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CHAPTER I 

INTRODUCTION 

Appl icat ion of frequency domain techniques to the s t a b i l i t y of 

l i near t ime- invar iant systems began in 1932 with the advent of the 

Nyquist Cr i ter ion [ 7 ] , [14] . The problem was to control in a stable 

way single loop scalar feedback systems as in Figure 1.1. Here x(s) 

> y ( 5 ) 

Figure 1.1. Block diagram of a single loop scalar feedback system, 

and y(s) represent the Laplace transform of the input and output 

respectively; g(s) represents the open loop frequency response. 

The question is: what information does g(s) supply about the sta

bility of the closed loop system? 

Before answering this question, note that a system is stable 

if whenever the system is excited by a bounded input, then the 

corresponding output is also bounded. More precisely, the closed 

loop system is stable if its transfer function has no poles in the 

closed right half complex plane. 



Consider now that the closed loop system has a transfer func-

tion h(s) = g(s)/[l+g'(s)]. The closed loop system has a pole in 

the closed right half plane if and only if there is some SQ in the 

closed right half plane such that g(sQ) = -1. This indicates that 

indeed closed loop stability can be formulated in terms o^ the open 

loop frequency response. 

Explicitly, the Nyquist test is a simple graphical method for 

determining whether or not such an s^ exists. The Nyquist Theorem 
0 

[7], [14] reads as follows: 

Theorem 1.1: Let g(s) represent the open loop frequency response 

of the above described system. Suppose g(s) has P poles in the 

open right half plane and no poles on the imaginary axis (this is 

an unnecessary restriction and is added so as to simplify the ax-

position). Suppose further that g(=°) is bounded. Then the closed 

loop system of Figure 1.1 is stable if and only if the flyquist plot 

of g(s) does not pass through "-1" and encircles "-1" exactly 

P-times. 

Now the Nyquist plot of g(s) is the i:̂ age of the Nyquist con

tour under the map g. The Nyquist contour (as per the restrictions 

on g in Theorem 1.1) is a semicircle of infinite radius, centered 

at the origin of the complex plane, and encircling the open right 

half plane as illustrated in Figure 1,2. 

As an illustration of the theorem, consider the follo'-/inq 

example: 
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Figure 1.2. Plot of the Nyquist contour. 

Example 1.1: Let the open loop frequency response be g(s) 

7 
= 20/[(s+l) (s+2)]. The Nyquist plot of g is sketched in Figure 1.3, 

> ^ 

Figure 1.3. Nyquist plot of g for Exam.ple 1.'. 

http://Exam.pl


Clearly the plot indicates that the closed loop system is unstable 

since the plot encircles "-1" twice. 

The proof of this criterion draws heavily on the Cauchy Argu-

mient Principle [5], [4]. Let f(s) be a function analytic on and with

in a closed curve, r, except at a finite number of poles within r. 

Intuitively and non-rigorously speaking, the argument principle 

states that the number of times the origin is encircled by the 

curve "f(r)" equals the number of zeros within r minus the number of 

poles within r. Note that the poles and zeros are counted accord

ing to their multiplicity. 

Applying the argument principle to the Nyquist criterion, one 

has f(s) = l+g(s). One then looks at the encirclements of "-1" by 

g(r) instead of the encirclements of "0" by l+g(r) where r is the 

i'yquist contour. Recall that the Nyquist contour encloses the 

closed right half plane. Thus the argument principle counts tne 

number of zeros that l+g(s) has in the right half plane. Now 

whether there is one such root or five such roots, the system is 

unstable. Thus only a binary decision is really needed. The 

argument principle then supplies unneeded although speci-'lc in

formation. It was this observation coupled with the point of view 

taken in [5] that led the author to the Algebraical Topological 

approach described in Chapter II. 



CHAPTER II 

THE ENCIRCLEMENT CONDITION: AN APPROACH 
USING ALGEBRAIC TOPOLOGY 

Introduction 

Tiie concepts delineated in this chapter arose in p: rt from an 

introductory study of Riemann surfaces. Associated with an analytic 

function is a Riemann surface. It has the property that the image 

of simply connected regions in the complex plane are simply con

nected on the Riemann surface. 

The main point here is that the Nyquist criterion is trivial 

for simply connected regions. Moreover, if one can work on the 

Riemann surface, this triviality carries over to the general case. 

To illustrate the point, let Figure 2-a be the image of the right 

half plane under an analytic map. The region is not simply con

nected. Figure 2-b shows the "same region" as it might apoear on 

an appropriate Riemann surface. Here the region is simply connect

ed. 

Fiqure 2.1. 

(a) 

(a) Tyoical Nyquist plot, (b) Same plot as it might 
appear on H Riemann su'^face. 



Under the hypothesis that f is bounded at infinit/, -̂ he 

boundary of the region in Figure 1-b is the image of the imaginary 

axis as is the darkened line in Figure 1-a. 

Now remove "-1" (this may be a set of points) from the Riemann 

surface. The essential argument needed is that the Nyquist contour 

in the complex plane is homotopic to zero if and only if "-1" is not 

in the interior of its image on the Riemann surface. 

Although motivated by the intrinsic properties of Riemann sur

faces, this author drops any further discussion of the concept so as 

to simplify the exposition. Instead, the author exploits the fact 

that the Nyquist contour is a simple curve closed in the extended 

plane, ilathematically only the intuitive concept of homotopic 

triviality as found in algebraic topology is utilized. 

In the sequel, the classical stability results are proven via 

homotopy theory. In particular, coverinc; space theory is -applied. 

It is believed that this analysis is clearer and more intuitive 

than has hitherto appeared. Moreover, this research indicates that 

the nub of the Nyquist criteria is in fact homotopy theory. 

flathematical Preliminaries 

0 

F i r s t l y , l e t ^ , % , and l^ ba the complex plane, the closed 

r i gh t hal f plane, and the open r igh t ha l f plane respect ively. Let 

\ = ^ - IZ Basic to homotopy theory is the concept of a p:.tn. A 

path or a curve [5 ] , [11 ] in the complex plare is a continuous func

t ion of bounded var ia t ion 7: [0,1] -> I. 7 is thus cal led a re: ' i . i f ! -
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able curve. 7 is a closed path if 7(0) = 7 ( 1 ) . 7 is a simple 

closed path if 7 is a closed path and has no self intersections. 

