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ABSTRACT 

The first objective of this study is to develop a complete method of operational 

stability analysis for superconductors under thermal disturbances. The second 

objective is to demonstrate the use of the method, through applications to the 

physiczd systems for the design and performance characterization purposes. 

Thermal stability is one of the major issues in the design and operation of su

perconducting devices. A superconductor in operation can experience a transition 

from the superconducting state to the normal resistive state, due to thermal distur

bances. Following the quenching, a normal zone forms within the superconductor, 

which may grow or collapse depending on the disturbance energy, thermophysical 

and electronic properties, operating conditions, and the geometrical configuration 

of the superconductor. 

In this study, the operational behavior of pure superconductors subjected to 

thermal disturbances is investigated. Based on the existing intrinsic thermal sta

bility theory and the cryogenic stability concept, a quenching-recovery criterion is 

developed. The criterion involves comparison of two critical current density ratios: 

one concerning intrinsic stability, the other concerning recovery. Based on the 

quenching-recovery criterion, a complete method for the prediction of quenching-

recovery behavior is presented. In the first part of the study, the development 

of the method is presented through analysis conducted on both tape/film-type 

and cylinder/wire-type superconductors that are subjected to infinite line heat 

sources. In the second part of the analysis, the effect of the heat source length on 

the quenching-recovery behavior is investigated by considering finite length heat 

sources for both cylinder/wire and tape/film configurations. The effects of the wire 

diameter for cylinder/wire-type superconductors, and aspect ratio for tape/film-

type superconductors, on the quenching-recovery behavior are also investigated 

vi 



in the second part of the analysis. Throughout the analysis, the governing heat 

transfer equations corresponding to the special cases presented are solved analyt

ically whenever analytical solutions are possible, and numerically using the finite 

difference method whenever analytical solutions are not available. 
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NOMENCLATURE 

Chapters II and III 

a half of the width of the superconductor, m 

ar aspect ratio, a/d, dimensionless 

Bi Biot number, hd/Jkiky, dimensionless 

C specific heat, J/kg-K 
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9r QQ/QCV, dimensionless 

r transformed aspect ratio, a/(d-s/k^), dimensionless 

s circumferential length of the superconductor x-y cross-section, m 

T temperature, K 

t time, sec 

x,y coordinates defined in Fig. 2.1 



Greek 

£ nondimensional thermal energy release, e/[ipC(Tc — To)ad] 

Tj transformed y-variable, yId^ dimensionless 

(T normal-state electrical resistivity, Q-m 

9 nondimensional temperature 

^ transformed x-variable, x/(dy/k^), dimensionless 

p density, kg/m^ 

r nondimensional time, kyt/(d^pC) 

(p instability parameter as defined in Eq. (2.4), dimensionless 

Subscript 
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CO 

cv 

d 

9 

max 
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critical 

critical operation 

convection 

thermal disturbance 

generation 

maximum 

operating 

ratio 

surface 

in x-direction 

in y-direction 
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Chapter IV 

Bi Biot number, hdjk^ dimensionless 

i current density, A/m^ 

j current density ratio, iolico^ dimensionless 

T the value of the transformed x-variable at i = a, a/cf, dimensionless 

Greek 

a thermal diffusivity, m'^/s 

77 transformed y-variable, y/cf, dimensionless 

r nondimensional time, ottld'^ 

^ transformed x-variable, a;/(i, dimensionless 
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cl 

c2 

/ 

ss 

critical, quenching 

critical, recovery 

function 

steady-state 

Xll 



C H A P T E R I 

INTRODUCTION 

1.1 Background 

Superconductors are materials that undergo a remarkable transition from nor

mal state to the superconducting state at extremely low temperatures. Supercon

ductors have a number of unique characteristics, but their most notable property 

and the origin of their name is their ability to conduct electrical current with abso

lutely no loss of energy. Almost a quarter of the natural elements are known to be 

superconductors besides hundreds of compounds and aUoys^'^. but the determin

ing factors for a practical superconductor are the transition temperature , known as 

the critical temperature To the critical magnetic field 3^ and the critical current 

density Jc- These three properties (Tc^ B^ and Jc) are interrelated by the critical 

surface in B-J-T space"^, as shown in Fig. 1.1, which is a material characteris

tic. Superconductivity prevails everywhere below this surface and vanishes above 

it" .̂ Another determining factor in applied superconductivity is the processibil-

ity of the material under consideration to form into desired shapes. The emerging 

practical superconducting materials are a few among the hundreds under the afore

mentioned considerations. The most common technological superconductors are 

niobium t i tanium alloys, niobium tin compounds^^ and recently discovered ceramic 

superconductors such as yt t r ium compounds' ' (e.g., YBa2Cu307). The niobium 

alloys and compounds are known as low temperature (low-Tc) superconductors. 

The most popular niobium alloy is niobium t i tanium (NbTi) with a critical tem

pera ture of 9.6 K, and the most popular niobium compound is niobium tin (Nb^Sn) 

with a critical tempera ture of 18.2 K^. The ceramic superconductors are known as 

high tempera ture (high-Tc) superconductors^-^"'®, the critical temperatures rang-



ing from 95 K for YBaoCuaOr (YBCO) to 125 K for Tl .Ba.CaoCuaOio. 

Superconductors find a wide range of appHcations in advanced technology. Su

perconducting magnets are used in high energy physics research, controlled ther

monuclear fusion, magnetohydrodynamic power generation, d.c. motors, a.c. ma

chines, superconductive magnetic energy storage (SMES), magnetic separation, 

and in magnetic levitation^-^-^. SQUIDs, Josephson devices, one-wafer computer, 

superconducting transistors, magnetic resonance imaging (MRI), and microwave 

devices such as filters and frequency mixers are a few of the potential appHcations 

in electronics^'^'^'^. The use of high temperature superconductors in cryostat cur

rent leads delivering electrical power from ambient temperature supphes to devices 

operating in liquid helium, is generally considered as one of the first appHcations 

for ceramic superconductors^*^. 

To maintain the low-temperature environment so essential for their operation, 

superconductors must be placed in special vessels that are caUed cryostats. These 

vessels are vacuum-insulated containers and contain a Hquid cryogen, such as Hquid 

helium for low-Tc superconductors, and liquid nitrogen for high-Tc superconduc

tors. 

1.2 Thermal Disturbances 

Theoretically, once a superconductor is cooled to a temperature below its crit

ical t empera ture in a stable cryogenic environment, it is expected that the super

conductor would operate in superconducting state forever. In practice, however, 

a superconductor in operation can experience a transition from superconducting 

s tate to the normal resistive state, a phenomenon known as quenching, due to 

thermal disturbances. The locaHzed thermal energy release is a major cause of 

quenching of superconducting magnets^. The intrinsic construction thermal noise 

tha t reaches its highest level during sweeping of the current and charging of a 



magnet , frictional heat generation due to the relative motion of adjacent turns of 

the windings in a superconducting coil, heat generation from epoxy cracks and 

bond failures, microbending of a wire and microdeformations, and heat generation 

from flux jumps are aU considered to be major causes for thermal disturbances in 

superconducting magnets^^. Even though the physical mechanisms responsible for 

the thermal disturbances in bare superconductors are not very weU understood, 

the sudden relaxation of dislocations and other crystal defects, and scattering of 

electrons at impurities are among the possible disturbance mechanisms for bare 

superconductors^-^. 

Following a localized instantaneous energy release due to a thermal disturbance, 

if the local tempera ture is raised above the critical value, Tc, a normal zone forms 

primarily around the heat source and expands in aU directions through heat diffu

sion as t ime progresses. Depending on the magnitude of the disturbance energy, 

geometrical factors and operating conditions of the superconductor, the normal re

gion within the superconductor either continues to grow or eventuaUy coUapses. To 

determine the operating condition of the superconductor after such disturbances, 

the following stabiHty criterions must be evaluated: (a) intrinsic stabiHty criterion, 

(b) cryogenic stabiHty criterion, and (c) recoverabiHty criterion. 

1.3 Conventional Thermal StabiHty Criterions 

1.3.1 Intrinsic Thermal StabiHty Criterion 

Intrinsic thermal stabiHty refers to an operating condition after the occurrence 

of a thermal disturbance within a superconductor. Since the critical current density 

of a superconductor decreases with the temperature , an increase in local temper

a ture reduces the total current carrying capacity of the superconductor, and no 

current can be carried by the regions with T > Tc- As long as the remaining su

perconducting zone is capable of carrying the total electric current throughout the 



heat diffusion process, the superconductor is intrinsicaUy stable. First introduced 

by FHk and Tien^^ ^nd appHed to a thin-film superconductor, the intrinsic thermal 

stabiHty criterion can be expressed by the foUowing equation: 

J^Jc{r,t)dA>Io t>0. (1.1) 

where t = 0 marks the instant of the heat release, r is the location vector, dA is 

an area element in the superconductor cross section A normal to the direction of 

electric current, /„ is the operating electric current, and Jc{r.t) is the local critical 

current density. The critical current density decreases approximately Hnearly with 

temperature foUowing the equation^ 

Jc(T) Tc-T 
T = T ^ ^ ' ^<T<To (1.2) 

*^ CO -L c -̂  o 

and 

Jc{T) = 0, T > To (1.3) 

Using the following nondimensional form of the local temperature 

. ( M ) = ^ ^ ^ ^ , (1.4) 

and combining Eqs. (1.2) and (1.3), the relation between the local temperature 

and the local critical current density can be expressed in the foUowing form: 

J c ( ^ ) = [1-^(^)1 Jco, (1.5) 

where Jco is the critical current density at operating temperature and the function 

g[6) is defined as 



... . ^- o < ^ < 1 
9(0) =i - - (1.6) 

1. e>i. 

Substitution of Eq. (1.5) into Eq. (1.1) yields the foUowing intrinsic thermal 

stabiHty criterion 

i < 1 - (Pmax; (1.7) 

where j = Jo/Jco is the operating current density ratio, and (l)max is the maximum 

value of the instabiHty parameter (j) throughout the thermal conduction process 

with (f) defined as 

cf>{^,t) = jlj{0)dA, (1.8) 

with z being the location of the cross section A in the current flow direction. 

The maximum value of the instabiHty parameter <!> {0 < (j^max < 1) is a measure 

of the maximum reduction of superconducting capacity during the transient heat 

transfer process. The smaller the value of ^max? the larger the current carrying 

capacity of the superconductor. 

Tien et al.^^ conducted a two dimensional intrinsic thermal stabiHty analysis on 

strip superconductors, made of anisotropic YBCO and conventional NbTi mate

rials. FHk and Tien^^ studied the intrinsic thermal stability for scanning electron 

microscopy of thin-film superconductors. Chen and Chu^^ studied the intrinsic 

thermal stability of anisotropic thin film superconductors subjected to a Hne heat 

source with a finite length. FHk and Goodson^^ investigated the effect of the 

electron-beam absorption on low-temperature superconducting films. 



1.3.2 Cryogenic Stability Criterion 

Cryogenic stabiHty criterion refers to an operating condition of a superconduc

tor after a normal zone forms within the superconductor. Based on the balance 

between cryogenic heat removal and heat generation due to Joule heating subse

quent to a normal zone formation, Stekly and Zar^ introduced the foUowing simple, 

one-dimensional criterion for cryogenic stabiHty of a composite superconductor: 

\^J;amA 
< 1. (1.9) (1 - \)Ph(Tc - To) 

where A is the volume fraction of the superconductor in the composite, A is the 

cross sectional area of the composite, P is the wetted perimeter, h is cryogenic 

convective heat transfer coefficient. To is the operating temperature , cr̂ „ is the 

electrical resistivity of the metal stabiHzer, and Tc and Jc are the critical temper

ature and critical current density, respectively. As long as the above criterion is 

satisfied, i.e., if the cryogenic cooling exceeds Joule heating, the superconductor 

is cryogenically stable against thermal disturbances. Even though the criterion 

does not include the effect of the axial conduction, it has been used extensively 

in the Hterature. Criterions including the effect of the axial conduction were pro

posed by Maddock et al.̂ ® based on a steady-state analysis, and by Bejan and 

Tien^^ based on a one-dimensional, transient heat transfer analysis for composite 

superconductors. 

1.3.3 Minimum Propagating Zone (MPZ) Concept 

The critical length of a normal zone within a superconductor wire, above which 

the normal zone grows and below which the normal zone shrinks, is caUed minimum 

propagating zone and is given by the foUowing equation"'': 



, [2A;(Tc-To)V/' 
1= ^;. "^ . (1.10) 

where k is thermal conductivity, To is the operating temperature , and a is the nor

mal s tate electric resistivity of the superconductor. The derivation of the above 

equation is based on the balance between heat generation within the normal zone 

and the heat loss at the ends of the normal zone through heat conduction, with 

the assumption of a normal zone at temperature T^ a rough temperature gradient 

of {Tc — To)/I between the hot spot and ends of the normal zone, and negUgible lat

eral heat transfer between the conductor and the cryogenic coolant. A normal zone 

longer than the value calculated from the above equation will grow because heat 

generation exceeds end heat loss due to heat conduction. A normal zone shorter 

than the critical value wiU coUapse and superconductivity wiU be restored. Even 

though it is not very precise due to the unrealistic assumptions and simpHfications, 

the above parameter serves as a rough measure of a superconductors vulnerabil

ity to quenching. A smaUer value of / impHes that the superconductor is more 

vulnerable to quenching^^. The quantity associated with the minimum propagat

ing zone is the minimum quench energy (MQE), the amount of the disturbance 

energy to form a minimum propagating zone. Jayakumar"^ calculated the MQE 

for superconducting composites based on a one-dimensional, steady-state model. 

MaHnowski conducted studies on MQE for quasi-stationary propagating zones and 

transient propagating zones"-^, for stabiHzed superconductors"^, and for thermaUy 

insulated composite superconductors"^. Chechetkin et al."'' studied the MQE of 

partiaUy stabilized superconducting magnets. Chyu and Oberlv"® calculated the 

MQE for a silver clad YBCO composite superconductor. 

Normal zone propagation in superconducting magnets under a variety of con

ditions has been studied extensively in the Hterature. Research findings from the 



studies prior to the early 1980's deaHng with heHum cooled conventional supercon

ductors are compiled by Wilson'^, and a vast amount of the later developments are 

compiled by Chechetkin and Sigov^^. More recent studies on the normal zone prop

agation in composite superconductors include an experimental work of ten Kate 

et al."^^ for composite wires, Lvovsky"s work"^ on heHum-cooled and high temper

ature composite superconductors, and the work by Chyu and Oberly"^ conducted 

on the normal zone behavior in composite high temperature superconductor. The 

normal zone behavior in adiabatic superconducting magnets has also been studied 

in the l i terature extensively and the most recent studies include Zhao and Iwasa'̂ '̂ *. 

Brown et al.^^. Brown and Iwasa^", Ishiyama et al.^^. Joshi and Iwasa^^. Ishiyama 

and Iwasa^"". 

Studies on normal zone behavior in bare superconductors are few. The ear-

Her works are summarized by Whetstone and Roos^^ in which the normal zone 

propagating velocity in adiabatic Nb-Zr alloys was studied both theoreticaUy and 

experimentaUy. Casas and Rinderer^'' studied the normal zone behavior and tran

sient thermal effects in bare tin wires with different radn and resistivities. They 

measured the normal zone propagating velocities and conducted a one dimensional 

analysis with an adjusted heat transfer coefficient, in order to match the experi

mental data . 

1.4 OutHne of the Following Chapters 

In the present study, the intrinsic thermal stabiHty criterion and a modified 

form of the cryogenic stabiHty criterion were used to determine the quenching 

recovery behavior of a thermaUy disturbed superconductor. The modified form of 

the cryogenic stabiHty criterion considers the axial heat conduction and transient 

behavior of the normal zone, besides the cryogenic cooHng. A complete method 

for operational stabiHty analysis and the performance characterization of the bare 



superconductors under thermal disturbances was developed. The method includes 

a quenching-recovery behavior criterion which incorporates the aforementioned 

StabiHty criterions. The foUowing chapters address a number of special cases and 

each chapter is in the format of a journal article. 

In Chapter II the analysis on a tape/film type superconductor subjected to 

an infinitely long line heat source is presented. This work has appeared in the 

Proceedings of the 26th Intersociety Energy Conversion Engineering Conference, 

Boston, 1991, and has been accepted for pubHcation in Journal of Heat Transfer. 

Chapter III . having been presented at the 1992 ASME Winter Annual Meeting. 

Anaheim, CA, and having been submitted to Cryogenics for pubHcation. presents 

the development of the quenching recovery criterion and compares the results with 

that in Chapter II. 

In Chapter IV, an analysis on tape/film type NbaSn superconductors with 

Hnear heat sources is presented. The effects of the tape/film size and material 

properties on the operational behavior are demonstrated by comparison of data 

of NbaSn superconductor with NbTi superconductor. The material presented in 

this chapter has been accepted by the 1992 World Congress on Superconductivity, 

Munich, Germany. 

In Chapter V, an analysis for cyHnder/wire type superconductors is presented 

and the results are compared with tape/film type superconductors in terms of 

operational stability behavior. This work was presented at 1992 AppHed Super

conductivity Conference, Chicago. IL, and has been accepted for pubHcation in 

IEEE Transactions on Applied Superconductivity. 

In Chapter VI, an analysis for cylinder/wire type superconductors subjected to 

a finite length line heat source is presented. The effects of the source length and 

the wire diameter on the operational behavior are investigated, and the results are 

compared with tha t of infinite Hne heat source. 
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Chapter VII presents the work of a three-dimensional analysis conducted on 

quenching recovery and normal zone behavior of tape/film-type superconductors 

under thermal disturbances represented by Hne heat sources with finite lengths. 

Throughout the dissertation, the governing heat transfer equations correspond

ing to the special cases presented are solved analytically whenever analytical solu

tions are possible, and numerically using the finite difference method whenever 

analytical solutions are not available. Besides the sources cited above and in 

the foUowing chapters, the following textbooks are utiHzed as primary sources: 

Ozi§ik^®-^^, Carslaw and Jaeger"^", Arpaci^^, GriguU and Sandner"^*, Patankar '^ . 

