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ABSTRACT 

The Larvae-Pupae-Aduit (LPA) model is a system of diíFerence equations that pre-

dicts the population dynamics of flour beetles. The deterministic LPA model assumes 

individuals in the population belong to a homogeneous group. Consequently, the de-

terministic LPA model does not include random variabilities that affect population 

dynamics, such as weather, diseases, deaths, births, or immigration. For this reason, 

stochastic LPA models have been developed by adding variability into the determinis-

tic LPA model. We first analyze two such stochastic LPA models, environmental and 

dcmographic stochastic LPA models, that are based on a process known as a nonlin-

ear autoregressive process (NLAR). These are two important types of stochasticities 

in biological modelling. Numerical examples have shown that demographic stochas-

ticity is superior statisticaUy to environmental stochasticity for the flour beetles. A 

second type of LPA model with demographic variability is instroduced, the Poisson-

binomial LPA model. This latter model is a direct parametric interpretation of the 

deterministic LPA model with demographic variability. Poisson and binomial distri-

butions are used to express the Poisson-binomial LPA model. The Poisson-binomial 

LPA model and the NLAR model with demographic stochasticity will be compared 

and investigated. Through numerical examples and statistical tests for the means, 

it is clear that the Poisson-binomial LPA model and the NLAR demographic model 

have different outcomes for the dynamics of the flour beetles. This paper summarizes 

the description given by Cushing et al. in their book Chaos in Ecology [6]. Matlab 

programs were written for each of the models and extensive numerical simulations 

were performed. Numerical examples are presented of the NLAR environmental and 

demographic models and an analysis and a comparison of the NLAR demographic 

model and the Poisson-binomial LPA model. 
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CHAPTERI 

INTRODUCTION 

Flo\ir beetles have been house pests for centuries, and humans have been spending 

a large amount of money and time to keep them under control [3, 16]. It seems our 

efforts are failing. There are several reasons for this failure. For example, beetles can 

spend their entire lives in a small amount of grain products, such as cereal, flour, 

and rice [6]. They do not require restricted living conditions [16]. They have high 

reproductive rates [10]. On the other hand, these characteristics of flour beetles have 

allowed scientists to study and investigate their population dynamics. They are easy 

to observe and count the number of individuals at each stage of development. In 

addition, parameter values can be manipulated, and the beetles do not require much 

space or expensive equipment to raise them [3, 16). These characteristics become 

important when scientists connect data with mathematical models [6]. 

In this work, we will first analyze the deterministic LPA model where L refers to 

the larvae stage, P refers to the pupae stage, and A refers to the adult stage of flour 

beetles. Then, based on this deterministic LPA model, three stochastic LPA models 

will be developed and explored. These three stochastic models include models with 

environmental stochasticity and with demographic stochasticity, and the Poisson-

binomial LPA model. Finally, numerical examples of the model with demographic 

stochasticity and the Poisson-binomial LPA model wiU be compared by extensive 

numerical simulations and a statistical analysis. 

In Chapter II, the deterministic LPA model wiU be considered. This chapter will 

first explain how the deterministic LPA model is developed. Then, criteria for local 

stability will be discussed for the origin and the positive equiUbrium. Jury conditions 

will be applied to determine stabiUty. A numerical example will be presented, where 

the positive equilibrium is locally asymptoticaUy stable. 

While the deterministic LPA model predicts population sizes at time í 4-1 from 

the knowledge of population sizes at time t and is suitable for long-term population 



prediction, it considers the entire population as a homogenous group [6]. It does not 

take account of random variations that affect population dynamics. Two stochastic 

LPA models that incorporate random variabilities wiU be introduced in Chapter III. 

There are two broad types of variabiUties that are important to biological populations. 

One is environmental stochasticity, which considers random variability caused by 

environmental forces, such as weather and disease, and the other is demographic 

stochasticity, which includes random variability caused by individuals, such as births, 

deaths, and immigration [6]. These two models wiU be derived and wiU be shown to 

be represented by a nonlinear autoregressive process (NLAR). For this reason, they 

are sometimes referred to as NLAR models. Numerical examples of time series and 

frequency distributions for both models wUl be given at the end of the chapter. 

In Chapter IV, we will address another type of stochastic LPA model, the Poisson-

binomial LPA model. This model includes demographic stochasticity. Since demo-

graphic stochasticity includes random variability caused by individuals, such as births 

or deaths, it is reasonable to apply a binomial distribution with outcome one (surviv-

ing) or zero (death) with a corresponding probability. For the pupal and adult stages, 

the model wiU be expressed in terms of binomial distributions to predict a population 

size at time í -I-1 based on a population size at time t. For the larval stage, a Poisson 

distribution wiU be applied for the number of potential recruits. Then, a binomial 

distribution will be applied for an individual in this stage going through the survival 

process. Thus, the model is appropriately named the Poisson-binomial LPA model. 

A summary of work by Cushing et al. [6] with a theorem and proof for a compound 

distribution of the Poisson and binomial distributions will be given in this chapter. 

Although the Poisson-binomial LPA model was developed by Cushing et al. [6], 

they did not perform extensive numerical simulations. In Chapter V, we wiU present 

some numerical examples of this model. AIso in this chapter, we will compare two 

demographic LPA models: the NLAR demographic model and the Poisson-binomial 

LPA model. The NLAR demographic model is a modification of the Poisson-binomial 

LPA model. and it has some benefits and conveniences [6]. However, it is an approx-



imation to the Poisson-binomial LPA model, which is a direct interpretation of the 

deterministic LPA model. Confidence intervals for the mean for each stage of both 

models will be computed. In Chapter VI, our research wiU be summarized. For ref-

erence purpose, all computer programs used in this work are given in the Appendix. 

For all of our stochastic numerical examples, 10,000 sample paths have been gener-

ated. The means are computed at time t=25. The volume of flour in the experiments 

is held constant as 20 grams throughout of this work. For this reason, we assume 

that each population at time í -I- 1 is a number of individuals in 20 grams for aU of 

our examples. 



CHAPTER II 

DETERMININSTIC LPA MODEL 

2.1 Model Description 

Flour beetles are easily observed in stored grain products such as flour and break-

fast cereals. Adults measure about 1/8 inch long, and their life expectancy is around 

six months while male adults could live up to five years [16]. They do not bite or 

sting humans, but they can multiply into large populations. Thus, it is one of the 

most observed pests in many modern households. There is evidence that they existed 

around 2500 B.C., and humans have been trying to control them for centuries. These 

characteristics of flour beetles and their persistence have attracted scientists to study 

their population dynamics [6]. Cushing, Constantino, Dennis, Desharnais, and Hen-

son have developed models for flour beetle populations grown in laboratory settings 

[4, 6, 11]. Their basic model is referred to as the LPA model, where L refers to the 

larval stage of the beetle, P refers to the pupal stage, and A refers to the adult stage. 

This model does not include the egg stage because the duration of the egg stage is 

short. It is only two to four days. Since most eggs become larvae within two weeks, 

the time period for the model is two weeks. The egg stage is included in the larval 

stage [6]. 

This chapter investigates and studies the deterministic LPA model. The LPA 

model is a discrete-time model, a system of three difference equations. This model 

describes the population dynamics of flour beetles. Although the deterministic model 

wiU not describe or predict the dynamics of the population exactly, it will show 

how they change in time. The model provides a prediction for the state variables 

at the next census time based on a knowledge of the state variables at the current 

census time [6]. The deterministic model is sometimes referred as the "deterministic 

skeleton" [6, 9]. 



The LPA model has the foUowing form: 

Lt+i = bAtexp{-CelLt-CeaAt) 

Ptn = {l-fii)Lt (2.1) 

^ni = Pt exp(-Cpa>lt) 4- (1 - Aía)^<, 

where 

Lt = the number of larvae at time t. 