The image of I - [0,1] under 7 is called the trace of 7 and is de

noted by {7}. 

Two closed curves 7Q and y-^ are homotopic (7^-^ 7 J in ^ if 

there exists a continuous function r: I x I -> ^ such that : 

(a) r (s ,0) = 7Q(S) 0 ^ S ^ 1 

(b) r ( s , l ) = 7 J ( S ) 0 I S <_ 1 

(C) r (0 , t ) = r ( l , t ) 0 < t < 1 

Intuitively, 7̂ . is homotopic to 7-, if one can continuously de

form 7r) into 7-1. floreover, it is easily shown that the homotopy 

relation is an equivalence relation [9],[11]. 

Another important property of a closed curve is its index or 

degree. The index [5] of a closed curve, 7, with respect to a 

point "a" not in {7} is: 

1 

n(7;a) =—-7 / (z-a)" dz. 
2Trl J 

Observe that 

/(z-a)"-^dz = /d[ln(z-a)] = /d[ln| (z-a) | ] + i/d[arg(z-a)] 
7 7 7 7 

= i /d[arg(z-a)] . 
7 
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This integral therefore measures i times the net increase in angle 

that the ray r of Figure 2.2 accumulates as its tip traverses the 

trace of 7. 

Figure 2.2. Illustration of the calculation of the dearee of 7. 

Following the comments of J. Barman and J. Katzenelson [2], 

for the integral to be well defined it is necessary to specify the 

appropriate branch of arg(z-a) at each point of the integration. 

The choice of branch as outlined in [2] is assumed. 

Finally, note that this definition of index (encirclement) is 

a special case (i.e. in the plane) of the general topological 

concept of Brouwer degree [9],[11],[12]. 

At any rate, intuition for the approach stems in part from 

the observation that n(7;a) = 0 i^ and only if 7 is horo:opic to a 

point in jZ - {a}. (cf. prop 5.^, ref. 5) Simply then, a closed 

curve 7 does not encircle the point "-1" if and only i- 7 is homo-

topic to a point in jZ - {-1}. Henceforth such a 7 is ter-̂ ed homo-

topical ly trivial. 

Conversely, 7 encircles "-1" if and only if 7 cannot be coi.-

tinuously deformed to a point in ? - {-1}. These ideas indicate 

that the Nyquist encirclement condition is fundamentally a horo-



topy concept. 

To further illucidate the point, let g(s) be a rational trans

fer function depicting the open loop gain of a scalar singlo loop 

feedback system. Suppose all poles of g(s) are in l_ and g(«) ̂ M < 

Via the Nyquist Criterion, the closed loop system is stable if and 

only if h(s) = g(s)/[l+g(s)] is stable; if and only if the image of 

the imaginary axis, under g(s), [the Nyquist plot of g(s)] does not 

pass through nor encircle "-1". 

Specifically, the encirclement of "-1" by the Nyquist plot im

plies there exists at least one s^ in I such that g(s^) = -1. Thus 
U + ^ ̂  0 

the Nyquist contour is homotopically trivial in ^ - (g"-'- (-1)} if 
"r 

and only if the Nyquist plot is homotopically trivial in g(JZ )-{-!}. 

Motivation behind this approach also arose from a close scru

tiny of the classical proof of the Nyquist criterion which depends 

on the argument principle. The argument principle supplies un

necessary although specific information, in that it counts the num

ber of times "-1" is encircled. This may account for the apparent 

difficulty in generalizing the Nyquist criterion. Nevertheless, the 

affinity between homotopy and encirclement ideas led the author 

to a minor study of algebraic topology. 

In our setting, algebraic topolony establishes a topologically 

invariant relationship between a metric space, X, and an algebraic 

group called the fundamental group of X, denoted by "(X). The re

lationship is topologically invariant in tnat homeomorphic spaces 

have isomorphic fundamental groups. 

Specifically, the fundamental group is a set O' equivalence 
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classes of closed curves. Each equivalence class consi^,ts of a set 

of curves homotopically equivalent. The group operation is "con

catenation" of curves. 

For example, the fundamental group of % consists of one ele-

T.ent, i , the identity, since all closed curves are homotopic to 

zero. If X = JJ - {-1}, then 7i(X) has a countable number of ele

ments: i^ (the identity) equal to the equivalence class of all 

closed curves not encircling "-1" and the remaining elements, 

Ai (n = 1, 2, 3 ...) consisting of the equivalence class of all 

closed curves encircling "-1", n times. Moreover, M̂ - concatenated 

with M. is equal to the element î û -̂

Now let X and Y be metric spaces. Let f: X ^ Y be locally 

homeom.orphic. In particular, assume that for each point y in Y 

there exists an open neighborhood G of y such that each connected 

component of f"-'"(G) is homeomorphic to G under the map f. Under 

this condition X is said to be a covering space of Y [5],[9]. Also 

let TT(X) and TT(Y) be the fundamental groups associated with X and Y 

respectively. With these assumptions, f effects a group iso

morphism (i.e. a one to one onto mapping preserving group opera

tions) 6 between Tr(X) and a subgroup of -(Y) as in the following 

diagram [9],[11]. F is the functor which establishes the relationship 

between a topological space and its fundamental group. 

Before judiciously tailoring the complex plane so as to apply 

the above result, it is necessary to distinguish oet'/ee.i a critical 

point and a critical value. A point z^ in iZ is a critical point o" 

a differentiable function f if f' (ZQ^ = '̂- '̂  critical value of f 



is any point w = f(z^) whenever z is a critical point. 
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X 

Y 

F 

F 

1T(X) 

NC TT(Y) 

Figure 2.3. Diagram i l l u s t r a t i n g relat ionship between topolog
ica l spaces and the i r fundamental groups'. 