Anderson et al."^"', Al-Khafaji and Tooley"^'', Abramowitz and Stegun^^. and Grad-

shteyn and Ryzhik"^'. 
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ic. 1.1. B-J-T Surface for Fig 

NbTi Superconductor (Wilson, 1983) 



12 

1.5 Literature Cited 

1. Newhouse, V. L., 1969, Applied Superconductivity. John Wiley k Sons, Inc.. 
New York. 

2. Simon, R. and Smith, A., 1988, Superconductors: Conquering Technology's 
New Frontier, Plenum Press, New York. 

3. Wilson, M. N., 1983, Superconducting Magnets. Oxford University Press. 
New York. 

4. Ruggerio, S. T. and Rudman, D. A. (Eds.). 1990, Superconducting Devices. 
Academic Press, Inc., Boston. 

5. Ginsberg, D. M. (Editor), 1990, Physical Properties of High Temperature 
Superconductors II, World Scientific, New Jersey. 

6. Kitazawa, K. and Ishiguro, T. (Eds.), 1989, Advances m Superconductivity, 
Springer-Verlag, Tokyo. 

7. Davydov, A. S. and Loktev, V. M. (Eds.), 1992, High-Tc Superconductivity 
Experiment and Theory, Springer-Verlag. BerHn. 

8. Orlando, T. P. and Delin, K. A., 1991, Foundations of Applied Superconduc
tivity, Addison-Wesley PubHshing Company, Massachusetts. 

9. BedeU, K. S.; Inui, M.; Meltzer, D.; Schrieffer. J. R.: and Doniach. S. (Eds.), 
1992, Phenomenology and Applications of High-Temperature Superconduc
tors, Addison-Wesley Publishing Company, Massachusetts. 

10. HuU, J. R., tjnal. A., and Chyu, M . - C , 1992, "Analysis of Self-Cooled Binary 
Current Leads Containing High Temperature Superconductors," Cryogenics. 
vol. 32, pp . 822-828. 

11. Chechetkin, V. R, and Sigov, A, S., 1989, "StabiHty of Superconducting 
Magnet Systems Subject to Thermal Disturbances,'" Physics Reports (Review 
Section of Physics Letters), vol. 176 (1 & 2), pp. 1-81. 

12. FHk, M. I. and Tien, C. L., 1990, "Intrinsic Thermal StabiHty of Anisotropic 
Thin-Film Superconductors," Journal of Heat Transfer, vol. 112. pp. 10-15. 

13. Tien, C. L., FHk, M. I., and Phelan, P. E.. 1989, '-Mechanisms of Local 

Thermal StabiHty in High-Temperature Superconductors," Cryogenics, vol. 

29, pp. 602-609. 



13 

14. FHk, M. I. and Tien. C. L., 1990, "Intrinsic Thermal StabiHty for Scanning 
Electron Microscopy of Thin-Film Superconductors." J. Appl. Phys.. vol. 67 
(1), pp. 362-370. 

15. Chen, R. C. and Chu, H. S., 1991, ' 'Study on the Intrinsic Thermal Sta
biHty of Anisotropic Thin-Film Superconductors With a Line Heat Source." 
Cryogenics, vol. 31, pp. 749-755. 

16. FHk, M. I. and Goodson, K. E., 1992. "Thermal Analysis of Electron-Beam 
Absorbtion in Low-Temperature Superconducting Films." ASME Journal of 
Heat Transfer, vol. 114, pp. 264-270. 

17. Stekly, J. J. and Zar, J. L., 1965, "Stable Superconducting Coils," IEEE 
Transactions on Nuclear Science, vol. 12 (3), pp. 367-372. 

18. Maddock, B. J.; James, G. B.; and Norris, W. T., 1969, "Superconductive 
Composites: Heat Transfer and Steady-State StabiHzation," Cryogenics, vol. 
9, pp. 261-273. 

19. Bejan, A. and Tien, C. L., 1978, "Effect of Axial Conduction and Metal-
HeHum Heat Transfer on the Local StabiHty of Superconducting Composite 
Media," Cryogenics, vol. 18, pp. 433-441. 

20. Wipf, S. L., 1978, Los Alamos Scientific Laboratory Report . LA 7275. 

21. Jayakumar , R., 1987, "Critical Energy of Superconducting Composites." 
Cryogenics, vol. 27, pp. 421-424. 

22. MaHnowski, L., 1990, "Analytical Method for Calculation of Critical Energy 
of Technical Superconductors Taking into Account Transient Heat Transfer," 
Cryogenics, vol. 30, pp. 27-31. 

23. MaHnowski, L., 1990, "Analytical Method for Calculation of Critical Energy 
of Technical Superconductors Based on the Minimum Propagating Zone The
ory," Cryogenics, vol. 30, pp. 765-769. 

24. MaHnowski, L., 1991, "Critical Energy of ThermaUy Insulated Composite 
Superconductors," Cryogenics, vol. 31, pp. 444-449. 

25. Chechetkin, V. R.: Lutovinov, V. S.; and Turygin, A. Yu.. 1990, "\ 'ariational 
Principle for Critical Heat of Quench in PartiaUy StabiHzed Superconducting 
Magnets ," Cryogenics, vol. 30, pp. 32-36. 

26. Chyu, M. K. and Oberly. C. E., 1991, "Effects of Transverse Heat Transfer on 

Normal Zone Propagation in Metal-Clad High Temperature Superconductor 

CoU Tape," Cryogenics, vol. 31, pp. 680-686. 



14 

27. ten Kate , H. H. J., Boschman, H.. and van de Klundert . L. J . M.. 19S7. 
"Longitudinal Propagation Velocity of the Normal Zone in Superconducting 
Wires," IEEE Transactions on Magnetics, vol. MAG-23(2). pp. 1557-1560. 

28. Lvovsky, Y. M., 1990, "Thermal Propagation of Normal Zone With Increas
ing Temperature Level in HeHum-Cooled and High Temperature Supercon
ductors," Cryogenics, vol. 30, pp. 754-764. 

29. Chyu, M. K. and Oberly, C. E., 1990, "Numerical ModeUng of Normal Zone 
Propagation and Heat Transfer in a Superconducting Composite Tape," pa
per presented at the 1990 AppHed Superconductivity Conference. Snowmass 
Village, Colorado. 

30. Zhao, Z. P. and Iwasa, Y., 1991, "Normal Zone Propagation in Adiabatic 
Superconducting Magnets Part 1: Normal Zone Propagation \'elocity in Su
perconducting Composites," Cryogenics, vol. 31, pp. 817-825. 

31. Brown, J . N., Tahara, Y., WiUiams, J. E. C , and Iwasa. Y.. 1991, "Tem
perature Dependent Parameters of StabiHty and Protection in an Adiabatic 
Niobium Ti tanium Coil," IEEE Transactions on Magnetics, vol. MAG-27(2). 
pp. 2144-2146. 

32. Brown, J. N. and Iwasa, Y., 1991, "Temperature Dependent StabiHty and 
Protection Parameters in an Adiabatic Suparconducting Magnet," Cryogen
ics, vol. 31, pp . 341-347. 

33. Ishiyama, A., Matsumura , H., Takita, T, and Iwasa, Y.. 1991. "Quench Prop
agation Analysis in Adiabatic Superconducting Windings." IEEE Transac
tions on Magnetics, vol. MAG-27(2), pp. 2092-2095. 

34. Joshi, C. H. and Iwasa, Y., 1989, "Prediction of Current Decay and Terminal 
Voltages in Adiabatic Superconducting Magnets." Cryogenics, vol. 29, pp. 
157-167. 

35. Ishiyama, A. and Iwasa, Y., 1988, "Quench Propagation Velocities in an 
Epoxy-Impregnated NbaSn Superconducting Winding Model," IEEE Trans
actions on Magnetics, vol. MAG-24. pp. 1194-1196. 

36. Whets tone , C. N. and Roos, C. E., 1965. "Thermal Phase Transition in 

Superconducting Nb-Zr Alloys," J Appl Phys, vol. 36, pp. 783-791. 

37. Casas, J . and Rinderer. L., 1989, "Calculation of Normal Zone Propagating 

Velocities and Transient Thermal Effects Dependence on the Superconduct

ing W'ire Parameters ," IEEE Transactions on Magnetics, vol. 25(2), pp. 

1492-1495. 



15 

38. Ozi§ik, M. N., 1968, Boundary \'alue Problems of Heat Conduction. Interna
tional Textbook Co., Scranton, Pa. 

39. Ozi§ik, M. N., 1980, Heat Conduction, John WUey <̂  Sons. Inc.. New York. 

40. Carslaw, H. S. and Jaeger, J. C , 1959, Conduction of Heat in Solids, Claren
don Press, London. 

41. Arpaci, V. S.. 1966, Conduction Heat Transfer, Addison-Wesley PubHshing 
Company, Massachusetts. 

42. Grigul, U. and Sandner, H., 1984. Heat Conduction, Springer Verlag. New 
York. 

43. Patankar , S. V., 1980, Numerical Heat Transfer and Fluid Flow. Hemisphere 
PubHshing Corporation, New York. 

44. Anderson, D. A.; TannehiU, J. C ; and Fletcher, R. H.. 1984, Computational 
Fluid Mechanics and Heat Transfer, Hemisphere PubHshing Corporation, 
New York. 

45. Al-Khafaji, A. W. and Tooley, J. R., 1986, Numerical Methods m Engineering 
Practice. Holt, Rinehart and Winston, Inc., New York. 

46. Abramowitz, M. and Stegun, I., 1972, Handbook of Mathematical Functions. 

Dover Publications, Inc., New York. 

47. Gradshteyn, I. S. and Ryzhik, I. M., 1965, Tables of Integrals, Series, and 
Products (Edited by Alan Jeffrey), Academic Press, New York. 



C H A P T E R II 

INTRINSIC STABILITY AND RECOVERY ANALYSIS 

F O R T A P E / F I L M - T Y P E SUPERCONDUCTORS 

2.1 Abstract 

This work presents an analysis for a tape/fllm superconductor subjected to the 

thermal disturbance from a Hne heat source. The behavior of the superconductor is 

studied by considering its intrinsic stability and recoverabiHty of superconductivity. 

The tempera ture field for intrinsic stabiHty analysis is solved analyticaUy. The 

mechanism is studied based on the data of instabiHty parameter , cryogenic cooHng 

rate , and Joule heating rate during the heat diffusion process for both low- and 

high-Tc superconductors. 

2.2 Introduction 

Thermal stabiHty is one of the major issues in the design of superconducting de

vices. StabiHty of superconductors has been investigated from different viewpoints 

such as cryogenic stabiHty, normal zone propagation, and adiabatic stability. For 

a thin-film superconductor, for the application such as electronics, it was pointed 

out by FHk and Tien^ tha t the stabiHty criterion should be based on the consider

ation of intrinsic stability. Intrinsic stabiHty refers to an operating condition after 

a thermal disturbance occurs within a superconductor. If the local tempera ture is 

raised above the critical value, a normal zone wiU form, which may grow as heat 

diffuses. As long as the remaining superconducting zone is capable of carrying the 

total electric current throughout the heat diffusion process, the superconductor is 

intrinsicaUy stable. FHk and Tien considered the criterion of intrinsic stabiHty for 

a thin-film superconductor subjected to a heat release from a centrally-located Hne 
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heat source, as depicted in Fig. 2.1. The centraUy located heat source results in 

the largest possible normal zone since heat needs to diffuse across the maximum 

distance in order to be dissipated through convection on the surfaces. The criterion 

is expressed by the foUowing equation: 

4 / f Jc{x,y,t)dxdy>Io. t>0. (2.1) 

where t = 0 marks the instant of heat release, and Jc is the critical current density 

of the superconductor, which decreases approximately Hnearly with temperature 

foUowing the equation" 

^ = 1 ^ , T<T,, (2.2) 
^co -̂  c -̂  o 

where Jco is the critical current density at the operating temperature To. By 

substituting Jc using Eq. (2.2), Eq. (2.1) can be written in the foUowing form: 

«/r < 1 - 4>maT, ('--3) 

where Jr = Jo/Jco-, and (pmax is the maximum value of the instabiHty parameter (f) 

through the process with (j) being defined as 

1 C'^ f° m = -J r 9[0)dxdy, (2.4) 
ad Ju Ju 

where 

9{0)={ ' " (2-5) 
1, ^ > 1 , 

and 

/,/ s\ T{x,y,t)-To , . 

e{x,y.t)= \ _r • ^ ' 
J-c -̂  o 
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FHk and Tien^ calculated the instabiHty parameter for the thin-film supercon

ductor of Fig. 2.1 by solving the heat diffusion equation using finite-difference 

method. In the present work, the heat diffusion equation is solved analytically 

through separation of variables. Based on the result of the intrinsic stabiHty anal

ysis, the present work further addresses the issue of recoverabiHty of quenched 

superconductor, and studies the mechanism based on the data of the instabiHty 

parameter , cryogenic cooling rate and Joule heating rate. 

2.3 Analysis 

2.3.1 Temperature Solution for Intrinsic StabiHty 

In accordance with Eq. (2.3), intrinsic stabiHty fails at the instant ti that 

<f>{ti) = l-Jr. (2.7) 

Before intrinsic stabiHty fails, i.e., 0 < t < ti,foi the thin-film superconductor 

subjected to an instantaneous heat release at the axis, and convective heat transfer 

on the surfaces, as depicted in Fig. 2.1, the temperature distribution is obtained 

by solving the following heat conduction problem: 

^ _ | . ^ ^ ^ , e{C,rj,T). 0<(<r, 0 < 7 7 < 1 , 0 < r < r i , (2.8) 

with the boundary conditions 

^ = 0, at ( = 0, (2.9) 

^ ^ B i ^ = 0, at i = r, (2.10) 
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de 
— = 0, at 7j = 0. (2.11) 
orj 

d6 
— -f ky^Bie = 0, at 7) = 1. (2.12) 
OT] 

The initial condition is based on the assumption that the energ}^ is initiaUy 

deposited in an area of AAx x Ay, of which the normaUzed form is: 

, Sd, 0 < ̂  < A^, 0 < 7/ < AT/ 
eU,V,0) = { - ^ - ^' - / - / (2.13) 

0, A( < ( <r. AT] <Tj <1. 

The nondimensional parameters involved are defined as 

dy/K' ^ K' ' d' d^'pC 

r = - ^ ^ = , Bi = —-, A; = (k:rkyf''. 
dy/K' k 

' " A ^ ' ^ ' ~ ^ C ( T c - T , ) 4 a r f ' ^ " ̂  

The above problem can be readily solved foUowing the standard method of 

separation of variables described, for example, by 6zi§ik^. and the result is 

^ ^ sin(/3rr,A^) sin(7nA7/) / ^ >x / N -(.il~-l)T (^•,'\ 

where 

. , ^ . «• 1 2(^^ - Bi') 
/?„ t a n ( ^ „ r ) = Bi, j ^ ^ ^ - , ( ^ ^ _ g r ) + Bi' 
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-Y tan-v - k^l'^JW ^ - 2(7; - fcrBi") 
,,. ta„,„ - K B, ^ ^ _ (^,_^^3., j_^,/ ,g. . (2.16) 

It was found tha t the tempera ture solution is independent of the dimensions of 

the heat source, A^ and AT/, when very smaU values simulating a Hne heat source 

are used. AU the data presented in this work are independent of the heat source 

dimensions. Based on the temperature solution, the instabiHty parameter 0. as 

defined in Eq. (2.4), is calculated through numerical integration. 

2.3.2 Recovery Analysis 

After intrinsic stabiHty fails, the entire superconductor starts generating heat, 

and the heat conduction equation becomes 

de^ dv'^ k,{Tc-To)~d^' ^ i<r<r2 , (2.17) 

where T2 corresponds to the time 2̂ when superconductivity resumes. If super

conductivity never resumes, r2 —̂  00. In order to determine T-J. the condition for 

the recovery of superconductivity needs to be defined. The recovery condition is 

defined based on the following consideration. 

During cooling, the region near the periphery always has lower temperatures 

than the central region. The peripheral region would reach Tc first. However, it will 

not become superconducting right away. Otherwise aU the electric current would 

rush to tha t location, because of its zero resistivity; the critical current density 

would be exceeded, and that location becomes normal again. Therefore, it is im

possible to have superconducting zone and normal zone co-existing at any instant 

before recovery (^i < ^ < ^2)- Joule heating sustains throughout the entire conduc

tor during this period even though at some locations temperatures are lower than 

Tc. If the conductor ever resumes superconductivity, the entire superconductor 
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becomes superconducting simultaneously. In comparison, in the process before the 

failure of intrinsic stabiHty, the conductor remains superconducting even though 

at some locations temperatures are higher than T^. The entire superconductor 

becomes normal and starts generating heat simultaneously when stabiHty criterion 

fails. 

As cooHng continues, the temperature of the peripheral region faUs below T^, 

and the region with T < Tc grows with time. Finally, as the region becomes so 

large that the total critical current can accommodate the operating current, the 

entire conductor reverts to superconductivity. This is exactly the same condition 

as defined by Eq. (2.1) for intrinsic stabiHty. Hence, an equation similar to Eq. 

(2.7) can be written for the recovery of superconductivity: 

4>{t2) = l-Jr. (2.18) 

Beyond t2, there is no heat generation within the superconductor, and heat 

diffusion is again described by Eqs. (2.8) through (2.12). 

The behavior of superconductor is also studied by considering the variations 

of cooling heat transfer rate and Joule heating rate with time. The quantity q^ is 

defined as the ratio of heat generation rate to convective cooHng rate. 

qr = qg/qcv, (2.19) 

where 

0, 0 < ( / ) < l - J , : 
q,= { \ - (2.20) 

J^aad, 1 — Jr < ^ < 1. 

