". If 

this is the case, then equation (l) can be modified as 

follows: 

NPV = 
n 

t = 0 

R 

(1 + i)t 
(2) 

This is the relationship of interest for the investiga-

tion being undertaken. 

The idea that the measure of merit distribution 

can be derived by either of two methods (a simulation 
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approach or a theoretical approach) was introduced in 

the second chapter, The derivation of the theoretical 

approach to the Net Present Value model is presented in 

Appendix A. The simulation approach to NPV is described 

graphically in Figure 8, 

NPV Distribution 

Figure 8 

Simulation Approach to the NPV 
Probabilistic Model 

The simulation approach described in the figure 

requires the following: 

1. The construction of individual cash flow distributions 

is required for each of the cash flows in the stream. 

2. For each iteration in the simulation, a sample is 

made from each of the n distributions in the stream. 
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The sampled values are then combined into the NPV 

model in order to obtain a one-iteration value of 

the NPV of the alternative, 

3. Once sufficient iterations have been made, a distri-

bution can be constructed based on the frequencies 

of the NPV outcomes observed. 

This process is repeated for each of the alterna-

tives under consideration in order to obtain as many dis-

tributions of NPV as there are alternatives involved in 

the decision. Finally, the investment frontier method 

outlined in the second chapter can be applied in order 

to select the appropriate investment alternative. 

Improving the Analysis of Risk in 
Gapital Budgeting Decisions 

The previous discussion has presented the most 

relevant techniques for the analysis of risk in capital 

budgeting decisions. The relative advantages and disad-

vantages of each were mentioned in passing. The emerging 

image is one that describes the field of risk analysis 

as heavily dependent on the modern digital computer and 

on the statistical treatment of risk. This observation 

is neither surprising, nor entirely unpredictable. In 

the modern age the computer has come to be regarded as 

a very efficient tool for the analysis of massive amounts 

of data. Management has also come to accept it, and its 

usage is likely to increase. Additionally, the recent 
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interest which has been shown in the process of transform-

ing decision-making into a more rational ajid logical pro-

cess has caused, indirectly, an implicit acceptance by 

the decision-maker of the idea that decision-making is 

indeed an area which needs improvement. Unfortunately, 

some of the developments, despite their theoretical 

soundness, often fall short of making the decision-making 

process a practical one. This research has shown that 

although some of the new techniques have certainly made 

decision-making more scientific and rational, they have 

failed to include in them characteristics capable of gen-

erating interest among the practitioners of the field— 

namely, the managers and economic evaluators. 

One of the problems which afflicts the decision-

maker is that of lack of information. This particular 

problem is sometimes so severe that it may rule out the 

possibility of applying any of the techniques previously 

described. On a great number of occasions the techniques 

will, indeed, be applied, but they will fail to provide 

the manager with all the information he desires. It has 

already been stated that the application of the probabil-

istic treatment of risk does not entirely eliminate the 

uncertainty of the capital venture. 

Gonsider, for example, a manager engaged in the 

selection of a new process to be developed in his plant. 

The fact that all the alternatives that will be compared 
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involve n^w data--data for which there is no precedent— 

severely limits the amount of information that he can 

obtain from the application of any technique, 

The traditional analysis procedure, in such cases, 

will involve the following steps: 

1. the gathering of the "best" information available 

for each of the alternatives, 

2. the construction of the "best" possible probability 

estimates, 

3. the application of the probabilistic approach to risk 

analysis in order to assess (to some extent at least) 

the amount of risk involved in each of the alterna-

tives, 

4. and finally, the execution of a parametric sensiti-

vity study in order to obtain additional measures of 

the risk involved. This step involves the repetition 

of step number three as many times as desired, and 

with as many different sets of data as necessary to 

construct a function describing how the measure of 

risk varies as the data varies. 

The application of these four steps is not an 

illogical approach. On the contarary, it is a fairly logi-

cal one, if—and only if—the manager feels that such an 

approach will enable him to make a good decision. This 

four-step approach has been frequently linked to the rules 

of traditional statistical inference. Such rules invoke 
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the consideration of two types of error, Type I and Type 

II, and the selection of the best alternative under a 

decision rule which only considers the magnitude of the 

error. 

Thus, step four will usually take the form of an 

Operating Gharacteristic curve (0, C, curve), which will 

describe how the magnitude of the error changes as the 

parameters in the study are changed. An example of such 

an Operating Characteristic curve is shovm in Figure 9-

Prob. 
of 

err.or 

True í̂ ean of the 
Distribution 

Figure 9 

The 0, C. Curve as a Sensitivity Tool 

In general, the error most used in the analysis 

of capital budgeting decisions, when traditional infer-

ence techniques are used, is the error known as the "error 
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M4 of reversal."^ The "error of reversal" is that one asso-

ciated with the selection of one alternative over another 

before the fact, when the reverse was indicated after the 

fact. Such an error is, by its own definition, the Type 

II error, or Beta error. 

T'he calculation of the magnitude of this error, 

involves the calculation of the probability that a rever-

sal can occur. Gonsider, for example, two alternatives 

whose measure of merit distributions (NPV in this case) 

are as shown in Figure 10. The probability of a rever-

sal is the probability that the one with the greater E(PW) 

will actually turn out to be inferior to the other. 

f(NPV) 

Project 
A 

Project 
B 

ÊTîTPvJT E ( N P V ) B NFV 

Figure 10 

Distributions of NPV for Two Projects 

^See Canada (32). pp. 362-364. 
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Gonsidering Figure 10, the expected NPV of pro-

ject B is larger than the expected net present worth of 

project A. Under a decision rule which calls for the 

selection of that alternative which maximizes expected 

return, project B would be selected. There is, however, 

a probability (shaded area in the figure) of the opposite 

being true—namely, that project A will yield a larger 

return than project B, Hence, in Figure 10 the probabil-

ity of a reversal is defined as the probability that: 

PW^ :> PWg or, conversely, 

PWg <c PW^ (shaded area) 

The calculation of the probability of reversal 

requires the knowledge of the probability distributions 

of the returns of project A and project B, Canada (32) 

shows a procedure for the calculation of the probability 

of a reversal when both distributions, for A and B, are 

normally distributed. 

Such procedure involves the construction of a 

density function for the difference between B and A. 

If both returns are normally distributed, then the mean 

of the difference density (B minus A) is given by: 

E(NPV)^ = E(NPV)3 - E(NPV)^ (3) 

The standard deviation is given by: 

V(NPV)^ = V(NPV)^ -»• V(NPV)^ - 2Gov(A,B) (4) 
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Once the density function of the difference is constructed, 

then the probability of a reversal can be formed as fol-

lows: 

P(reversal) = P [NPVg - T̂ 'PVA] ^ 0 

[S < -E(NPV)d1 ,,. 
^ "" V(NPV)^J ^5^ 

= 1 - P Ts ̂  E(NPV)d] 
- V(NPV)^J 

where: 

S = standard normal deviate. 

The analysis of risk in capitaí budgeting deci-

sions through the use of the concept of "probability of 

reversal" has one serious disadvantage: the magnitude 

of the error (probability of reversal) may not be suffi-

cient, from a managerial standpoint, as an evaluator of 

the risk associated with the project. Managers and 

decision-makers usually find that the mere knowledge of 

the probability of committing an error is not sufficient, 

because it does not relate immediately to the issue at 

hand, which is monetary. Economic evaluators are gener-

ally more interested in determining the dollar conse-

quences of their acts; that is, besides knowing the pro-

bability of committing an error, the manager also desires 

to know how much such an error is going to cost him in 

terms of monetary losses. 
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One way of incorporating this concept into the 

decision-making methodology,. is to consider the opportun-

ity losses of the different economic acts. As stated 

earlier, this criteria is usually linked to Bayesian 

decision-making, rather than to traditional statistical 

inference, 

If a project, or investment alternative, has a 

distribution of outcomes, then an opportunity loss occurs 

whenever the outcome of the project is below some speci-

fic cutoff point. Gonsider, for example, an investment 

alternative whose NPV distribution is shown in Figure 11. 

Since the outcome in question is Present Worth, a natural 

cutoff point is 0. Hence, whenever the outcome of the 

project (NPV) is 'below 0, a loss will be incurred. 

f(NPV) 

0 E(NPV) 

<í (NPV) 

Figure 11 

NPV Distribution for an 
Hypothetical Project 
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Whenever the distribution of outcomes is continu-

ous, the expected opportunity loss is the product of the 

amount the outcome is below the break-even value (cutoff 

point) times the frequency of such occuraince, and summed 

over all possible outcomes on that side of the cutoff 
t. 

point, 

If the cutoff point is described as S^, then the 

opportunity loss for a continuous distribution of out-

comes is given by: 

EOL = ; 
Sb 

— O O 
Sb - s f(S)dS (6) 

Schlaifer (31) has considered one special case 

of the distribution of outcomes: the normal distribution. 

Such developments have been summarized by Ganada (32) and 

are discussed below, 

When the outcome is normally distributed, conve-

nient utilization can be made of the unit normal loss 

integral (UNLI). The unit normal loss integral is equal 

to the following: 

f(S^) E(S) - S^ 
Sh 
J^ f(S)dS ^̂ ^ 

d(S) 

To calculate the opportunity loss when the distribution 

of outcomes is normal, the UNLI^ can be used in the 

5Unit normal loss integral values Cctn be found 
in several readily available statistical manuals. 
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following manner: 

EOL = ^(S) UNLI(D) (8) 

where : 

D = E(S) - Si 

cf{S) 

To apply this same criteria to the selection of 

an alternative among two investment projects, whose out-

comes are also normally distributed, it is first neces-

sary to construct a density for the difference between 

the two projects. The formulae to construct such distri-

butions were given earlier as equations (3) and (4). 

Once such a distribution has been constructed, then equa-

tions (7) and (8) can be applied to calculate the Expected 

Opportunity Loss (EOL), 

In terms of a sensitivity model, the availability 

of EOL implies that a curve can be constructed to describe 

how the opportunity loss of an investment alternative 

varies as the mean of the outcome distribution varies. 

This possibility adds to the analysis, since it provides 

the manager with a measure of the dollar penalties asso-

ciated with the error, as opposed to a simple measure of 

the magnitude of the error, 

There is still one additional development which 

needs to be added to the methodology of probabilistic-

monetary risk analysis. This development deals with the 
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consideration of additional information, or sample infor-

mation. The addition of this element entails providing 

the manager with the possibility of deciding whether buy-

ing additional information (hiring a consultant firm, or 

sampling the market) would substantially change the deci-

sion. 

The mathematical background for this development 

was covered in the second chapter and was described as 

being intimately related to the Bayesian rules of statis-

tical decision-making. Such rules usuauLly require addi-

tional sajnpling, the modification of prior probabilities 

to obtain more reliable posterior probabilities, and the 

calculation of EOL for each alternative. It is firmly 

believed that the addition of this element will result 

in an overall methodology for the analysis of risk in 

capital budgeting decisions for the following reasons: 

1. Additional sampling (consideration of additional 

study) implicitly results in a sensitivity model. 

That is, the outcome of the additional study can be 

construed to represent parametric variations of the 

model. Because of this, additional sampling will 

yield information, not only concerning the value of 

gathering additional data (EVSI), but also typical 

sensitivity curves such as 0, C. curves (magnitude 

of error) and EOL curves (dollar losses because of 

error). 
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2. The addition of the element of sampling information 

forces the analyst to eyaluate the reliability of 

his own prior estimate, thus enhancing the overall 

reliability of the analysis. 

3. i^ven though both classical and Bayesian techniques 

involve decision rules to minimize risk, classical 

inference techniques are widely recognized as being 

less powerful than the Bayesian techniques.^ 

å S^naitÍYÍty Mstúel LOI. Performinf^ Additional 
Study ThrQu^h sjrouiatign 

This section of the third chapter will make the 

formal introduction of a simulation technique for per-

forming additional study--the technique which resulted 

as a consequence of this research effort. 

Most of the developments pertinent to Bayesian 

decision-making were not oriented towards the analysis 

of capital budgeting decisions. The reason is simple, 

In the usual economic analysis therg 12. Hû dÍstrÍI^UtÍQn 

Ql outcomes £rsm Mlifijl ±û £âmElÊ. This means that regard-

less of whether the outcome of the project is considered 

to be a probabilistic variable (random variable) or to 

be a fixed constant, no information concerning the true 

state of nature can be gained from sampling. On the 

other hand, most of the Bayesian rules were aimed toward 

^See Canada (32), p. 305. 
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other stochastic processes, such as Quality and Inventory 

Control. This is because in those processes sampling 

can be performed in order to revise the prior probabil-

ity values. 

In an economic sense, the performance of additional 

study closely resembles the concept of sampling. That is, 

additional study is used to supplement the amount of ori-

ginal information. The technique proposed here does not 

deal, however, with the actual execution of additional 

study. It deals only with the simulation of additional 

(added) study with the purpose of helping the manager 

determine whether the performance of such a study could 

substantially change his decision. In this sense, the 

simulation of added study can be considered to represent 

a variation of the sensitivity approach. 

Before outlining the specific details of the model, 

the following nomenclature must be introduced. This nomen-

clature, together with the assumptions listed earlier, 

provide sufficient basis for the evaluation of the model. 

Information - a subjective estimate of the reliability of 

the data supporting a given economic para-

meter or random variable. When applied to 

a random economic variable the following 

relationships will be maintained: 

Large amount of Small variance of 
information ^ the distribution 
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Small amount of Large variance of 
information the distribution 

Information and amount of information will 

be used with the same connotation. 

Prior Information - a subjective estimate of the amount 

of information contained in the ori-

ginal distributions. By original, it 

is meant before the simulation of 

additional study. 

Added Study - a term that will be used to represent the 

simulation of additional study. It will, 

in fact, denote only a pseudo added study. 

Posterior Information - a subjective estimate of the 

amount of information contained 

in the art^r-lilÅ-Ia^l distribu-

tions. After iilâ lacl denotes 

after the simulation of added 

study. 

Prior Distributions - distributions based on prior infor-

mation. 

Posterior distributions - distributions based on poster-

ior information. 

Added Study Distribution - a distribution which simulates 

the possible results of true 

additional study. 

A very detailed analysis of the Bayesian rules 

has been performed by Schlaifer (3I). iíowever, his 
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developments for the normal distribution suffered the 

deficiency noted earlier; that is, they are oriented 

toward stochastic processes other than the analysis of 

capital budgeting problems. Canada (32) has modified 

some of the developments proposed by Schlaifer in order 

to apply them to the analysis of capital budgeting deci-

sions. Such developments, originated by Schlaifer, and 

modified by Canada, provide the basis for the technique 

developed in this investigation. 

In the most general context, the technique out-

lined is an effort for performing the following: 

1. simulating additional study in order to provide the 

manager with a measure of the relative desirability 

of added study, 

2. and generating a group of measures of merit aimed at 

describing the amount of risk involved in the invest-

ment alternative. 

The procedure for generating posterior probabil-

ities from prior probabilities, when a subjective proba-

bility distribution can be constructed for the outcomes 

of additional study, is depicted in Figure 12. In the 

figure, the most important element is the Bayesian for-

mula which permits the adjustment of the prior probabil-

ities to more reliable posterior probabilities. Such a 

formula was introduced in the first chapter, and an exam-

ple of its application was given in the second chapter 



(see pages 38-42). 

68 

Added Study 
Distribution 

Sample 

Bayesian 
Gonditional 
Probability 
Formula 

Figure 12 

Derivation of Posterior 
Probabilities 

The Bayesian formula considered only discrete 

distributions. Since this technique will deal with con-

tinuous normal distributions, it is proper that the Baye-

sian formula for conditional continuous probabilities be 

introduced: 

f^^S/X) = f^(X/S) f^^S) 

Jf^ (X/S) f2(S)dS 
(9) 

where : 

f^^S/X) = posterior probability of S, given that 

added study resulted in X, 



69 

f^^S) = prior probability of event S, 

f|(X/S) = conditional probability that X will 

be the added study outcome if event 

S occurs. 

The Schlaifer and Canada developments mentioned 

earlier had to do with modifying equation (9) and adapt-

ing it to the normal case. The resulting formulae are 

shown below: 

2/^ ^^(M) = EQ(;Î) I/^^^{M) -f X l/d^(X) 

l/do^U) + l/d^{f) 
(10) 

and: 

2 r r̂  ̂  o. 1 /-/ 2 r Y 

where : 

l/cr̂ ^̂ )̂ = l/<ío'̂ (̂ ) -^ l/d'̂ X̂) (11) 

^l^M-) - mean of posterior distribution, 

E Q ^ ) = mean of prior distribution, 

X = mean of distribution based on added study, 
2 

^l (/̂) ~ variance of posterior distribution, 
2 ^ 

<̂0 (̂^ " variance of prior distribution, 

2 "— 6 (X) = variance of distribution based on added 

study. 

Schlaifer has, thus, shown that whenever the 

prior and added study distributions are normal, the pos-

terior distribution is also normal, and its parameters 

are given by equations (lO) and (11). Equations (lO) 

and (11) have several properties which deserve some 
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consideration at this time. Consider, first, the follow-

ing identities: 

2(^7' Ô = 1/C?O'^(M) 

2(T1^ ll = l/di{^) 

x̂ = l/cĴ (X) 

(12) 

(13) 

(14) 

Substituting equations (l2), (I3) and (14) into equation 

(11) results in the following relationship: 

I1 = Ô ^ ^x (15) 

where: 

I. = 

^o -

information contained in the posterior dis-

tribution, 

information contained in the prior distri-

bution. 

ly. = information contained in the added study. 
'X 

Thus, the information contained in the posterior distri-

bution is equal to the sum of the information contained 

in the prior and the amount of information provided by 

the additional study. 

Gonsider now the limits of equation (ll) as 

0« cr_2 
X 

lim 
d 2 "x 0 <Í1 

= lim 

^X 0 ^̂ Ô  "x 

= 00 
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and, also when c ^ ^ — ^ , o o 

oo <3l 
lim 
(JL^ .̂  OO 

1 + 1 
c5o2 c^^2 

lim 

= 1 

5 ^ 

These results point out several interesting f e a t u r e s — 

namely, that if the information contained in the addi-

tional study is very large {cS^^—^O), then the informa-

tion contained in the posterior will also be extremely 

large. The converse is also true; that is, if the infor-

mation contained in the additional study is very small 

^ ̂ x ^ — ^ ^ ) , then the information contained in the poster-

ior will be identical to that one contained in the prior. 

These results are more important than they appear 

to be at first inspection. They single out one of the 

most important characteristics of the technique that is 

developed in this chapter. That is, that the anaJ.yst is 

able to control the information levels contained in both 

the prior and added study distributions by merely fixing 

the relationship between the variance of the prior dis-

tribution and the variance of the added study distribu-

tion. 

The implications of this statement are far-

reaching, Given the availability of the equations pre-

viously described, the manager can not only take into 
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account variations in the main distribution parameter 

(that is, the mean), but he is also able to weigh the 

information by proper manipulation of equations (lO) and 

(11). 

This research effort dealt with the development 

of a procedure for accomplishing the effective manipula-

tion of equations (lO) and (11). The remainder of this 

chapter will explain how this was accomplished. The 

actual simulation model used, as well as the computer 

results will be described in the next chapter. 

The general procedure for obtaining posterior 

distributions was shovm in Figure 12. The general model 

described in that figure was modified slightly and adapted 

to the normal distribution. Figure 13 illustrates the 

approach utilized. 

The approach shown in Figure 13 involves the fol-

lowing steps: 

1. The construction of a normal prior distribution for 

the outcome in question (in this case, each of the 

annual cash flows). 

2. The construction of a normal added study distribution 

to simulate the execution of true additional study, 

In essence, the manager attempts to predict the pos-

sible outcomes of additional study by constructing 

a normal distribution to represent various conditions 
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and possibilities. 

3. The sampling of the added study distribution in order 

to obtain one estimate of the additional study out-

come. This estimate, obtained through sampling, is 

identified by a mean, X, and a variance, S^. 

4. The combining of the sample parameters, X and S*̂ , 

with the prior distribution parameters >Uo and <3'ô . 

This combining is performed through the use of equa-

tions (10) and (ll), and yields one posterior distri-

bution. 