Now suppose f:^ -> ^ is a rat ional function whose set of poles 

is P = {P , . . . , P } . Let Q = { q , , . . . , q } be the set of a l l points i n 1 m ^ 

in I such that f (q^) is a c r i t i c a l value of f . Note that there may 

be q . ' s which are not c r i t i c a l points. To see th is consider 

g(z) = z'^(z-a). g ' (0) = 0 implies "0" is a c r i t i c a l value of g, 

but g(a) = 0 with g ' (a) f 0. F ina l ly , define T = { t . | t - = f"-^ ( -1 ) , 

i = 1 , . . . , s } . Note also that since f is a rat ional func t ion , P 

Q and T are f i n i t e sets. Define X = ^ - {P U Q U T} and define Y = 

f ( X ) . 

Lemma 2 . 1 : Under the above hypothesis, X is a covering space of Y, 

Proof: For X to be a covering space of Y, each y in Y nust ha -e 

an open neighborhood G such that each component of f~ (.\ ) is 

homeomorphic to G^. Using the inverse function theorem [13] such 
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a neighborhood is constructed. 

Let {x^, ..., X.} = f" (y) where again the finiteness of this 

set is a consequence of the rationality of f. Let .1,, ..., If, be 
J 1 ' K 

disjoint open neighborhoods of x,, ..., x. respectively. Since f 

is analytic on X and since f'(x) f 0 for all x in X, the inverse 

function theorem guarantees that there exist open neighoorhoods 

U.cw. (i = 1, ...,k) such that U. is homeomorphic to V.. ~ f(U.), 

nV. 

where it follows that V. is an open neighborhood of y. 

Thus f"^(V^U...UV|^) = U^U...U U^. Define V = V̂ ^̂ : ... 

Clearly V is an open neighborhood of y and f~ (V)cu U ... U U. . 

Since each U. is homeomorphic to V̂ . ̂ V, f''(V)cu^ is horneomorpnic 

to V. 

Therefore each y in Y has an open neiahborhood G such that 

f~''"(G ) has each of its components homeomorphic to G . It follows 
J •J 

that X is a covering space of Y. 

Corollary: The fundamental group -̂ (X) of X is isomorphic to a sub

group N of -IT(Y). 

This corollary says that a closed curve in X is homotopically 

trivial if and only if its image under f is homotopically trivial. 

The Scalar Nyquist Criterion 

In this section the above corol lary is applied to do. "ugly" 

Nyquist contour. After proving the Nyquist Theorem using this 

"ugly" contour it is related to the usual Nyquist contour. This 

will establish the classical result. 
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Let g(s) be a rational function which represents the open loop 

gain of a scalar, single-loop unity feedback system. Assume 

g(s) ^ 0. Thus the closed loop system has a transfer function 

h(s) = g(s)(l+g(s))-l. 

Note that the closed loop system h(s) is stable if and only if 

h(s) has all its poles in I and h(«) < «. 

Let P = {P^, ..., p^} be the set of poles of g(s) and let Q 

" •^^l' •••'\^ ^^ '^^^ ^^^ 0^ points q. such that g(q.) is a criti

cal value of g. Define T = {t.|t. = f"-^(-l), i = 1, ...,s}. 

Finally, let X = ^ - {P U Q U T} and let Y = f(X). Lemma 2.1 im

plies X is a covering space of Y under the mapping f. 

Assume for the present that g(ioj)?̂  "-1" for -«. ̂  cj < co. The 

first task is to construct the "ugly" Nyquist contour as well as 

the classical contou'^. Define the ugly contour to be 7 where 

7^- I -̂  X c ^ is a path whose trace is illustrated in Figure 2.4-a. 

Note that R is chosen strictly greater than max (|P.|, |q-|, |t |) 
J K 

for l ^ i ^ ^ n , l < _ j £ m , and 1 f. k <_ s. The i ndentati ons, al ong 

the imaginary axis into the right half plane, are of radius 

0 < e < e . These semicircular indentations are made around all 
0 

points of P lying on the imaginary axis and around all points q. 

of Q lying on the iw-axis with q.i T. The other "indentations" 

(again of radius e, 0 < e < e^) are slits into Z which encircle 
0 

all points of P and all points q, of Q (q. i T) v:'^i'::.h ara m ?.._ so 

as to eliminate these points from the interior of tne concour. 

These slits are labeled M - , ... ,JU where each M • maps an appro

priate subinterval of I onto the specified subset of {7n)- The 
K 
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parallel lines, connecting a pole in ̂ ^ with the senicircular 

portion of 7j^, are actually the same line segment (slit) traversed 

in opposite directions. Note that the usual counterclockwise 

orientation to the path is indicated. Thus the only points en-
0 

c i rc led by 7^ are points of T which are in ^ . 
K + 

» c-

(a) (D; 

Figure 2.4, (a) The ugly Nyquist contour, (b) The usual lyauist 
contour, x indicates a point of P; x indicates 
a point of Q. 
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L--?t r denote the classical Nyquist contour where :": I -> ̂  U {«>} 

as indicated in Figure 2.4-b. 

Lemma 2.2: Under the above assumptions on g and 7n, h(s) is stable 
K 

i^ and only if the path gor does not encircle "-1". 

Proof: Since g(icj) f -1, -« <_cj <_«, there is a finite R such that 

7r. encircles all points of T lying in Z . This fact together with 

9 being analytic on X implies that the statements of the Lemma are 

well defined. 
'̂  '̂  0 

Suppose h(s) is stable. Then h(s) has all poles in % . Equiv-

alently g(s) ^ -1 for all s in ̂ ^. Thus 7n does not encircle any 

points of T implying that 7n is homiotopically trivial in X. 

By corollary to Lemma 2.1, go7n is homotopically trivial in Y. 