9c. = ^ h(Z - To)ds, (2.21) 
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with 5 being one quarter of the circumferential length of the x-y cross-section of 

the superconductor. 

Equation (2.17) was solved using an expHcit finite difference scheme. A grid-

independent solution for a particular case with a^ — 100, for example, was obtained 

by employing 200 x 10 uniform rectangular grids and taking about 30 minutes of 

CPU t ime. 

2.4 Results and Discussion 

The results of the intrinsic stabiHty part of the present analysis were found to 

be in exceUent agreement with aU the data presented by FHk and Tien^ In fact, 

there is no discernible difference when data were compared graphically. However 

it took very short computer time in the present analysis because the temperature 

distribution was solved analytically, while the temperature distribution was solved 

numerically in FHk and Tien's work. 

Computat ion was further conducted to study the characteristics of variation 

of instabiHty parameter with time. In Fig. 2.2. the value of Bi. 0.18. is based 

onh = IxW W / m - - K , d = 2x 10"^ m, k = 0.11 W / m - K for a low-Tc NbTi 

superconductor. Other properties include"* cr = 6 x 10~' l^-m, Jco = 1 x 10^ A/m", 

Tc = 9.6 K, To = 4.2 K, p = 6200 k g / m ^ C = 0.87 J /kg-K. The superconductor is 

intrinsicaUy stable if 0 < Jr < 0.8574. The upper Hmit of Jr is equal to 1 - <f)maT-

and J r ' s within this range satisfy Eq. (2.3). Since Joule heating never takes place 

in this range, the parameter (j) is simply governed by the passive diffusion of heat 

from the initial thermal disturbance, and (f) is independent of Jr. This (j) vs. r 

curve is designated as the curve of intrinsic stabiHty. 

For any Jr exceeding the above range, intrinsic stability fails during the process 

of heat diffusion, and the 4> versus r curve exhibits a slope discontinuity and a 

breakaway from the curve of intrinsic stabiHty. This point of breakaway, indicating 
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failure of intrinsic stabiHty, agree with Eq. (2.7). For example, at Jr = 0.9. intrinsic 

stabiHty fails at ^ = 1 — 0.9 = 0.1. It is clear that intrinsic stabiHty fails within a 

shorter t ime with a larger Jr- It was observed that a drastic change in the (f) versus 

T curve occurs once the stability range is exceeded. In fact, the curve of intrinsic 

StabiHty exhibited in Fig. 2.2 coincides with data up to Jr - 0.8574241232797489. 

As Jr is increased to 0.8574241232797490. the curve shifts to the one marked 

with Jr — 0.8574. All the curves with Jr > 0.8574 exhibit steep slopes, due to 

rapid heating after the failure of intrinsic stabiHty. The value of (j) increases to 1, 

indicating the entire superconductor is above T^. within a short t ime. There is no 

sign of superconductivity recovery after intrinsic stabiHty fails. 

The behavior of the superconductor is also studied by considering the variation 

of qr with t ime. In Fig. 2.3, except for Jr < 0.8574 where ĝ  = 0 aU the time 

due to intrinsic stabiHty, for aU the qr versus r curves of different values of Jr. 

there are step jumps from zero to finite values at the points of stabiHty failure. 

For instance, at Jr = 0.8700, a jump occurs at r = 8.6, which corresponds to the 

same time when Eq. (2.7) is satisfied and intrinsic stabiHty fails (Fig. 2.2). For aU 

the curves, after Joule heating begins, the qr data indicate that the heating rate 

remains to be several times higher than the cooHng rate. The high heating rate 

causes a hike in surface temperature , which in turn increases QCV and making qr 

decrease with time. The qr asymptotically decreases toward 1. indicating that a 

s teady-state equiUbrium would be reached between convective cooHng and Joule 

heating, and superconductivity can never be recovered. 

In order to study self-recovery of superconductivity, a superconductor of a 

smaller aspect ratio was considered. The data exhibited in Figs. 2.4 and 2.5 are 

based on the same conditions as Figs. 2.2 and 2.3, except that a smaUer value of 

10 is used for ar. With a smaUer ar, the stabiHty range of Jr is smaller (0 < Jr < 

0.1039, compared with 0 < Jr < 0.8574 in Fig. 2.2). The smaUer stabiHty range is 
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because normal zone can fiU up a larger portion of a superconductor with a smaUer 

ttr. The curve of intrinsic stabiHty in fact covers Jr up to 0.1038579667742501. 

When Jr is increased to 0.1038579667742502 the data shift to the curve marked 

with Jr = 0.1039, a phenomenon similar to that observed at the critical Jr in Fig. 

2.2, except tha t the range of the shift is smaller. 

After intrinsic stabiHty fails, there is a chance that the superconductor reverts 

to its original operation state if Jr is small. This phenomenon is only observed 

with a smaU ar. A typical recovery process of a superconductor is iUustrated by 

the da ta of Jr = 0.15 in Fig. 2.4. This relatively low current density ratio was 

selected in order to bet ter show the characteristics of superconductivity recovery. 

After the thermal energy release at point A, normal zone grows as the result of 

heat diffusion, leading to the failure of intrinsic stabiHty at point B. as predicted by 

Eq. (2.8). Right after stabiHty fails, heat starts to generate all over the conductor, 

which causes a discontinuity of slope at point B (Fig. 2.4), and a step jump in qr 

at the same time in Fig. 2.5. After heat generation begins, the convective heat 

transfer rate remains to be several times greater than the heat generation rate 

(Fig. 2,5), which eventuaUy lowers the temperature as weU as the parameter (p. 

Superconducting state is restored when intrinsic stabiHty criterion (Eq. (2.18)) is 

again satisfied. This s tate is indicated by point C in Fig. 2.4, which has the same </> 

value based on different temperature profiles at these two points, one being a profile 

during heat propagation, the other being a proflle during cooHng after a period of 

volumetric heating. Point C marks a slope discontinuity in the 0 versus r curve 

(Fig. 2.4), due to the abrupt cease of heat generation when superconductivity is 

resumed, as shown by the step drop of qr to zero at the same time in Fig. 2.5. 

Beyond point C. ^ gradually decreases to zero, and superconductor fuUy recovers 

from quenching. 
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It is noted that the t ime span between the faUure of stabiHty (point B) and 

recovery of superconductivity (point C) increases with Jr (Fig. 2.4). meaning that 

at a smaUer current density, superconductivity is recovered within a shorter time 

after stabiHty faUs. The t ime span decreases to a minimum for Jr = 0.1039 which 

corresponds to the maximum value of (f), 0.8961 according to Eq. (2.7). It is noted 

tha t the point of stabiHty faUure (point B) moves toward the apex of the intrinsic 

stabiHty curve as Jr decreases. The point never exceeds the apex, because no 

instability wiU occur if the superconductor survives the maximum </> (Eq. (2.3)). 

Recovery of superconductivity can occur only if the current density ratio Jr 

is smaU. In Fig. 2.5, it is demonstrated that if Jr is higher than a certain value 

(approximately 0.195 in the present case), an equiUbrium wiU be reached between 

the convective cooHng rate and the Joule heating rate, as the qr data asymptotically 

approaches unity, and superconductivity will never be recovered. The q, value 

generally increases with Jr for a particular instant of t ime. At high Jr levels 

(Jr = 0.7,0.9), the heating rate is always higher than cooling rate after stabiHty 

fails. The cooHng rate then increases as a result of surface temperature hike until a 

steady s tate equilibrium is reached, and superconductivity is never resumed. The 

(j) da ta at high J r ' s also demonstrate trends never reaching zero in Fig. 2.4. 

The condition of superconductivity recovery was studied by comparing the 

present da ta with tha t of conventional cryogenic stabiHty. Stekly and Zar" con

sidered tha t , if Joule heating rate is smaUer than convective cooHng rate, the su

perconductor should continuously cool down until stability resumes. The recovery 

condition can thus be writ ten as 

qr < 1. (2.22) 
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The data in Fig. 2.5 show tha t the above condition is satisfied for J , < 0.5. at 

least. However, the da ta also show that superconductivity can not be recovered 

for Jr > 0.1850, which is confirmed by the fact tha t , for very large r"s beyond the 

range covered by the figures, <j) data either stays at 1 or asymptoticaUy reaches 

toward a value higher than 1 - J r . Apparently, the concept of cryogenic stabiHty 

leads to a criterion too liberal for the recovery of superconductivity for the present 

case. 

Analysis was also conducted for a high-Tc YBa2Cu307 superconductor of the 

same dimensions as the previous low-Tc superconductor, with^-^ k = 0.5 W / m -

K, a = 1 X 10--* Q-m, h = 5 x W W/m^-K, Jco = 1 x 10^ A / m - . Tc = 95 K. 

To = 77 K, p = 2720 k g / m ^ C = 180.2 J /kg-K. It was found that at ar = 100. 

the YBCO superconductor generally demonstrates similar trend but sHghtly lower 

values of (j) compared with Fig. 2.2, due to the slightly higher Bi. The qr data also 

display similar t rend as that of low-Tc superconductor (Fig. 2.3). except that the 

values are higher due to a high normal-state resistivity. This high normal state 

resistivity inhibits recovery of superconductivity after failure of intrinsic stabiHty 

even at smaU aspect ratio. Both (j) data in Fig. 2.6 and qr data in Fig. 2.7 indicate 

that the superconductor is either intrinsically stable (at low Jr ' s ) or irrecoverably 

unstable (at high J r ' s ) . However, recovery was observed in cases involving very 

smaU aspect ratio and current density (e.g., at ar = 5 and Jr < 0.1). 

2.5 Conclusion 

Thermal stabiHty of tape/film superconductors is studied by considering the 

influence of the thermal disturbance from a centraUy located Hne heat source. A 

model was developed, which includes an analytical solution for the tempera ture 

distribution before failure of intrinsic stabiHty, and a numerical solution thereafter. 

It is found tha t for a typical low-Tc NbTi superconductor with a large aspect ratio 
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(thin and wide), two regions in terms of operational stabiHty can be identified. In 

the low current current density region, the operation is always stable despite the 

thermal energy release. In the high current density region, intrinsic stabiHty fails 

and superconductivity can never be recovered. 

For a NbTi superconductor with a smaU aspect ratio (thick and narrow), three 

regions were identified. In the first region corresponding to low current density, the 

operation is always stable. In the second region featuring medium current density, 

the superconductor experiences a failure of intrinsic stabiHty first: then recovers 

as the result of cryogenic cooling. In the third region with high current density, 

intrinsic stabiHty fails and superconductivity is never recovered. 

For a high-Tc YBCO superconductor with either large or smaU aspect ratio, only 

two regions in terms of operational stabiHty can be identified. Intrinsic stabiHty 

can be maintained in the lower current density range. Beyond this range, intrinsic 

stabiHty fails and superconductivity can never be recovered. However, recovery of 

superconductivity after failure of intrinsic stabiHty can be observed at a very small 

aspect ratio and a very low current density. 
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Fig. 2.1. Definition of geometry of a tape/film superconductor 
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C H A P T E R III 

QUENCHING RECOVERY OF T A P E / F I L M - T Y P E 

SUPERCONDUCTORS 

3.1 Abstract 

The quenching and recovery behavior of a tape/film type superconductor sub

jected to an instantaneous thermal disturbance is investigated. A criterion is de

veloped regarding the possibiHty of superconductivity recovery after quenching. 

The criterion involves comparison of two critical current density ratios determined 

by a two-dimensional heat diffusion analysis: one concerning intrinsic stabiHty. the 

other concerning recovery. The results agree with previous stabiHty numerical data 

of low-Tc NbTi and high-Tc YBa2Cu307 superconductors. 

3.2 Introduction 

A superconductor in operation is subject to thermal disturbances due to various 

mechanisms^"'^. Such disturbances could raise the temperature of the supercon

ductor to the level that a transition from the superconducting state to the normal 

resistive state occurs, a phenomenon known as quenching. Studies have been con

ducted for the operational stability of superconductors in terms of normal zone 

behavior in the transverse direction, or the direction perpendicular to the electric 

current, under such disturbances. FHk and Tien^ investigated failure of stabilitv 

for a two-dimensional thin-film superconductor subjected to an infinite Hnear heat 

release. Chen and Chu^ considered the same type of superconductor with a finite 

Hne heat release. Based on FHk and Tien's work^, L'nal et al.^ further investigated 

recovery of superconductivity after failure of stabiHty. Their results showed tha t , 

for a tape/fi lm tj'pe NbTi superconductor with a smaU aspect ratio (thick and 
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narrow), three regions in terms of operational stabiHty can be identified: In the 

low current density region, operation is always stable despite the thermal distur

bance. In the medium current density region, the superconductor first experiences 

a failure of superconductivity after thermal disturbance, then recovers by itself. 

In the high current density region, superconductivity fails and is never restored. 

On the other hand, for a NbTi superconductor with a large aspect ratio (thin and 

wide) and a YBa2Cu307 superconductor, only two regions can be identified: The 

operation is always stable in the low current density region, and irrecoverably un

stable in the high current density region. In the present study, the phenomenon of 

superconductivity recovery is investigated in order to define the recovery criterion 

and to provide an explanation to the two distinct types of behavior in terms of 

recoverabiHty of superconductivity after quenching. 

3.3 Analysis 

In the Hght of the previous results^, two critical current density ratios appear 

to be important : one is the current density ratio beyond which stabiHty faUs 

and Ohmic heating occurs; the other is the one below which superconductivity is 

recoverable after failure of stabiHty. The first critical current density, (Jr)^- ^an 

be determined based on the existing intrinsic stability theory. The second critical 

current density, (Jr),25 "^i^ ^^ determined in the present analysis based on the 

recovery criterion and a steady-state temperature solution under Ohmic heating. 

3.3.1 Critical Current Density Ratio for Intrinsic StabiHty 

Two-dimensional intrinsic stabiHty analysis for a tape/film type superconductor 

subjected to an instantaneous Hnear thermal disturbance, as depicted in Fig. 3.1. 

has been previously conducted^. The stabiHty criterion features that superconduc

tivity is maintained and quenching does not occur despite the thermal disturbance 
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if the foUowing condition regarding the operating current density ratio is satisfied 

at aU times during heat diffusion: 

Jr<l-(l)(t). (3.1) 

The above equation denotes that during the process of heat diffusion and the 

consequent reduction in current carrying capability, stability of the superconductor 

can be maintained as long as the superconducting region can accommodate the 

operating current. The reduction in current carrying capabiHty is directly related 

to the instability parameter 4> defined as: 

m = -j' r gWxdy, (3.2) 
aa Ju Jo 

where 

. 0, o<e<1 ^^ ,̂ 
^ ( ^ ) = < | " " (3-3) 

1, ^ > 1 , 

an( 

T(x,y,t)-To , . 
0{x,y,t)= T -T ' ^ ^ 

J-c J-o 

The dimensionless tempera ture function e(x,y,t) is obtained by solving the 

foUowing heat conduction problem for the superconductor: 

dH_ &^^de ^(^ ) 0 < e < r , 0 < T / < 1 . r > 0 , (3.5) 

with the boundary conditions 

1^ = 0, at i = 0, (3.6) 
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de 
— - f Bi^ = 0, at i = r. (3.7) 

— = 0, at 7} = 0, (3.8) 
UT} 

de 
— + kl'^B\e = 0. at T} = 1. (3.9) 
or] 

The initial condition is based on the assumption that energy is initiaUy de

posited in an area of 4Ace x Ay, of which the normaUzed form is 

ed, ^ <i< Ai, 0 < T/ < AT/ 

^(^,^,0) = { - C _ C, _ ^ _ / ^3^Qj 
0, Ai <i <r. AT/ < T/ < 1. 

The nondimensional parameters involved are defined as 

d\/%^ "^ k' d^ d-pC 

r = 
""r -o: _hd 7 _ / , . x l /2 

kr k 
£>1 — —- , k — \rSj-kyj , 

The solution of the above problem through separation of variables is^ 

.(.,...='. ti i!l̂ =SilT-'̂ -̂«-""*-'"""- '"̂ ' 
m: 

where 

1 2(/3^ + Bi^) 
^„, tan(/3„T-) = Bi, JV(/3„) r(3i-Bv)-Bi 

file:///rSj-kyj
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7 n t a n 7 . = fcr^/^'Bi, ^ = J l ^ ^ M i ^ . (3.13) 
N(ln) (7,^ ^ fcrBi-) - A;/ -Bi 

Based on the above solution, the instabiHty parameter can be conveniently 

calculated by the foUowing alternative form of Eq. (3.2): 

cl>{r) = - [' r g(e)d(dr). (3.14) 
r Jo Jo 

The critical current density ratio for intrinsic stabiHty (Jr)ci of interest is the 

largest Jr which does not cause quenching, and is thus the current density ratio 

corresponding to the maximum value of ^ during the heat diffusion process without 

failure of stability: 

{Jr)cl = 1 - </'max- ( 3 . 1 5 ) 

3.3.2 Critical Current Density Ratio for Recovery 

The critical current density ratio for recovery of superconductivity, (Jr), ,, is to 

be determined by considering the superconductor's temperature distribution after 

the failure of intrinsic stability. The entire superconductor starts generating heat 

as the result of Ohmic heating, and the heat conduction equation is 

where TI corresponds to the time ti when superconductivity fails, and r_, corre

sponds to the t ime 2̂ when superconductivity is recovered. Superconductivity 

recovers when the intrinsic stabiHty criterion 

(f)=l-Jr (3.17) 
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is again satisfied. Therefore, given an operating current density ratio Jr . r. can 

be determined by calculating the instabiHty parameter © using Eq. (3.14) with 

e solved from Eq. (3.16), and the stabiHty criterion, Eq. (3.17). On the other 

hand, given a particular T2, the same set of equations can provide the Jr at which 

superconductivity wiU recover at To. It can be shown that the larger the TO. the 

larger the Jr. if recovery occurs at aU. In order to determine (Jr), >• the Hmiting 

case of r2 being infinite (T2 -^ CXD) is considered. The Jr obtained under such 

condition bears the significance that for any Jr larger than that value, recovery 

never occurs. For r2 —» 00, the steady state temperature distribution is reached, 

which can be determined by solving Eq. (3.16) without the transient term: 

d^e d-e (JrJcofcrd'' 

The above equation along with the boundary condition (Eqs. (3.6) through 

(3.9)) is solved through separation of variables after a transformation to make the 

equation homogeneous: 

9(i,r,) = G 

where 

r^ - P r 
(3.19) 

•^ - £ f S ' '""> 
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m ti [/3r„sinh(/?^) + A;r^^Bicosh(J,„) 

.. cos(/3^0cosh(/9mT/) 

Ajv(^;o ' ^ ^ 

/3mtan(/5.T )̂ = Bi, ^(/^^) = '̂ ^,7^t f^J,^^- (3-22) 

The maximum current density allowing recovery, (Jr)c25 is the one which sat

isfies the (f) versus Jr relationship given by Eqs. (3.14), (3.19), and the intrinsic 

stabiHty criterion, Eq. (3.17). 