5. Steps three and four are repeated several times in 

order to obtain more than one posterior distribution. 

~ ~! Normal 
Prior 

Sanple 

JU- _ 

-Uo X 

L^ L 
cfQ2 <^x2 

1 = 1 = 1 
C^2 C^Q2 d^2 

Normal 
•̂  Added Study 

Normal 
Posterior 

Figure 13 

Generation of Posterior Normal 
Distributions 
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Steps one and two previously mentioned represent 

the core of the model and are now discussed in detail. 

Step 1: Fitting a Normal Prior Distribution 
Through Subjective Estimates 

In many situations a prior distribution must be 

assessed without the aid of any historical frequencies 

at all. One of these situations is precisely associated 

with the analysis of new processes and first-time analy-

sis. In such cases the prior distribution will have to 

rest entirely on the decision-maker•s general experience 

and judgment. Numerous questionaires have been developed 

in the literature to enable the manager to rationalize 

his estimates. 

The normal distribution can be fitted less labori-

ously than any other distribution with the possible excep-

tion of the uniform distribution.*^ To fit a normal dis-

tribution to his judgments, the manager must answer the 
o 

following two statements: 

1. Name a number>u , such that you are equally confident 

that the true outcome will exceed it, as you are that 

the outcome will be smaller than it. This statement, 

when answered, identifies the mean of the normal 

'̂ The following pages will demonstrate that no sub-
stantial loss is incurred by the assumption of normality. 

^See Schlaifer (31). 
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distribution. 

2. Name a number e, such that you are equally confident 

{50/0 probability) that the true outcome will lie in 

the interval (ÍL + e) to (A - e), as you are of the 

outcome lying outside the interval, The answer to 

this statement provides a way for calculating the 

standard deviation of the distribution. Such a cal-

culation is performed as follows: 

<̂  = e (16) 
3 

or : 

d - 3 
2 " 

Equation (l6) holds true because of one of the special 

characteristics of the normal distribution—namely, that 

the middle 50?̂  of a normal distribution is v/ithin 0.675 

standard deviation from the mean, In practice it is suf-

ficient to approximate O.675 with two-thirds. 

Thus, a normaJ. distribution can be quite easily 

fitted to the subjective estimates of'the analyst. The 

question may be asked, however, "What if the outcome in 

question is truly not normally distributed?" In other 

words, what happens if the normal distribution does not 

agree with the general shape of the true distribution of 

the outcome? 

Obviously, one of the reasons why the normaJ. 
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distribution was favored in this study was the fact that 

the formulae to obtain the posterior distribution (equa-

tions (10) and (ll), respectively) were readily available, 

It is possible, nevertheless, to show that the true shape 

of the prior distribution is relatively unimportant with 

regard to the posterior distribution, as long as the vari-

ance of the added study distribution is smaller than the 

variance of the prior distribution. This means that if 

the information contained in the prior is considerably 

smaller in relation to the information contained in the 

added study distribution, no appreciable difference in 

the posterior is due to the shape of the prior distribu-

tion. This fact has been clearly established by Schlai-

fer, who compared the normal and the exponential distri-

butions under various sample sizes. His results prove 

that with a sample size of n = 25 the differences are 

virtually non-existant. (See Figure 14.) Schlaifer goes 

on to state the following: 

If the variance of the decision-maker's true 
prior distribution is large compared with the sam-
pling variajice of X, he can simplify his calcula-
tions with no material loss of accuracy by substi-
tuting the mean and variance of his true prior dis-
tribution into the formulae which apply to a normal 
prior distribution (31). 

For these reasons, it is firmly believed that 

the use of the normal density function is an asset to 

the model, rather than a liability, because it consider-

ably simplifies the approach without incurring costly 
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Figure 14 

Posterior Distributions For Non-Normal 
(Exponential) Prior Distributions 
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accuracy losses, provided that n is of a certain size. 

Step 2: Gonstructing the Ádded Study 
Distribution 

The process of constructing the added study dis-

tribution was described earlier as the process by which 

the manager attempts to anticipate the possible outcomes 

of the added study. This means that the manager will 

attempt to determine the relationship between the actual 

occurance of an event Sĵ  and the probability that the 

consultant (added study specialist) predicts X. More 

specifically, the manager attempts to establish the pro-

bability of the consultant's predicting a different out-

come than the one he himself has predicted. Thus, one 

can see a definite similarity between performing addi-

tional study and performing a sensitivity analysis. Both 

methodologies deal with investigating deviations from the 

original estimates. The only substantial difference, and 

one that favors the additional study approach, is that 

additional study involves assessing the probabilities of 

the deviations taking place, while the sensitivity model 

considers ali deviations as equally likely. Hence, at 

the outset, at least, the process of constructing the 

added study distribution can be considered similar to 

establishing the premises for a "weighed" sensitivity 

model. (The term word "weighed" indicates that not all 

deviations are equally likely, and that probabilities 
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of occurance are involved.) The construction of the added 

study distribution will thus involve the identification 

of the following elements: (l) direction of change, 

(2) frequency of change, and (3) araount of information. 

Direction of change means that the selection of 

a course of investigation should be made--the general 

direction in which deviations are to be investigated. 

For example, consider a function f(X). A direction Q£ 

Changg for such a function could be identified by simply 

stating that X will be made to vary in the interval 0 to 

5. 

Frequency of change involves the determination 

of the probability of a given deviation taking place in 

the course of the investigation. Heturning to the exam-

ple above, the rrequency SlL QhãHSiS. for the function f (X) 

could be found by establishing (subjectively) the proba-

bility distribution of X falling in the range from 0 to 

5. 

Elements one and two pertain to building a 

"weighed" sensitivity model. There is, however, one more 

element which must be added, This element pertains exclu-

sively to the concepts of prior information and added 

study information, and will be called amount of informa-

tion. 

The term amount of information refers to the sub-

jective assessment of the level and quality of information 
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which supports the prior distribution, as well as to the 

level and quality of information which the manager feels 

will be contained in the added study, As stated earlier 

in this section,^ the manager is in a position to fix 

the information levels by the proper manipulation of the 

variances dQ^ and S , Establishing the amount QL infor-

mation thus means fixing the ratio between S^ and 6Q^ 

(IQ/IJ^) and will be identified by the letter H, where: 

^ ^ Information in the 
^ ^ dQ^ ^ ^x ^ Added Study 

32 IQ Information in the 
Prior 

(17) 

From a practical standpoint the identification 

of all three elements—direction of change, frequency of 

change, and amount of information—relies heavily on the 

ability of the manager to estimate each subjectively. 

Nevertheless, this is no serious limitation of the ana-

lytical power of the technique, for several reasons. 

First, all sensitivity models rely on the experience of 

the manager or decision-maker. Without his subjective 

estimates there would not be any deviations to investi-

gate. The technique outlined here is nothing but a vari-

ation of the sensitivity model. Perhaps it is proper to 

stress this point by noting, once again, that added study 

^See pages 69 to 71. 
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can only be simulated before the fact. and that the msLna-

ger is only trying to anticipate the possible results of 

the additional study if it were, indeed, carried out, 

Secondly, the whole process of decision-making, especi-

ally under conditions of information restrictions, relies 

heavily on the ability of the manager to select and esti-

mate, Finally, the fact that the technique forces the 

analyst to search for possible deviations compensates, 

somewhat, for the relative inaccuracy of the subjective 

estimates. 

In an effort to clarify the concepts generated 

in this section, the added study distribution will be 

labelled "test" distribution, the implication being that 

the added study distribution tests the results obtained 

by the simple evaluation of the prior distribution. That 

is, the added study distribution acts as a test on the 

validity of the prior distribution, the test being super-

imposed on a sensitivity model format. 

Determininf^ the Variance of the "Test" 
Distribution: (Amount of Information) 

The amount of information which the manager feels 

must be inciuded in the test distribution is regulated 

by the relationship between the prior distribution vari-

ance and the test distribution variance. Under severe 

information restrictions, as in the case considered here, 

the amount of information contained in the prior 
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distribution is limited. Thus, the manager will consider 

that additional study (test distribution outcomes) will 

contribute more information about the alternative, than 

his own prior estimates. 

The first step thus involves the determination 

of the information ratio, R, desired, where R is defined 

by equation (17). 

Figure 13 illustrated the process of obtaining 

an outcome from the added study distribution as the pro-

cess of drawing a sample from such a distribution and 

estimating the statistics, X and s2, 

Assuming that management has already stipulated 

the information ratio, R, desired, the problem of deter-

mining the test distribution variance can be stated as 

follows: Find the variance of a distribution, f^, such 

that the variance S of a sample of size n, taken from 

f-j., be equal to do /H. 

In a statistical sense, such a request cannot 

be handled without the specification of a confidence 

level. That is, because of the fact that sampling vari-

ation is involved, it is impossible to guarantee that 

each and every sample taken from a distribution (in this 

case, the test distribution, f^) will have the same 



83 

variancG. Obviously, this requires that management esta-

blish a confidence interval for the information ratio, 

rather than a fixed, single estimate. In any case, a 

confidence interval is more realistic, inasmuch as manage-

ment does not know the exact amount of information which 

will be nrovided by the actual execution of additional 

study. 

Gonsider, then, that management specifies the 

confidence interval in the following manner: 

P = P 
1 r l̂ x/ ̂ O ̂  '̂4 

That is, the probability that the information ratio be 

greater than or equal to R is equal to P^. 

This statement can be rephrased as follows» the 

probability that do^/S^ be greater than or equal to R 

is equal to Pĵ  ; or alternatively, as: the probability 

that S2 ̂  ^Q^/R is equal to P^. 

The problem of finding the variance of f^ is nov/ 

solvable, and can be expressed in the following terms: 

Find the variance of a distribution, f-̂., such that the 
9 

variance S'̂  of a sample of size n, taken from f-̂- be 

greater than or equal to <í'o /R with probability equal 

to 1 - Pi-

Assuming a normal distribution, and recalling 

that the sample variance is CHI-square distributed, the 

statement above is reduced to the following expression: 
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P̂  ^S' f̂  <:^n2 
"R 
of ] = 1 - P, 

S u b s t i t u t i n g oc f o r 1 - P^i 

o r : 

and : 

(n - 1)tfo^/Rl 

(n - iJrfp^/R 

6%^ ] 

oc - 1 - r̂ [̂  - 1 ^ 
(n - l)cío^A" 

^ t ^ 

P^ = 1 - oc 

= P. [x5...>i.^J (18) 

Equa t ion ( l 8 ) c o n t a i n s two v a r i a b l e s - - n a m e l y , <S\^ and n . 

The s o l u t i o n of t he e q u a t i o n r e q u i r e s t h a t one of t h e s e 

v a r i a b l e s be f i x e d . Assuming a f ixed sample s i z e n, t he 

e q u a t i o n has the f o l l o w i n g s o l u t i o n : 

d^2 . (n - l)cío^ 

" î ^ ^ í i - 1 , 1 - p ; 
(19) 

The solution of equation (19) enables the mana-

ger to find the variance of the test distribution. In 

order to use the formu]a, the manager must only construct 
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a confidence interval for the information ratio R. The 

confidence interval probability P̂  will be identified 

as the amount-of-information confidence-level, and repre-

sents the probability that the amount of information con-

tained in the added study distribution be greater than or 

equal to a fixed amount, R, times the information con-

tained in the prior distribution. 

Determining the Mean of the "Test" 
Distribution: (Direction of 
Ghange and Frequency of Ghange) 

This portion of thé technique deals more speci-

fically with the sensitivity approach than the preceeding 

section. It involves the determination of a general direc-

tion for the deviations to be investigated, as well as 

the relative frequency of deviation occurance. In a gen-

eral sense, this implies the acceptance by the decision-

maker, that his prior estimates are erroneous and that 

the true outcomes could be different than his own. That 

is, the manager, when constructing the test distribution, 

must search for areas in which his estimates may be wrong. 

For instance, he may consider it desirable to test the 

possibility that his estimate of a cash-flow mean-value 

is too optimistic. 

In more general terms, there are two main direc-

tions of change: an optimistic change and a pessimistic 

change. The optimistic change is the one adopted by a 

manager who feels.that his ovm estimates (prior 
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distribution) are probably below the true outcome, and 

that there is a good possibility that added study will 

reveal this fact. Therefore, he decides in favor of con-

structing a test distribution whose outcomes are certain 

to fall in the optimistic region (that is, outcomes which 

will exceed his own mean estimate). This direction of 

change is shown in Figure I5. 

f(S) 

Prior 
Distrib. 

Optimistic Direction 
of Ghange 

Test 
Distrib. 

*̂ 'utcome, S" 

Figure 15 

The Optimistic Direction of 
Change 

The pessimistic direction of change is, on the 

other hand, the one adopted by the decision-maker who 

feels that his own prior estimates are too optimistic. 

Thus, he decides in favor of constructing a test 
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distribution whose outcomes are certain to fall in the 

pessimistic region (that is, outcomes which will be below 

his own). This direction of change is described in 

Figure 16. 

f(S) 

Pessimistic Direction 
of Ghange I 

Test 
Distrib. 

Prior 
Distrib. 

Outcome, S 

Figure 16 

The Pessimistic Direction of 
Ghange 

There are, naturally, various degrees in each of 

the two main directions of change, Establishing the mean 

of the test distribution involves, precisely, the measur-

ing of the direction and amount of change desired by the 

decision-maker. The frequency of the deviations is deter-

mined entirely by the shape of the test distribution. As 

explained earlier, this investigation deals only with the 
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normal test (added study) distribution. 

Ihs. Optimiatic Caaa 

In the optimistic case, the decision-maker must 

assess the amount by which his prior estimates are below 

the expected outcome of the additional study distribution. 

Here, once again, a confidence interval must be con-

structed (subjectively) by the manager, since the outcome 

of the test distribution will be obtained by sampling, 

Gonsider, then, that management has estimated 

that the added study outcomes will exceed his mean esti-

mate by an amount A (delta), with a probability of P̂ . 

That is: 

^2 = ^r [x ̂  Mo + Aj 

The problem of determining the mean of the test distri-

bution can be expressed, for this case, as follows: Find 

the mean M-^ of a normal distribution, f̂ , such that the 

mean X of a sample of size n, taken from f-̂ , be greater 

than or equal to M O + A with a probability equal to P^. 

Kecalling that X is normally distributed with 

mean^-t and variance d^/w, the following equations can 

be constructed: 

2̂ = ^v\} ^^0 +^] 
= Pr [X -/^ ^ (-"o -^^) - ^t 
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Z > (-̂0 ^^^ - Mt~^ 

<i+/m (20) 

where Z is a random normal variate. 

Equation (20) can also be expressed as: 

By manipulating equation (21), the following is obtained: 

[? - J (̂ O -^A) -M^ (22) 

Equation (22) contains only one variable,Mtt inasmuch as 

d^ and n are known constants once the variance of the 

test distribution has been determined. Therefore, sol-

ving for>U-j. in equation (22) results in: 

M^ = {M^ + A ) - F(Zi . p^) (5'̂ //n (23) 

where : 

'̂(̂ 1 _ p^) = the 1 - P^ point in the cumulative 

normal, 

^Q - prior mean, 

/S. = amount of change. 

To use equation (23), the decision-maker must only 

estimate the amount, Zi (delta), by which his own estimates 

deviate from the test distribution outcomes, and construct 

a subjective confidence interval around this value. The 
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conf idence i n t e r v a l p r o b a b i l i t y , P^, w i l l be i d e n t i f i e d 

a s the amount-of-change c o n f i d e n c e - l e v e l . 

TJi£ Pesf^imifítir; Case 

The pessimistic case is very similar to the opti-

mistic case. By analogy, it involves finding ̂ ^ so that: 

2̂ = Prfx [x < Mo - A J 

The same line of thought which lead to the development 

of equation (23) leads to the followingt 

AX^ = (MQ - A ) - F(Zp^) 6^/^ (24) 

where: 

•'̂ '(̂ P̂ ) ~ "tĥ  ^2 point in the cumulative normal, 

>^Q = the prior mean, 

A = amount of change. 

Here, again, P^ is the amount-of-change confidence-level. 

J^fíiplementation ol the Technique 

In the preceeding section no explanation concern-

ing sample size n was given, and the equations were devel-

oped under the assumption that the value of n is fixed 

by management. It is now necessary to stress some of 

the factors concerning the selection of the sample size 

n. 

In traditional statistical inference the sample 
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evidence (sample statistics) is utilized.to affirm or 

deny the null hypothesis. In order to accomplish such 

an objective, two types of statistical risks are defined: 

thn Type I and'Type II errors, where: 

Type I •= ievel of signif icance 

= probability of rejecting the hypothesis 

when it is correct, 

Type II = probability of accepting the hypothe-

sis when it is false, 

In a sensitivity model, however, the traditional 

rules of statistical inference do not apply. First of 

all, the null hypothesis does not exist, inasmuch as manage-

ment (at the same time that the decision is made to apply 

a sensitivity approach) is indeed accepting the fact that 

the null hypothesis will be rejected. This means that in 

the sensitivity approach, management must start by accept-

ing the fact that the prior information may be in error. In 

mathematical terminology this is equivalent to having an 

c< level of lOÔ 'o. Secondly, the Type II error approaches 

zero for the same reasoning described above. That is, 

since the null hypothesis is always wron̂ T, then the sen-

s.itivity model will force a denial of the null hypothesis 

every time, Under these conditions, then, a sample size 

has very little importance. In fact, a sample size could 

not be determined if the Type I error is 100% and the 
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Type II error is O^, 

The model .described in this chapter follows the 

sensitivity approach rather closely, It becomes apparent 

that the sample size n has very little importance as far 

as the equations generated in the previous section are 

concerned,^^ This statement should not be construed to 

imply that sampling variation does not occur, The sample 

size n should be selected by management with the consi-

deration of sampling variation in mind, The smaller the 

sample size, the more "scattered" the outcomes of the 

added study will be, 

Consider equations (l9). (23) and (24): 

(̂t̂  = ^"- ^^ ^O^ (19) 

^^) ^ - 1 , 1 : Pi 

M^ = (̂ o -^^^ - ^^Z^ . p ) V v ^ ^23) 

and: 

AX = {ÍXQ - A ) - F(Zp ) 6^/^ (24) 

Equation (19) provides a way for calculating the vari-

ance of the test distribution, and equations (23) and 

(24) for deriving the mean of the test distribution. 

^^The only relative importance of this parameter 
is in relation to the length of the computer runs, This 
fact will be stressed in the fourth chapter. 
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i i qua t ion Xl9) can be w r i t t e n i n the f o l l o w i n g form: 

dx^ = H ^o^ (25) 

and equations (23) and (24) could be written as: 

^ t = (̂iO •*'A) - K2 Co (optimistic case) (26) 

or: 

^ t "" ^^0 --^) - ̂ 3 ^O (pessimistic case) (27) 

where : 

^^^ ^ - 1 . 1 - Pi 

K2 = P(Zi . P2) ^/F (29) 

K3 = F(Zi . p^) K / ^ (30) 

In order to simplify the derivation of the test 

distribution parameters, a series of tables containing 

the values of K^, K^, and K3 were generated. Such tables 

are shown in Appendix B, and contain the values of K^, 

K2, and K3 for three different confidence levels (.90, 

.95, .99), and for R = 2 to 5. They also specify differ-

ent sample sizes. 

The procedure for generating the test distribu-

tion parameters can now be summarized as follows: 

1. Determine the sample size n desired, Sample sizes 

from 5 to 30 provide adequate computation times. 

2, Determine the amount of information ratio, H, and 
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the amount-of-information conf idence-Ievel, P-. . 

3. Select the appropriate .table in Appendix B, corre-

sponding to the confidence level (P^) and ratio of 

information desired, Obtain from the table the value 

of K^ corresponding to the sample size specified, 

The variance of the test distribution can then be 

found by equation (25): 

d\2 = ^ cTô  

where : 

dQ^ - prior distribution variance, 

4. Determine the direction of change: optimistic or 

pessimistic. 

5. Determine the amount of change,A (delta), and the 

amount~of-change confidence-Ievel, P̂ . 