Conversely, suppose that go7p does not encircle "-1". Then 

go7n "Js homotopically trivial in Y. The same corollary implies jr^ 

does not encircle any points of T. Thus all points of X which map 
o 

to "-1" are in ̂_. 

At this stage i t is necessary to compare the information of the 

Nyquist plot , gor, with the "ugly" Nyquist plot, goy^̂ . 

Lemma 2.3: Let n be the number of poles of g in ^^, then 

1 J (z-l)-ldz =:J_ J (z-l)"^dz + n 
27ri gor 2-1 gOŷ ^ 

Proof: Consider that 
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1^ J (z-l)- ldz = A^ J (z-l)- ldz + ^ J (z-l)- ldz 
goy R 

27Ti gor I<=1 gofi^ 

But J ( z - l ) - l dz = f [g (z ) - l ] -^5 ' ( z )dz 
go/.(k M|̂  

I f M|̂  encircles a point of Q, then [ g ( z ) - l ] " ^ g ' ( z ) is analyt ic in 

the region bounded by / i j , and thus the integral approaches zero un i 

formly fo r a r b i t r a r i l y small s. Consequently the integral is zero 

at these points. 

I f Mĵ  encircles a pole of g(s) then since [g (z ) - l ] " ' ^g ' ( z ) is 

analy t ic in the region bounded by Mr,: 

/ [ g ( z ) - l ] - l g ' ( z ) d z = / d [ ln (g (z ) - l ) ] = ln [g (z ) - l ] 
AM^ M 

= 2,Ti 

iJ k 

for a suitable branch of the logarithm. The integral comes out as 

negative 27ri since IJL^ was traversed in the clockwise direction. The 

conclusion of the lemma now follows. 

At this point remove the restriction that g(ico) 7̂  -1 for 

-00 <_ca <_oo. A proof of the classical Nyquist criterion using the 

above concepts is now given. 

Theorem 2.1: Let g(s) be as above with the earlier restriction re-

moved. Then h(s) is stable if and only if the Nyquist plot of g(5) 

does not pass through "-1" and encircles "-1" exactly n times where 
0 

n is the number of poles of g(s} in .̂̂. 
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Proof: Suppose h(s) is stable, then all poles of h(s) are in i_ 

and h(«) < oo. Thus g(o°) r -1 and g(s) ̂  -1 for all s in ̂  . There

fore via Lemmas 2.2 and 2.3 the Nyquist plot encircles "-1" ex

actly n times. 

Conversely suppose the Nyquist plot encircles "-1" exactly n 

times and does not pass through "-1". Thus g(°°) ^ -1 which implies 

l-i(oo) < CO. Moreover since gor encircles "-1" n times and there are 

n poles of g(s) in iZ^, we know that go7[^ is homotopically trivial. 

Thus 7(̂  is homotopically trivial. Consequently there are no points 

t- in ̂ ^ such that g(t.) = -1. Thus h(s) is stable. 

Matrix Case 

Let the entries of an nxn matrix G(s) be rational functions in 

the complex variable s. Suppose G(s) depicts the open loop gain of 

the single loop feedback system of Figure 2.5. 

>y(s) 

Figure 2.5. Block diagram of a rrul t ivar iable syste.ii. 

x(s) and y(s) are n vectors whose entr ies are also rat ional func

t ions of s which represent the input and outout of the system re-
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specti^'ely. 

This section assumes each entry of G(s) is bounded at x = «. 

Thus G(s) as a mapping, G(-)':1Z -̂  ̂ "^", is analytic on ̂  except at a 

finite number of points, the poles of its entries. 

For Figure 2.5 to be well defined we require that det[I+G(s)] 

r 0. Thus there exists a closed loop convolution operator, H, [7] 

such that y=H*x. Moreover the Laplace transform of H, H(s) satisfies 

H(s) = G(s)[I+G(s)]"l 

For the system of Figure 2.5 to be stable, H(s) must have all 
0 

i t s poles in ^ and have a l l i t s entries bounded at s = «. 

Under the assumptions on G(s), the fol lowing fac tor iza t ion is 

v a l i d : 

G(s) = N(s)D"^(s) 

where N(s) and D(s) are right co-prime, polynomial matrices in s 

with det[D(3)]^0. Moreover SQ is a pole of G(s) if and only if it 

is a zero of det[D(s)] [16]. 

Desoer and Schulman [6] have shown that the closed loop oper

ator H is stable if and only if det[N(s)+D(s)] 7̂  Q for s in •^_. and 

det[I+G(«)] 7̂  0. Using this fact, consider the folloving theorem. 

Theorem 2.2: H is stable if and only if (1) the Nyquist plot of 

det[N(s)+D(s)j does not encircle nor pass through "0", and (2) 
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det[I+G(-)] f Q. 

PrpojP: By hypothesis we require det[I+G(co)] f o. Therefore we must 

only verify that det[N(s)+D(s)] f 0 for Re(s) >_ 0 if and only if the 

Nyquist plot of det[N(s)+D(s)] does not pass through nor encircle 

"0". 

Now the Nyquist plot of det[N(s)+D(s)l passes through "0" if 

and only if det[N(s)+D(s)] has a zero on the imaginary axis—i.e. 

if and only if the closed loop system has a pole on the imaginary 

axis. 

Finally assume the Nyquist plot of det[N(s)+D(s)] does not 

pass through "0". Observe that det[N(s)+D(s)] is a polynomial and 

thus a rational function. As per Theorem 2.1, appropriately define 

X and Y so that X is a covering space of Y under the mao det[N(-)' 

+D(-)"]- The above lemmas imply that the Nyquist plot of det[N(s) 

+D(s)] is homotopically trivial if and only if there exists a point 
0 

SQ in ^^ such that det[N(s)+D(s)] = 0. The assertion of the theorem 

now follows. 

Observe that if one assumes the open loop gain to be stable 

[i.e. G(s) has all poles in ^_] then det[I+G(s)] can replace 

det[N(s)+D(s)] in the above theorem. This follows since for all s 

in ^., det[N(s)+D(s)] = det[I+G(s)] det[D(s)] with det[D(s)] f 0. 