As illustrated by the numerical cases in RESULTS AND DISCUSSION, values 

of (Jr)c2 smaller than ( J r )d are possible. For a superconductor operating at a 

current density Jr > (J r )d? intrinsic stability wiU fail foUowing the thermal dis

turbance. After the failure of stability, there is no chance of recovery because the 

critical current density for recovery (Jr)c2 ^̂  already exceeded. Therefore, only 

two characteristic regions in terms of Jr can be identified: intrinsic stability and 

irrecoverable instability, as indicated in the following stabiHty criterion. 

3.3.3 Stability Behavior Criterion 

Based on the definition of (Jr)ci and (Jr)c25 a criterion for the stabiHty behavior 

of superconductor can be developed. Depending upon the dimensions, properties, 

and operational condition of the superconductor and the intensity of thermal dis

turbance, the following cases are possible: 

(1) If ( J r ) d < {Jr),yi thrcc characteristic regions in terms of superconductor 

stabiHty and recovery can be identified: 
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(a) if 0 < Jr < (Jr)ci5 the operation of superconductor is always stable in 

spite of the thermal disturbance; 

(b) if (Jr)ci < Jr ^ {'^r),2-> ^hc supcrcouductor first loses its superconduc

tivity after the thermal disturbance occurs, and later recovers by itself; 

(c) if Jr > (Jr)c2r supcrconductivity faUs and can never be restored. 

(2) If ( J r )d ^ {Jr)c2-> two characteristic regions can be identified: 

(a) if 0 < Jr < (Jr)d5 the superconductivity is maintained in spite of the 

thermal disturbance; 

(b) if Jr > (Jr)ci? superconductivity fails and can never be restored. 

3.4 Results and Discussion 

The da ta of ( J r )d based on Eq. (3.15) for an isotropic (kr = 1) superconductor 

with an aspect ratio ar = 10 are presented in Fig. 3.2. Data for an aspect ratio 

ttr = 100 are exhibited in Fig. 3.3. These results are applicable to superconductors 

of any material . It is clear that (Jr)ci increases with Bi, indicating a higher current 

density possible without causing instability if Bi is larger. 

Figure 3.4 exhibits the (j) vs. Jr data based on Eqs. (3.14) and (3.19), d = 2 /xm, 

ar = 10, kr = 1, and the following properties for NbTi superconductor cooled with 

liquid heHum": k = 0.11 W / m - K , a = 6x 10" ' Q-m, Jco = 1 x 10^ A/m^, Tc = 9.6 

K, and To = 4.2 K. For a particular Bi, the maximum current density allowing 

recovery, (Jr)c2 5 is that at the intersection with the Hne (f) = 1 - Jr, the stabiHty 

criterion given by Eq. (3.17). For the same superconductor with a larger aspect 

ratio ar = 100, the da ta of (Jr)^2 ^^^ shown in Fig. 3.5. Figure 3.6 exhibits the 

(Jr)^., da ta for a high-Tc YBa2Cu307 superconductor cooled with Hquid nitrogen. 

with^'« d = 2p,m,ar = 10, kr = l,k = 0.5 W / m - K , a = Ix K)-' Q-m. Jco = 1 > 10^ 

A / m " , Tc = 95 K, To = 77 K. 
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The vaHdity of the present stabiHty behavior criterion is tested by the stabiHty 

behavior da ta reported by Unal et al.. (1991), obtained by numericaUy solving Eq. 

(3.16), as exhibited in Figs. 3.7-3.12. The data in Figs. 3.7, 3.8 and Figs. 3.9, 3.10 

are based on the same condition as that of Figs. 3.4 and 3.5, respectively, in addi

tion to the following data: h = IxW W / m - - K , p = 6200 k g / m ^ C = 0.87 J /kg-K. 

In Fig. 3.7, it is shown tha t intrinsic stabiHty maintained for Jr up to 0.1039. In 

fact, the curve of intrinsic stability covers up to Jr = 0.1038579667742501. When 

Jr is increased to 0.1038579667742502, the data shift to the curve marked with 

Jr = 0.1039. Therefore, the critical current density ratio for intrinsic stabiHty 

(Jr)d is 0.1039. This agrees with the data for Bi = 0.18 and £d = 10 in Fig. 3.2 

based on the present analysis. 

For a larger Jr, such as Jr = 0.15, Fig. 3.7 shows that as a result of the 

instantaneous thermal disturbance at point A, stabiHty fails at point B where the 

(/} value is so large that the criterion given by Eq. (3.1) faUs. Ohmic heating begins 

at this point, shown by a step increase of qr in Fig. 3.8, until temperature is reduced 

due to convective cooHng and Eq. (3.1) is again satisfied at point C. There is no 

more Ohmic heating (qr = 0) after superconductivity resumes, and the o value 

gradually decreases toward zero beyond point C (Fig. 3.7). The data in Figs. 3.7. 

and 3.8 show tha t the above process of superconductivity recovery occurs for Jr 

up to 0.1950, approximately. For an even higher Jr, an equiUbrium is eventually 

reached between Ohmic heating and convective cooling, and superconductivity 

never recovers. This is demonstrated by the qr data asymptoticaUy approaching 

unity in Fig. 3.8 and (j) da ta approaching constant values in Fig. 3.7. Both Figs. 

3.7 and 3.8 show that the maximum current density ratio for recovery. (Jr)^,- is 

between 0.1850 and 0.1950. This agrees with the results of the present analysis 

exhibited in Fig. 3.4 where the (Jr)c2 determined by the intersection of the (f) vs. 

Jr curve for Bi = 0.18 and (f) = 1 — Jr is 0.1922. For the superconductor considered 
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in this case, (Jr)ci < {Jr),2- According to the present analysis, three regions in 

terms of stability and recovery behavior can be identified: stabiHty for low Jr"s, 

recoverable instabiHty for medium J r ' s . and irrecoverable instabiHty for high J r ' s . 

which agree with the results of Figs. 3.7 and 3.8. 

For the same superconductor with a larger aspect ratio, ar — 100. Figs. 3.9 

and 3.10 show tha t stabiHty is maintained for 0 < Jr < 0.8574. indicating (JT)C\ — 

0.8574, which agrees with the result in Fig. 3.3 for Zd — 10 and Bi = 0.18. The 

(Jr\o determined from Fig. 3.5 is 0.1863, a value smaller than (Jr^d- ^^^^^ such 

a condition, according to the present analysis, recovery is impossible once intrinsic 

stabiHty fails, and there are only two regions in terms of stabiHty and recovery 

behavior: stabiHty for low J r ' s , and irrecoverable instabiHty for high J r ' s . This 

behavior is iUustrated by the da ta in Fig. 3.9 which show that for Jr > {Jr)d • after 

intrinsic stabiHty fails, (/) increases rapidly to unity, its maximum possible value, 

and stays at unity thereafter. The data in Fig. 3.10 also demonstrate that after 

stabiHty fails, qr decreases toward unity where an equiUbrium is reached between 

Ohmic heating and convective cooHng, and superconductivity is never recovered. 

The result of the present analysis is also verified by the data of a high-Tc 

YBa2Cu307 superconductor with d = 2 /im, ar = 10. K = 1, h = b x 10"' W/m- -K . 

p = 2720 k g / m ^ C = 180.2 J /kg-K. The data in Figs. 3.11 and 3.12 demonstrate 

tha t the operation is stable for 0 < Jr < 0.1289, which agrees with the result from 

Fig. 3.2 for Bi = 0.20, (Jr)ci = 0.1289. The (Jr),2 for such YBCO superconductor 

determined from Fig. 3.6 with Bi = 0.20 is 0.0653, a value smaUer than (Jr)ci-

Figures 3.11 and 3.12 demonstrate tha t the operation of such superconductor is 

either intrinsically stable or irrecoverably unstable, a result in agreement with the 

present analysis. 

To predict the stabiHty and recovery behavior of a superconductor, a plot in

cluding both (Jr)^i and (Jr)^2 ^^ta , such as Fig. 3.13, is helpful. It is shown in Fig. 



46 

3.13 tha t for NbTi superconductor with ar = 10 and e^ = 10. (Jr)^^ > (Jr)^-. for Bi 

> 0.32. and (Jr)ci < («'̂ r)c2 for Bi < 0.32. According to the present analysis, three 

characteristic regions with regard to stabiHty and recoverabiHty can be identified 

for Bi < 0.32, and only two characteristic regions can be identified for Bi > 0.32. 

Such result agrees with Figs. 3.7 and 3.8 where Bi = 0.18 and three characteristic 

regions are identified. For YBCO with the same ar and e^. (Jr)^^ > (Jr)^.> for Bi 

> 0.14, and (Jr)d < {Jr)c2 for Bi < 0.14. Three characteristic regions thus can be 

identified for Bi < 0.14, and only two regions can be identified for Bi > 0.14. Such 

result agrees with Figs. 3.11 and 3.12 where Bi = 0.20 and only two characteristic 

regions are identified. It is noticed that with a larger Bi, stabiHty can be sustained 

at a higher operating Jr. However, once stabiHty fails, there is less chance to re

cover. Comparison between the (Jr)c2 ^a ta of two materials reveals that (Jr)^., of 

YBCO is significantly lower than that of NbTi, indicating recovery less Hkely for 

the former. With a larger ar, the result in Fig. 3.14 shows that (Jr)d î  larger than 

(Jr)^2 throughout the range of Bi of interest for both NbTi and YBCO, implying 

under no circumstances recovery is possible after the failure of superconductivity, 

a result in agreement with Figs. 3.9 and 3.10. The (Jr)ci increases with ar since 

heat dissipation is more effective with a thin and narrow geometry and stabiHty is 

sustained at a higher Jr-

3.5 Conclusion 

The stabiHty and recovery behavior of a tape/film type superconductor can 

be predicted by considering two critical current density ratios: one for intrinsic 

stabiHty, (Jr )d5 and the other for recovery of superconductivity. (Jr),2- The for

mer is determined based on the existing intrinsic stabiHty theory: the latter is 

determined by considering a steady-state solution for a quenched superconductor. 

If (Jr)d ^ (•̂ '•)c2? three characteristic regions can be identified: intrinsic stabiHty 



for the low current density region, recoverable instabiHty for the medium current 

density region, and irrecoverable instabiHty for the high current density region. If 

(Jr)d ^ {Jr)c2-) only two characteristic regions can be identified: intrinsic stabiHty 

for the low current density region, and irrecoverable instabiHty for the high current 

density region. 
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In 

Fig. 3.1. A tape/film superconductor 
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CHAPTER IV 

QUENCHING RECOVERY BEHAMOR OF TAPE/FILM-TYPE 

NbaSn SUPERCONDUCTORS UNDER INSTANTANEOUS 

THERMAL DISTURBANCES 

4.1 Abstract 

The quenching and recovery behavior of tape/film type Nb3Sn superconduc

tors under instantaneous Hnear thermal disturbances is analyzed by solving a two-

dimensional transient heat diffusion equation. The physical phenomenon is studied 

by calculating the characteristic instability parameter. Joule heating rate, and con

vective cooling rate. A quenching-recovery criterion is developed, which involves 

a critical current density ratio for intrinsic stabiHty and a critical current density 

ratio for recovery. The effects of disturbance energy level and aspect ratio on these 

critical current density ratios are investigated. The results are compared to the 

quenching-recovery behavior of NbTi superconductors. 

4.2 Introduction 

Due to NbsSn's brittleness and the consequent difficulty of forming into multi-

filamentary composites, the tape/film geometry has been considered appropriate. 

Operational stability of tape/film type superconductors has been studied by FHk 

and T ien \ and Chen and Chu^ by investigating the intrinsic stabiHty behavior of 

bare YBCO superconductors under thermal disturbances. Unal et al.^ and Unal 

and Chyu^ studied quenching and recovery behavior of both NbTi and YBCO 

tape/film type superconductors. For Nb3Sn superconductors, studies have been 

conducted on composite tapes^"^" and multifilamentary composites^^"^^. KeiHn et 

al.^^ reported on the workabiUty of superconducting magnets made of multifilamen-
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tary NbsSn wires without stabiHzing matrix. In the present study, the phenomena 

of quenching and recovery of tape/film type Nb3Sn superconductors under ther

mal disturbances is investigated. A stabiHty criterion involving two critical current 

density ratios for quenching and recovery, respectively, is developed. 

4.3 Analysis 

In the present analysis, a rectangular conductor subjected to convection at two 

adjacent surfaces and insulation at the other two surfaces is considered. Such basic 

geometry can be considered as one quarter of a long rectangular superconductor 

with convection at all surfaces, simulating a bare tape superconductor submerged 

in cryogen, as depicted in Fig. 4.1. This basic geometry can be also considered as 

one half of a long rectangular superconductor with convection at three surfaces and 

insulation at the other surface, simulating a tape or film superconductor deposited 

on an insulating substrate and submerged in cryogen. The temperature distribu

tion within the superconductor geometry of interest, subjected to an instantaneous 

linear thermal disturbance, is obtained by solving the foUowing two-dimensional 

transient heat conduction equation assuming constant properties: 

^ + ^ + GoS/(r ) = ^ , e{U,T), 0 < ^ < r . 0 < , ; < 1 . r > 0. (4.1) 

with the boundary conditions 

de 
- = 0, at i = 0, (4.2) 

de 
— + Bi^ = 0, at i = r, (4.3) 

d9 
— = 0, at 71 = 0, (4.4) 
or] 
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de 
— ^B\e = 0. at 7} = 1. (4.5) 
07] 

and the initial condition 

. . , . . , Od, 0<i<6i, 0 < T/ < 5T/ 
^(^,^,0) = ^ (4.6) 

0, Si < i < r. 8T] < 7j < 1. 

The above initial condition is based on the assumption that the disturbance energy 

is initially deposited in an area of ASx x 6y at the center of the superconductor in 

Fig. 4.1. The nondimensional parameters involved are defined as 

e(f n r)- T('=^y'^)-To . _ £ „-y , _ ^ 

hd _ d ail . i 
Bi = —, Go = o 'O 

fc' k(Tc-'Toy 

'~ SiST,' ''~d' ^' pC(Tc-To)iad' ^''^ 

The heat generation switching function, ^ / ( r ) in Eq. (4.1). is defined as 

, 0, for (/)(r) < 1- j , , 

1, for (I)(T)>1-J 

By assuming a Hnear relationship between local temperature and critical cur

rent density, the instabiHty parameter adopted in previous analyses^"•* is calculated 

by the foUowing equation: 

^ ( r ) = - / • ' / ' 9{0)did7,, (4.9) 

where 



66 

9(0) = < (4.10) 
' ^, 0 < ^ < 1. 

4.3.1 Critical Current Density Ratio For Intrinsic StabiHty 

The condition of intrinsic stabiHty of a superconductor is that the total electric 

current can be accommodated by the remaining superconducting region in the 

cross section at aU times during the heat diffusion process. Such condition can be 

shown as the foUowing criterion^: 

i < l - ^ ( r ) . (4.11) 

To determine <?!>(r), the temperature function is obtained by solving Eq. (4.1) 

without the heat generation term. By assuming constant Bi, the solution of the 

problem through separation of variables is: 

pfc ^ n Y^ V- sin(/3m<^Osin(7r,<^7/) .^ .. . x _fj-',.--'^_ ,,,^. 
^ ^ ^ ' " ' " ^ ^ ' ' E E P^N(M 7 . ^ ( 7 „ ) - - ( / ^ - O c o s ( , „ . ) e ' - - " ) . (4.12) 

wh ere 

7 „ t a n , „ = Bi, ^ = ^ ^ ^ ^ - (4-14) 

(j) is then calculated through numerical integration for different instants of t ime. 

The maximum value of <^(T) during the heat diffusion process determines the crit

ical current density ratio for intrinsic stabiHty, jd, which is the maximum current 

density ratio tha t does not cause quenching: 
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jd = 1 - <^max- (^-l^) 

4.3.2 Critical Current Density Ratio For Recovery 

If the intrinsic stabiHty criterion is not satisfied at any time during heat diffu

sion, quenching occurs and the entire cross-section starts generating heat. Equa

tion 1 with the heat generation term governs the transient heat transfer process, 

and is solved numericaUy. For the superconductivity to be restored after quenching, 

in addition to the intrinsic stability condition (Eq. (4.11)), the foUowing cryogenic 

stability condition needs to be satisfied: 

qr{r) < 1, (4.16) 

where qr(T) = qg(T)/qcv(r), with ^^(r) and qcvi^) being Joule heat generation rate 

and cooHng heat transfer rate , respectively: 

qg(T) = Aadail, (4.17) 

q,,.(T) = jh(T.-To)ds. (4.18) 

The critical current density ratio for recovery, j . o , corresponds to the critical 

condition tha t qr = 1- Under such condition, an equiUbrium is reached between the 

Joule heat generation and the convective cooHng, and the temperature distribution 

is at a steady state. Such steady-state temperature distribution is obtained by 

solving Eq. (4.1) without the transient term by separation of variables: 

e(i.ri) = Go['^{i.r])^\(r'-e)^^l (4-19) 

w here 



6>^ 

•yL ^•(Smr) 

m,v) = rBiJ^ -i7k-m)^i^(3nT) 

m t,f3mN(l3rr,) [0^ s i u h ((3^ ) - B i COsh (/?,„)] 

X C O s ( / 5 m O c O s h ( / ? ^ T / ) , (4.20) 

with /9r„ and N(/3m) given by Eq. (4.13). Based on the above temperature solu

tion, a steady-state instabiHty parameter 0^^ is calculated using Eq. (4.9) through 

numerical integration.The critical current density ratio for recovery, jco, is then-

calculated as 

jc2 = 1 - (f>si (4.21) 

4.3.3 Quenching Recovery Behavior Criterion 

Based on the definition of the critical current density ratios for stability and re

covery, the criterion exhibited in Table 4.1 is developed regarding the performance 

of the superconductor under a thermal disturbance. 