6. Select the appropriate table in Appendix.B, corre-

sponding to the confidence level and information 

ratio desired. If the direction of change is opti-

mistic, then find the value of K^ that corresponds 

to the sample size n. If the direction of change 

is pessimistic, find the value of K3 specified. 

7. Finally, enter this information in the corresponding 

equation (either equation (26) or (27), respectively) 

to find the value of the test distribution mean. 

JJ^^ = (MQ + A ) - K2 dQ (26) 
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>̂ t = (̂o -A) - K3 ĉo (27) 

Steps one through seven, for the construction of the test 

distribution, are shown in flow chart form in Figure 17. 

iiiilÍDiS LhSL tviQdei i^ CasJi DJM 
streams^ 

Up to this point, the chapter has dealt with pro-

viding the method for obtaining a posterior distribution 

for a random variable when its prior distribution is nor-

mally distributed and its added study distribution can 

be constructed. 

The evaluation of economic alternatives usually 

involves the evaluation of a series of cash flows occur-

ing at different points in time. If the probabilistic 

method of risk analysis is used each of the cash flows 

in the stream would be a random variable, as would the 

measure of merit. Thus, in order to apply the technique 

described here it becomes necessary to construct a test 

distribution for each of the cash flows in the stream. 

The independent sampling from each of the test distribu-

tions provides a posterior distribution for each of the 

cash flows. If the sampling process is repeated, there 

would be more than one posterior distribution for every 

cash flow. This process is shown in Figure 18. 

The evaluation of the set of prior distributions 

will produce a prior distribution of the measure of merit. 
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Simiiarly, the evaluation of each set of posterior dis-

tributions will produce a posterior distribution of the 

measure of merit. (In this research effort the NPV cri-

teria was utilized as the measure of merit.) 

•Prí 

0 
-\-

r i o r 

[Pos"terior 

— ~n 
I 

I I 
l^ieasure of 

i'-ierit 

n Time 

Figure 18 

Tes t D i s t r i b u t i o n fo r Each of the 
Cash Flows in the Stream 

I t i s through the comparison of each of the 
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posterior distributions of the measure of merit, with 

the prior distribution of the same, that the £xpected 

Value of Sample Information (added study) can be con-

11 structed. 

Since the process of generating the posterior dis-

tribution involves sampling, as does the evaluation of 

the measure of merit, the model must be run under simu-

lation. In order to perform the simulation the Stochas-

tic Decision-Tree model was slightly modified, Such modi-

fications, as well as the output of the technique for an 

hypotheticai "real world" example, are presented in the 

fourth chapter. 

^^See pages 39 to 42. 



C h a p t e r IV 

TKtí COIWPUTKR MODEL AND 
ITS APPLICATION 

Application 

The third chapter described in detail the metho-

dology for generating posterior probabilities from prior 

estimates when a distribution can be constructed to repre-

sent the results of additional study. In addition, a series 

of steps were provided to enable the manager to construct 

the added study distribution in a manner that fits his 

needs and desires. The application of the model described 

in the third chapter to real life cases requires, however, 

that consideration be given to the development of a pro-

cedure for executing the technique in a manner that sim-

plifies the managerial effort. This chapter will intro-

duce such a procedure and will apply it to an example pro-

blem. 

In the third chapter the economic alternatives 

which comprise the subject of this investigation were 

assumed to be completely defined by their cash flow 

streams. Additionally, each cash flow stream was consi-

dered to be composed of a set of n cash flows, R^ (where 

99 
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t = 0 , 1, 2, , . . n), each characterized by a normal 

distribution with mean, {^x)o* and standard deviation, 

The application of the technique described in 

the third chapter requires that a test distribution be 

assumed for each of the n cash flows. It also requires 

sampling from each of the test distributions, construc-

tion of posterior distributions through the combination 

of the sample statistics and the prior estimates, and 

finally, the generation of an NPV distribution for the 

prior cash flow stream and for the posterior cash flow 

streams. Without a high-speed digital computer, the exe-

cution of these steps would not only be time consuming 

and burdensome, but also impossible.^ For this reason 

a computer program has been developed to implement the 

technique. 

Th? PrQgraffîming í^aneuage 

Despite the existence of various simulation and 

general purpose programming languages, an IBivl programming 

language, General Purpose Systems Simulator (GPSS/360), 

was selected to conduct the implementation of the tech-

nique, The GPSS/360 simulation language is a generalized 

•'•The subscript 0 indicates a prior estimate, 

^Added study, in the sense utilized here, involves 
implicitly, a simulation process. 
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programming language which has intrinsic capabilities for 

the analysis of virtually any type of simulation problem, 

Conceptually and traditionally, however, the language has 

been typically oriented toward queueing and queueing-

related problems. GPSS/360 has been utilized for capi-

tal budgeting problems with some degree of success,^ but 

such applications usually require some modifications to 

the normal GPSS logic. The modifications are required 

in order to eliminate the following GPSS limitations: 

1. GPSS/360 does not have a built-in function for the 

computation of powers. The analyst must, therefore, 

construct one within the program logic. Specifically, 

this is required for the computation of NPV, and 

for the calculation of square roots. 

2. GPSS/360 operates mainly with integer numbers. Fioat-

ing point arithmetic is available, although severely 

limited. This forces the analyst to sacrifice accu-

racy by utilizing only integer numbers as input data. 

GPSS does have, nevertheless, several advantages 

which deserve to be mentioned: 

1. Gomplete flexibility in the generation of random events 

is one of its advantages. The parent distribution for 

3see Hespos and Strassman (l). 

^NPV requires that the term (l + i)"^ be calculated 
for various values of t. 
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the event can be either discrete or continuous. 

2. Keadily available tabulation of output distributions 

is another advantage. This means that all distribu-

tions generated can be analyzed easily. The program 

provides the frequencies, the cumulative percentages, 

and the most important moments for the distributions 

selected by the analyst. 

3. í'inally, GPSS contains one feature which permits the 

exact analysis of Stochastic Decision Trees. This 

feature is derived from the proper utilization of 

two of the language subroutines (Generate and Split), 

and will be further explained in the following pages. 

The Co nputer Progyam 

Elements of the Computer Program 

The following GPSS terms are defined: 

Block - a block is a point at which a subroutine is called. 

That is, when a transaction enters a block, it 

causes the execution of a series of predefined 

instructions destined to modify the transaction 

qualities and/or logical flow. 

Transaction - a simulation trial; the unit of traffic 

that moves through the Stochastic Tree. 

Generate - a block that causes transactions to enter the 

model. 

Split - a block which causes a transaction to split itself 
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into several identical transactions. 

Savevalue - an entity in which values can be stored for 

future reference by the model or the user and 

can be conceptualized as a storage location. 

Table - a computer language entity which permits the tabu-

lation of results and the analysis of probability 

distributions. 

Tabulate - a block which causes the entering of informa-

tion into a table. 

î iacro - a combination of a series of blocks which, in 

itself, constitutes a logical unit within the 

program. 

Objectives and Program Logic 

The computer program described in Appendix G was 

designed to achieve the following two objectives: 

1. The generation of posterior distributions for each of 

the cash flows. This step involves the sampling of 

the corresponding test distributions and the produc-

tion of posterior probability distributions through 

equations (lO) and (11) in the third chapter.5 The 

sampling process is repeated m times in order to obtain 

m posterior distributions for each cash flow. 

2. The generation of an NPV distribution for each of the 

5Test Distributions are constructed according to 
the steps on page 96 of the third chapter. 
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m + 1 cash flow streams (m posterior streams and one 

prior stream). 

These two purposes have been achieved in the pro-

gram within a Stochastic Decision-Tree format, which, as 

stated earlier, is fairly easy to represent in GPSS. When 

applied to cash flow streams the Stochastic Decision-Tree 

model takes the form depicted in Figure 19. To represent 

such a model in GPSS the decision point is simulated by 

a combination of the Generate and Split subroutines. 

Whenever a simulation trial arrives at a decision point, 

it splits in as many different transactions (simulation 

trials) as there are branches emanating from the decision 

point. Each transaction then triggers the necessary opera-

tions along each of the branches. Thus, when the computer 

completes a single iteration, an NPV will have been cal-

culated for each of the branches in the tree. The Net 

Present Values are accumulated into separate probability 

distributions. At the completion of a suitable number 

of iterations, an NPV probability distribution will have 

been constructed for each of the branches. 

The logic of the computer program is based to a 

great extent on the GPSS concept of the Stochastic Deci-

sion Tree outlined in Figure 19. ^n essence, the program 

is constituted by two separate logical segments. The 

first segment performs the generation of posterior pro-

babilities. The second segment generates an NPV 
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distribution for each of the cash flow streams generated 

by the first segment, and for the prior cash flow stream 

provided by the analyst. 

|ooooo<fif^ Accumulate 
Statistics 

Figure 19 

Simulation 
Trials 

loeoo<^feJ 

The GPSS Concept of the Stochastic 
Decision-Tree rvlodel 

The logic of segment one is represented graphi-

cally in Figure 20, for a one-branch decision tree. In 

Figure 20 each simulation trial sequentially samples from 

the test distributions corresponding to year 0, year 1, 

. . . year n. The observed values are tabulated in inde-

pendent tables (one for each year). After an adequate 

number of observations have been made from each of the 
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test distributions (regulated by the sample size n), sta-

tistics are computed for each of the tables, and hence, 

for each of the years, These statistics, S^ and X, are 

then entered, together with the prior parameters of each 

cash flow, into equations (lO) and (11) to obtain one 

posterior probability distribution for each annual cash 

flow. The sampling process, or the collection of n obser-

vations from each test distribution, is repeated m times. 

Therefore, at the end of m x n simulation trials, m pos-

terior probability distributions will have been computed 

for each annual cash flow. 

Test 

íear 0 

Year 1 

íear l̂  

Simulation Trials 

Posterior 

Formulae 
(10) í: 
( 1 1 ) 

iear !< 

Figure 20 

Gomputer Program: Segment One 
Logic 
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The overall logic of segment one is better under-

stood in terms of an input-output process. This process 

is illustrated in Figure 21. The inputs to the segment 

are the test and prior distributions for each of the cash 

flows. The output is a set of m posterior distributions 

for each cash flow. 

nput Output 

Year 

0 

I 
I 

N 

Prior 
Test 

Prior 
Test 

Prior 
Test 

I 
I 

I 
I 
I 
I 

Prior 
Test 

(Post.)i, (Post.)2, . . . (Fost.) 

(Post.)i, (Post.)^, . . . (Post.) 

•(Post.)i, (Post.)^, . . . (Post.) 

m 

m 

m 

"^(Post.^i, (Post.)^, . . . (Post. )n̂  
Gash Flow Gash Flow Gash Flow 
Stream Stream Stream 
1 2 3 

Figure 21 

Gomputer Program: Input and Output 
of Seginent One 

In summary, segment one generates m posterior 

cash flow streams on the basis of the prior and test dis-

tribution parameters.^ The m posterior cash flow streams. 

^̂ The segment will generate m cash flow streams 
for each of the "'branches of the tree. 
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together with the prior cash flow stream, constitute the 

input to segment two of the.computer program. Segment 

two follows the logic of the model illustrated in Figure 

20. However, since there are m + 1 cash flow streams, 

the logic of Figure 20 must be applied m + 1 times—once 

for each cash flow stream. The result of running segment 

two m + 1 times is the generation of m posterior NPV dis-

tributions, and one prior NPV distribution. These m + 1 

NPV distributions constitute the output of the computer 

program. 

Characteristics of the Computer 
Program 

The program itself is presented in Appendix C, 

together with the necessary documentation pertinent to 

the preparation of the input and a more detailed analysis 

of the program logic. There are, however, several fea-

tures related to the program which will be presented at 

this time. 

ProfíTri,in Accuracy 

In relation to the accuracy of the program, it is 

important to stress some of the inherent characteristics 

of the GPSS/360 programming language. As stated earlier, 

GPSS does not have built-in functions for the computation 

of square roots or for the exponentiation of figures. 

i'"'or this reason, approximation methods had to be utilized. 

A square root algorithm and an exponentiation algorithm 
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have been built into the computer progr-am described in 

Appendix G. The inclusion of these algorithms has resulted 

in long computation times due to the iterative nature of 

the approximation methods utilized. 

Another consequence of the inclusion of the two 

subroutines for the computation of powers and square roots 

is a certain margin of error. This margin of error results 

from the fact that in the square root algorithm, the accu-

racy has been limited to integer precision only. That is, 

when a square root is computed by the algorithm, the result-

ing value has a tolerance of í l.o. 

As stated earlier, GPSS/360 makes almost exclu-

sive use of integer arithmetic. This means that there 

are several instances in which truncation of the decimal 

fractions will occur, thus introducing another source of 

error into the program. 

Finally, it is virtually impossible to judge the 

exact amount of error involved. In this respect, consi-

der that the program performs a sampling process. Further-

more, for the applications considered here sampling can 

only be performed through the use of the computer. This 

results in the absence of a standard measure of compari-

son against which a relative measure of the error could 

be established. 

Determination JQL£ Steady State 

In every simulation process it is important to 
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determine the approximate number of simulation trials 

required to minimize the sampling error. Ganada (32) 

suggests an easy method for determining the approximate 

number of Monte Garlo trials required to obtain answers 

of sufficient accuracy. He suggests that a running tally 

(plot) on the average answer of interest (in this case, 

NPV) be kept for increasing numbers of trials, and that 

a subjective judgment be made of the number of trials at 

which those answers have become "stable enough" to be 

within the accuracy needed. "It is to be expected that 

the average outcome (s) will dampen or stabilize with 

increasing numbers of trials." 

The stabilizing process is illustrated in Figure 

22. The determination of the permisible range of error 

is, however, critical. For the problems discussed in 

this thesis, the margin of allowable error can be deter-

mined by first calculating the average NPV (mean of the 

NPV distribution) through the equations in Appendix A. 

This calculation must be performed utilizing the prior 

data, since this is the only data not affected by the 

sampling process. Then, a fixed percentage (tolerance) 

can be taken on either side of the theoretical value. 

The simulation process would be considered to have reached 

steady state when all the fluctuations fall within the 

control lines representing the expected theoretical value 

+ a fixed percentage. 
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Average 
Outcome 

T r a n s i e n t 
i-vegion 

Stead}' S t a t e 
Re^ion 

Allowable margin of 
e r r o r 

Approximate íí of 
of trials required 

i ^ 

Number of trials 

Steady State Determination 

Figure 22 

^̂ ôdificatÍQns IQL ihs. Basic ÍÍÍMÊI 

As stated earlier, the computer program described 

in Appendix G was developed with the purpose of providing 

a generalized technique for the assessment of risk in 

capital budgeting decisions. The development of a gen-

eralized computer program would insure the repeatability 

of the analysis for study purposes, as well as the vali-

dity of the approach for problems of different character-

istics. 

The program described in Appendix G has been 
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designed to represent a Stochastic Decision Tree composed 

of three branches, with six cash flows per branch. Addi-

tionally, the main parameters correspond to the following: 

(i) Number of iterations = 500 

(ii) Sample size, n = 25 

(iii) Number of sajnples, m = 20 

The data used for the program in Appendix G corresponds 

to an hypothetical three-branch tree. (Data refers to 

the functions, savevalues, table definitions, etc.) 

However, the program in Appendix G can be quite 

easily modified to fit problems involving varying numbers 

of branches, varying numbers of cash flows, and different 

parameters. In order to modify the program, the user 

must only change the input data (Data and Test matrix 

savevalues), and the parameters of the four independent 

Macros which comprise the logic of the program.7 Instruc-

tions concerning the preparation of the input and ways 

to modify the program are given in Appendix C. Further 

modifications to the program logic can be made by proper 

replacement of the program blocks. These modifications 

can be made according to the GPSS/36Q bser's i''ianual pub-

lished by IBM. 

'̂ For ways to prepare the input, see Appendix G. 
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Wodel Application 

The technique proposed in the third chapter for 

the simulation of additional study in capital budgeting 

decisions will now be applied to an example problem. It 

is felt that this example will: (l) demonstrate the analy-

tical power of the methodology, and (2) exemplify the use 

of the computer program. 

The definitions given in the third chapter to the 

terms "prior," "posterior," and "additional study" will 

be maintained in this chapter. That is, additional study 

is defined to mean the simulated conditions of additional 

study. Prior denotes conditions and estimates existing 

previ Quslv to the execution of additional study. Finally, 

the term posterior implies the conditions and estimates 

which follow the execution of the simulated additional 

study. These posterior conditions and estimates are 

obtained through the use of the simulated additional study 

results and the prior conditions and estimates. 

The generai format of the alternatives which are 

the subject of this investigation has been discussed ear-
o 

lier. For completeness, however, some of the features 

will be stressed further. 

1. The alternative being considered involves a sizable 

expenditure and considerable risk to the company. 

o 

See the third chapter, pages 49-30. 
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2. The investment opportunity is unique in that it has 

very little supporting data in the form of histori-

cal information. These conditions could arise from 

a lack of similar situations. 

3. Because of the lack of information, or the limitation 

of it, management is strongly in favor of assessing 

the degree of risk likely. 

4. The investment alternative could, be submitted to the 

analysis of a group of experts (consultants), or the 

company itself could delay the execution of the pro-

ject until more information can be obtained. Both 

methods for increasing the accuracy and quality of 

the estimates receive the name of additional study 

in this paper. 

The purpose of the technique developed in this 

thesis is the simulation of additional study. As stated 

earlier (see the third chapter), the simulation of addi-

tional study is similar to the execution of a parametric 

sensitivity analysis. The differences between additional 

study (when simulated) and parametric sensitivity analy-

sis are conceptual, not operational. Additional study 

involves the study of deviations which are the product 

of the strengthening of the data base as the result of 

further investigation. Sensitivity analysis, on the 

other hand, studies deviations from the original infor-

mation--whatever the source of the deviations may be. 
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In order to be able to simulate additional study, 

those conditions which would be present in a true added 

study must be built into the model, Briefly, two things 

characterize true additional study: 

1. Some deviation from the prior data in relation to 

the magnitude of the parameters is present. For 

instance, if the prior mean of some parameter Í S M O , 

added Gtudy could result in a different mean,M-tl, 

(This deviation is identified in the third chapter 

by the terms "direction" and "amount of change.") 

2. Additional study is likely to result in improved con-

fidence levels. That is, since true additional study 

is carried out by experts, their estimates should be 

more accurate than the estimates comprising the prior 

data base. (This element has been labelled as "infor-

mation ratio" in the third chapter.) 

JElements one and two above, which characterize 

true additional study, are entered into the model via 

the steps outlined in the third chapter.9 The execution 

of those steps leads to the construction of test distri-

butions (simulated added study) for each of the parame-

ters under investigation. 

^See Ghapter III, page 96. 
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^xampl fí PrgUem 

Prior Data 

Gonsider now the investment alternative defined 

by the normally distributed annual cash flows shown in 

Table 1. 

Year 

0 
1 
2 

3 
4 

5 
6 
7 
8 

9 
10 

TABLE 1 

PRIOR CASH FLOW STREAM FOR AN 
HYPOTHETICAL INVESTI^NT 

Cash Flow (OOO) 
i'iean (̂ â ) stá. Deviation (d^) 

-50 
48 
48 

30 

t 

Assume further that management is interested in 

evaluating the economic desirability of the project by 

the NPV criteria at an interest rate of 10.̂ . Addition-

ally, management is interested in determining the desir--

ability of obtaining additional information, and would 

like to know how such information could affect the deci-

sion. 
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Decision Eiements 

The decision rule which the company maintains, 

and which applies to this example, is the following: 

Accert the investment alternative if the distribution of 

NPV has a mean larger than $200,000. 

î ianagement has also estimated that additional 

study would cost the company $20,000. With regard to 

additional study management has stipulated that the com-

pany will consider the possibility of executing it if the 

simulation of additional study results in an Expected 

Net Value of Sample Information of $5,000 or more (ENVSI 

^ $5,000). 