Thus in ^^ det[:i(s)+D(s)] has a zero if and only if det[I+G(s)] nas 
+ 

a zero. 
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Remarks 

The chapter has constructed a proof of the classical Nyquist 

Criterion. Also a Nyquist test for multivariable systems was given, 

although the Nyquist test here is somewhat different from the test 

of [2]. In [2] a painstaking definition of the eigenvalue;, of the open 

loop gain matrix, G(iw), is given. By concatenation the image of 

the imaginary axis under each eigenvalue one obtains a closed curve 

which Barman and Katznelson term the Nyquist Plot of the system. It 

turns out that the degree of their plot with respect to "-1" is 

equivelent to the degree of our plot with respect to "0"—i.e. the 

degree of the image of the Nyquist contour under the map det[N(s) 

+D(s)]. 

This necessitates another comment. Strictly speaking neither 

the Nyquist contour nor its image under the map det[N(s)+D(s)] is a 

closed curve since neither image is compact. However by consider

ing the map det[N(s)+D(s)] /q(s) where q(s) is a polynomial analytic 

in ^^ and of degree equal to the degree of det[N(s)+D(s)], we obtain 

a "well defined" closed curve whose decree is equal to the degree of 

det[N(s)+D(s)] with respect to "0". Thus for all practical pur

poses it is unnecessary to maintain a rigorous interpretation of the 

definition of a closed curve [2]. 

Finally note that the chapter has given proofs of the classical 

stability results in a more compact and intuitive v.ay. Although 

these proofs are a contribution, the value of the approach rests in 

its capability of resolving as yet unresolved questions. Thus, in 
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the opinion of the author. Chapter III illustrates a more valid 

justification of the approach. 



CHAPTER III 

A NYQUIST-LIKE TEST FOR THE STABILITY OF 
MULTIDIMENSIONAL DIGITAL FILTERS 

Introduction 

The ultimate objective of this chapter is to construct a 

Nyquist-like test for the stability of digital filters character

ized by transfer functions in several complex variables. The fab

rication of this test draws heavily on the concepts outlined in 

Chapter II. Recall that Chapter II uses Homotopy Theory and Cover

ing Space Theory to prove the classical Nyquist Theorem and the 

more recent multivariable results. In particular it shows that 

the nub of the encirclement condition is a homotopy conceot. This 

chapter extends these ideas to the case in point. 

Some of the mathematics of Algebraic topology [8],[9] ,[11],[17] 

appears somewhat inadequate to describe this particular problem. In 

effect this chapter develops some mathemati:al tools paralleling the 

classical ideas [8],[9],[11],[17] yet subtlety different. A special 

form of homotopy is defined. This special homotopy is more aptly 

termed a "sequential homotopy." 

At any rate, the Nyquist-like test is actually a series of 

Nyquist tests. Basically one sketches a series of "Nyquist plots." 

If none of these plots encircle nor pass through the point zero, the 

filter is stable. The advantage is that a multivariable stability 

test reduces to a series of one variable tests. Each test is easily 

implemented with the aid of a computer. The author hopes that 
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th is formulation w i l l o f fe r designers the samt i n t u i t i o n about f i l 

te r behavior as the c lassical Ny-uist tes t does about feedback sys

tem behavior. 

The f i na l comment of the inzroduction points out that the main 

theorems of the chapter r e s t r i c t themselves to functions of two 

complex var iables. Hopefully th is w i l l f a c i l i t a t e the presentat ion. 

Extensions to n-complex variables are straightforward although 

somewhat deta i led . 

Background and̂  Mat^he~atical_Preliminaries 

F i r s t l y , define a closed pazh or curve in ^ as a continuous 

funct ion of bounded va r ia t i on , 7, from the un i t c i r c l e , S , in to 

^. This de f i n i t i on is somewhat d i f ferent from the classical one 

[ 4 ] , However, since the chapter deals exclusively with "closed 

curves," the de f in i t ions are equivalent. The image of 7 in % is 

the trace of 7 , denoted by {7 } . 

A funct ion of several complex var iables, f ( z ^ , . . . , z ^ ) , is 

analyt ic (holomorphic) in a domain (an open subset) of l^ i f a l l i 

pa r t i a l der iva t ives , - ^ , ( j = l , . . . , n ) , ex is t and are f i n i t e in 
8Z -i 

the domain [3]. Note that f is analytic if it is analytic in each 

variable separately. 

Analogous to the unit disk sf I is the unit polydisk of ^ . 

The unit closed polydisk [3] in l"^ is the set of points P = 
{(z^,...,z^) 

mension equal to twice the number of comolex variables or 2n. The 

to 

|z.|^l, j - l,...,n}. The polydisk has re^l di-
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z |< 1 
j ~ 

definition of the open polydisk has the obvious modification. The 

topological boundary of the unit polydisk is {(zp...,2 ) 

and |z|̂ | = 1 for some k, j= l,...,n}. The topological boundary 

has dimension 2n-l. Note all disks are assumed closed. 

Contained within the topological boundary is a special subset 

called the "distinguished boundary." The distinguished boundary is 

the set of points {(zp...,z ) 

ingly enough, a digital filter characterized by an appropriate 

rational transfer function, H, in several complex variables, has 

a frequency response equal to the evaluation of H over the dis

tinguished boundary of the unit polydisk. 

To familiarize the reader with these definitions, consider the 

three dimensional rendering of the four dimensional polydisk as 

per Figure 3.1. 

z. | = 1, j = l , . . . , n } . Interest-

Figure 3.1. Three dimensional rendering of the fou^ dimensional 
polydisk. 
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Represent the points of the polydisk, pictured in Firure 3 1 
it-̂  it^ 

as {(M^e , M^e -) 0 <_ M ^ M^ 1 1, 0 i t^, t^ < 2^}. Fixing M^ 

and t p one obtains a disk, n^e'^^2, centered at the point (M^e^^^O). 