Pt = the number of pupae at time t, 

At = the number of adults at time t, 

h = the average number of larvae produced per adult per unit of time, 

in the absence of cannibaUsm, 0 < 6, 

Cea = a cannibaUsm coeflîcient of adu l t s ea t ing eggs, 0 < Cea; 

Cei = a cann iba l i sm coeíficient of larvae ea t ing eggs, 0 < Cê , 

Cpa = a. cann iba l i sm coeSîcient of adu l t s ea t ing pupae , 0 < Cpa; 

fii = the probability of larvae dying by causes other than cannibaUsm, 0 < //j < 1, 

Ha = the probability of adults dying, 0 < /ia < 1-

In the absence of cannibalism, model (2.1) is linear. However, cannibalism ac-

counts for the exponential nonUnearities of larvae and adults. Cannibalism reduces 

the population size of flour beetles [3]. The time unit, í to í 4-1, is two weeks. It is 

the approximate time interval of the larval and pupal stages [4, 11]. 

The larval population at tirae í + 1 , Lt+i, is reduced by the cannibalism of eggs by 

both larvae and adults. The exponential forms exp(-Cea-4t) and exp(-CeíI't) are the 

probabilities that an egg laid between times t and í + 1 is not eaten in the presence 

of adults and larvae [11]. Thus, Lt+i is the product of b, the average number of 

larvae produced per adult per unit of time, the adult population at time t, and the 



exponential form for the cannibalism. The pupal population, Pt+i, is the product of 

1 — /xj, the survival rate of the larval population, and the larval population at time 

t. Larvae that have survived from the cannibaUsm at time t become pupae at time 

í + 1. The adult population at time í + 1, At+i, is a sum of two terms. The first 

term describes a new generation moving up from pupae at time t, and the second 

term describes adults that survive between time t and í + 1. The fraction, 1 — Ha, is 

the probability that an adult survives from time í to í + 1. The term exp(—CpoAt) 

indicates the survival probability of pupae in the presence of adults [11]. 

The deterministic LPA model (2.1) can be expressed in the form of a nonlinear 

matrix model as .rf_| i = M{xt)xt, where 

M{x) = 

0 0 b exp{-CeiL - CeaA) 

l-fii 0 0 

0 e x p ( - C p a A ) 1 - /ia 

X = 

L 

p 

A 

The life cycle graph of the model is described in Figure 2.1 

L 

1-- Mí 
P 

p~^j"l^ 

A o 
be-"-' CriL-coA 

Figure 2.1: Life cycle graph of the deterministic LPA model 

2.2 Stability of the Extinction EquiUbrium 

The focus here is the stabiUty of the extinction equiUbrium (0,0,0). The Jacobian 

matrix for the LPA model (2.1) has the form 

J{L,P,A) 

-C^lhAexp{-CelL - CeaA) 0 6 e x p ( - C e í L - C e a ^ ) ( l - C e a > i ) 

1 - /i, 0 0 

0 e X p ( - C p a ^ ) - C p a P e x p ( - C p a y l ) + (1 " Ma) 



To investigate the behavior of the origin, we evaluate the above Jacobian raatrix 

at (0,0,0). 

0 0 6 

J ( 0 , 0 , 0 ) = 1-/X, 0 0 

0 1 1-/Xa 

Thus, the characteristic equation at the equilibrium (0,0,0) is 

P(A) = Â  + (/ia - 1)A2 + b{fxi - 1) = 0. (2.2) 

According to the Jury conditions, when the characteristic equation, 

P{\) = Â  + aiA^ + aaA + 03 = 0 

is given, the eigenvalues satisfy |A| < 1 if and only if the following three conditions 

are satisfied [1, 12]: 

1. P(l) = l + o i + a 2 + a 3 > 0 

2. (-1)3P(-1) = {-m-l + ai - a2 + aa] > 0 

3. |1 — a| | > 1̂ 2 — asaij. 

For the characteristic equation (2.2), the first condition implies 

Ha > 6(1 - fXi). 

The second condition impUes 

/ i a < 2 + 6 ( 1 - / í , ) , 

which is always true because 0 < /Xa < 1- The third condition is 

l-b'{l-fíl)^>{l~fia)b{l-fil). (2.3) 



Inequality (2.3) implies 

From the first condition, /Xa < 1, and /Í, < 1, it follows that 6(1 - /í/) < 1. Therefore, 

aU three conditions hold if and only if 

6(1 - fJ,i) < Ha. 

Thus, the equiUbrium at (0,0,0) of this model is locally asymptotically stable if and 

only if 6(1 - m) < fia. 

Cushing et al. [4, 6] define the inherent net reproductive number, RQ, as 

Po = b'-^. 
fJ-a 

lî RQ < 1, then the solution to the LPA model approaches to the origin. It is possible 

to show global asymptotic stability. 

2.3 StabiUty of the Positive EquiUbrium 

As an example, we use the parameter values that are based on laboratory ex-

periments to show the existence of a locally stable positive equilibrium [4]. We 

shaU use these same parameter values in Chapter IV. The parameter values are 

6 = 10.45,/ia = 0.007629,/iz = 0.2, Cea = 0.0131, Cez = 0.01731, and Cpa = 0.004619. 

Note that RQ ^ 1096 > 1. The deterministic LPA raodel with these parameters is as 

follows: 

L = 10.45Ãexp(-0.01731 -0.0131Ã) 

P = 0.8L (2.4) 

Å = Pexp(-0.004619Ã) + 0.99237 . 



Thus, there exists unique positive equiUbrium given by 

{L,P,Å) = (20.2484,16.1987,375.2297). 

We will calculate the Jacobian matrix of the deterministic LPA model to show 

local asymptotic stabiUty. The Jacobian matrix is 

10.45Ã(-0.01731)e(-°°i^3i'^-ooi3i^) 0 10.45e(-°°i^3i -o.oi3ii)(i _ Q.OISI^) 

0.8 0 0 

0 e-0.0046i9i _Q QQ4ei9pg-o.oo46i9i ^ 0.992371 

For the positive equilibrium {L, P, Ã) = (20.2484,16.1987,375.2297), the matrix sim-

plifies to 

-0.3505193 0 -0.2113031 

0.8 0 0 

0 0.1767205 0.9791485 

The characteristic equation is 

Â  - 0.6286292A2 - 0.3432104A + 0.0298733 = 0, 

with eigenvalues Ai,2,3 = 0.9551965, 0.0774155, -0.4039827. Since aU of the eigen-

values have magnitudes less than one, the positive equiUbrium (20.2484,16.1987,375.2297) 

is locally asymptotically stable. Figure 2.2 shows that solutions converge to {L, P, Ã). 

Here, 100 time units are plotted to show solutions converging to the positive equi-

librium. The graph of the total population resembles that of the adult population 

because the majority of the total population comes from the adult population. 
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Figure 2.2: Population size over time for the deterministic LPA model 
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CHAPTER III 

STOCHASTIC LPA MODELS WITH DEMOGRAPHIC AND 

ENVIRONMENTAL VARIABILITY 

3.1 Introduction 

While the deterministic LPA model has been used to predict the long term out-

come of population dynamics, it is stUl only the "deterministic skeleton" [6, 9]. It does 

not take stochastic behavior of population growth into consideration. In this chapter, 

we will investigate two types of stochastic LPA models: environmental stochasticity 

and demographic stochasticity. They are two broad types of stochasticity important 

to biological populations. In environmental stochasticity, variability of population 

growth is aÆected by the surrounding environmental conditions such as weather, dis-

eases. or natural disasters. These events affect the entire population. In demographic 

stochasticity, on the other hand, variability of population growth is caused by indi-

vidual contributions, such as births, deaths, and immigration [6]. 

To iUustrate how to model these two types of stochasticity, we will first examine a 

simple survival process, and then apply the process to the deterministic LPA model 

(2.1) to derive environmental and demographic variabilities. It was found through 

comparisons of numerical simulations and experimental data for the floor beetle that 

the model for demographic stochasticity is statistically better than environmental 

stochasticity [6]. It is due to the fact that demographic stochasticity is more suitable 

for small population sizes [6]. 