Table 4.1. Quenching-recovery criterion 

Condition 

jcl < jc2 

jcl > jc2 

J-,3cliJc2 

0<j< jd 

jcl < j < jc2 

j > Jc2 

0<j< jcl 

j > jcl 

Performance 

always stable 
i 
j 

quenching followed by recovery 
1 

irrecoverable quenching 

always stable 

irrecoverable quenching 
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4.4 Results and Discussion 

The jd and jc2 da ta presented in Fig. 4.2 using Eqs. (4.15) and (4.21). respec

tively, are based on the foUowing physical properties and operating parameters'* ^'"^ 

for an NbsSn film superconductor with a half thickness of d = 2 p,m: k = 0.04 

W / m - K , C = 0.21 J /kg-K, <7 = 2.6 x lO"' Q-m. p = 5.4 . lO"* k g / m ^ To = 4.2 K. 

Tc = 18.2 K; i,o = 1.29 > 10^" A/m^, and /i = 5 x lO"" W/m"-K. The data in Fig. 

4.2 demonstrate that for a given disturbance energy e^, jd increases with the as

pect ratio ar, indicating that a larger operating current density is aUowed without 

quenching for a thinner and wider film superconductor. TheoreticaUy, quenching 

would never occur to an infinitely thin and wide superconductor, as shown by the 

jd da ta asymptoticaUy approaching unity as ar approaches infinity, jd is shown to 

decrease with £d, indicating an obvious fact that quenching is more Hkely to occur 

with a greater thermal disturbance, jr.o is independent of thermal disturbance, 

because recovery occurs after the entire cross section precipitates into quenching, 

irrespective of the thermal disturbance energy that caused the quenching. 

For a small disturbance, such as ê / = 1, the data in Fig. 4.2 demonstrate 

that jd > jc2 for aU arS. According to the present quenching-recovery criterion, 

the superconductor would either remain stable or precipitate into quenching with

out recovery. The same behavior is expected with a large disturbance, such as 

Sd = 10,100, and large OrS, where jd > jc2- For smaU arS, jd < jc2' and three 

possibilities are expected: no quenching for 0 < j < jd- recoverable quenching for 

jcl < j ^ ic2 5 and irrecoverable quenching for j > jc2-

The present quenching-recovery criterion is vaUdated with the instabiHty be

havior da ta of a 4-/.im-thick Nb3Sn superconductor with an aspect ratio of 5 and 

£d = 100, presented in Figs. 4.3 and 4.4. Both <^(r) and qr(r) data are based on 

an expHcit finite difference solution of Eq. (4.1) for the temperature distribution. 

The da ta of instabiHty parameter in Fig. 4.3 demonstrate that for 0 < j < 0.0172, 
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(t)(r) curves for different j's are identical, and (f) eventuaUy reverts to zero, indi

cating tha t the operation of superconductor is always stable irrespective of the 

thermal disturbance. Since Joule heating never occurs, j does not appear in the 

heat conduction equation (Eq. (4.1)), and the data are independent of j . The 

j - independent (^(r) curve is termed the curve of intrinsic stabiHty. The current 

density ratio for intrinsic stabiHty jd for the present 4 pm NbaSn superconductor 

is therefore 0.0172. The qr data in Fig. 4.4 also demonstrate the constant value 

zero for 0 < j < 0.0172. Such jd value agrees with the resuU of Fig. 4.2 for ar = 5 

and £d = 100. 

For j > 0.0172, intrinsic stabiHty fails and Joule heating takes place during 

the heat diffusion process. At j = 0.07, for example, after the thermal energy 

release at point A (Figs. 4.3 and 4.4), normal zone grows as the result of heat 

diffusion. Intrinsic stabiHty as stipulated by Eq, (4.11) fails at point B (Fig. 4.3) 

where (f) = 0.93. Joule heating takes place at the same time, indicated by the 

step increase of qr (Fig. 4.4). After reaching a peak, the conductor temperature 

as weU as 0 decreases as the result of convective cooling, leading to the recovery 

of intrinsic stability at point C (Fig. 4.3) where Eq. (4.11) is again satisfied, qr 

in Fig. 4.4 drops to zero at the same time, indicating the end of Joule heating. 

The superconductor eventuaUy recovers from quenching as (j) decreases toward zero 

beyond point C. 

For j larger than 0.0755, <;zi>(r) data in Fig. 4.3 does not revert to zero, indicat

ing tha t recovery never occurs after quenching, qri''') curves also demonstrate a 

t rend converging to a steady-state value of ^r = 1 where an equilibrium is reached 

between the Joule heating and convective cooHng, and superconductivity is never 

restored. The current density ratio of 0.0755 is therefore the critical current density 

ratio for recovery. This value agrees with the jc2 result in Fig. 4.2. 



A comparison can be made between the performances of Nb^Sn and NbTi 

superconductors of the same aspect ratio and nondimensional thermal disturbance, 

using the results for two materials of the present analysis. The jd and jc2 data 

for NbTi exhibited in Fig. 5 are based on the physical properties and operating 

parameters^ '! ' of k = 0.11 W / m - K , a = Q x 10"" Q-m, i,o = 1 x lO'̂  A/m", 

To = 4.2 K, Tc = 9.6 K, p = 6200 k g / m ^ C = 0.87 J /kg-K, h = 5 x 10' W/m"-

K. Comparison between Figs. 4.2 and 4,5 reveals that jd of Nb3Sn is generaUy 

higher than NbTi. Since the critical current density ico of Nb3Sn is approximately 

12.9 times as large as NbTi, the values of the critical operating current density for 

intrinsic stabiHty, (io)d, for Nb3Sn are even higher than NbTi. It is thus concluded 

that for superconductors of the same geometry, subjected to the same thermal 

disturbance energy £d, Nb3Sn can afford a much higher operating current density 

io than NbTi without quenching. On the other hand, for the same operating 

current density, NbsSn can withstand a larger thermal disturbance than NbTi 

without quenching. 

Comparison between Figs. 4.2 and 4,5 also shows that jc2 of Nb.^Sn is gen

erally lower than NbTi, and the ar range corresponding to jd > jri is wider for 

NbsSn than NbTi . According to the present quenching-recovery criterion, Nb3Sn 

is less Hkely to recover once quenching occurs; however, it can withstand a larger 

thermal disturbance than NbTi without quenching. Quenching occurs to NbTi 

with a smaller thermal disturbance; however, recovery is more Hkely than Nb <Sn, 

particularly for superconductors of small aspect ratios. 

4.5 Conclusion 

The operational stability of tape/film type NbsSn superconductors under in

stantaneous Hnear thermal disturbances is investigated. The process of quench

ing and recovery is studied by calculating the characteristic instabiHty parame-



ter . Joule heating ra te , and convective cooHng rate, with the temperature func

tion obtained by solving a two-dimensional transient heat conduction equaticm. 

A quenching-recovery criterion is developed, which involves two critical current 

density ratios: one for intrinsic stabiHty, jd, and the other for recovery of su

perconductivity, jc2. The former is determined based on the existing intrinsic 

stabiHty theory; the lat ter is determined by considering a steady-state solution for 

a quenched superconductor. If jd < jc2; three characteristic regions can be identi

fied: no quenching for the low current density region, recoverable quenching for the 

medium current density region, and irrecoverable quenching for the high current 

density region. If jd > jc2i only two characteristic regions can be identified: no 

quenching for the low current density region, and irrecoverable quenching for the 

high current density region. The effects of disturbance energy level and aspect ratio 

on the quenching-recovery behavior are investigated. Compared with NbTi super

conductors, NbsSn is found to be able to withstand a larger thermal disturbance 

without quenching. However, it is less Hkely to recover once quenching occurs. 

Quenching occurs to NbTi with a smaller thermal disturbance; however, recovery 

is more likely than Nb3Sn, particularly for superconductors of smaU aspect ratios. 



Io 

Fig. 4.1. A tape/film type superconductor 
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CM o 

Fig. 4.2. Critical current density ratios of NbsSn 
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15.0 

Fig. 4.3. (^(r) data iUustrating three types of behavior 
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j = 0.076 

Bi = 
Cw = 

5 
2.5 
100 

9.0 12.0 15.0 

Fig. 4.4. gr(7") data iUustrating three types of behavior 



1.0 

Fig. 4.5. Critical current density ratios of NbTi 
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C H A P T E R V 

STUDY OF QUENCHING AND RECOVERY FOR 

S U P E R C O N D U C T I N G WIRES AND CYLINDERS 

5.1 Abstract 

The operational instabiHty of a cyHnder/wire type superconductor subjected 

to an instantaneous Hnear thermal disturbance is investigated. The mechanism 

of loss and recovery of superconductivity is studied by calculating the instabiHty 

parameter , Joule heating rate, and convective cooHng rate based on a solution of 

the transient heat conduction equation with or without volumetric heating. The 

effects of operational current density and wire diameter on stabiHty are investi

gated. A criterion is developed regarding the maximum current density for stable 

operation under thermal disturbance and the maximum current density for recov

ery after quenching. Data of NbTi superconductors are presented and the results 

compared with tape/film type superconductors. 

5,2 Introduction 

A superconductor in operation can experience a transition from the supercon

ducting s tate to the normal resistive state due to thermal disturbances of various 

mechanisms^"'^, a phenomenon known as quenching. Studies have been conducted 

for the operational instabiHty of tape/film type superconductors in terms of nor

mal zone behavior in the transverse direction under such disturbances^"^. For 

cylinder/wire type superconductors, studies have been conducted by considering 

the normal zone behavior only in the current flow (longitudinal) direction based 

on the assumption of uniform tempera ture in the transverse direction^"!^. In the 

present study, the formation and behavior of normal zone in the transverse direc-
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tion of a cyHnder/wire superconductor is investigated, leading to a criterion for 

quenching and recovery, and the results are compared with that for tape/film type 

superconductors. 

5.3 Analysis 

The present analysis considers a cyUndrical/wire bare superconductor subjected 

to a centrally-located Hne heat source. CentraUy-located heat source was also con

sidered in previous studies' '"^ for tape/film superconductors, which results in the 

largest possible normal zone since heat needs to diffuse across the maximum dis

tance in order to be dissipated through convection on the surface. The temperature 

distribution within the superconductor is obtained by solving the foUowing one di

mensional transient heat diffusion equation: 

f^2n 1 aa ao 

with the boundary condition 

de 
- - - f Bi^ = 0, at R = 1. (5.2) 
dR 

and the initial condition 

0 < R<6R 

SR< R<1. 

The above initial condition is based on the assumption that the disturbance energy 

is initially deposited in a centrally-located area of Tr(6R)^. The value of 8R is taken 

to be so smaU (typicaUy 6R = 0.0001) that the result is independent of 5R. The 

nondimensional parameters involved are defined as 

(5.3) 
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^ ' T,-T, "• d- d^ 

Bi = — r = ^"^'^ • - h. 
2fc' " 4fc(T,-T„)- ^ - t „ 

where T is t empera ture , Tc is critical temperature . To is operating temperature , rf 

is diameter, a is thermal diffusivity, t is t ime, Bi is Biot number, h is heat transfer 

coefficient, k is thermal conductivity, a is normal-state electrical resistivity, io is 

operating current density, j is current density ratio, ico is critical current density 

at the operating tempera ture To, ed is the disturbance energy per unit length, and 

p is density. The heat generation switching function, gf(T) in Eq. (5.1), is defined 

as 

0, foT cf>(T) < 1 - j 
9f{n = \ ( ^ •^ ) 

1, foi (f)(T)>l- j . 

Based on the assumption of a linear relationship between the local tempera

ture and the critical current density, the instabiHty parameter employed in the 

analyses for tape/fi lm superconductors^"^ can be calculated for a cylindrical/wire 

superconductor in the following form: 

(/>(r) = 2 [ g(e)RdR, (5.6) 

where 

. 1 , ^ > 1 
9W={ (5.7) 

e, 0 < ^ < 1. 
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For a superconductor to be intrinsically stable, the foUowing criterion must be 

satisfied at all times during the heat diffusion process^: 

j<l-cf>(T). (5.8) 

As long as the above criterion is satisfied, there is no heat generation within the 

superconductor. The corresponding temperature distribution is obtained by solv

ing Eq. (5.1) without the heat generation term. Under the assumption of constant 

properties and constant Bi, the solution through separation of variables is 

B{R, r) = 29JR t ,JiitjZ , X M&^R)e-'-% (5.9) 
m^l \Pm + - D 1 )Jo\Pm) 

where /3rn's are the positive roots of 

BiJo(/5„.)=/3r„Ji(/3m). (5.10) 

By using the temperature solution, the following equation is obtained for </>(r): 

4,{r) = R\ + ie.SR f: /'}^fjl\''f^, - [MM - iJ.̂ ,(/3.-R.)l. (5.11) 

where Ri(r) is the location of the normal zone front, with the limiting values of 

i?i = 0 for an entirely superconducting cross-section, and i?i = 1 for an entirely 

normal cross-section. Ri(r) is determined from Eq. (5.9) as the R that e(Ri,T) = 1 

for a given r . 

Based on Eqs. (5.8), (5.9) and (5.11), the critical current density ratio for 

intrinsic stabiHty, jci, can be determined, jd is the maximum current density 

ratio that does not cause quenching, and is related to the maximum value of <f)(r) 

during the heat diffusion process: 



jd = 1- (f) max ' (5.12) 

If the intrinsic stabiHty criterion (Eq. (5.8)) is not satisfied at any time during 

heat diffusion, quenching occurs and the entire cross-section starts to generate heat. 

By assuming constant physical properties and Bi, the heat conduction equation 

(Eq. (5.1)) with the heat generation term can be solved using an integral transform 

technique!^: 

e(R,r) = 2Y: 
i3rr,Jo(PmR)e -3 2 ^ 

- , {/3i + Bi-')J„=(/3„) 

where F(T) is defined as 

X [ed6RJ,(0mSR) - GoJi(Mn^)] • (5.13) 

0, if r < Ti 

F[T)= { Fj, if Ti < r < r 2 (5.14) 

F2, if r > r2. 

Fi and F2 are functions related to quenching and recovery process, respectively: 

F,= 

Fo = 

i 

r'm 

1 

\{^-Lr) _ 

e(/3^^2) . 

_ e(^^^n)' 

_ e(Cn) ' 

(5.15) 

(5.16) 
rn 

where r^ marks the instant at which quenching begins and T2 the instant at which 

recovery occurs. For T] = 00, superconductivity is always maintained. For 7_) = oc. 

superconductivity can never be restored after quenching. Based on the above 

t empera tu re distribution, the foUowing expression is obtained for the instabiHty 

parameter : 
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^ ( r ) = R'--4y [M0rn-RiJi((Sr.Ri)]e-^-^' 

' t i (/?^-Biv)Jj(^.) 

X [edSRJ,(^rnSR) - GoJi{l3m)F{r)]. (5.17) 

For a superconductor to recover after quenching, both the intrinsic stabiHty 

criterion (Eq. (5.8)) and the foUowing cryogenic stabiHty criterion need to be 

satisfied simultaneously: 

qr{r) < 1, (5.18) 

where qr, the heat rate ratio, is defined as 

9r(r) = qg(r)/qc,iT), (5.19) 

and qg(T) and 9CL(T) are heat generation rate per unit length and cooHng heat 

transfer rate per unit length, respectively: 

TO 

95(^) = ^ ^ ^ ' o , (5.20) 

qc,(T) = 7rdh(Tg - To), (5.21) 

with Ts being surface temperature. qcv{T) can be further calculated using the 

foUowing equation: 

/ \ A hfTi rr \ \r^ PmJo\Pm)^ 
qrr(r) = 47r/i(Tc - To) 2^ 

X [edSRJ,{(3rJR) + G,J,(l3rr,)F(r)]. (5.22) 

The critical current density ratio for recovery of superconductivity, jc2- is de

termined below. Superconductivity recovers when the intrinsic stabiHty criterion 



(Eq. (5.8)) is again satisfied. The j at which superconductivity is restored at 

a particular T2 can be determined by Eqs. (5.8) and (5.17) with e given by Eq. 

(5.13). It can be shown that the larger the TO. the larger the ; for recovery, if re

covery occurs at aU. A j obtained corresponding to ro = 00 bears the significance 

tha t recovery never occurs for any larger j . Such j is therefore the critical current 

density ratio for recovery, jc2. For r2 = oc. the steady-state temperature distri

bution is reached, which is determined by solving Eq. (5.1) without the transient 

term. At such steady-state, an equiUbrium is reached between Joule heating and 

convective cooling, i.e., qr = 1. By assuming constant k and Bi, the steady-state 

solution is 

e^R) ̂ ^(l±B^R^ 
4 V Bi 

based on which the steady-state instability parameter (pgg can be calculated: 

(5.23) 

(f)ss = Ri -\-
G, 2+l i ( ,_^. )_ l -^t (5.24) 

Bi ^̂  ^''' 2 

FinaUy, the critical current density ratio for recovery, _7c2- is calculated by the 

following equation: 

jc2 = 1 - </>*.. (5.25) 

5.4 StabiHty Behavior Criterion 

Based on the definition of jd and jc2, a criterion for the stabiHty behavior 

of the superconductor can be developed. Such criterion is identical to that for 

tape/fi lm type superconductors^. Depending upon the dimension, properties, and 

operational condition of the superconductor and the intensity of the thermal dis

turbance , the following cases are possible: 



(1) If ici < jc2'. three characteristic regions in terms of superconductor stabiHty 

and recovery can be identified: 

(a) for 0 < j < jd , the operation of superconductor is always stable in spite 

of the thermal disturbance: 

(b) for jd < j < jc2, the superconductor first loses its superconductivity 

after the thermal disturbance occurs, and later recovers by itself: 

(c) for j > jc2, superconductivity fails after the thermal disturbance and 

can never be restored. 