The Simulation of Additional Study 

For the investment alternative in Table 1, manage-

ment has decided to simulate additional study in an effort 

to determine how such information might affect a decision 

made solely on the basis of prior data. To this respect 

management has established a set of conditions, for each 

of the cash flows in the alternative, which the company 

feels are representative of the conditions which would 

be present in a factual added study. These conditions 

will lead to "the construction of a test distribution for 

each of the annual cash flows, They are the following: 

1. Management considers that the prior estimates are 

characterized by very "wide" confidence levels. That 

is, because of the characteristics of the investment 
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opportunity, management had to satisfy itself with 

very "loose" estimates and large variances. However, 

the company feels that if additional study is conducted, 

the availability of new data could cause a reduction 

of the variances. In fact, management estimates that 

there is at least a 95/̂  probability that true added 

study would result in half as much variance as that 

contained in the prior estimates of all the cash flows. 

2. The company has decided to simulate the possibility 

that additional study would result in estimates which 

are pessimistic in relation to the prior parameters. 

To this effect, the decision-maker has considered the 

following extreme case: There is a 95^ probability 

that the outcomes predicted by additional study are 

$12,000 smaller than those reported in the prior data 

of Table 1. 

Applying the nomenclature defined in the third 

chapter for the construction of test distributions, con-

ditions one and two previously described take the follov/-

ing formi 

(i) Amount of information ratio, R 

I 6 ^ R = x___ = 0 = 2, for all cash flows 
^O " ^ 

(ii) Amount of information confidence level, P^, 

P = 0.95, ^or all cash flows 
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(iii) Direction of change = pessimistic, for all 

cash flows 

(iv) Amount of change, A = -íil2,000, for all cash 

flows 

(v) Amount of change confidence level, P^, 

^2 = 0,95, for all cash flows, 

These conditions are summarized in Table 2. 

Year 

0 

1 

2 

3 
4 
5 
6 
7 
8 

9 
10 

TABLE 2 

TEST GONDITIONS FOR AN HYPOTHETIGAL 
INVESTMENT 

R 

2 

1 

-950 

Direction of 
Change A 

Pessimistic 12,000 .950 

The information contained in Table 2 can now be 

used, together with the prior data in Table 1, to construct 

test distributions for each of the annual cash flows. To 

accomplish this objective, the steps on page 96 of the 

third chapter must be followed. 

For the example in this section a sample size, n, 
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of 25 has been utilized. From Table 1 in Appendix B, the 

values of K^ and K^ have been obtained. These values are 

summarized in Table 3. 

Year 

0 

1 

2 

3 
4 

5 
6 

7 
8 

9 
10 

TABLE 3 

TEST DISTRIBUTION MODIFIERS FO AN 
HYPOTHETICAL PROBLEM 

h 
-,330 

K3 

.225 

Recall now equation (25): 

d^2 = Kj rfgZ 

where : 

d^2 = test distribution variance, 

do^ = prior distribution variance. 

This equation permits the computation of the variance of 

the test distributions for each of the cash flows. 

Recall, also, equation (27), (pessimistic case): 

^t = ^^ -^^ - h 'o 
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v/here : 

^ O ~ niean of prior distribution, 

>u.̂  = mean of test distribution. 

This equation permits the computation of the mean of the 

test distribution for each of the cash flows. The use 

of equations (25) and (27), and the data in Tables 1 and 

3, gives the results contained in Table 4, which repre-

sent the test distributions which fit the additional study 

conditions desired by management. 

TABLE 4 

TEST CASH FLOW STREAivl FOR AN 
HYPOTHETICAL INVESTlvIENT 

^ear 

0 
1 
2 

3 
4 

' 5 
6 

7 
8 

9 
10 

i'iean (̂ )̂ 

-55 
^3 

Gash Flow (OOO) 
Std. Deviation (̂J'-j.) 

17 

The information contained in Tables 1 and 4 con-

stitute the input to the computer program. This data 

has been provided to the computer via two savevalues matri-

ces labelled as Data and Test, respectiveiy. (See 
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Appendix G for the GPSS commands utilized,) 

For the computer run the following values were 

utilized: 

(i) 500 iterations 

(ii) m = 20, number of samples taken from each 

test distribution 

(iii) n = 25, sample size, 

Output Analysis 

As mentioned earlier, the computer program gener-

ates m + 1 NPV distributions, The first m distributions 

of NPV are posterior distributionsÎ that is, they repre-

sent density functions obtained by simulating posterior 

data rather than prior data. The last distribution pro-

duced by the program is the prior NPV distribution. For 

the example being analyzed, the computer produced 21 NPV 

distributions (m' = 20). A sample of the computer output 

is presented in Appendix C. This section presents the 

analysis of those 21 NPV distributions. 

Frior NPV Di ĉt.ri huti on 

The prior NPV distribution generated by the pro-

gram is characterized by the following parameters: 

MQ (NPV) = $209.000 

</Q (NPV) = $ 67,250 

Additionally, the program also revealed that there is 
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a 45.r;ô probability that the project NPV would not meet 

the $200,000 "hurdle" figure specified by management (based 

on prior data alone). 

From a managerial standpoint these results indi-

cate the following: 

1. The project does satisfy the decision rule of the 

company, given that the prior data (estimates) are 

the tru.e. estimates of the alternative* s economic beha-

vior. 

2. There is a 45.1̂ « probability of reversal. 

Ppg^terÍQr IÍ£V Dic^trihutionc; 

The computer program also generated 20 posterior 

distributions of NPV. These 20 distributions are charac-

terized by the parameters listed in Table 5. These para-

meters in Table 5 are the result of combining the prior 

estimates in Table 1 with the results of simulating addi-

tional study under the conditions specified in Table 4. 

Since the purpose of this investigation is to determine 

the possible value, to management, of purchasing additionaJ: 

information, the posterior parameters of Table 5 niust be 

compared with the prior NPV distribution. 

The analysis of the m (20) posterior NPV distri-

butions permits the construction of the following curves: 

1. iixpected Opportunity Loss Gurve, given additional 

study, 

2. Probability of Reversal Gurve, given additional study, 
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3. and Value of Sample Information Gurve. 

TABLE 5 

COMPUTER RUN RESULTS FOR AN' HYPOTHETIGAL 
INVESTlViENT ALTERNATIVE 

Probability (NPV ^ 200) 

71. 5̂^ 
72,3 
78,3 
75.9 
76.3 
70.7 
76,5 
67.3 
83.3 
57.7 
68,6 
81,9 
81,7 
79.1 
78,5 
78.5 
79.9 
77.5 
7̂ .7 
72.9 

Sample 

1 
2 

3 
4 

5 
6 

7 

8 

9 
10 

11 
12 

13 
14 

15 
16 

17 
18 

19 
20 

^xp,ecte<;í ! 

i'iean 

181 

182 
172 

175 
179 
182 
176 
184 
167 
19^ 
184 
168 
170 
17^ 
175 
173 
171 
17^ 
179 
181 

-^ppurtus 

NPV (000) 
Std. Deviatio 

3^.5 
32.3 

3^.9 

37.5 
31.9 
32.0 

3^.5 

33.9 

3^.7 
36.6 

29.7 
33.9 
33.9 
30.0 
32.1 

3^.9 

35.1 
3^.7 
31.0 

35.0 

nitv Loss Curve 

In the third chapter the Expected Opportunity 

IJOSS (EOL) concept was introduced. In this application 

the distributions subject to analysis are normally dis-

tributed. Therefore, the computation of EOL requires 

the use of the Unit Normal Loss Integral, or UNLI. (The 

concept behind UNLI is explained on page 6I. ) 
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The Expected Opportunity Loss for each of the 20 

distributions (in Table 5) are shown in Table 6.^^ 

TABLE 6 

EXPEGTED OPPOHTUNITY LOSS FOR ivi 
POSTERIOA NPV DISTRIBUTIONS 

Expected Opportunity Loss (OOO) 
Sample D UNLI (D) EOL 

1 
2 

3 
4 

5 
6 

7 
8 

9 
10 
11 
12 

13 
14 

15 
16 

17 
18 
19 
20 

-0.550 
-0.558 

-0.805 
-0.668 
-0.670 

-0.561 

-0.695 
-0.472 

-0.951 
-0.163 
-0.540 
-0.9^8 
-0.885 
-0.865 
-0.780 

-0.775 
-0.825 
-0.750 
-0.675 
-0.542 

.1828 

.1729 

.1100 

.1503 

.1503 

.1799 

.1429 

.2072 

.0910 

.3240 

.1157 

.0910 

.1023 

.1061 

.1245 

.1245 

.1140 

.1312 

.1478 

.1857 

6.30 
5.80 

3.85 
5.62 
4.78 

5.65 
^.95 
7.00 

3.15 
11.70 
5.50 
3.10 
3.̂ 6 

3.19 
4.00 

^̂ .35 
4.00 
4.54 
4.58 
6.50 

The Expected Opportunity Loss based on prior 

information alone can be computed as foilows: 

^^The value of D for a hurdle of $200,000 is equi-
valent to E(NPV) - 200,000 j EOL = (NPV) UhLI (D); 

(NPV) 
see page (1. 
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Q ^ 209,000 - 200.000 

67,250 

= .1339 

ií̂ oL = (67,250) . UNLI (D) 

= (67,250) . UÎ LI ( .1339) 

= (67.250) . ( .3325) 

= $2,240 

On the other hand, the EOL figures in Table 6 

reveal values which are much higher than $2,240. Further-

more, the EOL values of Table 6 permit the construction 

of an EOL histogram (given additional study). This histo-

gram is shown in Figure 23. 

frequency 

7 
6 

5 
4 

3 
2 
1 

Q 
1 2 3 4 5 5 7 8 9 10 11 12 EOL/SI 

F igure 23 

EOL Histogram Given Additional 
Information 
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This histogram (Figure 23) indicates, once again, 

that if the simulated results of additional study are 

true indicators of the conditions which could prevail in 

a factual added study, then the EOL indicated by additional 

study could be much higher than the prior-based EOL, 

Protøb.il ity siL Reverfia,l Curve 
(Given Added Study) 

As stated earlier the prior NPV distribution indi-

cated a probability of reversal of 41.5^^.^^ This value 

indicates that based on prior data alone, there is a 4l. 5% 

probability of not meeting the $200,000 hurdle figure 

desired by management. 

The posterior parameters of Table 5 indicate, 

however, much higher probability of reversal values. The 

probability of reversal values of Table 5 have been uti-

lized to construct a probability of reversal histogram, 

given additional study, This histogram is shown in 

Figure 24. 

The histogram in Figure 24 indicates, once more, 

that additional information could result in a much higher 

probability of reversal than that indicated by the prior 

estimates alone. This would be the case if the additional 

study simulated by the computer is a true indicator of 

^^For the probability of reversal definition, see 
the third chapter, page 57» 
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"real" additional study. 

frequency 

8 

6 

4 

50 55 60 65 70 75 8 0 8 5 90 

Figure 24 

Probability of Reversal Histogram 
Given Additional Information 

Prob. of 
Reversal/SI 

{%) 

^alug siL Samplg ^nrQrmatÍQn 
Gurve (VSI) 

The output of the computer program permits the 

construction of another curve which is valuable in the 

analysis of the investment alternative: the VSI curve. 

The VSI curve provides the manager with a probability 

distribution (or a histogram) of the poscible differences 

between the outcomes predicted by additional study, and 

the outcomes predicted originsaiy by management (prior 

estimates). In the third chapter the formula for com-

putinp; the Value of Sample Inf ormation was given as: 



where : 

and: 
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VSI = E(R/SI) - E{R) 

E(R/SI) = expected return, given additional study, 

E{h) = expected prior outcome,^^ 

In the example being analyzed the expected prior 

outcome is the mean NPV of the prior distribution, That 

is : 

E{R) = $209,000 r^o (í''í'̂ )1 

The value above (209,000) has been used in connection 

with the means of the posterior NPV distributions (Table 5) 

to obtain the value of sample information for each of the 

20 samples. 

Consider the posterior NPV mean of Sample 1 in 

Table 5. 

M^ = $181,000 

= E(R/SI)^ 

The v a l u e of Sample 1 i s : 

VSI>L = E ( R / S I ) ^ - E{R) 

= 181,000 - 209,000 

=-$28,000 

12The term sample is used in relation to addi-
tional study and indicates the gathering of additional 
information' through a sampling process. 
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The same calculation has been performed for all 

the 20 samples with the results shown in Table 7, 

TABLE 7 

VSI CALGULATIOr̂ IS 

Return Given Sample Value of Sample 
toormation Information 

Sample R/SI (OOO) R/SI - E{R) (OOO) 

1 181 -28 
2 182 -27 
3 172 -37 
^ 175 '3^ 
5 179 -30 
6 182 -27 
7 176 -33 
8 184 -25 
9 167 -42 
10 194 -15 
11 184 -25 
12 168 -41 
13 170 -39 
l^ 17^ -35 
15 175 -3̂ ^ 
16 173 -36 
17 171 -38 
18 17^ -35 
19 179 -30 
20 181 -28 

The VSI values of Table 7 have also been used 

to construct a histogram of the Value of Sample Informa-

tion. This histogram is shown in Figure 25, The infor-

mation in .Figure 25 is very significant to management. 

It iridicates that if the simulated additional study out-

comes are good estimators of the conditions which would 
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characterize XuiQ. additional study, then additional study 

could result in a mean NPV of $15,000 to $45,000 lower 

than the one predicted by the prior outcomes. From an 

economic standpoint this means that additional study would 

in fact reverse the decision by specifying a return much 

lower than $209,000. 

frequency 

15 20 25 30 3̂  4ô T5 Value of Sample 
Information 

(000) 

Figure 25 

Histogram of the Value of Sample 
Information 

Desirabiiitv Q£ Additional Study 

î arlier in this chapter the purpose of the analy-

sis was defined as being the determination of the value 

of additional study iû mnnngement. For the example under 

study, this means providing management with some estimate 
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of what to expect from additional information. A siími-

ficant part of this purpose, has already been achieved by 

the derivation of the EOL curve, the probability of rever-

sal curve, and the Value of Sample Information curve. If 

the analysis is to serve management as a tool for deter-

mining whether additional study is to be executed or not, 

then additional premises must be established: 

1. i'ianagement is willing to accept the simulation of 

additional study as a good estimator of the conditions 

prevailing in true additional study. 

2. Once additional study is performed, the decision v/ould 

rest solely on the additional study outcomes. In this 

case, the decision would rest solely on the outcomes 

of the simulated additional study outcomes. 

In an effort to exemplify how the technique devel-

oped in this thesis could provide management with the neces-

sary data for deciding on the execution of true additional 

study, the two premises above will be accepted. Gonsider, 

then, that management has decided that results of simulated 

additional study are good estimators of the results of 

true additional study. Gonsider, further, that management 

will base the decision concerninfc the acceptance of the 

alternative on the simulated additional study outcomes 

of Table 5 (posterior NPV distributions). 

If this is the case, then clearly the decision 

would be one of not investing in the alternative, because 
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all the outcomes in Table 5 have a mean NPV below $200,000 

(the figure which must be met according to the decision 

rule). In this case, the result of executing additional 

study would be the rejection of the alternative, which 

would, in turn, result in the acceptance of another pro-

ject with a return of at least $200,000. The expected 

return of Sample Information is, hence, $200,000 (at least) 

since executing additional study would mean rejection of 

the alternative and acceptance of a different one with a 

return of at least $200,000.^^ 

E(i</SI) = $200,000 

Deciding on the purchase of additional information 

involves the balancing of: 

(i) the return of executing additional study, 

(ii) and the cost of the loss incurred by not 

purchasing additional study, 

For the example at hand, the cost of additional 

study was given as $20,000.^^ The cost of not purchasinp; 

additionai information is an opportunity cost—namely, 

the cost incurred' by making the erroneous decision. The 

average return if additional information is not purchased, 

^3For the definition of Expected Value of Sample 
Information, see page 41, 

^^See page 117. 
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when it should have been purchased, is found for this 

example by averaging the mean NPV in Table 5, This aver-

age return is $177,000. 

Hence, by executing additional study the company 

could save the difference between the expected return 

given sample information and the return without additional 

information. This value is called Expected Value of Sam-

ple Information, and its concept v/as introduced in the 

third chapter, 

EVSI = E(R/SI) - E{R) 

- 200,000 - 177,000 

= $23,000 

Since the execution of additional study would 

cost the company $20,000, the Expected Î et Value of Sam-

ple Information (ENVSI) is equal to: 

ENVSI = EVSI - cost of additional information 

= 23,000 - 20,000 

= $3,000 

Since management had specified an indifference 

value for ENVSI of $5,000, then additional study should 

not be purchased by the company. 

This chapter has introduced the computer program 

which has been developed for the simulation of additional 

study in capital budgeting decisions. Additionally, the 
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model developed in the third chapter, as well as the com-

puter program, have been applied to a single-branch Sto-

chastic Decision Tree in an effort to demonstrate the 

applical'ility of the technique. In the next chapter a 

summary of the findings, together with some recommenda-

tions for future research, will be presented. 



Ghapter V 

SUrm/VRY AI;D GOI\CLUSIOKS 

The analysis of risk in capital budgeting deci-

sions is of paramount importance to a firm and has 

received considerable attention during the last twenty-

five years. In the evolution of the risk analysis tech-

niques, each development has served to overcome the weak-

nesses inherent in previous techniques. There is, however, 

a considerable need to continue investigation in the field 

of capital budgeting and risk analysis, and especially to 

produce methodologies more accessible to the practicioner. 

In the present day, decision-making is a rapidly 

growing field with numerous interactions with other fields 

of human endeavor. It is, by origin, related to the areas 

of management and finance. However, it draws a large num-

ber of concepts from fields such as Operations i-̂ esearch, 

Gomputer Science, and Statistics. Thus, decision-making 

is rapidly becoming a scientific process, and there is a 

growing awareness among managers and decision-makers that 

decisions can now be made through the use of techniques 

capable of minimizing the margin of human error. 

One of the areas of decision-making which has 

136 
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received considerable attention in the literature concerns 

the optimal allocation of funds. This area of study has 

merited investigation because it aims at the core of the 

business activity: the ability of the company to derive a 

profit. Decision-making, when related to capital budget-

ing decisions, has been the subject of this research effort. 

In its present state the analysis of risk in capi-

tal budíreting decisions draws from two main areas: eco-

nomics and statistics. In the statistical sense, capital 

budgeting analysis has characterized itself by the use of 

traditional inference techniques in order to generate pro-

bability distributions for the measure of merit of the 

investment alternatives. This investigation has dealt 

with the introduction of a methodology for the considera-

tion of non-traditional inference techniques—namely, the 

concepts associated with Bayesian decision-m»aking, Baye-

sian decision-making involves the revision of prior esti-

mates through additional study (or sampling) and the gen-

eration of posterior estimates. Additionally, the Baye-

sian techniques are based on the minimization of oppor-

tunity losses (EOL) rather than on the minimization of the 

magnitude of the error (characte?-1 f.tic of traditional 

inference methods). 

More explicitly, this investigation dealt with 

the development of a procedure for simulating additional 
r 

study for investment alternatives characterized by high 
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risks and severe information restrictions. Unlike in 

other Stochastic problems (.Quality Control, Inventory 

Control), in capital budgeting problems sampling cannot 

be performed in order to revise the prior estimates. The 

simulation of additional study permits that a judgment 

be made about not only the risks of the alternative, but 

also about the possibility of executing true additional 

study. Furthermore, the simulation of additional study 

permits the derivation of parallel measures of project 

worth, such as t̂ xpected Opportunity Loss (EOL) and mea-

sures of the possible worth of additional study, such as 

Expected Value of Sample Information and Expected Net 

Value of Sample Information. 

The technique developed in this research could 

be described as a sensitivity model. It provides a way 

for assessing the value of additional study by contrast-

ing the prior estimates and simulated conditions depict-

ing possible extreme outcomes of additionai study. The 

general format utilized by the technique is the Stochas-

tic Decision-Tree model proposed by Hespos and Strassman. 

The relative strengths of the technique can be 

summarized as follows: 

1. The model does not eliminate the traditional results 

of the risk analysis approach. It merely supplements 

them with other measures of project worth. That is, 

the manager is provided with a much broader base of 
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data on which to substantiate the decision. 

2. The manager is provided. with independent measures of 

both the project worth and the value of additional 

study. Thus, he cannot only decide on the investment 

alternative itself, but also on the necessity of pur-

chasing additional information. 