3.2 Environmental Stochasticity 

3.2.1 Model Description 

Random variation in population numbers caused by the surrounding environment 

that affect all individuals takes the form of the foUowing discrete-time stochastic 

11 



model: 

Lt+i = 6>ltexp(-CeiLt-Cea>lf)exp(£;it) 

Pt+1 = (l-/i/)Ltexp(£;2t) (3.1) 

At-n = [Ptexp(-Cpa^t) + (l-/ia)>l<]exp(Æ;3t), 

where Et = {Eu, E^t, Æ'st)̂  is a random normal vector with raean zero and constant 

variance [6]. The above environmental stochastic LPA model was developed as follows. 

We summajize the description in the book [6] by describing the dynamics of a 

single population equation, Xt+i = f{xt). The formulation is based on the dynamics 

of a deterministic population equation Xt+i = f{xt), when environmental variabUity 

is included. 

We assume environmental variability affects the survival of the entire population. 

Let /i denote a randora variable for the fraction of individuals who die during a unit 

of time. Then, 

Xt+i = (1 - fi)xt 

is the total number of survivors at time í + 1. The variable Xt+i is random with the 

mean and variance of Xt+i conditioned on Xt given by 

£{xt+i) = £{{1-fi)xt) = [1 -£{fJ.)]xt and Var{xt+i) = Var{l - fi)x] = Var{ti)x], 

where Var{fi) is the variance of the random variable fi and £{yL) is the mean of fi. 

Next, we want to define a transformation g of Xt+i, nt+i = g{xt+i) such that 

nt+i = h{nt) + Et. (3.2) 

The difference equation nt+i = h{nt) is the underlying deterministic raodel and Et is 

an additive environmental noise with mean zero and constant variance, independent 

oit. A model of the form (3.2) is referred to as a nonUnear autoregressive raodel [13]. 

12 



We shall show that the transformation g with these properties is g{x) = In(x). 
T f — í \ j dg{x) 
Let nt+i - g[Xt+i) and - - — > 0. Applying the Taylor polynomial approxima-

tion. 

nt+i = g{xt+i) ^ g{xt) + g'{xt){xt+i - Xt). (3.3) 

Taking the variance of both sides, 

Var{nt+i) ^ Var[g{xt) + g'{xt){xt+i - Xt)] 

= Var[g'{xt){xt+i-xt)] 

= Var{xt+i-xt)[g'{xt)]'^ 

= Var{xt+x)[g'{xt)]'. (3.4) 

The conditional variance of Xt+i is a function oí Xt, Var{xt+i) = Var{ij,)x'^. 

Now, we wish to find a specific transformation g{x) so that Var{nt+],) is ap-

proxiraately constant, CQ. We solve the following differential equation for g{x), CQ = 

Var{fi)x'^t[g'{xt)]^. Then, 

where Ci is an arbitrary constant. Since CQ and Ci are arbitrary, let CQ = Var{fi) and 

Ci = 0, then 

g{x) = \nx. 

Thus, if f{xt) = Xt+i is the underlying deterministic model, the nonlinear autoregres-

sive model is 

nt+i = ln/(a;t) + £;t. (3.5) 

Taking the exponential of both sides of (3.5), we obtain the environmental stochastic 

13 



model, 

xt-n = f{xt)exp{Et). 

Therefore, based on the deterministic LPA raodel (2.1), the model with environmental 

variability has the form of (3.1). 

3.2.2 Numerical Simulations 

Here, we present two numerical examples with environmental stochasticity. The 

first example exhibits a stable positive equilibrium. The parameter values for the first 

example are 6 = 7, /ta = 0.01, fii = 0.2, c^a = Cei = 0.01, and Cpa = 0. The covariance 

matrix is 

E = 

0.2771 0.02792 0.009796 

0.02792 0.42840 -0.008150 

0.009796 -0.00815 0.011120 

(3.6) 

The parameter values and covariance matrix are hypothetical and were chosen to 

iUustrate a stable equilibrium. The values in the covariance matrix agree with an 

fitted to data for a two cycle [6]. The initial population sizes are L{0) = 20, P(0) = 

20, and ^(0) = 350. Note that RQ = 560 > 1. The positive equilibrium solution 

for the deterministic LPA model with these same parameter values is {L,P,Ã) = 

(7.8123,6.2498,624.9814). The eigenvalues of the Jacobian matrix are Ai,2,3 = 0.9897834, 

0.0012916, -0.0793167. Since all eigenvalues are less than one in magnitude, the equi-

librium solution is locally asymptotically stable. The same parameter values are also 

used for the positive stable equiUbrium example with demographic stochasticity in 

the next section. 

Graphs of the larval, pupal, adult, and the total population sizes over time with 

the frequency distributions at time 25 can be seen in Figures 3.1 and 3.2. The mean 

of larvae, pupae, adults, and the total population at tirae 25 are 9.2254, 9.0596, 
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759.5119, and 777.7969, and the standard deviations are 14.5085, 17.2995, 278.1144, 

and 265.9558 respectivcly (based on 10,000 sample paths). Each state of the deter-

ministic LPA model is very close to the positive equUibrium but has not reached its 

stable population at time 25. 

The second example illustrates a periodic solution with two cycles. The parameter 

values are 6 = 11.68,/Xa = 0.1108,/// = 0.5129, c^a = 0.01097, Cei = 0.009264, and 

Cpa = 0.01779. These values are based on data from laboratory experiments. We use 

the same covariance matrix E as in (3.6). The parameter values and the covariance 

matrix were obtained from fitting data (Table 2.1, [6]). The initial population sizes are 

L(0) = 20, P(0) = 150, and A{tí) = 100. These parameter values are also used with 

the demographic stochasticity raodel in the foUowing section. Graphs of the larval, 

pupal, adult, and the total population sizes over tirae with frequency distributions at 

times 24 and 25 can be seen in Figures 3.3 and 3.4. Graphs of the population size 

over time of the deterministic LPA model clearly show each stage oscillating between 

two population sizes: the larval population oscillates between 18 and 324, the pupal 

population oscillates between 159 and 9, and the adult population oscillates between 

106 and 118. On the other hand, graphs of the frequency distributions at times 24 

and 25 with environmental variability do not show a periodic solution with two cycles. 

The population oscillations are hardly observable from them. We do not observe two 

raodes that suggest the existence of two cycles. We observe from Figures 3.1 and 3.3 

that the larval and pupal populations actually go extinct for a few instances. 

3.3 Demographic Stochasticity 

3.3.1 Model Description 

Randora variabilities in population numbers caused by individual contributions, 

such as births, deaths, and immigration take the form of the foUowing discrete-time 
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stochastic model: 

Lf+l = [\/bAtexp{-CelLt - CeaAt) + £^lt]^ 

Pt+1 = [{l-fii)Lt + E2t]'' (3.7) 

^tn = [^Pf exp(-CpaA) + (1 - fjLa)At + E3t]\ 

where Et = (L ît, E^t, E^t)^ is a random normal vector with mean zero and constant 

variance. We show how model (3.7) is derived. 

Let .r,, 1 = f{xt) denote the deterministic equation. Our purpose is to obtain a 

nonlinear autoregressive model nt+i = h{nt) + Et after transforming the stochastic 

model with demographic variabiUty, where n = g{x) is the transformation. We follow 

the derivation in [6]. 

Let fj, be the probabUity of death during the time interval í to í + 1 given the 

population size is Xt. Then each individual survives with probabiUty 1 — /t. We 

assume that Xf+i is a binomial random variable with 1 — /Í the probability of success, 

i.e., Xt+i ~ binomiaI(xf, 1 — /x). The expectation and variance of Xt+i are 

£{xt+i) = (1 - fJ'^Xt and Var{xt+-í) = /x(l - fi)xt. 

We want to raake a transformation, n̂  = g{xt), such that the expectation retains 

the deterministic model, nt = h{nt), and the variance is constant. Applying the same 

raethod as in (3.4), we let 

Var{nt+i) = Var{xt+i)[g'{xi)]'^. 