(2) If j d > jc2, two characteristic regions can be identified: 

(a) for 0 < j < jd, the superconductivity is maintained in spite of the 

thermal disturbance; 

(b) for j > jd, superconductivity fails after the thermal disturbance and 

can never be restored. 

5.5 Results and Discussion 

The above criterion is validated by the stability performance data of a 4 /xm-

diameter NbTi superconductor, exhibited in Figs. 5.1 and 5.2. The data are 

based on the foUowing physical properties: k = 0.11 W/m-K. cr = 6 x 10" Q-m. 

ico = 1 X 10^ A / m ^ Tc = 9.6 K, T^ = 4.2 K, /i = 1 x IO'' W/m^-K^". The results 

of the analytical solutions of the present analysis agree with that of a numerical 

analysis also conducted in the present study using an expHcit finite difference 

scheme^^. 

The da ta of instabiHty parameter in Fig. 5.1, calculated using Eq. (5.17). 

demonst ra te that for 0 < j < 0.0618, (^(r) curves for different j's are identical, 

and (f) eventuaUy reverts to zero, indicating tha t the operation is always stable 
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irrespective of the thermal disturbance. Since Joule heating never occurs, j does 

not appear in the heat conduction equation (Eq. (5.1)), and the data are indepen

dent of j . The j - independent <^(r) curve is termed the curve of intrinsic stabiHty. 

The critical current density ratio for intrinsic stabiHty. jd, for the present 4 /xm-

diameter NbTi superconductor is therefore 0.0618. The qr data in Fig. 5.2 also 

demonstrate the constant value zero for 0 < j < 0.0618. 

For j > 0.0618, intrinsic stabiHty fails and Joule heating takes place during 

the heat diffusion process. At j = 0.25, for example, after the thermal energy 

release at point A (Figs. 5.1 and 5.2), normal zone grows as the result of heat 

diffusion. Intrinsic stabiHty as stipulated by Eq. (5.8) fails at point B (Fig. 5.1) 

where (f) = 075. Joule heating takes place at the same time, indicated by the 

step increase of qr (Fig. 5.2). After reaching a peak, the conductor temperature 

as well as </» decreases as the result of convective cooHng, leading to the recover}' 

of intrinsic stabilit}' at point C (Fig. 5.1) where Eq. (5.8) is again satisfied, q, 

in Fig. 5.2 drops to zero at the same time indicating the end of Joule heating. 

The superconductor eventually recovers from quenching as (/> decreases toward zero 

beyond point C. 

For j larger than 0.25, (t>(T) da ta in Fig. 5.1 does not revert to zero, indicat

ing tha t recovery never occurs after quenching. qr(T) curves also demonstrate a 

t rend converging to a steady-state value of ^r = 1 where an equiUbrium is reached 

between the Joule heating and convective cooHng, and superconductivity is never 

restored. 

The jd and jc2 data for NbTi superconductors of different diameters for h = 

1 X 10"* W/m^-K are plotted in Fig. 5.3. For £d = I and d = A pm. it is shown 

tha t jd = 0 . 0 6 1 8 , and jc2 = 0.254. Since jd < jc2, three characteristic regions are 

expected according to the present stabiHty behavior criterion. Such result agrees 

with Figs. 5.1 and 5.2 where both the </> and qr data demonstrate that intrinsic 
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StabiHty is maintained for 0 < j < 0.0618, recovery occurs for 0.0618 < j < 0.254. 

and recovery does not occur for j > 0.254. Figure 5.3 also reveals that for a par

ticular disturbance energy £d, a superconductor with a smaUer diameter is more 

Hkely to have jd < jc2, thus having three characteristic regions, while a super

conductor with a larger diameter is more Hkely to have jci > jc2- thus having two 

characteristic regions. In other words, a superconductor with a smaUer diameter is 

easier to quench, and the superconductivity is more Hkely to be restored. On the 

other hand, a superconductor with a larger diameter is less Hkely to quench: how

ever, once quenching occurs, it is impossible to recover. The result in Fig. 5.3 also 

demonstrates tha t jd decreases with £d, an obvious fact that quenching is more 

Hkely to occur with a greater thermal disturbance. It is shown that jd is a weaker 

function of diameter with a smaller disturbance energy. Such phenomenon is be

cause, to a smaU disturbance, the superconductor is like an infinitely large medium 

regardless of its diameter. jr2 is independent of the thermal disturbance, because 

recovery occurs after the entire cross section becomes quenched, irrespective of the 

intensity of thermal disturbance causing the quenching. 

A comparison of the present cylindrical/wire superconductor results with the 

previous results^"^ of tape/film superconductors show that quenching is generaUy 

more likely to occur in a cylindrical/wire superconductor. A cyUndrical/wire su

perconductor of the same cross-sectional area has both lower jd and lower jc2 

compared with a tape/film superconductor. For example, for a film superconduc

tor with a thickness of 4 /xm and an aspect ratio of 10, subjected to a disturbance 

£j = 1, j^ i is found to be 0.554^. A wire superconductor with d = 14.27 /xm, having 

the same cross-sectional area as the above film superconductor, has a jd of 0.134. 

On the other hand, the wire has a jc2 = 0.137, compared with 0.192 for the tape. 

For safe operation, the tape can carry a current density up to j = 0.554 with

out experiencing any quenching, while the wire can operate only up io j = 0.134 
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without quenching, and j = 0.137 with recovery after quenching. The advantage 

of tape/fi lm over cyHnder/wire is more significant with a larger aspect ratio. For 

ar = 100, a 4 ^ m film has jd = 0.908, and j , , = 0.186. while a wire of the same 

cross-sectional area has jd = 0.223 and ic2 = 0.0736. For ar = 1. the film has 

i d = 0.0764, and jc2 = 0.252, while the wire has jd = 0.0672 and jc2 = 0.240. 

Quenching is less Hkely and recovery is more Hkely to occur in a tape/film 

superconductor than a cyUndrical/wire superconductor because of the foUowing 

reasons: (a) for the same cross-sectional area, the former always has a larger wetted 

perimeter than the lat ter , a geometrical fact; (b) a shorter distance is required for 

the heat to diffuse across the thickness of a tape/film conductor and to be dissipated 

through convection at the surfaces, faciUtating effective heat dissipation beginning 

early in the heat diffusion process. 

5.6 Conclusion 

The stability and recovery behavior of cyHnder/wire type superconductors sub

jected to thermal disturbances is investigated. Two critical current density ratios 

are calculated: one for intrinsic stability, jd, and the other for recovery of su

perconductivity, jc2- The former is determined based on the existing intrinsic 

stabiHty theory; the lat ter is determined by considering a stead3'-state solution 

for a quenched superconductor. If jd < jc2i three characteristic regions can be 

identified: intrinsic stability for the low current density region, recoverable insta

bility for the medium current density region, and irrecoverable instabiHty for the 

high current density region. If jd > ic2- only two characteristic regions can be 

identified: intrinsic stabiHty for the low current density region, and irrecoverable 

instability for the high current density region. Based on the above criterion, it was 

found tha t a superconductor with a smaUer diameter is easier to quench, and su

perconductivi ty is more Hkely to be restored. On the other hand, a superconductor 
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with a larger diameter is less Hkely to quench: however, once quenching occurs, it is 

impossible to recover. The present criterion agrees with calculated stabiHty perfor

mance results obtained by solving a transient heat conduction equation. Compared 

with tape/film superconductors of the same cross-sectional area. cyUndrical/ wire 

superconductors are more susceptible to quenching, and tape/film demonstrates a 

greater advantage in terms of stabiHty performance with a larger aspect ratio. 
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Fig. 5.1. <^(T) data for an NbTi wire superconductor 
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Fig. 5.2. qr{r) data for an NbTi wire superconductor 
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Fig. 5.3. jcl and jc2 data for an NbTi wire superconductor 
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CHAPTER VI 

QUENCHING AND RECOVERY BEHAMOR OF 

SUPERCONDUCTING CYLINDERS OR WIRES 

UNDER FINITE LINEAR THERMAL 

DISTURBANCES 

6.1 Abstract 

The operational instabiHty of a cylinder/wire type superconductor subjected 

to an instantaneous thermal disturbance, characterized by a linear heat source of a 

finite length, is investigated. The mechanism of quenching and recovery of super

conductivity is investigated by calculating the instabiHty parameter. Joule heating 

rate, convective cooling rate, axial heat conduction rate, and normal zone length 

based on a solution of the transient two-dimensional heat conduction equation with 

or without volumetric heating, and fixed or moving boundary. A stabiHty criterion 

with regard to different modes of behavior is developed, which involves critical cur

rent density ratios for intrinsic stability and recovery, respectivielj'. The effects of 

thermal disturbance strength, length of the heat source, and cyHnder/wire diam

eter on the operational stabiHty are investigated with numerical results presented 

for NbTi superconductors. The results are compared with that of infinite Hne heat 

source. 

6.2 Introduction 

A superconductor in operation can experience a transition from the supercon

ducting state to the normal resistive state due to thermal disturbances of various 

mechanisms^"® and the subsequent heat diffusion which raises the superconductor 

temperature above the critical temperature, a phenomenon known as quenching. 

97 
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The majority of the previous studies on quenching analysis of superconducting 

cyUnders/wires considered a one-dimensional normal zone behavior in the electric 

current flow (longitudinal) direction based on the assumption of uniform tem

perature in the transverse direction®"^^ Studies have been conducted for the 

superconducting tapes/fllms^^"^^ and superconducting cyHnders/wires*^ in terms 

of normal zone behavior in the transverse direction under infinite Hnear thermal 

disturbances. In the present study, a two-dimensional analysis is conducted for the 

formation and behavior of a normal zone in both the transverse and the longitu

dinal directions of a cylinder/wire superconductor subjected to a centraUy located 

finite Hnear heat source. The centrally located heat source is considered for the 

sake of superconductor design safety because such heat source results in the worst 

situation featuring the largest possible normal zone as heat needs to diffuse across 

the maximum distance in order to be dissipated through convection on the sur

face. Numerical results for the popular NbTi superconductor are presented, and 

the results are compared with that of infinite Hnear heat source. 

6.3 Analysis 

The present analysis considers a cyUndrical/wire bare superconductor subjected 

to a centrally located Hne heat source of a finite length, as shown in Fig. 6.1. Based 

on the assumption of constant properties, the temperature distribution within the 

superconductor is obtained by solving the foUowing two dimensional transient heat 

diffusion equation: 

d'e 1 de d'e ^ ^ .r, , de ..^ ^ . 
1 ^-—--^ Go9f(Z.T) =-—, e(R.Z.T). 

dR' RdR dZ' ^^^^ ' dr' ^ 

0<R<1, 0<Z<oo, T>0, (6.1) 

with the boundary conditions 
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de 
^ - f B i ^ = 0, at R = l, (6.2) 

de 
^ = 0. a^ i? = 0. (6.3) 

de 
^ = 0, at Z = 0, (6.4) 

and the initial condition 

nrn ry ,,, i ^d. 0 < R < 6R, 0 < Z < Z,. 
e(R,Z,0)={ - (6.5) 

0, 8R< R<1, Z, < Z <oo. 

The above boundary conditions feature convective cooHng on the surface and sym

metry at the center of the conductor. The above initial condition is based on the 

assumption tha t the disturbance energy is initially deposited in a centrally located 

cyUndrical region of T(8R)~ X 2ZS. The length of the cyUndrical heat source 1Z, is 

variable, with a value close to zero simulating a point heat source and a very large 

value simulating an infinitely long source. The value of hR is taken to be so small 

(typically 8R = 0,0001) that the result is independent of 6R and the cyUndrical 

heat source actually behaves as a line heat source. The nondimensional parameters 

involved in the above formulation are defined as 

e{R,Z,r)- ^^_^^ , R - j , Z--. , - — , 

•) • 9 

-r.. _ hd _ d'aio' . _ i 

^'=2k' ^ " - 4/b(T, - T„) • ^ " ^ ''CO 
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where T is temperature, Tc is critical temperature. To is operating temperature, d is 

diameter, a is the thermal diffusivity, t is time. Bi is Biot number, h is heat transfer 

coefficient, k is thermal conductivity, cr is normal-state electrical resistivity, i,, is 

operating current density, j is current density ratio, ico is critical current density at 

operating temperature To, td is disturbance energy per unit length, p is density, and 

Zg is length of the heat source. The heat generation switching function, gj(Z.T) 

in Eq. (6.1), is defined as 

f 0, f o r ^ ( Z . r ) < l - i 

[ 1, foi (j)[Z,T)> 1-j. 

The expression of the instabiHty parameter, can be adopted from the previous 

study on cylinder/wire superconductors^': 

ci>(Z,T) = 2f\(e)RdR, (6.8) 
Jo 

w here 

ye, 0 <^ < 1. 

For a superconductor to maintain its superconductivity after the thermal dis

turbance, the following intrinsic stabiHty criterion must be satisfied for every cross 

section of the cylinder/wire at aU times during the heat diffusion process^®: 

j<l-4>[Z,T). (6.10) 

As long as the above criterion is satisfied, quenching does not occur, and there 

is no heat generation within the superconductor. The corresponding temperature 

distribution is obtained by solving Eq. (6.1) without the heat generation term. By 

assuming constant Bi, the solution through separation of variables is^ 
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e(R,z,T) = ed6R erfl^i^Uerf^^^-^ 
2v'^ 2^ r 

^ (3rr.J,(0mSR) _ 3. ^ 
^ 2 ^ f02 , P,.2N r 2 / ^ ^Jo\PmR)e '"^ 

m r-, (^^ + Bi-')J,?(/3™) 
(6.11) 

where /3^'s are the positive roots of 

B\J,,((3m)=^mJi{M- (6-12) 

By using the above temperature solution, the foUowing equation is obtained for 

4>[Z,T): 

<t>{Z,r) = Rl + 2edSR erf 

X E /.l^'i"S]Cl\ [•̂ '('''"' - R^M0.^^i)] • (6.13) 
where RI(Z,T) is the location of the transversal normal zone front in the cross-

section located at Z, with the limiting value of i^i = 0 for an entirely supercon

ducting cross-section, and the value of i?i = 1 for an entirely normal cross-section. 

RI(Z,T) is determined iteratively from Eq. (6.11) as the R that e{Ri,Z.T) — 1 

for a given Z and r . 

The behavior of the superconductor can be better understood by considering 

the following relevant heat rates: 

qgV) = -n[r)—(n^, (6.14) 

'Zn{r] 
qcv{r) = 7rd h(T,(z,T) - To)dZ, 

Jo 
(6.15) 
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qk {r)= f ,dT 
dAc, (6.16) 

^̂ (") = . ('fl^ ( V (6.1') 
qcv(r) + qk(T) ^ ^ 

where ^^(r) is the heat generation rate within the entire normal zone, q, ,(T) is the 

convective cooHng heat transfer rate from the surface of the normal zone. qk(r) is 

the conduction heat transfer rate through the end of the normal zone, qr is the 

ratio of heat generation rate to the total heat loss rate, T. is the local surface 

tempera ture , Zn is the location of the front normal cross section, and Ac is the 

superconductor cross section. 

Based on Eqs. (6.10) and (6.13), the critical (maximum) current density ratio 

for intrinsic stabiHty, jci , can be determined. FoUowing a thermal disturbance, the 

cross section with the maximum normal zone, and therefore the largest reduction 

in current carrying capacity, occurs at the center (Z = 0) at aU times. If intrinsic 

stability does not fail at the central cross section, the entire superconductor is 

stable throughout the process of heat diffusion. Hence the the critical current 

density ratio for intrinsic stabiHty j'ci is determined as the maximum permissible 

current density ratio that does not cause quenching at the central cross section, 

and is related to the maximum value of (f)(0,T) during the heat diffusion process: 

; d = l - W O , r ) ] _ . (6.18) 

If the intrinsic stabiHty criterion (Eq. (6.10)) is not satisfied at any cross sec

tion at any t ime during heat diffusion, the entire cross section becomes normal 

and star ts generating heat . Depending on the operating condition, the normal 

zone would either continue to grow longitudinally untU the entire superconductor 

becomes normal or coUapse as the result of cryogenic cooHng and heat conduction 
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from the normal zone to the superconducting region. The location of the normal 

zone front, Z „ ( r ) , is defined as the Z location where the intrinsic stabiHty crite

rion given by Eq. (6.10) with an equal sign " = " is exactly satisfied at a particular 

moment . The heat generation switching function ^ / ( Z , r ) , given by Eq. (6.7), gov

erns the longitudinal advancing or retreating movement of the normal zone front 

by switching on or off the heat generation over the entire cross section at a par

ticular longitudinal location at a particular instant of time. In order to study the 

transient behavior of the normal zone within the superconductor, a moving bound

ary problem governed by Eq. (6.1) has been solved. The solution was obtained 

by an expHcit finite difference scheme based on the control volume formulation^^, 

with the numerical results presented in RESULTS AND DISCUSSION. 

After quenching occurs, the conductor may revert to the original supercon

ducting state if the normal zone eventuaUy coUapses due to cryogenic cooHng and 

conduction heat loss. It is of interest to determine the condition which aUows-

recovery after quenching. Consideration of the physical phenomenon of recovery 

suggests tha t the minimum propagating zone is the pivotal parameter concerning 

restoration of superconductivity after quenching. 