For each fixed M^ while allowing M2,t^,t2 to vary, one obtains a 

solid torus. Figure 3.1, then, represents the four dimensional 

polydisk as a continuum of solid tori. The topological 

boundary of the polydisk is the set C = K U F where K = { |z | = 1 

and Iẑ l <_ 1 } and F = {|zj <. 1 and |z2| = 1}. In ou- picture, 

the set C equals the solid right-most torus (K) and the surfaces of 

the remaining tori of the continuum (F). Finally observe that 

the distinguished boundary is the surface of the right-Tost solid 

torus, M, = M = 1. 

Suppose a digital filter is characterized by a razional trans

fer function in two complex variables. The author claî is that the 

filter is stable if and only if the distinguished boundary is 

"homotopically trivial" in a special sense. The reasoning grew 

from the observation that the distinguished boundary holds the 

frequency response information. Consequently, it oughz to serve a 

role akin to the role played by the imaginary axis in the stability 

of scalar feedback systems—i.e. as per Chapter II, stability is 

equivalent to homotopic triviality of the imaginary axis. 

However, homotopy theory, as found in [8],[9],[11],[17] does not 

readily apply to systems characterized by rational transr'er -;:,;nctions 

in several complex variables, in particular digital filters. Tne 

references consider n-spheres as opposed to "n-tori." n-spneres 

arise naturally enough in R'^, yet "n-tori" seem mors s.i'ited 1:o 
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the study of t^. Also, the concept of narctopic spaces [3] m-̂ y be 

moldable to the immediate designs, however, it appears immersed in 

so many general and tangential ideas as to be impractical and overly 

complex. Because of these anomalies it is necessary to define what 

is meant by a torus, the aforementioned "n-torus" which is called an 

n-path, and finally the equivalence class of n-paths. 

Classically an n-dimensional torus [9] is a cartesian product 

of S^ n-times-i.e. T" = (S^" = s\..,xS^ n-cimes. With the 

usual definition of a path and the above notion in mind, define an 

n-path in jZ" as a continuous map 7:T" -> c" such that i{t,, t ) 
1 * * *' n 

= 7^(t^)x. . .xy^(t^) where 7^:S^ ^ jZ. 

Str ict ly speaking 7̂ . is the restriction of TT.O^ to the sub-

space T of T" , where TT̂. is the i-th projection map—i.e. i\^ maps 

f^ ^ ^ by lopping off everything except the i-th coordinate. In 

other v/ords, 7r̂ -oy:T -> !Z but rr-Oy = 7 - where 7.- maos T into (Z. 
T ^ 

Although this is a minor point, i t is important to keep the domains 

of definition of the various maps straight. 

The dimension of the n-path is the number of nonconstant 

7^-'s. Interpreting the definition, 7 is essentially a m̂ o from a 

metric space X = T into R . Thus 7 is continuous if and only if 

each coordinate function, 7 . , is continuous [9],[17]. In addition 

i t is required that each 7- be a function of bounded variation [5] , 

thus y is of bounded variation. Lastly, define the image of 7 in 

f^ as the trace of 7 [5] denoted by n } . Since each 7- is contin

uous and S is a closed connected space, 7-j is a closed curve or 

path [5],[17]. Clearly then {7; = {7.} x.. x{7^} '^i^erQ 17.) is 



the trace of each path 7.. 

Observe that this definition places 7 in a subset of the gen

eral class of continuous mappings from T" to l^ . The most general 

type of such a map would have each of its coordinate functions, 7., 

dependent on t^,...,t^ simultaneously. 

Recall from Chapter II, that two paths 7. and M• are homotopic 

if there exists a continuous map r.:S xl ^ I such that: 

(1) r^(t,0) =7-(t) 

(2) r.(t,l) =M.(t) 

Now two n-paths 7 and \i are said to be sequentially homotopic 

if there exists a continuous map r:T"xI -> iz" such that: 

(1) r(t^,...,t^,0) = 7(t^,...,t ) 

(2) r(t^,...,t^,l) = /^(t^,...,t^) 

(3) r(t ,...,t ,q) = 7-(t )x...X7. (t )xr (t ,r (q))x 
-•• ^ 1 1 k-1 k-1 k k k 

where (a) k = n-i+1 whenever £ q £ _ , ,(b) i = l,...,n, (c) r (c) 
i-1 i-1 i "̂  , " ^ 

- n(q - __) for J—l <_ q <. 1 and ^d) [̂̂ (t. ,q) is a classical homo-
n n n 

topy of 7|. into ju,̂ . Clearly this is an equivalence relation. Note, 

that by virtue of condition three, this is an extremely restricted 

form of homotopy where in effect a separate homotopy takes place in 

each coordinate in a seauential manner. 
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The first application of this definition to ach-^eving the de-

.ired end is the followinq: 

Lemma 3.1: The distinguished boundary of the four dimensional poly

disk is sequentially homotopic to zero--i.e. the zero map. 

Proof: The proof considers the obvious sequential homotopy and 

then verifies it satisfies the essential properties. 

Consider the parameterization of the distinguished boundary 

as 7(t^,t ) = (exp(it^),exp(itp)) for t. in S where S can be 

viewed as the reals modulo 27T. Define the sequential homotopy 

r(t^,t2,q):T^xI ^ % as: 

r[exp(it;j^), (l-2q)exp(it2)] 0<_q<_.5 
r(t,,tp,q) =f 

^ ^ I [(l-2(q-.5))exp(itj, 0] .5 ̂  q <_ 1 

Clearly r(tpt2,0) = 7(t^,t2) and r(tpt2,l) =."(t^,t2) where 

jLt:T̂  ̂  ^ as M(t, ,t^) = 0. Moreover the map was defined so that the 

deformation is consistent with condition (3) of the definition of 

sequential homotopy. The only question remaining is whether r is 

continuous. Clearly each coordinate function of r is c^-^t^nuous 

and thus r is continuous. The conclusion of the lemma now follows. 