Since Var{xt+i) = /i(l - /í)a:t, we solve the foUowing differential equation for g{x): 

[g'{x)]^fi{l-fi)x = Co. 

<̂̂ )=/(M ^ ) " ; ^ — ( í ã ^ r ^ - ' ^ 
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where c, is an arbitrary constant. Let CQ = ^—í^ and ci = 0. Then 

g{x) = v^. 

Thus, if .rt+i = f{xt) is the underlying deterministic model, then the nonlinear au-

toregressive model is n^+i = v'/(xt) + Et. Thus, 

"t+i = V{xt+i) = Vf{xt) + Et. 

Squaring both sides. 

{nt+i)'={y/f{^) + Et)\ 

The model with demographic variability has the form 

xt+i= (y/K^ + Et') . (3.8) 

Therefore, based on the deterministic LPA raodel (2.1), the raodel with demographic 

variability has the form of (3.7). 

3.3.2 Numerical Simulations 

We now present two numerical examples with demographic stochasticity. The first 

example illustrates a stable positive equilibrium. The parameter values are the same 

as the parameters for environmental stochasticity in section 2 of this chapter, that is, 

6 = 7, fia = 0.01, fj,i = 0.2, Cea = Cei = 0.01, aud Cpa = 0. We use the same covariance 

matrix E as in (3.6). The initial population sizes are L(0) = 20,P(0) = 20, and 

A{fS) = 350. Graphs of the larval, pupal, adult, and the total population sizes over 

time with frequency distributions at time 25 can be seen in Figures 3.5 and 3.6. The 

mean of larvae, pupae, adults, and the total population at time 25 are 9.4026, 8.0536, 

607.4872. and 624.9434 and the standard deviations are 3.4890. 4.7214. 19.6923. and 
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18.5293 respectively. Each state of the deterministic LPA model is very close to the 

positivc equiUbrium but has not reached its stable population at time 25. The mean 

and standard deviation of the total population size are 624.9299 and 18.4647. The 

total population size at time 25 of the deterministic LPA model is 618.5859. 

The second example illustrates a periodic solution with two cycles. The parameter 

values are the same as those with environmental stochasticity in the previous section, 

that is, 6 = 11.68, fia = 0.1108,/i, = 0.5129, Cea = 0.01097, Cei = 0.009264, and 

Cpa = 0.01779. These values are based on data from laboratory experiments. We use 

the same covariance matrix E as in (3.6). The initial population sizes are L(0) = 

20, P(0) = 150, and A{0) = 100. Graphs of the larval, pupal, adult, and the total 

populations over time with the frequency distributions at times 24 and 25 can be seen 

in Figures 3.7 and 3.8. Graphs of the population size over time with demographic 

stochasticity clearly show each stage oscillates between two population sizes. They are 

fairly close to the graphs of the deterministic LPA model, where the larval population 

osciUates between 18 and 324, the pupal population oscillates between 159 and 9, and 

the adult population osciUates between 106 and 118. AIso, the population oscillation 

is clear from the frequency distributions. 

Graphs of the model with demographic stochasticity, Figures 3.5, 3.6, 3.7, and 3.8, 

all suggest a close correlation between the deterministic LPA model and the raodel 

with demographic stochasticity. 

3.4 Sumraary 

Frora numerical examples of the models with environmental and demographic 

variabilities, it is clear that the total population size never goes extinct for either 

a stable solution or a periodic solution with two cycles with the given parameter 

values that are based on laboratory experiments. This is largely because the adult 

population contributes predominantly to the total population. Unlike the larval stage 

or the pupal stage that has a duration about two weeks, the adult stage has a duration 

around 5 months (//„ is small) [16], and that allows the adult population size to become 
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large. As a result, it is diíRcuIt to eUminate flour beetles unless we can manipulate 

the parameter values. 

Numerical examples show a closer correlation between the deterministic LPA 

model and the model with demographic stochasticity than that between the deter-

ministic LPA model and the model with environmental stochasticity. Models with 

environmental stochasticity have a much higher variability than models with derao-

graphic stochasticity in the numerical examples. However, we assumed the elements 

of the covariance matrix E and the parameters are the same for both models, and 

this is generally not the case when the models are fit to data. The deterministic 

LPA raodel has been shown to be a good long-terra predictor of the population dy-

namics. Therefore, a closer correlation between the deterministic LPA model and 

the raodel with demographic stochasticity indicates that demographic stochasticity 

is a good predictor of the population dynamics of flour beetles. In addition, in the 

experiments the population sizes may reach low levels (on the order of 10). Since 

demographic stochasticity is statistically more suitable for low population sizes [6], a 

nonlinear autoregressive model with demographic stochasticity rather than environ-

raental stochasticity may be a more suitable model. 
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Figure 3.1: One sample path of the population size over time with that of the deter-
ministic LPA model (solid curve) and frequency distributions of the population size 
at time 25 for the LPA model with environmental stochasticity 
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Figure 3.2: One sample path of the total population size over time with that of 
the deterministic LPA model (solid curve) and frequency distribution of the total 
population size at time 25 for the LPA model with environmental stochasticity 
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Figure 3.3: One sample path of the population size over time for two cycles with that 
of deterministic model (solid curve) and frequency distributions at times 24 and 25 
for the LPA model with environmental stochasticity 
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Figure 3.4: One sample path of the total population size over time for two cycles 
with that of the deterministic LPA model (soUd curve) and frequency distribution of 
the total population size at times 24 and 25 for the LPA model with environmental 
stochasticity 
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Figure 3.5: One sample path of the population size over time with that of the de-
terministic model (solid curve) and frequency distributions of the population size at 
time 25 for the LPA model with demographic stochasticity 
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Figure 3.6: One sample path of the total population size over time with that of 
the deterministic LPA raodel (solid curve) and frequency distribution of the total 
population size at time 25 for the LPA model with demographic stochasticity 
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Figure 3.7: One saraple path of the population size over time with that of the deter-
ministic LPA model (solid curve) and frequency distributions of the population size 
at times 24 and 25 for the LPA model with demographic stochasticity 
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Figure 3.8: One sample path of the total population size over time with that of 
the deterministic LPA model (solid curve) and frequency distribution of the total 
population size at times 24 and 25 for the LPA model with demographic stochasticity 
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CHAPTER IV 

POISSON-BINOMIAL LPA MODEL 

4.1 Model Description 

The model with demographic stochasticity in Chapter III incorporates variabilities 

of the population into the model using a nonlinear autoregressive (NLAR) model. AI-

though it is based on the deterministic LPA raodel, it is modified to fit a NLAR model. 

In this chapter, we investigate another type of model with demographic stochasticity: 

the Poisson-binomial LPA model. This raodel assumes that each individual in a group 

reacts independently to the survival process [6]. Rather than raodifying the deter-

ministic LPA model to fit into an existing mathematical process, this model applies a 

binomial distribution directly to derive a demographic stochastic model based on the 

idea of the survival process. An individual contribution to the population size is a 

random variable where an individual dies with probability fi and survives with prob-

ability 1 — /í [6]. A Poisson distribution is assumed for the larval population to model 

the potential recruits. Although the raodel is discussed in the book [6], numerical 

simulations and the relation between the model with demographic variability and the 

Poisson-binomial LPA raodel were not undertaken. In this chapter, we summarize 

the description in [6] to show how the Poisson-binomial model was developed. 

The Poisson-binomial LPA model has the following form: 

Lt+i ~ Poisson(í)at exp(—Ce;ít — CeaÛt)) 

Pí+i ~ binomiaI(Zf, 1 - fii) (4-1) 

At+i ~ binomial(í>f, exp(cpaat))-l-binomial(at,l-/ía), 

where "~" means "has a distribution of." 