Since the Joule heating rate increases faster with the normal zone length than 

the heat loss ra te , a longer normal zone is more likely to grow because the heat 

generation rate is greater than the heat loss rate. The normal zone whose heat gen

eration rate equals the heat loss rate is the minimum propagating zone (MPZ)'^"'-'. 

Any normal zone of a greater length than MPZ will grow indefinitely, while any 

normal zone shorter than MPZ will eventuaUy coUapse. Due to the balance be

tween the heat generation and the heat loss (qr = 1), MPZ in fact denotes an 

equiUbrium sta te , and the length of MPZ, Z^p, is associated with the solution of 

the s teady-state version of Eq. (6.1). The present definition of MPZ is simUar 

to the classical MPZ^"° in that both are based on energy balance: however, the 
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latter considers only heat generation and conduction heat loss in the energy bal

ance, while the former considers convection heat loss in addition. To guarantee a 

superconducting state beyond the normal zone, an additional condition of intrin

sic StabiHty for the cross sections beyond Z^p is imposed. The critical (maximum 

allowable) current density ratio for recovery or for the eventual coUapse of the 

normal zone, jc2, is therefore determined as the current density ratio that satisfies 

the intrinsic stabiHty requirement (Eq. (6.10)) for the front cross section of the 

minimum propagating zone at Z^p: 

jc2 = 1 - [ ( / ' Jz .p , (6.19) 

where (pgg is the steady-state instability parameter calculated using Eq. (6.8) based 

on the steady-state tempera ture solution of Eq. (6.1). For any j greater than jr2-

intrinsic stabiHty fails at cross sections beyond Z^p, making Zn > Zmp- The normal 

zone will therefore grow indefinitel)^, and the entire superconductor will precipitate 

into quenching without recovery. On the other hand, for any j smaller than jfc2. 

Zn < Zmp., and the normal zone will therefore collapse and superconductivity will 

be restored eventuaUy. 

To calculate the jc2 for a certain Z^p, the steady state version of Eq. (6.1) is 

solved using different trial values of io for Go along with the g^ function that 

, 1, 0 < Z < Zn,p , , 
9S{Z)={ (6.20) 

0, Z > Zmp, 

untU an io is found corresponding to a jc2 = io/ico which satisfies Eq. (6.19). 

Eq. (6.1) without the transient term becomes an eUiptic equation, and is solved 

by a control-volume-based finite difference scheme^^ with the resultant algebraic 

system of equations solved by successive over-relaxation (SOR) by Hnes^^-^'^, The 

numerical results presented in this work are independent of the superconductor 
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length, confirmed by comparing the results for lengths of Z, = 20 and 40. where 

Zt is the total length. The boundary condition of e(R,Zt,T) = 0 was used for 

transient numerical calculations, and the boundary condition of e{R. Zt) = 0 was 

used for steady-state analysis. 

6.4 Stability Behavior Criterion 

Based on the definition of jc\ and jc2^ a criterion for tne behavior of a super

conductor subjected to a thermal disturbance can be developed. Such criterion is 

quaUtatively identical to that for tape/film superconductors^^ and cyHnder wire 

superconductors^ ' , even though jd and jc2 for different geometries are totaUy dif

ferent. Depending upon the dimension, properties, and operational condition of 

the superconductor and the intensity and the length of the thermal disturbance, 

the foUowing cases are possible: 

(1) If Jcl < jc2i three characteristic modes in terms of superconductor stabiHty 

and recovery can be identified: 

(a) For 0 < j < jd-, the operation of superconductor is always stable in 

spite of the thermal disturbance. No normal cross section is formed, 

although a smaU normal zone in the transverse direction can be formed 

during heat diffusion. 

(b) For jd < j < jc2, a normal zone first grows to a length of Z^ < Z^p after 

the thermal disturbance occurs, and subsequently coUapses by itself. 

The superconductor eventually reverts to its original superconducting 

s ta te . 

(c) For j > jc2, normal zone is formed and grows indefinitely untU the 

entire superconductor becomes normal, and superconductivity is never 

restored. 
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(2) If ici > ic2, two characteristic modes can be identified: 

(a) For 0 < j < jci , the behavior is the same as ( l a ) . 

(b) For j > jd, the behavior is the same as (Ic) . 

6.5 Results and Discussion 

Data of critical current density ratio for recovery, jd- calculated using Eq. 

(6.13), are presented in Fig. 6.2 for different conductor diameters d and nondi

mensional heat source lengths Z^ for a disturbance strength of £d = 1. The data 

are based on the following physical properties of a NbTi superconductor: k = 0.11 

W / m - K , a = 6x 10" ' Q-m, ico = 1 x 10^ A/m", Tc = 9.6 K, T, - 4.2 K. /i = 1 x 10' 

W/m^-K^i . 

The data in Fig. 6.2 demonstrate that jd decreases with Z , . indicating a 

bet ter chance of failure of intrinsic stabiHty or normal cross section formation 

with a longer heat source of the same disturbance energy per unit length. For 

smaU heat source lengths, jd is independent of the conductor diameter. The effect 

of conductor diameter is significant only for the heat source length greater than 

about 20% of the diamter (Zg > 0.4). It is shown that jd generaUy increases 

with d, indicating that a superconductor of a larger diameter can better maintain 

superconductivity under thermal disturbances. The jd data of different diameters 

reach different constants for the heat source length greater than about 1.5 times 

of the conductor diameter (Zg > 3). These constant values are found to be exactly 

the same as the results for cyUndrical superconductors subjected to infinite heat 

sources^". This implies that a heat source wuth a length greater than 1.5 times of 

the superconductor diameter can be considered as infinitely long, and the results 

of the one-dimensional analysis are vaUd as far as intrinsic stabiHty is concerned. 

Even though longitudinal heat conduction is considered in the present study, j^i is 
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related to the intrinsic stabiHty of the central cross section (Z = 0) on which the 

longitudinal conduction is absent due to symmetry. Therefore, the result of two-

dimensional analysis for very long heat source is the same as the one-dimensional 

analysis for infinite heat source. Note that for different ranges of d and Sd. the 

threshold Z .̂ beyond which 1-D result appHes may vary. 

The effect of the heat source strength on jd is demonstrated in Fig. 6.3 for a 

d = A /xm NbTi wire superconductor. It is shown that as £d increases, jci decreases, 

a result in agreement with an obvious fact that a normal cross section is more Hkely 

to form under a greater thermal energy release per unit length. 

The jc2 data exhibited in Fig. 6.4 indicate that jc2 is strongly dependent on 

the diameter of superconductor. The smaller the diameter, the larger the jf,2, and 

therefore, the more Hkely the recovery. It is also shown that for a particular d, jc2 

decreases with Z^p for small Z^pS, and approaches to a constant value for large 

ZmpS. However, the asymptotic values of jc2 are higher than those obtained for 

an infinite heat source^^. For example, for a wire diameter of 4 /xm. the jc2 value 

obtained for an infinite heat source is 0.254, while the asymptotic value of j , . . for 

Zmp ^ oo of the present study is 0.3376, a value 30% larger. This comparison 

demonstrates the importance of the longitudinal heat conduction effect addressed 

in the present two-dimensional analysis. The jc2 of the present analysis is related to 

the cross section at the normal zone front Zmp, while the jc2 in the one-dimensional 

analysis is independent of Z^ ' . 

It is difficult to compare the present result with the classical MPZ theory, 

because the wire diameter is not involved in the equation for the MPZ length"^' 

1 = 
2k(Tc-Toy"' 

ai'. 
(6.21) 

w hile the present results demonstrate a strong diameter-dependence of the MPZ 
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length (Fig. 6.4). The above equation gives the length of the MPZ / = 1.407 /xm 

for an NbTi superconductor regardless of the diameter. From the present analysis. 

for an NbTi superconductor with a 4 /xm diameter and an operating current density 

ratio of 0.35, the length of the MPZ is about 8/xm. 

A typical transient behavior of a superconductor wire under a finite Hnear 

thermal disturbance is exhibited in Figs. 6.5 through 6.7. Data in these figures 

are based on a finite difference solution of Eq. (6.1) for an NbTi superconductor 

of 4 /xm diameter subjected to a centraUy located finite-length heat source with 

Zg — 2.5 and a disturbance energy strength of £d — 1- Figure 6.5 shows the 

variation of local instability parameter ^ with time for an operating current density 

ratio of j = 0.3. In Fig. 6.6, the qr data , calculated using Eqs. (6.14) through 

(6.18), for different operating current density ratios are presented. Data of normal 

zone length Zn varying with time for different values of j are presented in Fig. 6.7. 

Consider the ^ ( T ) da ta for j = 0.3 exhibited in Fig. 6.5. After the thermal 

energy release within the superconductor at point A (r = 0), (f) increases as a 

result of heat diffusion for cross sections aU over the superconductor. A cross 

section becomes normal when the intrinsic stability criterion given by Eq. (6.10) 

fails, i.e., when (j) > 1 — j = 0.7. In particular, the central cross section (Z = 0) 

becomes normal at point B when 4> reaches 0.7. At the same instant, the qr data 

for j = 0.3 demonstrates a step jump from zero (point B, Fig. 6.6), indicating 

the beginning of heat generation within the superconductor. The length of normal 

zone Zn also shows a step increase from zero (point B, Fig. 6.7) as the normal 

zone starts to grow. As (f) decreases as a result of cryogenic cooHng, the cross 

section becomes superconducting again at point C (Fig. 6.5) when Eq. (6.10) is 

again satisfied. Simultaneously, heat generation stops, qr decreasing to zero (point 

C, Fig. 6.6), and Zn also decreases to zero (point C, Fig. 6.7) as the normal 

zone coUapses. The central cross section is therefore normal in the period between 
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points B and C The central cross section always becomes normal before any other 

cross section if quenching occurs at aU. and always recovers after aU the other 

cross sections if recovery occurs at all. In other words, the central cross section 

always experiences the longest period of normal state, a fact supported by the 

data in Fig. 6.5 showing (j) being always maximum at Z = 0. Figure 6.5 also 

demonstrates tha t the length of normal period, marked by the intersections of the 

individual <^(r) curve and (f) = 0.7. decreases with Z. Cross sections at Z larger 

than approximately 2.3 never become normal during the present process. This 

result agrees with Fig. 6.7 which shows that for j = 0.3, the normal zone never 

exceeds Zn = 2.3 during the heat diffusion process. The _7c2 determined from Fig. 

6.4 for Zmp = 2.3 is 0.35. From Fig. 6.2, the jd for the present case of d = 4/xm 

and Zg = 2.5 is 0.06. Therefore, jd < j < jc2, and according to the present 

stabiHty criterion, superconductivity is restored after quenching (case l b ) . The 

performances of j = 0.1,0.2,0.32,0.34 exhibited in Figs. 6.5 and 6.6 also faU into 

the same case l b . 

For j < 0.06, it is shown that ^r = 0 (Fig. 6.6) and Z^ = 0 (Fig. 6.7) for aU 

times, a behavior in agreement with the present criterion that for 0 < j < jd. su

perconductivity is maintained aU the time without formation of normal zone (case 

l a ) . For j — 0.4, the da ta in Fig. 6.6 demonstrate a trend approaching toward a 

s teady-state value of ^r = 1 where heat generation equals heat dissipation, and su

perconductivity is never restored. The Zn data for the same j in Fig. 6.6 increases 

indefinitely untU the entire superconductor becomes normal. The jc2 correspond

ing to Zmp -^ oo is 0.3376. Therefore, jo > jc2, and the superconductor's behavior 

in terms of qr and Zn agrees with that predicted in case Ic of the present criterion. 

The performance of jo = 0.35 also faUs into the same case. 
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6.6 Conclusion 

The quenching and recovery behavior of cyHnder/wire type superconductors 

subjected to thermal disturbances in the form of centraUy located finite Hnear heat 

sources is investigated. Two critical current density ratios are calculated: jd gives 

the minimum current density ratio for the formation of any normal cross section, 

and jc2 gives the maximum aUowable current density ratio for the restoration 

of superconductivity after quenching. A stabiHty criterion is developed, and is 

vaUdated by superconductor's behavior data obtained by solving a transient two-

dimensional heat conduction problem with a moving boundary. It was found that 

quenching starts from the center cross section, and recovery starts from the ends 

of the normal zone. Both jd and jc2 vary with the length of the normal zone, and 

approach to constants as normal zone length increases. Comparison of the present 

result with the conventional MPZ length reveals that the present MPZ depends 

on the superconductor diameter, while the conventional MPZ does not take the 

diameter effect into account. 
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Fig. 6.3. Variation of j d with Z, for different £d 
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C H A P T E R VII 

THREE-DIMENSIONAL STABILITY ANALYSIS 

F O R QUENCHING AND RECOVERY OF 

SUPERCONDUCTING TAPES OR FILMS 

7.1 Abstract 

The operational instabiHty of a tape/film type superconductor subjected to an 

instantaneous thermal disturbance represented by a finite length Hne heat source is 

investigated. Based on an explicit finite difference solution of a 3-D transient heat 

conduction problem with heat generation and moving boundary, the mechanism of 

the longitudinal normal zone behavior is studied by calculating the distribution of 

the instability parameter in the axial direction, the instantaneous energy balance 

for the entire normal zone, and the dimension of the normal zone. An analytical 

solution of the heat conduction equation without heat generation is obtained, which 

leads to the critical current density ratio for intrinsic stabiHty. Based on the 

solution of an equiUbrium steady state, the relation between the critical current 

density for recovery and the minimum propagating zone is determined. A stabiHty 

criterion is vaUdated with the transient behavior results. The effects of disturbance 

strength, length of the Hne source, and aspect ratio are investigated. Numerical 

da ta of NbTi superconductors are presented. The results are compared with two-

dimensional analysis. 

7.2 Introduction 

Thermal disturbances in the form of a locaHzed and instantaneous energy re

lease, are assumed to be one of the major causes of quenching for the superconduc

tors in operation^"^. FoUowing such disturbances, a normal zone may be initiated. 

120 
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which may either grow or coUapse depending on the thermal disturbance, operat

ing condition and geometry of the superconductor. Studies have been conducted 

for the stabiHty of tape/film type superconductors^"" , and of cyHnder/wire type 

superconductors^- in terms of normal zone behavior in the transverse direction un

der infinite Hne heat sources. The normal zone behavior in composite superconduc

tors have been studied extensively in the Hterature from different viewpoints^^"^^ 

In the present study, the formation and behavior of normal zone due to a cen

traUy located instantaneous line heat source with a finite length is investigated. 

Centrally located heat source, but with an infinite length, was also considered in 

previous studies for tape/film superconductors^"" . Such heat source results in the 

largest possible normal zone in the conductor cross sections since heat needs to 

diffuse across the maximum distance in order to be dissipated through convection 

on the surface^*^. The present analysis thus provides the information of the worst 

situation for a safe design. A heat source with a finite length introduces one more 

dimension to the analysis than the infinite heat source. However, such heat source 

configuration bet ter simulates the reaUty, while the infinite heat source provides 

conservative results. The present study addresses both quenching and restoration 

of superconductivity by investigating the behavior of normal zone in the supercon

ductor under finite length heat sources. Numerical results of NbTi superconductor 

are presented, and are compared with the previous results for infinite Hne heat 

source. 

7.3 Analysis 

The present analysis considers a tape or film type bare superconductor sub

jected to a centrally located instantaneous Hne heat source with a finite length 

and a uniform heat ra te per unit length. Due to symmetry, only one-eights of the 

superconductor needs to be considered. Based on the assumption of constant ther-
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mophysical properties, the transfer of heat within the superconductor is governed 

by the following three-dimensional transient heat diffusion equation: 

| ^ . ^ + g + Go..(̂ .0 = |?, eix,y.z.ry 

0<X<r^, 0 < r < l , 0 < Z < r , . T>0, (7.1) 

with the boundary conditions 

1^=0, at A' = 0, (7.2) 
dX 

+ A B I ^ ^ O , at X = r „ (7.3) 
dx 

de 
dY 

de 

= 0, at Y = 0, (7.4) 

dY 

de_ 
dz 

de 

+ Bi^ = 0, at Y = 1, (7.5) 

= 0, ai Z = 0, (^-6) 

dZ 

and the initial condition 

+ yfc^Bi^ = 0, at Z = r,, (7.7) 

I ed^ 0<X<8X, 0<Y<8Y, 0 < Z < Z . 

^^^^™^-\,^ SX<X^r.,SY<Y<l.Z^<Z^.. '"'^ 
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The above initial condition is based on the assumption that the disturbance energy 

is initiaUy deposited in a centraUy located area of 4<^A' > 8Y and has a length of 

2Zs in the axial direction. The values of 5X and SY are taken to be so smaU 

(typicaUy 6X = 8Y = 0.0001) that a Hne heat source is simulated and that the 

result is independent of the x— or y— dimension of the initial thermal disturbance. 

The value of Zg is variable, from a very small value simulating a point heat source, 

to a value several times larger than the aspect ratio of conductor cross section, 

simulating an infinite Hne source. The nondimensional parameters involved are 

defined as 

^(x.r,z.x)^^(\^'-'^^°, x = - ^ , Y = l 

T 

Tc — To dy/kr d d^ kr 

^'^ kr = ^ = ^, Bi = ^ , k = (k,k,y^' 
d'^pC^ ky ky k 

_ d'^aio^ . io n -dr. 
Go =1-77^ 7i^^ J = —^ ^d = '\ ' ky(Tc-Toy ' i c o ' [^X)(8Y) 

ed 
r^ — 

^' ~ pC(Tc - To)^ad' ""̂  " dy/K' ''' dyk,' ^ ' ' ^ 

where T is t empera tu re , Tc is critical temperature . To is operating temperature; d is 

the half thickness, a is the half width, and / is the half length of the superconductor, 

t is t ime, k,, ky and K are thermal conductivities in x-. y- and z-directions. 

respectively, Bi is Biot number, h is heat transfer coefficient, a is normal-state 

electrical resistivity, io is operating current density, ico is critical current density at 

the operating tempera ture T^, ed is the disturbance energy per unit length, and p 

density. The heat generation switching function, gf(Z,T) in Eq. (7.1). is defined 
is 

as 
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^(y . , 0 ' f o r c / , ( Z , r ) < l - ; 
gA^^-T) = < 7.10) 

1, f o r ( / > ( Z . r ) > l - j . 