3. Because of one and two cited above, the technique is 

well suited for the analysis of risk for decisions 

involving severe information restrictions in the gen-

eration of prior estimates. 

4. The implementation of the technique is relatively 

simple and a completely computerized approach has been 

developed to perform the computations. Furthermore, 

the simulation of the additional study outcomes has 

been simplified by the development of a series of for-

mulae and tables which enable the construction of 

test distributions to represent the possible outcomes 

of additional study. 

The weaknesses of the technique are the following: 

1. It necessitates the availability of a digital compu-

ter in order to enable the "sampling" of the distri-

butions which simulate additional study. 

2. In its present condition the model can only handle 

normally distributed cash flow distributions and nor-

mally distributed additional study outcomes. 

3. It draws heavily from the ability of the manarer for 
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fujtablishing subjective estimates on both the prior 

esti.mates, as well as for the construction of distri-

butions to simulate additional study, 

4. The predicting accuracy of the model has not been 

tested. Theî"efore, no statement concei-ning its vali-

dity in real life situations can be made. 

This investigation is, by no means, all inclu-

sive, The field of decision-making, when related to capi-

tal budgeting decisions, is especially challengin̂ ';. It 

has offered, and will continue to offer, nev/ and increas-

ingly difficult questions to the analyst, the academician, 

and the decision-maker. The proper allocation of funds 

is not only important in the narrower perspective, that 

of the individual firm, but also in the larger and more 

complex system involving the unlimited interactions of the 

industrial society with its many ramifications into the 

governmentai and cultural structures. This research effort 

dealt with only one aspect of the capital budgeting pro-

blem--namely, the consideration of additional study. 

î ven at that, the scope here considered was drastically 

reduced. It i>ivoIved the consideration of only normal 

cash flow dÍGtributions, and normal added study dlstribu-

tioní.i. 

Further research in this area should include the 

expansion of the technique to distributions other than 

normal. In this same iine of thought, it is felt that 
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combinations should be tried. One combination which 

deserves Gtudy is the case involving non-normal prior 

distribution and normal added study distributions. This 

case is particularly interesting, since it would involve 

the utilization of the same formulae developed in this 

paper. 

Another possibility for research is the considera-

tion of other measures of merit, such as Annual Worth and 

Rate of Return rather than Net Present Value, inasmuch as 

some companies prefer working v/ith these measures of eco-

nomic worth. Other areas which need additional work are 

those related to the mechanics of the technique. The 

computerized approach could, for instance, be improved 

by eliminating lengthy iterations for the calculation of 

square roots and Net Present Worth. Additionally, the 

tables in Appendix B could be revised to include confi-

dence levels other than 90̂ '̂?, 95í̂ s and 99?̂ . 

une final area that needs to be investî '.ated, is 

related bo the validation of the technique. As expressed 

earlier, the only validation attempted v.as the execution 

of an hypothetical "real world" example. If the technique 

is to have any application at all, it nceds to be subjected 

to the reality of a factual case study involviní^ true eco-

nomic figures, and in the only true scenario for a decision-

making technique : the firm and the manager. 
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Appendix A 

THEOi^ETIGAL DERIVATION ÛF THE NPV 
PRObABlLITY DISTRIBUTIOIll 

The Net Present Value for a cash flow stream is 

simply the sum of the discounted periodic cash flows 

occuring in each of the periods throughout the project 

life. 

In the probabilistic case, the summation of the 

discounted periodic random cash flow increments to obtain 

the project Net Present Value must result in the fact 

that the project Net Present Value itself is also a ran-

dom variable. In symbolic notation, this means that: 

R, Ro R,i 
NPV = Rn + 1 + ^ _, + . . . ,̂ 

^ (1 + i) (1 + iJ^ (1 + i)^^ 

It can be demonstrated from statistical theory 

that the mean NPV is simply the sum of the discounted msan 

cash flov/ increments. That is: 

/ N E(Ri) ^ E(Rp) . E(HiJ 

•''This appendix considers only the non-correlated 
case. 

143 
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or J 

E(liPV) = 
t = 0 (1 +• i)t 

The same cannot be said about the project variance. 

The variance of the NPV distribution is strongly depen-

dent on the relationship between the cash flows. ?or the 

independent case, the variance can be found as follows: 

Let (l + i ) " ^ = iv̂ , since R^ is a random variable. Then: 

V 
R t 

(1 + i)t 
= V tt^tl 
= ií̂ 2 V[R^] 

These variances are additive for the N periods, so that: 

V [HPV] 
N r 

where: 

t = 0 

N 

t = 0 

N 

t = 0 

H 
(1 + i)t 

K^2 V N 
dt' 

(1 + i)2t 

C'̂ 2 ^ variance of the t-th period 



Appendix B 

VALUES OF THE TEST DISTKliiUTION 
I.IODIFIERS 

This appendix provides a set of tables listing 

the values of K^, K^, and K^, for various sample sizes, 

various information ratios, and various confidence levels. 

The values contained in the tables of this appen-

dix permit the construction of test distributions for the 

cash flows comprising an economic alternative. 

The following relationships (see the fourth chap-

ter) relate the values of the tables, and the test dis-

tribution parameters. 

(a) (̂ 2̂ = ^ <í^2 

(b) At-̂  = {^Q +^) - ̂ 2 ̂ o (optimistic case) 

{c) M^ - (-̂0 --^) "" ̂ ^ ̂ o (pessimistic case) 

where : 

6A- = standard deviation of the test distribution, 

jui^ = mean of the test distribution, 

0̂ 0 = standard deviation of the prior distribution, 

M Q = mean of the prior distribution. 

In order to use the tables in this appendix, the 

user must: 

145 
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1. i'ind the set of tables corresponding to the P̂  value 

desired, where P̂  = amount of information confidence 

level. 

2. From the set of tables in step one, select that table 

which corresponds to the value of R (ratio of infor-

mation) desired. 

3. Once the appropriate table has been found according 

to steps one and tv/o above, the values of K̂  and Ko 

(or K^) can be established for the values of n (sam-

ple size) and P^ (amount of change confidence level) 

desired. 

Gonsider, for example, thc following information: 

^ l 

R = 

^z 
n = 

= 0. • 750 

3.0 

= 0 . 

20 

950 

The first four tables correspond to a value of P-, = 0.950. 

However, from among these four tables, the second table 

( Table 2 ) is the one v/hich corresponds to a ratio of 3.0. 

Therefore, Table 2 is the appropriate one. The values 

of Kĵ , ^, and K^ corresponding to the information desired 

are, therefore, the follov/ing: 

\ = .210 

i-2 = .201 
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K^ = -.201 

The tables contained in this Appendix have been 

prepared using values of z (standard areas under the I-or-

mal distribution) and X2 (Chi-Square distribution values) 

v/hich are readily available from several statistics books 

and manuals. To perform the calculations a simple Fortran 

IV program was conceived and run on an IBiu 370/145 compu-

ter, under OS-360, 
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TABLE 1 

R A T I O 2 
SAMPLE 

SIZÉ 

N 
6 
7 
0 
9 

10 
11 
12 
13 
lA 
15 
16 
17 
IR 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.950 
Kl • 

0.?.?.h 
0.238 
0 . ? A 9 
0.?58 
0,266 
0.273 
0,280 
0.285 
0,291 
0.296 
0.300 
0.30A 
0.30 8 
0,312 
0.315 
0.318 
0,321 
0.324 
0.327 
0.330 
0,332 
0.3 3A 
0.337 
0.339 
0.34 1 
0.343 

.900 
K2 

0.319 
0,303 
0,290 
0.278 
0.268 
0.259 
0.251 
0.2A4 
0,237 
0.231 
0.225 
0.220 
0.215 
0.211 
0.206 
0.203 
0.199 
0. 195 
0.192 
0. 189 
0.186 
0. 183 
0. 180 
0.178 
0. 175 
0. 173 

K3 
-.319 
-.303 
-.290 
-.278 
-.268 
-.259 
-.251 
-.244 
-.237 
-.231 
-•225 
-.220 
-.215 
-.211 
-.206 
-.203 
-.199 
-. 195 
-.19? 
-.189 
-.186 
-.183 
-.180 
-.178 
-.175 
-.173 

P2 

.950 
K2 

0.380 
0.362 ' 
0.34 6 
0.332 
0.320 
0.309 
0.299 
0.290 
0.282 
0.275 
0.263 
0,262 
0.256 
0.251 
0.246 
0.241 
0.237 
0.233 
0.229 
0.225 
0.221 
0.218 
0.215 
0.212 
0.209 
0.206 

K3 
-.380 
-.3 62 
-, 346 
-.332 
-.320 
-.309 
-.299 
-.290 
-.282 
-.275 
-.268 
-.2 62 
-.256 
-.251 
-.246 
-.241 
-.2 37 
-.233 
-.2 29 
-.225 
-.221 
-.218 
-.215 
-.212 
-.2 09 
-.206 

,990 
K2 

0.451 
0.^29 
0.410 
0.394 
0.379 
0. 366 
0.355 
0. 344 
0.335 
0.326 
0.310 
0.311 
0, 304 
0.298 
0.292 
0.286 
0.281 
0.276 
0.2 n 
0.267 
0.263 
0.259 
0.255 
0.251 
0.248 
0 . 2 '-f 4 

K3 
- . A 5 1 

-.429 
-. ̂a 0 
-. 394 
-.379 
-.366 
-.355 
-.344 
-.335 
-.326 
-.318 
-.311 
-. 304 
-.298 
-.292 
-.286 
-.281 
-.276 
-.271 
-.267 
-.263 
-.2 59 
-.255 
-.251 
-.248 
-.244 



149 

TABLE 2 

R A T I O 3 
SANPLE 

SIZE 

N 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.950 
Kl 

0.151 
0. 159 
0.166 
0. 1 72 
0.177 
0. 182 
0. 186 
0.190 
0. 194 
0.197 
0.200 
0.203 
0.205 
0.208 
0.210 
0.212 
0.214 
0.216 
0.218 
0.220 
0.221 
0.223 
0.224 
0.226 
0.227 
0.228 

.900 
K2 

0.261 
0.248 
0.237 
0.227 
0.219 
0.212 
0.205 
0.199 
0.194 
0. 189 
0.184 
0.180 
0. 176 
0.172 
0. 169 
0.165 
0.162 
0. 159 
0.157 
0. 154 
0.152 
0. 149 
0.147 
0. 145 
0.143 
0.141 

K3 
-.261 
-.248 
-.237 
-.227 
-.219 
-.212 
-.205 
-.199 
-.194 
-.189 
-.184 
-.180 
-. 176 
-.172 
-.169 
-.165 
-.162 
-.159 
-.157 
-.154 
-. 152 
-.149 
-.147 
-. 145 
-.143 
-.141 

P2 

.950 
K2 

0.310 
0.295 
0.282 
0.271 
0.261 
0.252 
0.244 
0,237 
0.231 
0.225 
0.219 
0.214 
0.209 
0.205 
0,201 
0.197 
0.193 
0.190 
0.187 
0.184 
0.181 
0.178 
0. 175 
0. 173 
0. 171 
0-168 

K3 
-.310 
-,295 
-.282 
-.271 
-.261 
-.252 
-.244 
-.237 
-.231 
-.225 
-.219 
-.214 
-.209 
-.205 
-.201 
-.197 
-, 193 
-. 190 
-.187 
-. 184 
-. 181 
-.178 
-. 175 
-.173 
-- 171 
-.168 

.990 
K2 
0,368 
0.350 
0.335 
0.321 
0.310 
0.299 
0.2 90 
0.281 
0.274 
0.266 
0.2 60 
0.254 
0.248 
0.243 
0.238 
0.234 
0.229 
0.225 
0.222 
0.218 
0.215 
0,211 
0.208 
0.205 
0.202 
0.200 

K3 
-. 368 
-.350 
-.335 
-.321 
-.310 
-.299 
-.290 
-.281 
-.274 
-.266 
-.260 
-.254 
-.248 
-.243 
-.238 
-.2 34 
-.229 
-.225 
-.222 
-.218 
-.215 
-.211 
-.208 
-.205 
-.202 
-.200 
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TAOLE 3 

R A T I O 4 
SAMPLE 

SIZE 

N 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.950 
Kl 

0.113 
0. 119 
0. 124 
0.129 
0. 133 
0.137 
0.140 
0.143 
0.145 
0.148 
0.150 
0. 152 
0. 154 
0.156 
0.158 
0.159 
0. 161 
0.162 
0.163 
0. 165 
0.166 
0.167 
0. 168 
0. 169 
0.170 
0*171 

.900 
K2 

0.226 
0.215 
0.205 
0.197 
0. 190 
0.183 
0.178 
0. 172 
0. 168 
0. 163 
0.159 
0.156 
0. 152 
0.149 
0. 146 
0.143 
0, 141 
0.138 
0. 136 
0. 134 
0. 131 
0. 129 
0. 128 
0.126 
0. 124 
0. 122 

K3 
-.226 
-.215 
-.205 
-.197 
-.190 
-.183 
-.178 
-.172 
-. 168 
-.163 
-. 159 
-.156 
-.152 
-.149 
-.146 
-.143 
-.141 
-. 138 
-.136 
-. 134 
-.131 
-. 129 
-, 128 
-.126 
-.124 
-.122 

P2 

.95 
K2 

0.269 
0.256 
0.244 
0.235 
0-226 
0.218 
0.212 
0.205 
0.200 
0.195 
0.190 
0.185 
0.181 
0.173 
0.174 
0.171 
0.168 
0.165 
0. 162 
0.159 
0.157 
0.154 
0.152 
0.150 
0.148 
0.146 

0 
K3 

-.269 
-.256 
-.2A4 
-.235 
-,2?6 
-.218 
-.212 
-.205 
-.200 
-. 195 
-.190 
-. 185 
-. 181 
-.178 
-.174 
-.171 
-.168 
-.165 
-.162 
-. 159 
-.157 
-.154 
-.152 
-.150 
-.148 
-.146 

.990 
K2 

0.319 
0.303 
0. 290 
0.278 
0.268 
0.2 59 
0.251 
0.244 
0.237 
0.231 
0.225 
0.220 
0.215 
0.211 
0.206 
0.202 
0. 199 
0. 195 
0, 192 
0. 189 
0. 186 
0. 183 
0. 180 
0.178 
0. 175 
0. 173 

K3 
-.319 
-.303 
-.290 
-.278 
- . 2 6 ̂3 
-.2 59 
-.251 
-.244 
-.237 
-.231 
-.225 
-.220 
-.215 
-.211 
-.206 
-.202 
-.119 
-. 195 
-.192 
-.189 
-. 186 
-. 183 
-. 180 
-.178 
-. 175 
-. 173 
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TABLE 

RATIO 

4 

SAMPLE 

SIZE 

N 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.950 
Kl 

0.090' 
0.095 
0.100 
0.103 
0. 106 
0.109 
0.112 
0. 114 
0.116 
0.118 
0.120 
0. 122 
0. 123 
0.125 
0. 126 
0.1.27 
0.129 
0.130 
0.131 
0.132 
0.133 
0. 134 
0.135 
0.135 
0.136 
0.137 

.900 
K2 

0.202 
0,192 
0. 183 
0.176 
0.170 
0. 164 
0.159 
0.154 
0.150 
0. 146 
0. 142 
0. 139 
0. 136 
0. 133 
0. 131 
0.128 
0.126 
0.124 
0.121 
0.119 
0.118 
0.116 
0.114 
0.112 
O-lll 
0.109 

K3 
-.202 
-. 192 
-. 183 
-.176 
-.170 
-.164 
-.159 
-.154 
-. 150 
-.146 
-.142 
-.139 
-. 136 
-.133 
-.131 
-.128 
-.126 
-.124 
-.121 
-. 119 
-.118 
-.116 
-.114 
-.112 
-.111 
-.109 

P2 

.950 
K2 

0-240 
0.229 
0.219 
0.210 
0.202 
0. 195 
0.189 
0.184 
0.179 
0.174 
0.170 
0. 166 
Ov 162 
0. 159 
0.156 
0.153 
0.150 
0.147 
0.145 
0.142 
0. 140 
0.138 
0. 136 
0.134 
0.132 
0.130 

K3 
-.240 
-.229 
-.219 
-.210 
-.202 
-. 195 
-,189 
-.18^» 
-.179 
-.174 
-. 170 
-.166 
-. 162 
-. 159 
-. 156 
-. 153 
-.150 
-.147 
-.145 
-.142 
-,140 
-.138 
-.136 
-.134 
-.132 
-.130 

.990 
K2 
0.285 
0.271 
0.259 
0.2 49 
0.240 
0.232 
0.224 
0.218 
0.212 
0.206 
0.201 
0 . 1 '̂̂  7 
0. 192 
0. 188 
0.185 
0. 181 
0.178 
0. 175 
0. 172 
0. 169 
0. 166 
0,164 
0. 161 
0. 159 
0.157 
0,155 

K3 
-,285 
-.271 
-.259 
-.249 
-.240 
-.232 
-.224 
-.218 
-.212 
-.206 
-.201 
-. 197 
-.192 
-.188 
-.185 
-.181 
-.178 
-. 175 
-. 172 
-.169 
-. 166 
-.164 
-. 161 
-.159 
-.157 
-.155 
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TABLE 

RATIO 

5 

2 
SAMPLE 

S IZE 

N 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
3 1 

P l 

0 . 9 7 5 
K l 

0 . 1 9 5 
0 . 2 0 8 
0 , 2 1 9 
0 . 2 2 8 
0 . 2 3 7 
0 . 2 4 4 
0 . 2 5 1 
0 . 2 5 7 
0 . 2 6 3 
0 . 2 6 8 
0 . 2 7 3 
0 . 2 7 7 
0 . 2 8 2 
0 . 2 8 5 
0 . 2 8 9 
0 . 2 9 3 
0 . 2 9 6 
0 . 2 9 9 
0 . 3 0 2 
0 . 3 0 5 
0 . 3 0 8 
0 . 3 1 0 
0 . 3 1 3 
0 . 3 1 5 
0 . 3 1 7 
0 . 3 1 9 

. 9 0 0 
K2 

0 . 2 9 6 
0 . 2 8 3 
0 . 2 7 2 
0 . 2 6 2 
0 . 2 5 3 
0 . 2 4 5 
0 . 2 3 8 
0 - 2 3 1 
0 . 2 2 5 
0 . 2 2 0 
0 . 2 1 5 
0 . 2 1 0 
0 . 2 0 6 
0 . 2 0 2 
0 . 198 
0 . 1 9 4 
0 . 1 9 1 
0 . 188 
0 . 1 8 5 
0 . 182 
0 . 1 7 9 
0 . 176 
0 . 174 
0 . 1 7 1 
0 . 169 
0 . 1 6 7 

K3 
- . 2 9 6 
- . 2 8 3 
- . 2 7 2 
- . 2 6 2 
- . 2 5 3 
- . 2 4 5 
- . 2 3 8 
- . 2 3 1 
- . 2 2 5 
- . 2 2 0 
- . 2 1 5 
- . 2 1 0 
- . 2 0 6 
- . 2 0 2 
- . 198 
- . 1 9 4 
- . 1 9 1 
- . 188 
- . 185 
- - 1 8 2 
- . 1 7 9 
- . 1 7 6 
- . 1 7 4 
- . 1 7 1 
- . 1 6 9 
- . 1 6 7 

P2 

. 9 5 0 
K2 

0 . 3 5 3 
0 . 3 3 8 
0 . 3 2 4 
0 . 3 1 2 
0 . 3 0 1 
0 . 2 9 2 
0 . 2 8 3 
0 . 2 7 6 
0 . 2 6 9 
0 . 2 6 2 
0 . 2 5 6 
0 . 2 5 0 
0 . 2 4 5 
0 . 2 4 0 
0 . 2 3 6 
0 . 2 3 1 
0 . 2 2 7 
0 . 2 2 3 
0 . 2 2 0 
0 , 2 1 6 
0 . 2 1 3 
0 - 2 1 0 
0 . 2 0 7 
0 . 2 0 4 
0 . 2 0 2 
0 . 1 9 9 