The larval stage has a Poisson distribution with mean and variance ftof exp ( -

Ceik - Ceaat). Thc pupal stage has a binomial distribution with raean (1 - fxi)lt and 

variance /ÍÍ(1 - ni)lt. The adult stage is the sum of two binomial distributions, one 
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describing the population contribution from pupae at time t and the other describing 

the surviving adults at time t. Consequently, the mean for the adult stage is a sum of 

two means from the binomial distributions, (pf exp(cpaat)) 4-0^(1 — fia)- The variance 

for each of the binomial distributions is (jpt exp(cpaaf)) (1—exp(cpQaf) and at{l — fXa)fJ'a-

The Poisson-binomial LPA model (4.1) was developed as foUows. Let fi denote 

the fraction of individuals who die during a unit of time. Then, nt+i = (1 — fj)nt 

describes the number of survivors at í 4-1 for the deterministic LPA model. However, 

when each individuaJ in a group is subjected to the random survival process, then 

a random variable, Nf+i for the population size of the group at time t + 1, can be 

described by a binomial distribution 

t \ 11 ..\n ..nt—n Pr{Nt+i = n\nt)=\ M ( l - / / ) > ' 
n 

Note that Nf+i is conditioned by the population size at time t. The mean of this 

random variable is (1 - fj)nt which agrees with the population size at the next time 

unit in the deterministic LPA model. The conditional variance is /Í(1 - /x)nf. 

Based on the above process, we now model the pupal stage at time í+1 . It depends 

only on the number of surviving larvae at time t. Thus, the number of pupae Pf+i is 

a binomial random variable with a binomial distribution 

Pr{Pt+i=p\lt)={^^{^-fHrf^'r or 

Pf+i ~ binomiaI(íf, 1- fii)- (4-2) 

The adult population at time í + 1 depends on two groups; one frora the surviving 

pupae at time t and the other from the surviving adults at time t. Thus, the number 

of adults at time í -F-1 is a sum of two binomial distributions 

Pr{At+i = a I (k:PtW'Jj [exp(Cpaaf)]"(l - exp(cpaaf))"""" + (^^'J (1 - fiaffC"" 

or At+i - binomial(p(, exp(cpaaf))+binomiaI(af,l-//«)• (4.3) 
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For the larval population, we cannot apply a binomial distribution directly It 

is a compound process of each larva produced by an adult going through a survival 

process for cannibalism, where probability of survival is exp(-Ce//f - Ceaat). When we 

assume the number of potential recruits by adults has a Poisson distribution with 

mean bat, then the random variable Pf+i is a combination of a binomial and Poisson 

distributions. The theorem in the next section states that the resulting random 

variable also has a Poisson distribution. Therefore, the larval population at time t + 1 

has a Poisson distribution 

p,j. ,1 . (í'afexp(-Ce//f-Ceaaí)) exp(-feafexp(-Ce/Zf-Ceaaf)) 
rr(i^(+i — í I Pf.ûfj = —̂  L or 

Lf+i ~ Poisson(6afexp(-Ce//f-Ceaaf)). (4.4) 

Therefore, based on the deterministic LPA model (2.1), (4.2), (4.3), and (4.4) 

form the Poisson-binomial model (4.1). 

4.2 An Analytical Result 

In this section, a theorem concerning a compound distribution of a Poisson and 

binomial distributions is stated. This theorem is applied in the Poisson-binomial LPA 

model in the previous section. 

T h e o r e m 4 .2 .1 . Let Y be a random variable with a binomial distribution, Y ~ 

binomial{N,p). Suppose N is a random variable with a Poisson distribution, N ~ 

Poisson{\). Then Y has a Poisson distribution with parameter \p, that is Y ^ 

Poisson{\p). 

Proof We show that the probabiUty generating function (p.g.f.) of Y is £{t^) = 

e-̂ p(*-i) which is the p.g.f. of a Poisson distribution with parameter \p [1, 15]. The 
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p.g.f. of Y satisfies 

N 00 n 

^( '̂') = Z *'f(y) = E E ^'^^{^ = / I Â  = n}Pr{Â  = n} 
J/=0 n=0 y=0 

o o n ^ V 

n=0 y=0 ^^^ 

n=0 y=0 ^̂ >^ "• 

°° °° / \ 1 

=EE'"(>''(i-pr^-'^'"e-* 

g^Ê(:)(-.r-'-;^.. 

y=0 n=y 

,-A = e 
î/=0 ^' n=v 

where we have interchanged the order of summation and used the facts that 

Pr{Y = y\ N = n}= rjp^{l - p)""^ and Pr{A^ = n} 
n! 

Let 2; = n — y in the second summation. The first sumraation is e^^^. Then, 

5(t̂ ) = e-^.e>'^f;(^^^)[(l-p)Ar '' 
x=0 

00 

{x + y)\ 

= e'^.e^t,f2-i^±y)L-[{i-p)\r-^ 
^ y!(x + y - 2/)! '̂ "^' ' {x + 

3;! 
x = 0 

= e-^ • e '̂P • e^^-P)^ 

= e-̂ P̂ *"̂ .̂ 

Therefore, £{t^) = e^PÍ'-^). O 

27 



CHAPTER V 

NUMERICAL SIMULATIONS COMPARING 

THE STOCHASTIC LPA MODELS 

In this chapter, we wiU present numerical examples of the raodel with demographic 

stochasticity and the Poisson-binomial LPA model. In the first example, for both 

the raodel with demographic stochasticity and the Poisson-binomial LPA model, the 

paiameters are b = 10.45, /i^ = 0.007629, fji = .2, and c^a = 0.0131, Cei = 0.01731, 

and Cpa = 0.004619. The covariance raatrix 

E = 

1.62100 -0.1336000 -0.0133900 

-0.13360 0.7375000 -0.0009612 

-0.01339 -0.0009612 0.0121200 

(5.1) 

was obtained from fitting date (Table 4.1, [6]). The initial population size for each 

stage is L(0)=15, P(0)=15, A(0)=350. These are the same parameter values we used 

for the deterministic LPA model in Chapter II, where solutions converged to a stable 

equiUbrium. For both models, 99% confidence intervals for the mean of each stage is 

coraputed when time is 25 to see if there are difference in the mean [2, 14, 15]. We 

accept that each state value at time 25 agrees with the deterministic LPA model as 

the population mean due to the fact that it is close enough to the positive solution 

at time 25 to achieve the same result. 

In the second example, we used the same pararaeter values as in Chapter III, where 

solutions to the deterministic LPA model converged to a two cycle, and the covariance 

matrix E is given in (3.6). The parameter values and covariance matrix were fitted to 

data based on the model with environmental stochasticity (Table 2.1, [6]). Therefore, 

the parameter values are hypothetical and only used to compare the dynamics of the 

Poisson-binoraial model and the raodel with deraographic stochasticity. The graphs 

in Figures 5.3, 5.4, 5.7, and 5.8 show the second example for the both models. 
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5.1 Demographic Stochasticity 

The graphs in Figures 5.1 and 5.2 show larval, pupal, adult, and total population 

sizes, and frequency distributions of the population sizes at time 25 for the LPA 

model with demographic stochasticity. The mean of larval, pupal, adult, and the total 

populations of deraographic stochasticity are 22.3072,18.7029, 372.7831, and 413.7932 

and the standard deviations are 12.9693, 12.6535, 14.1821, and 17.4374 respectively. 

Population sizes of larvae, pupae, adults, and the total population at time 25 in the 

deterministic LPA raodel are 21.5630, 17.3030, 367.2820, and 406.1480 respectively 

For comparison purposes, we choose these values as the population means rather 

than the solution of the positive equilibrium (20.2484,16.1987,375.2297) computed 

in Chapter II because the deterministic values are close to the positive equilibrium. 

Note that the adult population size approximately fits a normal distribution curve. 

Consequently, the total population size also approximately fits a normal distribution 

curve because the adult population contributes largely to the total population. 

A 99% confidence interval [2] for the mean fi]^ of the larval population is 

22.3072 - 2.575Í?S < //̂  < 22.3072 + 2.575^PES or 
v/ ôôôô - "̂^ - Vioooo 

21.9732 <fil< 22.6412. 