The dependence of the critical current density on the local temperature can be 

approximated by a Hnear relation between the bath temperature and the critical 

temperature, as proposed in ref. 5, and employed in numerous previous studies^"". 

Such relation can be expressed by the foUowing equation: 

ic(e) = [1 - g(e)]ico, (7.11) 

where 

[ 1, e>i 
9{e)={ (7.12) 

[ e, 0 < ^ < 1. 

The instability parameter for each cross section is calculated based on the above 

relation as 

ct>(Z,T)=- r f g(e)dXdY. (7.13) 
rj. Jx=o Jy=o 

For a particular cross section of the superconductor to be intrinsicaUy stable, 

the local instabiHty parameter must satisfy the following condition at aU times 

during the heat diffusion process": 

j < l - < ^ ( Z , r ) . (7.14) 

As long as the above criterion is satisfied, there is no heat generation in the cross 

section, and the heat generation switching function gf(Z,T) (Eq. (7.10)) is zero. 

The corresponding temperature distribution is obtained by solving Eq. (7.1) with

out the heat generation term. Under the assumption of constant Bi. the solution 

through separation of variables is 
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e(X,Y Z T) = edy T V sm(/3mSX) s in(7„a ' ) sin(7/pZ0 

^ i t l ^ l (^mN(^m) InN(^n) Vp^'^'iVp) 

X cos(/?^X)cos(7„}^)cos(7/pZ)e-(^''^*"+^p)^ (7.15) 

where the transcendental equations and the norms are given as'" 

/3„tan(/3„r . ) = Bi, - I - = 5 5 ' f ^ - - ( ' - le) 
N[Pm) rAp^-\-Bi-) ^Bi 

'Y tan-v - ^/V'R\ ^ - 2(7; + fcrBr) / - i 7 \ 
7 . t a n 7 . - V ^ . B i , ^^^^^ _ ^ - _ - _ , - _ _ _ , (,.17) 

7/,tan(r/,r,) = Bi, i J ^ - ^ 1 " ! " p^^^'i p - ' ("-l^) 
^ ( ^ p ) 7-47/2 + B l ' ) + Bl 

By using the above temperature solution, the instability parameter given by Eq. 

(7.13) is calculated through numerical integration. For a superconductor subjected 

to a centrally located finite heat source with a uniform heat rate per unit length, 

the highest temperature, and therefore the maximum reduction in current carrying 

capacity always occurs at the central cross section (Z = 0). Hence, the critical 

current density ratio for the entire superconductor to maintain intrinsic stabiHty, 

jcl, is determined as the maximum current density ratio that allows intrinsicaUy 

stable operation at the central cross section, and is related to the maximum (j) at 

Z = 0 during the heat diffusion process: 

j., = l-imr)L..- ("-19) 

If the intrinsic stabiHty criterion (Eq. (7.14)) is not satisfied at any cross 

section any time during heat diffusion, quenching occurs and the entire cross section 
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starts to generate heat. The longitudinal growth of a normal zone is in fact a 

process of more and more cross sections becoming normal, while the longitudinal 

shrinkage of a normal zone is a process of more and more cross sections reverting 

to superconducting state. The process of growth or shrinkage of normal zone is 

controUed by the heat generation switching function in Eq. (7.10) which turns on 

or off heat generation for cross sections. In order to study the transient behavior of 

the normal zone within the superconductor, a moving boundary problem governed 

by Eq. (7.1), must be solved. An explicit finite difference scheme based on the 

control volume formulation"^"^ was employed to obtain the temperature distribution 

in the present study. The formulation resulted in the foUowing equation for the 

nodal temperatures: 

1 _ ) ^ ^ 
(AY). ( A y ) , 
^ ^' X XT, -f yTi + r r ^ x ZTi L(AX), (AZ), 

>e[ .J.A-

+ A r 

(An-
^^^^^^ X XT2 + yT2 + ^ ^ X ZT2 + (AY)^Go [i^n (AZ), 

(7.20) 

where 

1 1 
-^^^~ [(6XY^ ~^ (8X)f ^ ' 

/DO f)0 

{sxy, (6X): 

YTi = 
1 1 

(SY)" (SY)] 
S I 5 

yTo 
^i.jpl.k _ ^i.jrnl.k 

ZT, = 
1 1 

X8Z)t [SZ)l 
U I 3 ZT> = 

^i.J.kpl ^i.j.kml 

{sz)t mi 
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The superscripts 1 and 0 denote the present time and the previous time values of 

the nodal tempera tures , respectively. The subscripts i. j and k denote the location 

of the node in x, y and z directions, respectively. A r is t ime increment. AX. AY 

and A Z are the sizes of the control volume in x. y and z directions, respectively; 

8X, 6Y and 6Z are the distances between neighboring nodes with the superscripts 

e and w, n and s, and d and u describing the relative locations of the neighbouring 

nodes. The pis and m i s in the subscripts ipl. jpl.kpl,iml,J7nl. and kml denote 

"plus one" ( + 1) and "minus one" ( — 1), respectively. AppHcation of the boundary 

condition (Eqs. (7.2)-(7.7)) to Eq. (7.20) yields six more equations. A uniform 

grid system was employed for the solution. For a 4 /xm thick superconductor with 

an ttri = d/(ay/k'r) of 10 and an ar2 = l/(d\/K) of 40, a 40 x 10 x 80 grid system 

was used to obtain a grid independent solution. It took fifteen hours of CPL" time 

on the VAX Vector 6510 machine to calculate a typical transient performance data 

covering the interval r = 0 to 40 with a time increment of A r = 0.001. 

In order to bet ter understand the transient behavior of the superconductor, the 

ratio of the heat generation rate to the heat dissipation rate is calculated: 

,(r) = ^-^ , (7.21) 
^'^^ qc.{r) + qk{r)' 

where ^^(r) is the heat generation rate within the entire normal zone, 

g , ( r ) - Zn(r)ad'^/k'r<nl ( - 2 2 ) 

g , , ( r ) is the convective cooHng heat transfer rate from the surface of the normal 

zone, 

,„.(r)=-4.,. [̂ /̂ /;-''' /;- wr-.idxdz+/;-''' /; ie],..jydz (7.23) 
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with Zn being the location of the normal zone front in the Z-direction, ey^x and 

^A'=rx the nondimensional local surface temperatures at the x-z and y-z surfaces, 

respectively, and Acv a constant defined as 

Ac,^d-h'^kr(Tc-To), (7.24) 

and qk{T) is the conduction heat transfer rate at the end of the normal zone. 

Tx rl 

qk(r) = Akf'[ 
Jo Jo 

with Ak being a constant defined as 

de_ 
dZ 

dXdY, (7.25) 
Jz=z„ 

Ak = Kd(Tc-To). (7.26) 

After quenching occurs, the recoverabiHty of the superconducting operation 

depends upon whether the normal zone continues to grow indefinitely or shrinks 

to zero. A critical condition is considered below, which leads to the development 

of a criterion for definition of the minimum propagating zone (MPZ). MPZ is the 

critical normal zone tha t any normal zone longer than its length Z^p continues 

to grow until the entire superconductor becomes normal, while any normal zone 

shorter than Z^p eventually coUapses. MPZ exists when the total heat generation 

within the normal zone equals the total heat dissipation out of the normal zone, 

i.e., qr = 1, and a steady-state is reached under such equiUbrium. The intrinsic 

stabiHty criterion (Eq. (7.14)) is satisfied for Z > Z^p, and fails for Z < Z^p. 

The equaUty version of Eq. (7.14) satisfied at Z = Z^p- The current density ratio 

tha t satisfies such condition at Z = Zmp is the critical current density ratio for 

recovery, jc2- For any operating current density ratio j > jc2. the normal zone 

length Zn > Zmp, the normal zone wiU grow indefinitely and superconducting 

operation will never be restored. For any operating current density ratio j < jc2-
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the normal zone length Zn < Z^p. the normal zone wiU eventuaUy coUapse and 

superconductivity wiU be restored, j , 2 is thus determined as 

Jc2 = l-[(f>ss]z^,. (7.27) 

where (f)ss is the steady-state instabiHty parameter calculated using Eq. (7.13) 

based on the steady-state temperature distribution obtained by solving Eq. (7.1) 

without the transient term, which becomes an elliptic partial differential equation. 

The foUowing control- volume-based finite difference scheme"̂ "̂  is used to calculate 

the related steady-state temperature distribution within the superconductor: 

1 
s ^i.jml 

( A y ) , ( A y ) , 
^ ^' X XT, + yTi - 7—-{^ X ZTi (6Y)) '^'"''•' [(AX),. (AZ), 

fii ^ fji 
^i.j.k ^ [SYY' i-JP^-l^ 

(AY) 
(«•): + {6X)r) + (AZ), [{sz)t + (sz):) ^ - ^' " 

(7.28) 
(AX) . 

where the superscripts 1 and 0 represent the values of the present iteration step 

and the previous iteration step, respectively. The above equation represents a 

system of n (the number of the nodes in ^/-direction) linear algebraic equations in 

a tridiagonal matrix form for the coefficients of the nodal temperatures (at nodes 

{i,J7nl,k), (i,j,k), {i,jpl,k)). The resultant matrix is solved by successive over 

relaxation (SOR) by lines^^-^^-^^ 

7.4 StabiHty Behavior Criterion 

Based on the definition of jd and jc2, a criterion for the behavior of a super

conductor subjected to a thermal disturbance can be developed. Such criterion is 

quaUtatively identical to that for tape/film superconductors^ (Chapter III of this 

dissertation) and cyHnder/wire superconductors^^ (Chapter \ ' of this dissertation), 



130 

even though the definitions and values of jd and jc2 for different heat source and 

conductor geometries are totaUy different. 

7.5 Results and Discussion 

Typical da ta of the critical current density ratio for recovery, jd. calculated 

using Eq. (7.19), are presented in Fig. 7.2 for different aspect ratios ar, and 

nondimensional heat source lengths Zg for a disturbance strength of £d = 10. The 

da ta are based on the following physical properties of a NbTi superconductor with 

2d = A /xm: k = 0.11 W / m - K , K = 1, a = 6 x lO""^ Q-m, ico = 1 x 10^ A/m". 

Tc = 9.6 K, To = 4.2 K, and /i = 1 x 10"̂  W/m^-K^^ 

The da ta in Fig. 7.2 are qualitatively similar to that of a superconducting 

cyHnder/wire subjected to a finite heat source. It is demonstrated that jd de

creases with Zs, indicating a bet ter chance for the superconductor to maintain 

superconductivity with a shorter heat source of the same disturbance energy per 

unit length, j d generally increases with ar,, indicating that a thin and wide su

perconductor can be t te r maintain superconductivity under thermal disturbances 

than a thick and narrow geometry. The jd curves of different aspect ratios reach 

different constants for the heat source length greater than about 10 times the con

ductor thickness (Z , > 20). This resuU agrees with Chen and Chu's result that 

the max imum <f) curves for different Ks aU reach individual constant values for 

heat source length greater than 10 times the conductor thickness^^ The constant 

jcl values in Fig. 7.2 are found to be exactly the same as the results for tape/film 

superconductors subjected to infinite Hne heat sources^ This impHes that a heat 

source with a length greater than 10 times of the superconductor thickness can be 

considered as infinitely long, and the results of the two-dimensional analysis are 

vaUd as far as intrinsic stabiHty is concerned. On the other hand, the longitudinal 

conduction effect is important for a short heat source, and a three-dimensional 
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analysis is necessary. Even though longitudinal heat conduction is considered in 

the present study, j d is related to the intrinsic stabiHty of the central cross section 

(Z = 0) where the longitudinal conduction is absent due to symmetry. Therefore, 

the result of the three-dimensional analysis for a very long heat source is the same 

as the two-dimensional analysis for an infinite heat source. Note that for different 

ranges of ar, and e^, the threshold Z^ beyond which 2-D result appHes may vary. 

The variation of the recovery critical current density ratio jc2 with the minimum 

propagating zone length Zmp for a particular aspect ratio ar, = 10 is exhibited 

in Fig. 7.3. The da ta indicate tha t jc2 decreases with Zmp for smaU ZmpS. and 

approaches to a constant value for large ZmpS. However, the asymptotic value of jc2 

is larger than tha t for an infinite heat source^. The jc2 value obtained for the same 

superconductor with an infinite heat source based on a two-dimensional analysis 

is 0.192, while the asymptotic value of jc2 for Zmp -^ oo of the present study 

is 0.260, a value 35% larger. This comparison demonstrates the importance of 

the longitudinal heat conduction effect addressed in the present three-dimensional 

analysis. The jc2 of the present analysis is related to the cross section at the normal 

zone front Zmp, while the jc2 in the two-dimensional analysis is independent of Z ^ 

A typical recoverable quenching behavior of a superconductor film under a 

finite linear thermal disturbance is exhibited in Figs. 7.4 through 7.6. Data in 

these figures are based on a finite difference solution of Eq. (7.1) for an NbTi 

superconductor of 4 /xm thickness subjected to a centrally located finite-length 

heat source with Z , = 20 and a disturbance energy strength of £d = 10. Figure 

7.4 shows the variation of local instabiHty parameter (j) with time for an operating 

current density ratio of j = 0.2. In Fig. 7.5. the qr data calculated using Eqs. 

(7 21) through (7.26) for different operating current density ratios are presented. 

Variation of normal zone length Zn with time for different values of j are presented 

in Fig. 7.6. 
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The quenching-recovery mechanism of the superconductor can be conveniently 

studied using the transient performance data . Consider the </)(r) data for j = 0.2 

exhibited in Fig. 7.4. After the thermal energy release within the superconductor 

at point A ( r = 0), (j) increases as a result of heat diffusion on cross sections aU over 

the superconductor. A cross section becomes normal when the intrinsic stabiHty 

criterion given by Eq. (7.14) fails, i.e., when cf) > 1 - j = 0.8. For instance, the 

cross section at Z = 0 becomes normal at point B when (f) reaches 0.8. At the same 

instant , the qr da ta for j = 0.2 demonstrates a step jump from zero (point B. Fig. 

7.5), indicating the beginning of heat generation within the superconductor. The 

length of normal zone Zn also shows a step increase from zero (point B, Fig. 7.6) 

as the normal zone starts to grow longitudinaUy. As (j) decreases due to cryogenic 

cooling and axial conduction, the cross section becomes superconducting again 

at point C when (f) decreases to 0.8 and Eq. (7.14) is again satisfied (Fig. 7.4). 

Simultaneously, heat generation stops, qr decreasing to zero (point C Fig. 7.5). 

and Zn also decreases to zero (point C, Fig. 7.6) as the normal zone coUapses. 

The central cross section is therefore normal in the period between points B and 

C The central cross section always becomes normal before any other cross section 

if quenching occurs at all, and always recovers after aU the other cross sections if 

recovery occurs at all. In other words, the central cross section always experiences 

the longest period of normal state during quenching. The data in Fig. 7.4 show 

tha t (f) is always maximum at Z = 0. Figure 7.4 also demonstrates that the length 

of normal period, marked by the intersections of the individual </>(r) curve and 

(j) = 0.8, decreases with Z . Cross sections at Z larger than approximately 21 never 

become normal during the present process. This result agrees with Fig. 7.6 which 

shows tha t for j = 0.2, the normal zone never exceeds Zn = 2 1 . The jc2 determined 

from Fig. 7.3 for Zmp = 21 is 0.26. From Fig. 7.2, the jd for the present case of 

d = 2/xm, ar, = 10, and Z, = 21 is 0.103. Therefore, jd < j < ic2, and according 
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to the present stabiHty criterion, superconductivity is restored after quenching. 

For j < 0.103 = jcl, it is shown that gr = 0 (Fig. 7.5) and Z^ = 0 (Fig. 

7.6) for aU times, a behavior in agreement with the present criterion that for 

0 < j < jcl, superconductivity is maintained aU the time without formation of any 

normal zone. For j = 0.3, the data in Fig. 7.5 demonstrate a trend approaching 

toward a steady-state value of gr = 1 where heat generation equals heat dissipation, 

and superconductivity is never restored. The Z„ data for the same j in Fig. 7.6 

increases indefinitely untU the entire superconductor becomes normal. The j.o 

corresponding to Zmp -^ oc is 0.26. Therefore, j > jc2, and the superconductor's 

behavior in terms of qr and Z„ agrees with that predicted by the present criterion. 

7.6 Conclusion 

The quenching and recovery behavior of tape/film type superconductors sub

jected to thermal disturbances in the form of centraUy located finite Hnear heat 

sources is investigated. Two critical current density ratios are calculated: jc gives 

the minimum current density ratio for the formation of any normal cross section, 

and jc2 gives the maximum aUowable current density ratio for the restoration of 

superconductivity after quenching. The stabiHty criterion for infinite heat source 

or cyHnder/wire superconductors is appHcable, even though the jc and jc2 are 

totaUy different. The criterion is vaUdated by superconductor's behavior data 

obtained by solving a transient three-dimensional heat conduction problem with 

a moving boundary. It was found that quenching starts from the center cross-

section, and recovery starts from the ends of the normal zone. Both jc and jc2 

vary with the length of the normal zone, and approach to constants as normal zone 

length increases. The results are quaUtatively similar to that of a superconducting 

cyUnder/wire subjected to a finite heat source. 
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Fig. 7.1. A tape/film superconductor subjected to a Hnear heat 
source of a finite length 
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Fig. 7.5. Variation of qr with time for different operating current 
density ratios 
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