K3 
- . 3 5 3 
- . 3 3 8 
- . 3 2 4 
- . 3 1 2 
- . 3 0 1 
- . 2 9 2 
- . 2 8 3 
- . 2 7 6 
- . 2 6 9 
- . 2 6 2 
- . 2 5 6 
- . 2 5 0 
- . 2 4 5 
- . 2 4 0 
- . 2 3 6 
- . 2 3 1 
- . 2 2 7 
- . 2 2 3 
- . 2 2 0 
- . 2 1 6 
- . 2 1 3 
- . 2 1 0 
- . 2 0 7 
- . 2 0 4 
- . 2 0 2 
- . 1 9 9 

. 9 9 0 
K2 

0 . 4 1 9 
0 . 4 0 0 
0 . 3 84 
0 . 3 7 0 
0 . 3 5 8 
0 . 346 
0 . 3 3 6 
0 . 3 2 7 
0 . 3 1 9 
0 . 3 1 1 
0 . 3 0 4 
0 . 2 9 7 
0 . 2 9 1 
0 . 2 8 5 
0 . 2 8 0 
0 . 2 7 4 
0 . 2 7 0 
0 . 2 6 5 
0 . 2 6 1 
0 , 2 5 7 
0 . 2 5 3 
0 . 2 4 9 
0 , 2 4 6 
0 , 2 4 2 
0 . 2 3 9 
0 . 2 3 6 

K3 
- . 4 1 9 
- . 4 0 0 
- . 384 
- . 3 7 0 
- . 3 5 8 
- . 346 
- . 3 3 6 
- . 3 2 7 
- . 3 1 9 
- . 3 1 1 
- . 3 0 4 
- . 2 9 7 
- . 2 9 1 
- . 2 8 5 
- . 2 8 0 
- . 2 7 4 
- . 2 7 0 
- . 2 6 5 
- . 2 6 1 
- . 2 5 7 
- . 2 5 3 
- . 2 4 9 
- . 2 4 6 
- . 2 4 2 
- . 2 3 9 
- . 2 3 6 
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TABLE 6 

RATIO 3 
SAMPLE 

SIZE 

N 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.975 
Kl 

0.130 
0. 138 
0. 146 
0.152 
0. 158 
0. 163 
0.167 
0.171 
0. 175 
0.179 
0.182 
0. 185 
0.183 
0.190 
0. 193 
0.195 
0.197 
0. 199 
0.201 
0.203 
0.205 
0.207 
0.208 
0.210 
0.211 
0.213 

.900 
K2 

0.242 
0.231 
0.222 
0.214 
0.207 
0.200 
0.194 
0. 189 
0.184 
0.180 
0.175 
0.172 
0. 168 
0.165 
0.162 
0. 159 
0.156 
0.153 
0.151 
0.148 
0.146 
0.144 
0. 142 
0. 140 
0. 138 
0.136 

K3 
-.242 
-.231 
-.222 
-.214 
-.207 
-.200 
-.194 
-. 189 
-.184 
-. 180 
-.175 
-.172 
-.168 
-. 165 
-.162 
-.159 
-.156 
-.153 
-.151 
-.148 
-. 146 
-.144 
-.142 
-.140 
-.138 
-.136 

P2 

.950 
K2 

0.288 
0.276 
0.265 
0.255 
0.24 6 
0.238 
0.231 
0.225 
0.219 
0.214 
0.209 
0.204 
0.200 
0. 196 
0.192 
0.189 
0. 186 
0.182 
0.180 
0.177 
0.174 
0.172 
0. 169 
0.167 
0.165 
0.162 

K3 
-.288 
-.276 
-.265 
-.255 
-.246 
-.238 
-.231 
-.225 
--219 
-.214 
-.209 
-,204 
-.200 
-.196 
-. 192 
-. 189 
-. 186 
-. 182 
-.180 
-. 177 
-.174 
-.172 
-,169 
-.167 
-. 165 
-.162 

.990 
K2 
0.342 
0.327 
0,314 
0. 302 
0.292 
0.283 
0.275 
0.267 
0.260 
0.2 54 
0.248 
0.242 
0.237 
0.233 
0.228 
0.224 
0.220 
0.216 
0.213 
0.210 
0.206 
0.203 
0.201 
0.193 
0. 195 
0.193 

K3 
-.342 
-.327 
-.314 
-.302 
-.292 
-.283 
-.275 
-.267 
-.260 
-.254 
-.248 
-.242 
-.237 
-.2 33 
-.228 
-.224 
-.220 
-.216 
-.213 
-.210 
-.206 
-.203 
-.201 
-. 198 
-. 195 
-. 193 
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TABLE 

R A T I G 
SAMPLE 

SIZE 

N 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.975 
Kl 

0.097' 
0,104 
0.109 
0.114 
0.118 
0. 122 
0. 125 
0.129 
0.131 
0. 134 
0.136 
0.139 
0.141 
0. 143 
0.145 
0,146 
0.148 
0.150 
0.151 
0.152 
0.154 
0.155 
0. 156 
0.157 
0.159 
0.160 

.900 
K2 

0.210 
0.2C0 
0.192 
0. 185 
0. 179 
0.173 
0. 168 
0. 164 
0.159 
0.155 
0. 152 
0.149 
0. 145 
0. 143 
0. 140 
0.137 
0. 135 
0.133 
0.130 
0.128 
0.127 
0.125 
0.123 
0.121 
0.120 
0.118 

K3 
-.210 
-.200 
-.192 
-.185 
-, 179 
-.173 
-.168 
-.164 
-.159 
-. 155 
-.152 
-.149 
-. 145 
-.143 
-.140 
-.137 
-.135 
-.133 
-. 130 
-.128 
-, 127 
-.125 
-.123 
-.121 
-.120 
-.118 

P2 

.950 
K2 

0,250 
0.2 39 * 
0.229 
0.221 
0.213 
0.206 
0.200 
0.195 
0.190 
0.185 
0.181 
0.177 
0.173 
0.170 
0.167 
0.164 
0.161 
0. 158 
0. 155 
0.153 
0.151 
0.149 
0.146 
0.144 
0.142 
0.141 

K3 
-.250 
-.239 
-.229 
-.221 
-.213 
-.206 
-.200 
-. 195 
-.190 
-. 185 
-.181 
-.177 
-. 173 
-, 170 
-. 167 
-.164 
-.161 
-. 153 
-.155 
-.153 
-.151 
-.149 
-. 146 
-.144 
-.142 
-.141 

.990 
K2 

0.296 
0.283 
0.272 
0.262 
0.253 
0.245 
0.238 
0,231 
0.225 
0.220 
0.215 
0.210 
0.206 
0.202 
0. 198 
0. 194 
0. 191 
0. 187 
0. 184 
0, 182 
0. 179 
0.176 
0. 174 
0. 171 
0. 169 
0. 167 

K3 
-.296 
-.283 
-.272 
-.262 
-.253 
-.245 
-.233 
-.231 
-.225 
-.220 
-.215 
-.210 
-.206 
-.202 
-.198 
-.194 
-.191 
-.187 
-.184 
-. 182 
-.179 
-. 176 
-. 174 
-.171 
-.169 
-. 167 
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TABLE 8 

RATIU 5 
SAMPLE 

SIZE 

N 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.975 
Kl 

0.078 
0.083 
0.037 
0.091 
0.095 
0.098 
0. 100 
0.103 
0. 105 
0,107 
0.109 
0,111 
0.113 
0.114 
0. 116 
0.117 
0.118 
0.120 
0.121 
0.122 
0.123 
0.124 
0.125 
0.126 
0. 127 
0.128 

.900 
K2 

0.187 
0. 179 
0. 172 
0.166 
0. 160 
0.155 
0.150 
0. 146 
0.143 
0. 139 
0. 136 
0.133 
0.130 
0.128 
0. 125 
0.123 
0.121 
0.119 
0.117 
0.115 
0.113 
0.111 
0.110 
0.108 
0.107 
0.106 

K3 
-.187 
-.179 
-. 172 
-. 166 
-.160 
-.155 
-.150 
-.146 
-.143 
-. 139 
-. 136 
-.133 
-.130 
-.123 
-.125 
--123 
-. 121 
-.119 
-.117 
-.115 
-.113 
-.111 
-. 110 
-.108 
-.107 
-.106 

P2 

.950 
K2 

0.223 
0.213 
0.205 
0.197 
0.191 
0.185 
0.179 
0.174 
0.170 
0. 166 
0. 162 
0.15B 
0.155 
0.152 
0.149 
0.146 
0.144 
0.141 
0.139 
0.137 
0.135 
0.133 
0. 131 
0.129 
0. 127 
0.126 

K3 
-.223 
-.213 
-.205 
-.197 
-.191 
-. 185 
-.179 
-.174 
-.170 
-.166 
-.162 
-.158 
-. 155 
-.152 
-. 149 
-.146 
-.144 
-.141 
-.139 
-.137 
-.135 
-.133 
-.131 
-.129 
-. 127 
-.126 

.9 90 
K2 
0.265 
0.253 
0.243 
0.234 
0.226 
0.219 
0.213 
0.207 
0,201 
0. 197 
0, 192 
0. 188 
0. 184 
0. 180 
0. 177 
0. 174 
0. 171 
0. 168 
0. 165 
0. 162 
0. 160 
0. 158 
0,155 
0. 153 
0. 151 
0. 149 

K3 
-.265 
-.253 
-.243 
-.234 
-.226 
-.219 
-.213 
-.207 
-.201 
-.197 
-. 192 
-. 188 
-. 184 
-. 180 
-. 177 
-.174 
-.171 
-. 168 
-.165 
-. 162 
-. 160 
-.158 
-. 155 
-. 153 
-. 151 
-. 149 
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SAMPLE 

SIZE Pl 

TABLE 9 

RATIO 2 

P2 

N 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

0.990 
Kl 

0, 166 
0.178 
0. 189 
0. 199 
0.208 
0.215 
0.222 
0.229 
0.235 
0.240 
0.245 
0.250 
0.254 
0.259 
0.262 
0.266 
0.270 
0.273 
0.276 
0.279 
0.282 
0.285 
0.287 
0.290 
0.292 
0,295 

.900 
K2 

0.273 
0.263 
0.253 
0.245 
0.237 
0.230 
0.224 
0.218 
0.213 
0.208 
0.204 
0. 199 
0. 196 
0. 192 
0. 188 
0.185 
0. 182 
0. 179 
0.176 
0. 174 
0. 171 
0. 169 
0. 167 
0. 164 
0. 162 
0.160 

K3 
-.273 
-.263 
-.253 
-.245 
-.237 
-.230 
-.224 
-.218 
-.213 
-.208 
-.204 
-. 199 
-.196 
-.192 
-. 188 
-.185 
-.182 
-.179 
-.176 
-.174 
-.171 
-.169 
-.167 
-.164 
-. 162 
-.160 

.950 
K2 

0.326 
0.313 
0.302 
0.292 
0.282 
0.2 74 
0.267 
0.260 
0.254 
0.248 
0.243 
0.238 
0.233 
0.229 
0.225 
0.221 
0.217 
0.214 
0.210 
0.207 
0.204 
0.201 
0.199 
0.196 
0.194 
0.191 

K3 
-.326 
-.313 
-.302 
-.292 
-.232 
-.274 
-.267 
-.260 
-.254 
-.248 
-.243 
-.238 
-.233 
-.229 
-.225 
-.221 
-.217 
-.214 
-.210 
-.207 
-.204 
-.201 
-. 199 
-.196 
-. 194 
-.191 

.990 
K2 

0. 386 
0.371 
0.358 
0.346 
0.335 
0.325 
0.317 
0. 308 
0.301 
0.294 
0.288 
0.282 
0.276 
0,271 
0.266 
0.262 
0.257 
0.253 
0.249 
0.246 
0.242 
0.239 
0.236 
0.232 
0.230 
0.227 

K3 
-.386 
-.371 
-.358 
-.34 6 
-.335 
-.325 
-.317 
-.308 
-.301 
-.29 4 
-.288 
-.282 
-.276 
-.271 
-.266 
-.262 
-.257 
-.253 
-.249 
-.246 
-.242 
-.239 
-,2 36 
-.232 
-.230 
-.227 



157 

TABLE 10 

RATIO 3 
SAMPLE 

SIZE 

N 
6 
7 
8 
9 
ÎO 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.990 
Kl 

0.110 
0.119 
0. 126 
0. 133 
0. 138 
0.144 
0.148 
0.153 
0-157 
0.160 
0.164 
0. 167 
0.170 
0.172 
0. 175 
0.177 
0.180 
0. 182 
0.184 
0.186 
0.188 
0. 190 
0.192 
0.193 
0.195 
0. 196 

.900 
K2 

0.223 
0.214 
0.207 
0.200 
0. 194 
0.188 
0.183 
0. 178 
0. 174 
0.170 
0. 166 
0. 163 
0. 160 
0.157 
0. 154 
0.151 
0.149 
0. 146 
0. 144 
0. 142 
0. 140 
0. 138 
0.136 
0.134 
0. 133 
0.131 

K3 
-.223 
-,214 
-.207 
-.200 
-.194 
-.188 
-.183 
-. 178 
-.174 
-. 170 
-. 166 
-.163 
-.160 
-.157 
-.154 
-.151 
-.149 
-. 146 
-. 144 
-.142 
-. 140 
-.138 
-.136 
-.134 
-.133 
-.131 

P2 

.950 
K2 

0,2 66 • 
0.256 
0.246 
0.238 
0.231 
0.224 
0.218 
0.212 
0.207 
0.203 
0.198 
0.194 
0.190 
0.187 
0.183 
0.180 
0.177 
0.174 
0.172 
0.169 
0.167 
0.164 
0.162 
0. 160 
0.158 
0.156 

K3 
-.266 
-.256 
-.2 46 
-.238 
-.231 
-.224 
-.218 
-.212 
-.207 
-.203 
-, 198 
-.194 
-.190 
-.187 
-. 183 
-.180 
-.177 
-. 174 
-.172 
-.169 
-.167 
-.164 
-. 162 
-.160 
-. 158 
-.156 

.990 
K2 

0.315 
0.303 
0.292 
0.282 
0.274 
0.266 
0.258 
0.252 
0.246 
0.2 40 
0.235 
0.230 
0.226 
0.221 
0.217 
0.214 
0.210 
0,207 
0,204 
0,201 
0. 198 
0.195 
0. 192 
0.190 
0.137 
0. 185 

K3 
-.315 
-.303 
-.292 
-.282 
-.274 
-.266 
-.258 
-.252 
-.246 
-.240 
-.235 
-.230 
-.226 
-.221 
-.217 
-.214 
-.210 
-.207 
-.204 
-.201 
-. 198 
-.195 
-. 192 
-. 190 
-.187 
-. 185 
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TABLE 11 

R A T I O 4 
SAMPLE 

SIZE 

N 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Pl 

0.990 
Kl 

0.083 
0.089 
0.095 
0. 100 
0. 104 
0.108 
0.111 
0.114 
0.117 
0.120 
0.123 
0.125 
0.127 
0. 129 
0.131 
0.133 
0.135 
0.137 
0.138 
0. 140 
0- 141 
0,142 
0.144 
0.145 
0.146 
0.147 

.900 
K2 

0.193 -, 
0.186 -, 
0.179 -< 
0.173 -. 
0.168 -, 
0.163 -, 
0.158 -. 
0.154 -. 
0.151 -. 
0.147 -. 
0.144 -, 
0.141 -
0.138 -. 
0.136 ~. 
0.133 -, 
0.131 -, 
0.129 -. 
0.127 -• 
0.125 -. 
0.123 -. 
0.121 -• 
0.119 -• 
0.118 -. 
0.116 -. 
0.115 -. 
0.113 -. 

K3 
.193 
. 186 
. 1 79 
.173 
. 168 
. 163 
. 158 
.154 
.151 
.147 
. 144 
.141 
. 138 
.136 
.133 
. 131 
. 129 
.127 
.125 
.123 
.121 
. 119 
.118 
.116 
.115 
.113 

P2 

.950 
K2 

0.2 30 
0.221 
0.213 
0.2 06 
0.200 
0. 194 
0.189 
0.184 
0. 179 
0.175 
0.172 
C . 16 8 
0.165 
0.162 
0. 159 
0.156 
0.153 
0.151 
0.149 
0.146 
0.144 
0.142 
0. 140 
0.139 
0.137 
0.135 

K3 
-.230 
-.221 
-.213 
-.206 
-.200 
-, 194 
-,189 
-. 184 
-.179 
-.175 
-.172 
-.168 
-.165 
-. 162 
-.159 
-. 156 
-.153 
-.151 
-. 149 
-.146 
-.144 
-.142 
-. 140 
-.139 
-.137 
-. 135 

.990 
K2 
0.273 
0.262 
0.253 
0.245 
0.237 
0.230 
0,224 
0.218 
0.213 
0.208 
0.204 
0. 199 
0 . 1') 5 
0. 192 
0, 188 
0, 185 
0. 182 
0, 179 
0. 176 
0. 174 
0.171 
0. 169 
0. 167 
0. 164 
0. 162 
0, 160 

K3 
-.273 
-.262 
-.253 
-.245 
-.237 
-.230 
-.224 
-.218 
-.213 
-.208 
-.204 
-.199 
~. 195 
-.192 
-. 188 
-. 185 
-.182 
-.179 
-. 176 
-.174 
-. 171 
-. 169 
-. 167 
-.164 
-. 162 
-. 160 
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SAMPLE 

SIZE Pl 

TABLE 12 

RATIO 

P2 

N 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

0.990 
Kl 

0,06 6 
0.071 
0.076 
0.080 
0,083 
0.036 
0.089 
0,092 
0.0 94 
0.096 
0.098 
0.100 
0.102 
0.103 
0. 105 
0. 106 
0.108 
0. 109 
0.110 
0.112 
0. 113 
0. 114 
0,115 
0,116 
0. 117 
0.118 

.900 
K2 

0.173 
0.166 
0. 160 
0. 155 
0. 150 
0.146 
0.142 
0. 138 
0.135 
0.132 
0. 129 
0.126 
0, 124 
0.121 
0.119 
0.117 
0.115 
0.113 
0.112 
0.110 
0. 108 
0.107 
0. 105 
0.104 
0.103 
0.101 

K3 
-.173 
-.166 
-. 160 
-.155 
-. 150 
-.146 
-.142 
-.133 
-.135 
-.132 
-.129 
-.126 
-.124 
-. 121 
-.119 
-.117 
-.115 
-.113 
-.112 
-.110 
-.108 
-.107 
-. 105 
-. 104 
-.103 
-.101 

.95 
K2 

0.20 6 
0,198 
0.191 
0.184 
0.179 
0.173 
0.169 
0.164 
0.161 
0.157 
0.153 
0,150 
0.147 
0.145 
0.142 
0.140 
0.137 
0.135 
0.133 
0. 131 
0.129 
0.127 
0, 126 
0.124 
0-122 
0.121 

0 
K3 

-.206 
-.198 
-. 191 
-.184 
-.179 
-.173 
-.169 
-, 164 
-. 161 
-.157 
-. 153 
-.150 
-, 147 
-.145 
-.142 
-, 140 
-.137 
-. 135 
-.133 
-,131 
-. 129 
-,127 
-.126 
-.124 
-.122 
-.121 

.990 
K2 
0.24 4 
0.235 
0.226 
0.219 
0.212 
0.206 
0.200 
0,195 
0. 190 
0.186 
0. 182 
0.178 
0. 175 
0. 172 
0. 168 
0. 166 
0. 163 
0. 160 
0. 158 
0. 155 
0.153 
0. 151 
0. 149 
0.147 
0.145 
0. 143 

K3 
-.244 
-.235 
-.226 
-.219 
-.212 
-.206 
--200 
-. 195 
-.190 
-.186 
-. 182 
-.178 
-- 175 
-. 172 
-. 168 
-. 166 
-. 163 
-. 160 
-. 158 
-, 155 
-, 153 
-. 151 
-. 149 
-. 147 
-.145 
-.143 
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CUiViPUTER PROGRAIVi D CUr-iENTATIUN 

A. T i t l e 

Stochastic Decision-Tree Program for Bayesian 

Analysis of Investment Alternatives 

Pro^ammer - i'lario A, Burbano 

External Environment - lîi'i 370/l45 (under US - 360) 

Source Language - GPSS/360 

Date Completed - August 1, 1973 

Approximate Compile Time - 1 minute 

Computation Time - Variable, depending on the number 

of branches in the tree, the saLmple size desired, 

the number of iterations desired, and the number 

of samples specified by the user, Approximate 

computation times for a decision tree comprised 

of three branches, with six cash flows per branch, 

a sample size of 25, and a total of 20 samples 

are given below. 