The larval population value of the deterministic LPA raodel at tirae 25 is 21.5630. 

We tested of hypothesis, HQ : pi = 21.5630 and Hi : fil y^ 21.5630. The observed 

value of test statistic is 2 = 5.7382 and p < 0.0001. 

A 99% confidence interval for the mean fj]> of the pupal population is 

12 6535 1 12.6535 

18.3771 < fj], < 19.0287. 

The pupal population of the deterministic LPA model at time 25 is 17.3030. We tested 
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of hypothesis, HQ : /i), = 17.3030. The observed value of test statistic is z = 11.0633 

and p < 0.0001. 

A 99% confidence interval for the mean fi\ of the adult populati 
cion is 

14.1821 , 14 1821 
- ^ < . ^ < 372.7831+ 2 . 5 7 5 ^ 372.7831 - 2 . 5 7 5 ^ = ^ < fc\ < 372.7831 + 2 . 5 7 5 - ^ = or 

372.4179 <fi\< 373.1483. 

The adult population of the deterministic LPA model at time 25 is 367.2820. We 

tested of hypothesis, HQ : fi\ = 367.2820 The observed value of test statistic is 

z = 38.7890 and p < 0.0001. 

A 99% confidence interval for the mean /x| of the total population is 

413.7932 - 2.575Í^Í£IÍ < /x^ < 413.7932 + 9.̂ 7.̂ ^^-^ '̂'̂ ^ or 
\/ioooo - v/ ÔÔÔÔ 

413.3442 <fiT< 414.2422. 

The total population of the deterministic LPA raodel at time 25 is 406.1480. We 

tested of hypothesis, HQ : fi\, = 406.1480. The observed value of test statistic is 

z = 43.8437 and p < 0.0001. 

5.2 Poisson-Binomial LPA Model 

Here, we used the same parameter values as in (5.1) to compare the two demo-

graphic models. However, we note that Cushing et al. used other parameter values 

when fitting the same date (Table 4.2 [6]). The graphs in Figures 5.5 and 5.6 show 

population growth over time of larval, pupal, adult, and the total population size, 

and frequency distributions of the population size at time 25. A normal distribution 

curve is added to each frequency distribution. They all approximately fit to a normal 

distribution curve. The mean of larval, pupal, adult, and the total populations of the 

Poisson-binoraial LPA model are 21.7884, 17.3775, 367.1825, and 406.3484 and the 

standard deviations are 5.2315, 4.5419, 7.6896, and 7.8090 respectively. We wiU find 
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confidence intervals for each of these mean values. 

A 99% confidcnce interval for the mean fi}^ of the larval population is 

21.7884 - 2 .575-^ í£ Í < /xi < 21.7884 + 2 .575-4SE or 

21.6537 <fil< 21.9231, 

The larval population of the deterministic LPA model at time 25 is 21.5630. The 99% 

confidence interval for the mean of the larval population for the raodel with derao-

graphic stochasticity corapared with the Poisson-binomial LPA raodel shows that the 

Poisson-binoraial LPA raodel gives a closer approximation to the deterministic LPA 

model. We tested of hypothesis, HQ : fil = 21.5630 and Hi : fil ^ 21.5630. The 

observed value of test statistic is 2 = 4.3276 and p < 0.0001. 

A 99% confidence interval for the raean /tp of the pupal population is 

17.3775 - 2.5754^Í1Í < fil < 17.3775 + 2.575-^ÍÍH= or 

y/mm - "̂ ^ - Vio oo 
17.2606 < /xp < 17.4945. 

The pupal population of the deterministic LPA model at time 25 is 17.3030. Again 

there is close agreement with the deterministic LPA model. We tested of hypothesis, 

HQ: fj% = 17.3030. The observed value of test statistic is z = 1.6403 and p = 0.11. 

A 99% confidence interval for the mean fi\ of the adult population is 

7 6896 n 7.6896 

^«"»^^ - ^ " ^ ^ ^ "^ ^ '''•'''' ^ '•'''T^"' 

366.9845 <fi\< 367.3805. 

The adult population of the deterministic LPA model at time 25 is 367.2820. There 

is close agreement between the Poisson-binomial LPA raodel and the deterministic 

LPA model. We tested of hypothesis, HQ : fj\ = 367.2820. The observed value of test 
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statistic is z = -1.2940 and p = 0.197. 

A 99% confidenco interval for the mean fi^ of the total population is 

406.3484 - 2 . 5 7 5 ^ S < /.^ < 406.3484 + 2.575^^Í2E or 
vioooo \/ ÔÔÔÔ 

406.1473 <fil< 406.5495. 

The total population of the deterministic LPA model at time 25 is 406.1480. There 

is close agreement between the Poisson-binomial LPA raodel and the deterministic 

LPA model. We tested of hypothesis, HQ : fi^ = 406.1480. The observed value of test 

statistic is 2 = 2.5663 and p = 0.0104. 

Now, we compute 99% confidence intervals for the difference between the means 

at time 25 for the LPA model with demographic stochasticity, p} and the Poisson-

binomiaJ model, /x .̂ 

0.1587 < fil-fil < 0.8789 

0.9792 < fi],-fil< 1.6716 

5.1852 < fi\ - fi\ < 6.0160 

6.9528 < fi]^-fil< 7.9368. 

Since the 99% confidence intervals for all the populations do not include zero, we 

conclude that the model LPA with deraographic stochasticity, / i \ is greater than the 

Poisson-binomial LPA model, /x̂  [14]. 

5.3 Summary 

According to the frequency distributions of the model with the NLAR demo-

graphic stochasticity at time 25 (Figure 5.1), it is possible for several larval and 

pupal population sizes to reach zero. It should be noted that these values are set to 

zero when the demographic model (3.7) produces negative values prior to squaring 

[6]. In these cases, the population values are zero in our numerical examples. This 
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does not occur for the Poisson-binomial LPA raodel. In the numerical examples, each 

stage always produces a positivc value, although there is a small positive probabil-

ity of rcaching zero. Frequency distributions shown in Figures 5.5 and 5.6 are such 

examples. 

The numerical examples iUustrated in Figures 5.1, 5.2, 5.5, and 5.6, and 99% 

confidence intervals for the means for the model with demographic stochasticity and 

the Poisson-binomial LPA model both obviously show that the Poisson-binomial LPA 

model predicts a closer approximation to the deterministic model. It is reasonable 

outcome because the Poisson-binomial LPA raodel was derived directly from the deter-

rainistic LPA model whereas the model with deraographic stochasticity was modified 

to fit a nonlinear autoregressive process. However, some advantages of the NLAR 

model with demographic stochasticity are its simple nuraerical program and its ease 

in fitting data [6]. 

The numerical examples iUustrated in Figures 5.3, 5.4, 5.7, and 5.8 for the raodel 

with demographic stochasticity and the Poisson-binomial LPA model for two cycles 

show that both models are close approximations to the deterministic LPA model. 

Observation of the graphs for the adult and the total populations, we notice that 

the model with demographic stochasticity has larger standard deviations. Beside this 

sraall difference, there is not much difference in the graphs of the LPA model with 

demographic stochasticity and in graphs of the Poisson-binomial LPA model. Both 

models are good predictors of the population dynamics of flour beetles. 