Henceforth, if 7 is homotopic to a constant map, then i is 

said to be homotopically trivial in the sequeniial sense. 

StaMljjy of Digital Filters 

A thorough discussion of the stability of multi-dinensional 
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d i g i t a l f i l t e r s is a del icate and complex task. This chapter re

s t r i c t s i t s e l f to causal [1] [8] d i g i t a l f i l t e r s characterized by a 

t ransfer funct ion 

B(zpZ2) 
H(z^,Z2) ^ — — 

A(z^,Z2) 

where z^ and Z2 are complex variables and B and A are relatively 

prime polynomials [4],[10]. Such a filter is stable if and only if 

A(z^,Z2) ^ ^ inside the four dimensional polydisk (condition I). 

Equivalently [1],[10] the filter is stable if and only if (1) 

A(z;^,0) f 0 for |zj <. 1 and (2) A(zpZ2) i 0 for |zJ = 1 and 

|z2i <_ 1, (condition II). Generalizations of these conditions to 

n complex variables are found in [1]. So as to grease the con

ceptual understanding of the concepts •'"n this paper, the focus of 

attention is centered on a discussion of the two variable case. Ex

tensions to n complex variables are straightforv/ard, but detailed 

enough as to possibly obscure the main ideas. 

At this point, the careful reader may have already glimpsed an 

affinity between condition II and homotopic triviality cf the dis

tinguished boundary. To rigorously demonstrate this affinity, de

fine Z as the zero set of the polynmial kiz.^Zr^. Note that for 

functions of two complex variables Z is a two dimensional, non-

compact surface [3]. Define the subspace X c p as X ̂  P-Z, whe'̂ e P 

is the four dimensional polydisk. Assume tne intersection of the 

distinguished boundary of P with Z is null. Keeping these state-

liients at hand, consider the following le:"ira. 
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!=^i™_J^2^: Under the above hypothesis, if a digital filter is un

stable, then the distinguished boundary is not sequentially homo-

topic in X to a point. 

Proo£: Define the distinguished boundary by 7:T^ ^ ^ via 

7(t^,t2) = (exp(itp,exp(it2)) ^̂'̂ '̂̂^ ^' '̂̂  '̂" ^ "̂̂  "^ '̂̂  regard

ed as the reals modulo 27T. 

Since the digital filter is unstable, either 

(1) A(w^,W2) = 0 with IW2I < 1 for at least one point (WpW^) 

in P, or 

(2) A(w^,0) = 0 for |wj <_ 1 for at least one point (wpO) in 

P, or 

(3) both (1) and (2) hold. 

Suppose there does exist a sequential homotopy, r(t ,t ,q):T xl -> X, 

of the distinguished boundary into a point. Then for 0 1 q f_ -5, 

r(tpt2,q) = [exp(it2), r2(t2,r2(q))] and for .5 <_ q <_ 1, r(tpt2,q) 

= [r-,(t-.,r (q)), 0]. Now if (1) occurs, there exist numbers a, b, 

and c such that r(a,b,c) = [exp(ia), r2(b,r2(c)] = (w,,W2) which is 

not in X for a, b, and c in their appropriate intervals. Similarly 

if (2) occurs there exist constants a in S and b with .5 ̂ b <_ 1 

such that r(a,t2,b) = [r^(a,r^(b)), 0]. In either event there is 

a contradiction. Thus the aistinguisi'̂ ad boundary is not sequen

tially homotopic to a point in X. 

Comibining the definition of stability and lemmas 3.1 and 3.2, 

one has the following theorem. 
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Theorem 3.1: Under the hypothesis described above, the previously 

characterized digital filter is stable if and only if (1) A(z,,Z2) 

f 0 for (z^,Z2) on the distinguished boundary and if (1) is true, 

(2) the distinguished boundary is sequentially homotooic in X to 

a point, which, may, without loss of generality be taken as zero. 

This theorem asserts that the distinguished boundary indeed 

holds the pertinent stability inforination. It particularly shows 

that the role of the distinguished boundary is analogous to that 

of the Nyquist contour. Extending this analogy, the "Nyquist plot" 

of the distinguished boundary should yield a "Nyquist-like" 

stability test for digital filters. In fact, such a test exists. 

However, construction and proof of this test requires a slight re-

interpretation of Lemmas 2.2 and 2.3 and Theorem 2.1. 

To this end, notice that the distinguished boundary is a torus. 

In this framework, it is the trace of the 2-path, 7(t,,t ) 
i t i t • 

= (e , e ). For each a in S , define '̂ ot'̂ i'̂ ?̂  "" (e^"» e 2). 

The traces of \^ (as a runs) parameterize the distinguished boundary 

Figure 3.2. Representation of the distinguished boundary 
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as a continuum of circles, {x^jaeS^}. Also denote the s^t of noints, 

{(z-,, 0) |zJ <_ 1} as the trace of X(tT,t2):T - % via X(tpt2) 

= (e \ 0). 

The image of each of these circles under the map A(' ,•) is the 

trace of a closed curve. Precisely (AoXa) c M s the image of each 

of the circles {X^}, under A(' , •) as per Figure 3.3. 

T 

Figure 3.3 

^' 

Ao'X 
-> 0 

Diaqram showing the composition of the maps x^ and 
A(- , • ) . 

Thus the image of the distinguished boundary (the analogous 

••Hyquist plot") is a series of closed curves as illustrated in 

Figure 3.4. 

>^[A=^a 

Figure 3.4. Plot of (AoXc,) for a few different a's 
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The ensuing theorem will s'ate that the filter is stable if 

and only if the image of the distinguished boundary "does not 

encircle nor pass through zero"--i.e. each of the traces, {Aok^} 

and {AoX} does not encircle nor sass through zero. Equivalently, 

each of the curves AoX̂ ^ and AoX is homotopically trivial in ^ -{0}. 