N'umber of iterations Computation time 

6 min., 43 sec, 
9 min., 24 sec, 
11 min., 52 sec, 
14 min,, 11 sec. 

100 , , 
150 9 min., 24 sec. 
200' 
250 

160 
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300 16 min., 59 sec. 
350 19 min., 20 sec, 
^̂ 00 22 min,, 17 sec. 
^50 24 min., 30 sec. 
500 26 min., 59 sec. 

Linen of Output - also variable. The approximate 

number of lines for the same configuration above 

is of about 3520. 

Approximate Storage Required - The total number of 

bytes required is of 90K. The breakdown suggested 

is the followingí 

Common 30,000 

System and Control 40,000 

GPSS Entities and Functions 20,000 

B. Purpose 

The program was designed to accomplish two main 

objectives« 

1, The generation of 20 sets of posterior cash flow dis-

tributions for each of the cash flows in the Stochas-

tic tree, 

2. and the generation of an NPV distribution for each 

of the 20 sets of posterior cash flow streams, as 

well as for each of the sets of prior cash flows, 

C, Restrictions 

The program developed achieves as much generali-

zation as possible, within the limitations of the GPSS 

source language, Computer time does become, however, a 
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serious restriction because of the necessity of running 

the model for a very large number of iterations. In order 

to keep the CPU time below thirty minutes, it is suggested 

that only trees consisting of less than three branches, 

and with at most 6 cash flows per branch, be run in this 

fashion. 

D, Definitions 

Savevalues» 

Net - accumulates the NPV outcome for each itera-

tion 

1 - counts the number of iterations required to 

calculate the NPV outcome 

2 - sample number counter (initially = l) 

3 - dummy address 

5 - sample number counter (initially = l) 

i'iatrix Savevalues« 

1 through 20 - provided for the accumulation of 

posterior cash flow distributions 

Data - prior cash flow distributions for the tree 

Test - test cash flow distribution for the tree 

In all the matrix savevalues the first row should 

contain the means of the normal cash flow distributions. 

The second row should contain the standard deviations. 

(See Input Preparation data in this appendix.) 

Variables « 

íviean - used to compute the mean of the p o s t e r i o r 
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cash flow distribution (jû  ) 

Pete - intermediate variable used by Mean 

SQR - calculates the variance of the sample 

Denom - computes the inverse of the posterior 

cash flow distribution variance (l/d'-ĵ )̂ 

VA - calculates the posterior variance of the 

cash flow distribution 

Zero - obtains a random normal deviate from the 

year 0 cash flow distribution 

GNorm - obtains a random normal deviate from a 

cash flow distribution other than the 

one corresponding to year 0 

Disk - variable utilized to approximate the dis-

counting factor (l + i) 

QJAD - computes the variance of the cash flow 

distribution 

Power - used to square a base number in order to 

approximate the square root function 

E. Program Flow Chart 

Segment 1 '- This segment is composed of five macros 

put together as independent logical units. They 

will be, however, flow-charted as a whole. 
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Generate a transaction 

Determine if entrance to the 
model is allowed 

Split in as many identical 
transactions as branches 

Dummy address 

Assign to parameter 14 the 
number of the year 0 index 

Assign to parameter 15 the 
number of the test distribU' 
tion matrix 
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Assign to parameter 1? the 
mean of the year 0 cash flow 
distribution 

Assign to parameter 18 the 
standard deviation of the year 
0 cash flow distribution 

Accumulate 
deviate of 
flow 

in net the 
the year 0 

sampled 
cash 

Accumulate statistics for the 
year 0 cash flow sampled devi-
ates 

Assign to parameter 19 the 
index of year 1 

Assign to savevalue X 1 the 
value of 1 

Assign to parameter 1 the mean 
of year t cash flow distribu-
tion 
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Assign to parameter 2 the 
standard deviation of year 
t cash flow distribution 

Assign to parameter 4 the 
value of t 

Assign to parameter 3 the sam-
pled value of the t-th cash 
flow distribution 

Accumulate statistics for the 
t-th cash flow deviates 

Discount the value contained 
in parameter 3 

Assign to parameter 6 the dis-
counted value of the year t 
cash flow deviate 
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Accumulate in net the NPV of 
the first t periods 

Increment the period count 

Increment the period count 

Test to determine if there 
are any periods left in the 
stream 

Tabulate the NPV information 
corresponding to the test dis-
tribution stream 

Test to determine if the sam-
ple size has been reached 
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Close the model in order to 
compute posterior probabili-
ties 

Assign to parameter 10 the 
location of the year 0 cash 
flow distribution 

Assign to parameter 11 the 
number of cash flows in the 
stream 

Assign to parameter 12 the 
mean of the sample 

Assign to parameter 13 the 
standard deviation of the sam-
ple 

Enter in the corresponding 
posterior matrix, the value 
of the posterior mean 

Calculate the standard devia-
tion of the posterior cash 
flow 
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Calculate the standard devia-
'tion of the posterior cash 
flow 

Enter into the corresponding 
posterior matrix, the value 
of the posterior standard devia-
tion 

Increase the matrix location 
index 

Fill the next location in the 
posterior matrix 
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Determine if all locations 
in the posterior matrix are 
full 

Increase the posterior matrix 
count by one 

Open the model to new sampling 
process 

Segment 2t This segment is composed of two nested 

macros. The corresponding flow chart is des-

cribed below. 

Generate a simulation ti'ial 

De lermine if cntrancc into thc 
model is possible 
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Split into as many transactions 
as variables 

Assign to parameter 22 the 
number of the sample being 
sampled (posterior matrix) 

Assign to parameter 14 the 
number of the vear 0 index 

Assirn to parameter 15 the 
number of the posterior dis-
tribution matrix 

Assign to parameter 1? the 
mean of the year 0 posterior 
cash flow distribution 

Assign to parameter 18 the 
standard deviation of the year 
0 posterior cash flow distri-
bution 

Accumulate 
deviate of 
flow 

in net the 
the year 0 

sampled 
cash 
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cS> 

cí-3 
c S 

Assign to parameter 19 the 
index corresponding to year 
1 cash flow distribution 

Assign to savevalue 1 the 
value of t, where t is the 
period 

Assign to parameter 1 the mean 
of year t cash flow distribu-
tion 

Assign to parameter 2 the 
standard deviation of year t 
cash flow distribution 

Assign to parameter 4 the value 
of t 

Assign to parameter 3 the sam-
pled value of t-th cash flow 

Discount the value contained 
in parameter 3 

(^. 
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cS 

ŝ̂  
Assign to parameter 6 the dis-
counted value of the year t 
cash flow deviate 

Accumulate in net the NPV of 
the first t periods 

S 
r — : — \ 

Increment the period count 

Increment the period count 

Test to determine if there 
are any periods left in the 
stream 

Tabulate the Î'PV information 
corresponding to the posterior 
distribution stream 

® 
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Test to determine if enough 
trials have been made 

Print the posterior distribu-
tions matrix corresponding to 
the sample being simulated 

Increase the sample count 

Terminate as many transactions 
as branches 

Terminate the transaction 
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F. Computer Program Listing 

The listing on the í'ollowing pages corresponds 

to a three-branch Stochastic Decision Tree with six cash 

flows per branch. Additionally, the number of iterations 

is specified as 500, the sample size as 25, and the num-

ber of samples as 20. The data shown corresponds to an 

hypothetical three-branch tree. 
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TílREi:.-bRAiJCiI STOCllASTIG Dx-CISlur: TIU.LJ 

DATA 
rpsT 
ONE 

#F 

HG 

TUO 

COPY 

ML'LT 

THROU 

GEM 
STA«T 

tíC 

GEN2 

FALSE 
TWfD 

UPD 

CREATE 
RFALLOCArE 
RFALLOCArE 
SI MlJLArE 
l-UU 
FQU 
SrARTMACRO 
ASSÎGN 
ASSIGN 
ASSIGN 
ASSIGN 
SAVFVALUE 
TARULATE 
ASSIGN 
SAVEVALL'E 
A S S I G N 
ASSIGN 
ASSIGN 
A S S I G N 
TABULATE 
ASSIGN 
LCGP 
ASSIGN 
SAVEVALUE 
SAVEVALUE 
ASSIGN 
TESr G 
TARULATE 
ENCMACRC 
SrARTNACRO 
ASSIGN 
A S S I G N 
ASSIGN 
ASSIGN 
NSAVEVALUE 
A S S I G N 
A S S I G N 
TEST LE 
ASSIGN 
TRANSFER 
MSAVEVALUE 
A S S IG N 
LCOP 
ENCfACRO 
STARTNACRO 
GFNERATE 
GAFE LR 
SPLIT 
SAVEVALUE 
FNOMACRO 
SrARTMACRO 
TE ST L 
TFKMINATE 
LOGIC S 
H A C K 0 
TEST L 
TERM INATE 
SAVEVALUE 

f-^9'l*-^J"»^«^^E»l»^AB,30,FUN,l5,VA^,l5,CHA. l 
FMS,2'j,CUM, 30000 

?1,M 
22,M 

l^,«A 

17,MX*15( 1,PU) 
I^1,MX*15(2.PU) 
NET,V$ZERO 
«A 
l 9 , « B 
l.l 
1,MX*15(1,*19) 
2,MX«15( 2,*I<9) 
A.Xl 
3,V$GNCRM 
*19 
3,V$DISK 
4,#G 
6,P3 
NET*,P6 
I + ,l 
19+, l 
P19,#C,#F 
«D 

IQ,«A 
11, « B 
12,Tn«lO 
13,ro«io 
X5, 1,*10,V$MEAN 
7,nc 
8,V$PGWER 
P8,V$VAR,THR0U 
7+,l 
,MULT 
X5,2,*I0,P7 
10+, 1 
ll,COPY 

l,, l,//A,,25,F 
l 
«B,«C,20 
3 + ,L 

Nl,#A,FALSE 

l 

N$FALSE.#E.UPO 
1 
5>,l 
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THREE 

nf 

#G 

SIM 
ADO 

MCM 
ThPEE 

FIN 

1 
2 
3 

5 
6 
7 
8 
9 
10 
11 
12 
13 
l^ 
15 
16 
17 
18 
19 
20 
DATA 

LCGIC R 
TERM INATE 
FNDMACRC 
STARTMACRO 
ASSIGN 
A S S I G N 
A S S I G N 
A S S I G N 
S A V E V A L U E 
A S S I G N 
S ^ V E V A L U E 
A S S I G N 
A S S I G N 
A S S I G N 
A S S I G N 
A S S I G N 
L C O P 
A S S I G N 
SAVEVALUE 
SAVEVALUE 
ASSIGN 
TEST G 
TAOULATE 
ENDMACRO 
STAR rMACRO 
GE'JERATE 
TEST GE 
SPLIT 
ASSIGN 
IMCRC 
EST E 

PRINT 
SAVEVALUE 
rFRM INATE 
TERNINATE 
ENDMACRO 
MATR IX 
MATR IX 
N A T R I X 
MATR IX 
M A T R I X 
N A T R I X 
MATR IX 
NArR IX 
MATR IX 
M A T R I X 
M A T R I X 
M \ T R I X 
f̂  A T R I X 
M A T R I X 
MATR I X 
N A T R I X 
M A T R I X 
M A T R IX 
MATR IX 
^ A T R I X 
M A T R I X 

1A.«A 
1 5 , «E 
1 7 , M X * 1 5 ( 1 , 
18,MX*15(2, 
NET,V$ZER 
19,«B 

14) 
14) 

1 
l 
2 
4 
3 
3 
4 
6 

1 
MX*15(1, 
MX*15(2, 
XI 
V$GNORM 
V$DISK 
WG 
P3 

NET»-,P6 
1 + . l 
19+,l 
P19,#C,#F 
HD 

*19) 
•19) 

1,, 
X5, 
/íA, 
2 2 , 
^lî, 
N$N 
P22 
2 + , 

» . » 
21 
Mor' 
X2 
//c, 
CM, 

25,F 

,20 

/íD,«E,*22, 
/<H,FIN 

,P22,MX 
1 

Hf,HG 

X, 
X, 
X, 
X, 
X, 
X, 
X, 
X. 
X. 
X, 
X. 
X. 
X, 
X. 
X 
X 
X 
X 
X 
X 
X 

2, 
2, 
2, 
2, 
2, 
2, 
2, 
2, 
2, 
2, 
2, 
2, 
2, 
2, 
.2, 
.2. 
,2, 
.2, 
.2, 
,2, 
• 2, 

18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
18 
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TEST 
1 
1,1/2,7 
2 
l,2/2,n 
3 
1,6/2,1 
4 
1,19/2, 
5 
1,6/2,6 
6 
1 ,22/2, 
SNCRM 

0 , - 5 / . C 
.11507, 
.5,0/.5 
.93319, 

X 

ICN 

ICN 

ICN 

MEAN 
PETE 
SCR 
CENnM 
VAR 
Z E R 0 
GNCRM 
CISK 
CLAD 
POWER 
1 
7 
13 
2 
3 
4 
5 
6 
8 
9 
10 
11 
12 
14 
15 
16 
17 
18 
19 

M A T R I 
FUNCT 
/ î, 13 
FUNCT 
/ i , 1 <. 
F U N C T 
2/3, 18 
FUNCT ICN 
20/3,21 
FUNCTION 
/3,6 
FUNCT lON 
2 3/3,24 
FUNCTICN 
C C C 3 , - 4 / 
-1,2/.15 
7926, .2/ 
1.5/.977 
INI r lAL 

TI AL 
T 
T 
T 
T 
T 
T 
T 
T 

X,2,18 
P20,L3 

P20,L3 

YEAR 0 INOEXES 

YEAR 1 INOEXES 

P20.L3 YEAR N INOEXES 

P20.L3 

P20,L3 

P20,L3 

INÍ 
INI 
INI 
IM 
INI 
INI 
INI 
IM 
INI 

lAL 
lAL 
lAL 
lAL 
lAL 
lAL 
lAL 
lAL 

F V A R I A F' L 
F V A R r A R L 
F V A R l A O L 
F V A R I A R L 
F V A R l A P L 
F V A R í A B L 
F V A R I A R L 
F V A R I A R L 
F V A R I A P L 
V A R l A B L E 
T A R L E 
T A O L E 
T A B L E 
T A B L E 
T A B L E 
T A B L E 
T A B L E 
T A P L E 
T A B L E 
T A la E 
TABLE 

RN 
.CC13 
8 6 6,-
. 6 5 5 'i 
25,2/ 

X2 
X5 
MX 
MX 
MX 
FX 
MX 
MX 
MX 
MX 
( ( 
Pl 
Pl 
( l 
l/ 
Pl 
P2 
P3 
NX 
P7 
X$ 
x$ 
XI 
p 
p 
p 
p 
p 

TABL 
TABL 
TABL 
TABL 
TABL 
TABL 
TABL 
TABLE 

3 
3 
3 
3 
3 

P3 
P3 
P3 
P3 
P3 
P3 
P3 
P3 
P3 
P3 
X$ 

1,C2 
5,-3 
1/.2 
2, .4 
.993 
, 1 
,1 
$CAT 
$ D A T 
ICAT 
$I)AT 
ITES 
ITES 
ÍTES 
tTES 
M X $ C 
2« (l 
3*P1 
/V$C 
V$DE 
B^>FN 
«FNf 
/( 1 + 
$DAT 
*P7 
NET, 
NET, 
NET, 
10, 
10, 
10, 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10, 

/.00621,-2.5/.02275,-2/.06681,-1.5 
llH6,-.8/.274 25,-.6/,3A'.5fl,-.'i/.^2074,-.2 
/.7257 5,.6/.78 8 14,.B/.{î4 13'f,l/.P849 3,1.2 
79,2.5/.99865, 3/.99997,4/1,5 

(1 
{ 1 
( 1 
(2 
( 1 
( 1 
(1 
(2 

2-6) ,48 
6 8-12) ,45 

, 1^-18) ,40 

2-6) 4 8 
8-12Í,45 
, 14-18),40 

ATA 

l),-50/MX$DArA(l 
7) ,-60/MX$0ATA( 1 
13),-55/MX$CATA( 
1-18) ,30 
1 ) ,-5C/i'^X$TEST( 1 
7),-60/MX$TEST(1 
l3),-55/MX$TEST( 
1-18) ,17 
l, ••i'lO) )«( 1/V$QUA0)+V$PETE) /V$OEN M 

/V$SQR) 
3 
UAD)+(1/V$SQR) 
NCM 
f SN0IÍM + P17 
SNORM+Pl 
1 0 / 1 0 0 ) 
A ( 2 , « 1 0 ) * M X $ 0 A T A ( 2 , « 1 0 ) 

- 1 2 0 , 5 , 4 0 
- 1 2 0 , 5 , 4 0 
- 1 2 0 , 5 , 4 0 
5 , 2 5 
5 , 2 5 
5 , 2 5 
5 , 2 5 
5 , 2 5 
5 . 2 5 
5 , 2 5 
5 , 2 5 
5 . 2 5 
5 , 2 5 
5 , 2 5 
5 , 2 5 
5 , 2 5 
5 , 2 5 
5 , 2 5 

N E T , - 1 0 , 5 . 3 0 
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20 
21 
22 
23 
24 

GENl 
ONE 
GEN2 

Sir' 

TABLE 
TAOLE 
TAr.LE 
T A R L E 
T A R L C 
SEGf^ENT 
M A C R C 
M ^ C R C 
N A C R C 
SFGf^ENT 
M A C R C 
C O N T R C L 
S T A R T 
R E S E T 
S T A R T 
l̂  F S E T 
S T A R T 
R F S E T 
S T A R T 
R F S E T 
S T A R T 
R E S E T 
S T A R T 
R F S E T 
S T A R T 
R E S C T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S r A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 

X$NET,-10,5,30 
XtNET.-10,5,30 
XtNET.-10,5,30 
X$NET,-10,5,30 
X$NET.-10,5.30 

CNE 
5C0.2.PEPE 
FNl,FN2,FN3.FN4,22,ITER,BACK 
25,FN1,FN5,2,3 

TWO 
• 2,FNl,FN2.FN3,FN6,0UMMY,00BBY. 
CAROS 

3,NP 
rBl9,TB20,TB2l 
3,NP 
TBrí,TB20,TB2l 
3,NP 
TB19,T020,TB21 
3,NP 
TB19,TB20,TB21 
3,̂ IP 
TB19,TB20.TB21 
3,NP 
TB19,TB20.TD2l 
3,NP 
TB19,TB20,TB21 
3,NP 
TB19,TB20,TB21 
3,:)P 
TH19,TB20,TB21 
3,NP 
TB19,TB20,T821 
3,NP 
TB19.TB20.TB21 
3,NP 
TB19.TR20,T821 
3.NP 
TB19.TB20.T021 
3.NP 
TR19,TB20.TD2l 
3,NP 
TB19,TB20,TB2l 
3,NP 
TB19.TB20.T821 
3,NP 
TB19,TB20,TD21 
3,NP 
TB19,TB20,T021 
3,NP 
T l9,TB20.TB21 
3 

3 

3 

3 

3 

1500,3 

http://TB19.TB20.TB21
http://TB19.TB20.T021
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S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
H E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
ST A R T 
R E S E T 
S T A R T 
R F S E T 
S T A R T 
R E S F T 
S T A R T 
R F S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
R E S E T 
ST A R T 
R E S E T 
S T A R T 
R E S E T 
S T A R T 
REPORT 

TAR TITLE 
FJFCT 

TAB TITLE 
EJECT 

TAB TITLE 
END 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

21, 

2 3 . 