These examples suggest that population extinction of flour beetles is unlikely for 

these parameter values. 
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Figure 5.1: One sample path of the population size over time with that of the de-
terministic LPA model (solid curve) and frequency distributions of the population 
size at time 25 with an approximate normal distribution curve (a solid curve) for the 
adult population for the LPA raodel with demographic stochasticity 
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Figure 5.2: One sample path of the total population size over time with that of 
the deterministic LPA model (solid curve), and frequency distribution of the total 
population size at time 25 with an approximate normal distribution curve (soUd 
curve) for the LPA model with demographic stochasticity 
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Figure 5.3: One sample path of the population size over time with that of the deter-
ministic LPA model (solid curve) and frequency distributions of the population size 
at time 25 for the adult population for the LPA raodel with demographic stochasticity 
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Figure 5.4: One sample path of the total population size over time with that of 
the deterministic LPA raodel (soUd curve), and frequency distribution of the total 
population size at time 25 with an approximate normal distribution curve (soUd 
curve) for the LPA model with deraographic stochasticity 
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Figure 5.5: One sample path of the population size over time with that of the deter-
ministic LPA model (solid curve) and frequency distributions of the population size 
at time 25 with an approximate normal distribution curve (soUd curve) for the LPA 
model with the Poisson-binomial raodel 

500 

450 

S350 
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Figure 5.6: One sample path of the total population size over tirae with that of 
the deterministic LPA model (solid curve), and frequency distributions of the total 
population size at time 25 with an approxiraate normal distribution curve (solid curve) 
for the adult population for the LPA model with the Poisson-binomial model 

36 



700 

eoo 

500 

^400 

£300 

200 

100 I 
200 300 

Uwa« 

l20Cf 

lOO 150 200 
Pupafl 

Figure 5.7: One sample path of the population size over time with that of the deter-
ministic LPA model (solid curve) and frequency distributions of the population size 
at time 25 with an approximate normal distribution curve (solid curve) for the adult 
population for the LPA model with the Poisson-binomial model 
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Figure 5.8: One sample path of the total population size over time with that of 
the deterministic LPA raodel (solid curve), and frequency distributions of the total 
population size at time 25 with an approximate normal distribution curve (solid curve) 
for the LPA raodel with the Poisson-binoraial model 
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CHAPTER VI 

CONCLUSION 

In this work, we have investigated the deterministic LPA model with three stochas-

tic LPA models that are based on the deterministic LPA model: environmental 

stochastic model, dcmographic stochastic model, and the Poisson-binomial LPA model. 

All of these models, including the deterministic LPA model, were developed to predict 

the population dynamics of flour beetles at time í + 1 based on the population size at 

time t. Since three stochastic models are based on the deterministic LPA model, we 

first illustrated how this model was determined and then analyzed the stability of the 

origin and a positive equiUbrium. Although the deterministic LPA raodel does not 

include random variabilities that affect population dynamics frequently in nature, this 

LPA model has been intensively investigated and used to fit data frora experiments 

by many scientists [5, 6, 7, 8, 9, 10]. Cushing et al. state in their book Chaos in 

Ecology [6] that the deterministic LPA model can be used to predict the dynamics of 

many other species by applying appropriate modifications because the deterministic 

LPA model is fairly general. 

Models with environmental and deraographic stochasticities were derived through 

a nonlinear autoregressive process but based on the deterministic LPA model [6]. 

This paper has extended some of the work of Cushing et al. [6] by developing nu-

merical programs and comparing numerical examples of raodels with environraental 

stochasticity to those models with deraographic stochasticity. The numerical exam-

ples for both models show that the model with demographic stochasticity is in closer 

agreement with the deterministic LPA raodel than the model with environraental 

stochasticity It is due to the fact that the model with demographic stochasticity is 

raore significant in low populations [6]. 

We extended the work of Cushing et al. [6] by comparing the NLAR model with 

demographic stochasticity with the Poisson-binomial LPA raodel, two stochastic LPA 

models based on demographic variabilities. Since the NLAR model with demographic 
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stochasticity is modified to fit a nonlinear autoregressive process, it is an approxima-

tion of the LPA model with demographic variability On the other hand, the Poisson-

binomial LPA model is established directly from the LPA raodel but depends on two 

statistical distributions, Poisson and binomial distributions. Therefore, this latter 

model may be a more accurate interpretation of the LPA model with deraographic 

variability. 

Nuraerical examples and computation of 99% confidence intervals for means of 

both models have been presented. While all states of the model with deraographic 

stochasticity and 99% confidence interval did not agree with the deterministic LPA 

model, only the larval state of the Poisson-binomial LPA model failed to agree with 

the deterministic LPA model. 

Although in this work we have only studied the dynaraics near the origin, a positive 

stable equilibrium, and a periodic solution with two cycles, other types of solutions 

that exhibit chaotic dynamics have been examined and investigated by Cushing et al. 

[3, 4, 5, 6, 7, 8, 9, 10, 11]. This paper extended some of the work of Cushing et al. [6] 

by comparing the model with demographic stochasticity to the Poisson-binomial LPA 

model when there was a stable solution and a two cycle. It would be interesting to 

extend this work to other types of solutions such as periodic solutions and solutions 

with chaotic dynamics to check whether the Poisson-binomial raodel will agree better 

than the model with demographic stochasticity to the deterministic LPA model. 
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APPENDIX 

COMPUTER PROGRAMS 

1. The LPA model with the deterministic LPA model 
%thesisDet.m 
b= 10.45; fi^ = .007629; //, = .2; 
Cea = .0131; Cei = .01731; Cpa = .004619: 
Ld(l)=30; Pd(l)=50; Ad(l)=200: 
Td(l)=Ld(l)+Pd(l)+Ad(l); %beginning population size 
time=100; 
for t=l:time; 

Ld{t +l)=b* Ad{t) * exp{-Cel * Ld{t) - Cea * Ad{t)); 

Pd{t + l) = {l-fn)*Ld{t); 
Ad{t + 1) = {Pd{t) * exp(-cpa * Ad{t)) + (1 - fi,) * Ad{t)); 
Td(í + 1) = Ld{t + 1) + Pd{t + 1) + Ad{t + 1); 

end 

2. The LPA model with environmental stochasticity - A stable solution 
%thesisEnvi.m 
E=[.2771,.02792,.009796;.02792,.4284,-.008150;.009796,-.008150,.01112]; 
b=7; mua=.01; mul=.2; 
cea=.01; cel=.01; cpa=.0; time=25; 
sim=10000; %LPA model with environmental variation 
for j=l:sim 
L(l)=20; P(l)=20; A(l)=350; %initial population sizes 
T(1)=L(1)+P(1)+A(1); %initial total population size 

for t=l:time 

R=sqrtm(E)*randn(3,l); 
L(t+l)=b*A(t)*exp(-ce/ * L{t) - cea * A{t)) * exp(R(l)); 
P( t+l )=( l - muO*L(t)*exp(i?(2)); 
A(t+l)=(P(t)*exp(-cpa * A{t)) + (1 - mua)*A(t))*exp(R(3)); 
T(t+l)=L(t+l)+P(t+l)+A(t+l) ; 

end 

Le(j)=L(time); Pe(j)=P(time); Ae(j)=A(time); Te(j)=L(time)+P(time)+A(time); 
end 

3. The LPA model with environmental stochasticity - A two cycle 
For a periodic solution with two cycles for environmental stochasticity, the above 
program is used except the parameter values are replaced with the foUowing parameter 
values: 
%thesisEnvi2_l.m 
b=11.68; %parameters from Table 2.1 on page 54 
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mua=.1108; mul=.5129; 
cea=.01097; cel=.009264; cpa=.01779; 

Ld(l)=20; Pd(l ) = 150; Ad(l)=100; %initial population sizes 
Td( l )=Ld( l )+Pd( l )+Ad( l ) ; %initial total population size 

4. The LPA model with demographic stochasticity - A stable solution 
(Chapter III) 
%thesisDemo.m 

E=[.2771,.02792,.009796;.02792,.4284,-.008150;.009796,-.008150,.01112];%MLParam-
eters 
b=7; mua=.01; raul=.2; 
cea=.01; cel=.01; cpa=.0; 

time=25; 

sim= 10000; %LPA model with environmental variation 
for j=l:sim; 
L( l )=Ld( l ) ; P ( l )=Pd( l ) ; A(l)=Ad(l) ; %beginning population sizes 
To t ( l )=L( l )+P( l )+A( l ) ; 

for t=l : t ime; 
R=sqrtm(E)*randn(3,l); %converting from standard normal distribution to normal 
distribution 
ql=sqrt(b*A(t)*exp(-Ce/ * L{t) - Cea * ^ ( í ) ) )+R(l ) ; 
q2=sqr t ( ( l - /x , )*I^( í ) )+R(2) ; 
q3=sqrt(P(í) * exp(-Cp„ * ^( í ) ) + (1 - fia) * ^(í))+R(3); 

i fq l < = 0 . 
L(t+1)=0; 
else 
L ( t + l ) = g l 2 ; 
end 
if q2 < = 0. 
P( t+1)=0; 
else 
P ( t+1)= g22; 
end 
i f q 3 < = 0 . 
A(t+1)=0; 
else 
A(t+1)= qS^; 
end 