2 4 , 

BRANCH ONE NPW-DISTRIBUTION 

BRANCH TWO NPW-DISTRIBUTION 

BRANCH THREE NPW-DISTRIBUTICN 
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C, Program Logic 

The lo£!;ic of the program has been briefly sum-

marized alonf̂ side the program flowchart. One special 

feature deserves attention, and is related to the way 

in which the computer identifies the parameters corres-

ponding to each of the cash flows, for each of the branches 

in the tree. 

To make the identification process easy and fluid, 

the data is fed into a two-dimensional matrix savevalue. 

The 2 by M matrix savevalue has the following character-

istics« 

1. The first row of the matrix contains the means of the 

normal cash flow distributions. 

2. The second row contains the standard deviations of 

the cash flow distributions. 

3. The value of M is equal toi 

M = (number of branches)(number of flows in the 

branch) 

Consider, for example, two investment alternatives 

(A and B) each consisting of five cash flows. The matrix 

which needs to be constructed is a 2 by 10. This matrix 

is depicted in Figure C-l. 

The computer only requires that information be 

provided by the user regarding where the year 0, the year 1, 

and the year N parameters are stored. This is accomplished 

by the use of a series of functions. (See Fro^am Input 



182 

below.) 

^V^ ^A^ ^k^ ^A^ ^k5 ' M3I XX.^2 M^3 MQ^- ^^5 

^A^ <^A2 <ÍA3 C^A^ <^A^ 1 <^B1 <^B2 0'B3 cTgil. ^^5 

Figure C-l 

î iatrix Savevalue for a Two-Branch Tree 

This same identification scheme has been utilized 

in the program for the test data and for each of the pos-

terior parameters in a set of m matrices, each of which 

has the same format of the matrix depicted in Figure C-1. 

H, Program Input 

The input to the program consists of the follow-

ing itemsi (l) Function definitions, (2) i'iacro defini-

tions, (3) Cash flow definitions, (̂ ) and Control cards. 

Fnnction Hpfinitions.—The program makes use of 

six list-type functions. They are the followingi 

Function 1 - Location of year 0 in the savevalue matrix 

(for each of the branches) 

Function 2 - Location of year 1 in the savevalue matrix 

(for each of the branches) 

Function 3 - Location- of year n in the savevalue matrix 

(for each of the branches) 
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Function ^ - Number of the table in which to tabulate the 

test distribution NPV for each of the branches 

Function 5 - Number of cash flows in each branch 

Function 6 - Number of the table in which to tabulate the 

prior and posterior NPV for each of the 

branches 

Functions ^, 5t 3ií\á 6 should be defined in accord 

with the table definitions which the user requires. In 

this respect the following guidelines are pertinent' 

1. There shall be one table per cash flow, per branch. 

2. There shall be an additional two tables per branch. 

Cne of these tables is used to accumulate test NPV. 

The other accumulates either prior or posterior NPV, 

depending on the set of data which acts as input to 

segrnent two of the program. 

For the example in Figure C-l, there shall be 

fourteen tables defined, The definitions of those tables 

must follow the standard GPSS/360 format as described in 

the GPSS/360 User*s Manual. 

Macro dRfinitions.—The independent logical cells 

of the program (that is, the Macro subroutines) must have 

their arguments specified by the user. The parameters 

for each of the Macros are given belowt 

Generation Segment 

(a) "GEN 1" Macro - This macro has three para-

metersí A, B, and C. They are defined as 
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follows « 

A = number of transactions or iterations 

desired, 

B = number of branches in the tree, minus 

one, 

C = any variable name with at most five 

alphabetic characters. 

(b) "ONE" Macro - This macro contains seven para-

metersí A through G, They represent the 

following: 

A = function name (FNj or FN$ name). The 

function should correspond to that 

function which identifies the loca-

tion of the year 0 cash flow distri-

butions for each of the branches in 

the data matrix, 

B = function name (FNj or FN$ name). This 

function should correspond to that 

function which identifies the loca-

tion of the year 1 cash flow distri-

butions for each of the branches in 

the data matrix. 

C = function name {FN^ or FN$ name). This 

function corresponds to that function 

which identifies the location of the 

year N cash flow distributions for 
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each of the cash flows in the data 

matrix. 

D = function name (FNj or FN$ name). 

This function identifies the table in 

which the tabulations for each of the 

branches will be kept. 

E = a. number equivalent to the identifi-

cation number of the matrix in which 

the prior data is stored--usualIy 

M -t- 2, where îi is the number of sam-

ples of size N desired. 

F and G = two variable names with at most 

five alphabetic characters. 

(c) "GKN 2" Macro - This macro contains five para-

metersí A through E^ wheret 

A = sample size desired. The sample size 

should be selected according to the 

principles given in the third chapter. 

Also, the number of samples desired 

(M) times the sample size N should 

be equal to the A parameter in the 

GKN 1 macro. 

B = same as the A parameter in the ONK 

macro. 

C = function name (FNj or FN$ name). 

This function should identify the 
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number of cash flows in each of the 

branches. 

D = an integer number. This number should 

be picked as the smallest possible 

standard deviation which could be 

obtained by the use of the Schlaifer 

equations. 

E = number of branches in the Stochastic 

Decision Tree. 

SjmnlatiQn ^egment. 

(a) "SIM" Macro - This macro contains nine para-

metersJ A through I, They represent the 

followingJ 

A = same as the B parameter in the GEN 1 

macro. 

B = same as the A parameter in the One 

macro. 

C = same as the B parameter in the One 

macro. 

D = same as the C parameter in the Une 

macro. 

E = function name (FNj or FN$name). 

This function identifies the number 

of the tables in which the NPV dis-

tributions should be stored for each 

of the branches. 
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F and G = two variable names with at most 

five characters (alphabetic). 

H = integer number corresponding to the 

A parameter in the GEN 1 macro times 

the number of branches. 

I = same as the E parameter in the GEN 2 

macro. 

^ash figy/ definitions.—The data to the prorran— 

namely, the cash flow distribution parameters--is provided 

to the program via two savevalue matrices. The first one, 

labelled as Data. provides the prior parameters. The 

second matrix, labelled as Test^ provides the test para-

meters. These two matrices are fed into the model via the 

Initial feature, (For information concerning the Initial-

card, see the GPSS/36O User's Manual.) 

Control cards.—One final element v/hich must be 

provided by the user is the control cards, The control 

cards are of two types» (l) Start and (2) Heset. Their 

arguments and options are the follov/ingJ 

1. The A operand of the Start card should be equal to 

the number of branches. 

2. The B operand of the Start card should be equal to 

NP for the first nineteen cards. 

3. The selective option of the Reset card may or may not 

be used. If used, it sahll contain the number of the 
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tables in which the test distribution*s NPV is being 

tabulated (Function k), This option can only be used 

during the first nineteen Reset cards. 

Cne additional element pertaining to the program 

input is the interest rate for the NPV computation. This 

element is part of the variable named Disk and can be 

changed by the analyst. In the listing presented earlier, 

the interest rate had been shown as 10̂ .̂ In order to 

change the interest rate to 15̂ °f the analyst must only 

replace the card corresponding to the variable Disk for 

one with the following format» 

Disk FVariable P3/(l + 15/100) 

In order to exemplify how the program presented 

earlier in the appendix can be modified to fit a problem 

with different conditions, the application problem in the 

fourth chapter will be utilized. The program to execute 

the problem in the fourth chapter is the following data. 
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Ufíl^l-B AKGH STUGHASTIC DiiCISIuK T KK 

BLnc 
NUMBER •LOC OPERATION A,B,C,D,E,F,G COMMENTS 

SIMULATE 
DATA EOU 21,M 
TEST EQU 22,M 
ONE SrARTMACRO 

ASSIGN 14,«A 
ASSIGN 15,«E 
ASSIGN W.MX+lSf1,P14) 
ASSIGN 1.5,MX*15(2,P14Í 
SAVGVALUE NET,V$ZERO 
TABULATE «A 
ASSIGN 19,#13 
SAVEVALUE 1,1 

Hf ASSIGN 1,MX*15(I,*iy) 
ASSIGN 2,MX*15(2,*I9) 
ASSIGN ^,Xl 
ASSIGN .l,VtGN0RM 
TABULATE *19 

#G ASSIGN 3,V$DISK 
LOGP 4,#G 
ASSIGN 6,P3 
SAVEVALUE NET+,P6 
SAVEVALUE If,1 
ASSIGN 1 9 + , 1 
TEST G P 1 9 , « C , # F 
TABIJLATE »0 
ENDMACRO 

TWO STARTMACRn 
ASSIGN 10,/<A 
ASSIGN 11,«8 

COPY ASSIGN 12,TB*10 
ASSIGN I3,TD*10 
MSAVEVALUe X5,1,*10,VSMEAN 
ASSIGN 7,«C 

MULT ASSIGN 8,V$PCWER 
TEST LE P8,V$VAR,THR0U 
ASSIGN 7+,l 
TRANSFER ,MULT 

THROU MSAVEVALUE X5,2,*lO,P7 
ASSIGN 10+,1 
LOGP ll,COPY 
ENDMACRH 

GENl STARTMACRO 
START GENERATE 1,,1,«A,,25,F 

GATE LR l 
SPLIT /<P,«C,20 

HC SAVEVALUE 3+,l 
ENDMACRO 

GEN2 STARTMACRO 
TEST L N1,#A,FALSE 
TCRMINATE 

FALSE L GIC S l 
TWO MACRO #0,»C,#D 

TEST L N$FALSE,«E,UPD 
TERMINATE l 

UPO SAVEVALUE 5+,l 



190 

LOGIC R l 
TERMINATE l 
ENDMACRO 

THREE STARTMACRO 
ASSIGN 14,«A 
ASSIGN 15,#E 
ASSION 17,MX*15(1,P14) 
ASSIGN 1«,MX*15(2,P14) 
SAVEVALUE NET,V$ZERO 
ASSIGN 19,#B 
SAVEVALUE 1,1 

#F ASSIGN l,MX*15(l,*19) 
ASSIGN 2,MX*15(2,*19) 
ASSIGN 4,XI 
ASSIGN 3,V$GN0RM 

#G ASSÍGN 3,V$DISK 
LOnP 4,*G 
ASSIGN 6,P3 
SAVEVALUE NET+,P6 
SAVEVALUE l+,l 
ASSIGN 19+,1 
TEST G P19,#C,«F 
TABULATE UD 
ENPMACRO 

SIM STARrMACRO 
ADD GENERATE 1,,,,,25,F 

TEST GE X5,21 
SPLIT #A,M0M,20 

MOM ASSIGN 22,X2 
THREE MACRO AH,tfC,«D,«E,*22,«F,#G 

TEST E N$M0M,/»H,FIN 
PRINT P22,P22,MX 
SAVEVALUE 2+,l 
TERMINATE Hl 

FIN TERMINATE 
ENDMACRO 

1 MATRIX X,2,10 
2 MATRIX X,2,10 
3 MATRIX X,2,10 
4 MATRIX X,2,10 
5 MATRIX X,2,10 
6 MATRIX X,2,10 
7 MATRIX X,2,10 
8 MATRIX X,2,10 
9 MATRIX X,2,10 
10 MATRIX X,2,10 
11 MATRIX X,2,10 
12 MATRIX X,2,10 
13 MATRIX X,2,10 
14 MATRIX X,2,10 
15 MATRIX X,2,10 
16 MATRIX X,2,10 
17 MATRIX X,2,10 
18 MATRIX X,2,I0 
19 MATRIX X,2,10 
20 MATRIX X,2,10 
OATA MATRIX X,2,18 
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TESr MATRIX X,2,18 
SNORM FUNCTIUN RN1,C25 

0,-5/.0000 3,-/»/.0Cl í 5,-3/.0062 1,-2. 5/. 02 2 75,-2/.0668 1,-1. 5 
. 11507,-1.2/.15066,-1/.21186,-.8/.2 7A 25.-.6/.34-^58,-.4/.4 20 74,-.2 
.5,0/.'3 7926,.2/.655/.2,.4/.7257 5,.6/.78Hl4,.8/.8'!»134,l/.8849 3,1.2 
.93319,1.5/-97725,2/-99379,2.5/.99865,3/-99997,4/1,5 

1 
2 
3 
4 

5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

MEAN 
PErE 
50R 
OENOM 
VAR 
ZERO 
GNORM 
DISK 
QUAD 
POWER 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

* 

GENl 
START 

PEPE 
ONE 

ITER 

BACK 

INITIAL 
INITIAL 
INITIAL 
INITIAL 
INITIAL 
INITIAL 
FVARIABLE 
FVARIABLE 
FVARIABLE 
FVARIABLE 
FVARIABLE 
FVARIABLE 
FVARIABLE 
FVARIABLE 
FVARIABLE 
VAR!ABLE 
TABLE 
TABLE 
TABLE 
TAOLE 
TABLE 
TABLE 
TAOLE 
TABLE 
TABLE 
TABLE 
TABLE 
TABLE 

X2,l 
X5,l 
MX$DATA(1,1),-50/MX$0ATA{ 1,2-10),48 
MX$DATA(2,1-10),30 
MX$TEST(l,l),-55/MX$TEST{l,2-10).43 
MX$TEST(2, 1-10),17 
{(MX$DATA(l,*10))*(l/V$QUAD)+V$PETE)/V$OENOM 
P12*{ 1/V$SQR) 
P13*P13 
( l/V$QUAD) + (l/V$SOR) 
1/V$DEN0M 
P18*FN$SN0RM+P17 
P2*FN$SN0RMfPl 
P3/( I + IO/IOO) 
MX$DATA(2,*10)*MX$0ATA(2,*10) 
P7*P7 
X$NET,-120,5,40 
P3,10,5,25 
P3,10,5,25 
P3,10,5,25 
P3,10,5,25 
P3,10,5,25 
P3,10,5,25 
P3,10,5,25 
P3,10,5,25 
P3,10,5,25 
X$NET,-10,5,30 
X$NET,100,5,30 

SEGMENT ONE 
MACRH 
GENERATE 
GATE LR 
SPLIT 
SAVEVALUE 
MACRO 
ASSIGN 
ASSIGN 
ASSIGN 
ASSIGN 
SAVEVALUE 
TAPULATE 
ASSIGN 
SAVEVALUE 
ASSIGN 
ASSIGN 
ASSIGN 
ASSIGN 
TADULATE 
ASSIGN 
LOOP 
ASSIGN 

500,0,PEPE 
1,,1,500,,25,F 
l 
0,PEPE,20 
3 + ,l 
l,2,10,ll,22,ITER,BACK 

14,1 
15,22 

. 17,MX*15(l,P14) 
18,MX*15{2,P14) 
NET,V$ZER0 

1 
19,2 
1,1 
I,MX*15{1,*19) 
2,MX*15(2,*19) 
4,XI 
3,V$GN0RM 
*19 
3,V$DISK 
4,BACK 
6,P3 
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21 
22 
23 
24 
25 

26 
27 
28 

29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 

47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 

GEN2 

FALSE 
TWO 

COPY 

MULT 

THROU 

UPD 

* 

SIM 
ADD 

MOM 
THREE 

DUMMY 

BOBDY 

SAVEVALUE 
SAVEVALUE 
ASSIGN 
TEST G 

TADULATE 
MACRO 
TEST L 

TERMINATE 
LOGIC S 
MACRO 
ASSIGN 
ASSIGN 
ASSIGN 
ASSIGN 
MSAVEVALUE 
ASSIGN 
ASSIGN 
TEST LE 
ASSIGN 
TRANSFER 
MSAVEVALUE 
ASSIGN 
LOOP 
TEST L 
TERMINATE 
SAVEVALUE 
LOGIC R 
TERMINATE 

NET+,P6 
U , l 
19 + ,1 

P19,10,ITER 
11 
25,1,10,2,1 
Nl,25,FALSE 

1 
1,10,2 
10,1 
11,10 
12,TB*10 
13,TD*10 
X5,1,*10,V$MEAN 
7,2 
a,V$POWER 
P8,V$VAR,THR0U 
7+,l 
,MULT 
X5,2,*10,P7 
10 + , 1 
ll , C O P Y 
N $ F A L S E , 1 , U P 0 
1 
5+,l 
l 
l 

SEGMENT TWn 
MACRO 
GENERATE 
TEST GE 
SPLIT 
ASSIGN 
MACRO 
ASSIGN 
ASSIGN 
ASSIGN 
ASSIGN 
SAVEVALUE 
ASSIGN 
SAVEVALUÊ 
ASSIGN 
ASSIGN 
ASSIGN 
ASSIGN 
ASSIGN 
LOOP 
ASSIGN 
SAVEVALUE 
SAVEVALUE 
ASSIGN 
TEST G 
FABULATE 
TEST E 
PRINT 
SAVEVALUE 

0 , l , 2 , 1 0 , 1 2 , D U M M Y , B O B B Y , 5 0 0 , 

X 5 , 2 1 
0,M0M,20 
22,X2 
1,2,10,12,*22,DUMMY,B08BY 
14,1 
15,*22 
1 7,MX*15(1,P14) 
13,MX*15(2,P14) 
NET,V$ZERO 
19,2 
1,1 
1,MX*15(1,*19) 
2,MX*15{2,*19) 
4, XI 
3,V$GN0RM 
3,V$DISK 
4,B0BBY 
6,P3 
NET+,P6 

1 + ,1 
19 + ,1 
P 1 9 , 1 0 , D U M M Y 

12 
N $ M 0 M , 5 0 0 , F I N 
P 2 2 , P 2 2 , M X 
2^,1 

l 



193 

73 
74 FIN 

TERMINATE 
TERMINATE 

l 

CONTROL CARDS 
STARl 
RESET 
START 
RESEr 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 
START 
RESET 

1,NP 
TflU 
1,NP 
TBll 
l,NP 
TOll 
l,NP 
TBll 
l,NP 
TBll 
l,NP 
TRll 
1,NP 
TDll 
1,NP 
TDll 
1,NP 
TlUl 
l,NP 
T B U 
l,NP 
TBll 
1,NP 
TBll 
l,NP 
TBll 
1,NP 
TBll 
1,NP 

r o i i 
l,NP 
TBll 
l,NP 
T B U 
1,NP 
TBll 
l,NP 
TBll 
1 

l 

1 

I 

1 

1 

1 

1 
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TAB 

START l 
RESET 
START 1 
RESET 
START l 
RESET 
START l 
RESET 
START 1 
RESET 
START 1 
RESET 
START l 
RESET 
START l 
RESET 
START 1 
RESET 
START 1 
RESET 
START l 
RESET 
START l 
RESET 
START 1 
RESET 
START 1 
REPORT 
T I T L E 12 
END 

2, BRANCH ONE NPV-DISTRIBUTlON 
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I, TT O f 7" a I n u u t pu t 

The output of the computer program consists of» 

1. 20 posterior distributions for each of the prior dis-

triiMjtions corresponding to each cash fjow, 

2. 20 porterior K'PV distributions, for each of the branches 

in the tree, 

3. one prior NFV distribution, together with the prior 

data v/hich orÍp;inated it. 

The output sequence is consistent with the opera-

tion of Sef=!;iiient 2 of the computer program.l That is, when 

one set of distribution parameters acts as input to Seg-

rnent 2 of the program, that set of parameters is simulated 

to produce one NPV distribution. The output rnatches the 

sarne sequence t the set of parameteT^s which acts as input 

to Se.gment 2 is printed, followed by the NPV distribution 

corresponding to those pararneters. 

In surninary, the prograrn prints out 21 inatrix save-

values and 21 U-FV distributions, The first 20 matrix 

savevaluos and tlie first 20 KPV distributions correspond 

to post'erior data. The last rnatrix savevalue and the last 

KPV corresponds to the prior data. The displa.v corres-

pondiric- to an KPV distribution is shown in Table 13. ihe 

outrut shown in the table corresponds to the typical 

GPSS/360 table display. (Graphical display of the 

''-See the fourth chapter, pa.̂ :e 10'\ 
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distrjbirl.ion is possible through the use • of the GPSS/360 

Uutput ii>ditor. Additional information to this effect 

can be obtained from the .GPSS/360 U^er'r, Manupl . ) 
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XVI (Fall, 1970). 1-13. 

9. Chenp, Pao-Lun. "Optimum Bond Portfolio Selection." 
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