T o t ( t + l ) = L ( t + l ) + P ( t + l ) + A ( t + l ) ; 
end 
Lg(j)=L(time); Pg(j)=P(time); Ag(j)=A(time); Tg(j)=L(time)+P(time)+A(time); 

43 



sim=10000; 
for j=l:sim 

L(l)=20; P(1)=2 ; A(l)=350; %initial population sizes 
T(1)=L(1)+P(1)+A(1); %initial total population size 

for t=l:time 

R=sqrtm(E)*randn(3,l); 
L{t + 1) = {sqrt{b * A{t) * exp(-ce/ * L{t) - cea * A{t))) + R{1))^; 
P{t + 1) = {sqrt{{l - mul) * L{t)) + R{2))^; 
A{t + 1) = {sqrt{P{t) * exp{-cpa * A{t)) + (1 - mua) * A{t)) + R{3))^; 
T{t + l) = L{t) + P{t) + A{t); 

end 

Lg(j)=L(time); Pg(j)=P(time); Ag(j)=A(time); 
Tg(j)=L(time)+P(time)+A(time); 
end 

5. The LPA model with demographic stochasticity - A two cycle 
For a periodic solution with two cycles for demographic stochasticity, the above pro-
gram is used except the parameter values are replaced with the foUowing parameter 
values: 
%thesisDemo2_l.m 
b=11.68; %parameters from Table 2.1 on page 54 
mua=.1108; mul=.5129; 
cea=.01097; cel=.009264; cpa=.01779; 
Ld(l)=20; Pd(l)=150; Ad(l)=100; %initial population sizes 
Td(l)=Ld(l)+Pd(l)+Ad(l); %initial total population size 

6. The LPA model with demographic stochasticity - A stable solution 
(Chapter V) 
For the model with demographic stochasticity, the program 4 was used except the 
parameter values are replaced with the following parameter values: 
%thesisDe.m 
E=[1.621,-.1336,-.01339;-.1336,.7375,-.0009612;-.01339,-.0009612,.01212]; 

b=10.45; 
mua=.007629; mul=.2; cea=.0131; 
cel=.01731; cpa=.004619; 
Ld(l)=15; Pd(l)=15; Ad(l)=350; %beginning population sizes 
Td(l)=Ld(l)+Pd(l)+Ad(l); %beginning total population size 

7. The LPA model with demographic stochasticity - A two cycle 
For a periodic solution with two cycles for demographic stochasticity, the program 
4 was used except the parameter values are replaced with the foUowing parameter 
values: 
%thesisDe2_l _ch5 .m 
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E=[.2771,.02792,.009796;.02792,.4284,-.008150;.009796,-.008150,.01112]; 
b=11.68; %parameters from Table 2.1 on page 54 
mua=.1108; mul=.5129; cea=.01097; cel=.009264; cpa=.01779; 
Ld(l)=20; %initial population of Larvae 
Pd(l ) = 150; %initial population of Pupae 
Ad(l)=100; %initial population of Adults Td( l )=Ld( l )+Pd( l )+Ad( l ) ; 

8. The Poisson-binomial LPA model 
%thesisPoBo.m 
time=25; 
Ld(l)=15; Pd( l )=15; Ad(l)=350; Td(l)=Ld(l)+Pd(l)+Ad(l) ;%theini t ia lpop-
ulation sizes 
V = l ; 

Cei = 0.01731; %rate of larvae eating egg 
Cea = 0.0131; %rate of adult eating egg 
Cpa = 0.004619; %rate of adult eating pupal 
b=10.45; %birth rate 
/í/ = 0.2; %death rate of laxvae 
Pa = 0.007629; %death rate of adult 

for t= l : t ime %LPA model Deterministric 
Ld( t+1)= h * Ad{t) * exp(-Ce/ * Ld{t) - c^a * Ad{t)); 
Vd{i+l)= {1 - fJi) * Ld{t); 
Ad(t+1)= {Pd{t) * exp(-Cpa * Ad{t)) + (1 - fJa) * Ad{t)); 
T d ( t + l ) = L d ( t + l ) + P d ( t + l ) + A d ( t + l ) ; %sum of the population of L,P,A at time 

t + 1 
end 

sim=10000; for j=l:sira 
clêcir L P A. 
L( l )=Ld( l ) ; P ( l ) = P d ( l ) ; A( l )=Ad( l ) ; Tot ( l )=Ld( l )+Pd( l )+Ad(l ) ; 

%Larval population 
for t= l : t ime 
11= b*A{t)*exp{-Cei/V*L{t)-Cea/V*A{t)); %mean of the Poisson distribution 

r=rand; 
rr=r*exp(Il); %probabiUty of success at x=0 

n=0; 
sn= l ; 
stot=sn; 
L(t+1)=0; 
while rr>stot. 
n = n + l ; 
L ( t+ l )=n ; 
sn=sn*Il/n; 
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stot=stot+sn; 
end 

%Pupal population 
nnl=L( t ) ; %number of trials = larvae population 
p p l = /i/; %probabiUty of not to succcss, l - p = l — (1 — / Í / ) = / Í / 

r l=rand; 
n=nnl ; 

snl = (1 - mu/)"nl ; %probabiUty of success at x=L 
s to t l=snl ; 
P ( t + l ) = n n l ; 
m=0; 
while r l > s t o t l 
n=n- l ; 
m = m + l ; 
P ( t + l ) = n ; 
sn l=(snl*(nnl -m+l)*ppl ) / (m*( l -ppl ) ) ; 
s to t l=s to t l+sn l ; 
end 

%AduIt population 
nn=P( t ) ; %the number of trials = initial pupal population 
pp= exp(—Cpa * A{t)); %probabiUty of success 
r=rand; 
n=0; 
sn= (1 — pp^'^n: %probability of success at x=0 for the first binoraial 
stot=sn; 
Al ( t+1)=0; 
while r>stot 
n = n + l ; 
A l ( t + l ) = n ; 
sn=sn*(nn-n+l)*pp/(n*(l-pp)); 
stot=stot+sn; 
end 
pp2= fJa, 
nn2=A(t); 
r2=rand; 
n=nn2; 
sn2 = (1 - /ía)^""^^; %probability of success at x=A(t) for the second binomial 
stot=sn2; 
A2( t+l )=nn2; 
m=0; 
while r2>stot 
n=n- l ; 
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m=m+l; 
A2(t+l)=n; 
sn2=(sn2*(nn2-m+l)*pp2)/(m*(l-pp2)); 
stot=stot+sn2; 
end 
A(t+l)=Al(t+l)+A2(t+l); 
Tot( t+l)=L(t+l)+P(t+l)+A(t+l) ; 
end 

Ls(j)=L(time); Ps(j)=P(time); As(j)=A(time); Ts(j)=Tot(time); 
end 

9. The Poisson-binomial LPA model - A two cycle 
For a periodic solution with two cycles for the Poisson-binomial LPA raodel, the 
program 8 was used except the parameter values are replaced with the following 
parameter values: 
%thesisPoBi2_l.m 
b=11.68; %parameters from Table 2.1 on page 54 
mua=.1108; raul=.5129; cea=.01097; cel=.009264; cpa=.01779; 
Ld(l)=20; %)initial population of Larvae 
Pd(l) = 150; %initial population of Pupae 
Ad(l)=100; %initial population of Adults Td(l)=Ld(l)+Pd(l)+Ad(l); 
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