This formulation corresponds di'-ectly to that of Chapter II. • 

Now observe that each of t-e circles {X^} is the boundary of 

0 <_ -, t2 < 2~, 0 <^M2 ± 1}. Each 

Da is clearly homeomorphic to tre unit disk of the complex plane. 

A mobius transformation [3], [5] insures that the unit disk is 

homeomorphic to the closed righ-, half plane, ^̂ . This association 

maps the boundary of the disk s-oothly onto the imaginary axis. 

In particular, the boundary of each of the disks D^ is topologically 

indistinguishable from the classical Nyquist contour. For the 

purposes of this analysis the i-oort of the discussion is that the 

spaces defined in Lemmas 2.2 ar~ 2.3 and Theorem 2.1 are identical 

to the appropriately modified c'sks, D,,,. The next step is to 

evolve a similar correspondence oetween the appropriate maps—i.e. 

A(- ,• ) of this chapter and g o- Chapter II. 

2 
The polynomial map A(z-,,z^) is an analytic function on ^ and 

thus has no poles. For each fixed z-, = :;, A(a,Z2) is an entire 

function of one complex variable, Z2. Similarly A(zpO) is an en

tire function of one complex va'"iable. 

Basically Lemmas 2.2 and 2.3 and Theorem 2.1 say that the open 

loop frequency response, g(s), of a scalar single loop feedback 

system, is equal to "-1" for s:-e SQ in Z^ if and only if the Nyquist 
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plot of g does not encircle nor pass through "-1". This is the re-

interpretation hinted to earlier. This reinterpretation is formal

ized in this setting with the following lemma: 

Ler̂ ma 3.3: For each fixed a, 0 <^a < 27T, A(e"'°', z^) f 0 for 

IZ2I <_ 1 if and only if AoX̂ ^ does not pass through nor encircle "0." 

Similarly A(zj^,0) / 0 for |zj <_ 1 if and only if AoX does not pass 

through nor encircle "0." 

This lemma brings us to the ensuing theorem which is a state

ment of the proposed "Nyquist-like" stability test for digital 

filters. 

Theorem 3.2: Let a causal digital filter be characterized by a 

transfer function H(z2,Z2) = B(z^,Z2)/A(zpZ2) with A(',-) and 

B(-,-) relatively prime polynomials. Then the filter is stable 

if and only if the image of the distinguished boundary does not 

pass through nor encircle "0" in the sense described h'j Lemma 3.3. 

Proof: If the filter is stable, the zero set, Z, of the polynomial 

A(° ,•) does not intersect the polydisk, P. In particular, the inter

section of Z with the distinguished boundary is null. Thus the 

image, (AoX^), of the distinguished boundary, 7(t,,t ), does not 

pass througn "0". Also, from Theorem 3.1, the distinguished bound

ary, is sequentially homotcoically trivial in P-Z^P. Explicitly 

each curve X^ and X is homotopically trivial. Thus for all a, 

AoX^ and AoX are homotopic to a point in {A(z]^,Z2) {z^^z^-z P} -{0} 

--i.e. insiue the image of P under A(* ,•) with the point "0" de-
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leted. In other words AoX^ and AoX do not encircle "0". 

Conversely suppose AoX^ and AoX do not encircle nor pass throug^^ 

"0". Then by Lemma 3.3, (1) for each a, 0 <_a < 27T, A(e^^,Z2)/ 0 

for IZ2I <_ 1 and (2) A(zp 0) 7̂  0 for jzj £ 1. By condition II of 

the definition of stability of digital filters, the filter is 

stable. 

At this point two examples are in order. The examples are 

taken from [6] where conditions for stability of the so charac

terized filter are verified. 

Examole 3.1: Let the transfer function of a digital filter be 

H(zpZ2) 
B(ZpZ2) 

1 + .25z^ + .25z2 A(z^,Z2) 

Step 1: Plot {AoX} as per Theorem 3.2. The trace appears in 

Figure 3.5. This curve ("Nyquist plot") does not encircle zero 

So we proceed to the next step as outlined in Theorem 3.2. 

AIOI 

,25 i-

Figure 3.5. Plot of (AoX) fo r Example 3 . 1 . 

> cr 

Step 2: Now consider the family of curves AoX^. This family of 

curves does not encirc le "0" as indicated by Fig!ire 3.6. Thus 'le 



36 

f i l t e r is stable. 

z,= 7i-f-i.7l 

>cr 

Figure 3.6. Plot of {AoX^} for Example 3 . 1 . 

Example 3.2: Now consider the f i l t e r whose transfer function is 

H(z^,Z2) = 
B(Z2,Z2) 

1 + .5z-^ + .5z2 + l-^^i^o A(z-j^,Z2) 

Step 1: Consider AoX. The trace of this curve is illust>^ated in 

Figure 3.7. 

Ai'JU 

-> c-

Figure 3.7. Plot of {AoX} for Example 3.2. 
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At this point no decision can be made so proceed to step 2. 

Step 2: Regard the family of curves AoX^. The traces of some of 

these curves are plotted in Figure 3.8. They indicate that the 

filter is indeed unstable. 

/Kiuj 

Figure 3.8. Plot of {AoX^} fo r Example 3.2 

Comment̂  

The chapter has constructed the proposed Nyquist-like stability 

test. The application of this theory is clearly extendable to sys

tems other than digital filters. For example any system whose 

stability is governed by whether or not its transfer function has a 

pole set intersecting the unit polydisk. Also, the theory is ao-
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piicable to systems whose stability is determined by whecher or not 

its transfer function has a pole set in a region conformelly equiv

alent to the unit polydisk. 

Other potential applications include nonlinear and time vary

ing systems, for example feedback systems for which a linear sys

tem follows a memory]ess nonlinearity where the nonlinearity 

satisfies a sector condition. This system's open loop frequency 

response (spectrum) is nothing more than a "fattening" of the 

frequency response of the linear part of the system. More ac

curately, it is an amplitude dependent frequency response. 5ys-, 

tems exhibiting this type of behavior would appear to settle nice

ly into a several complex variable descriotion. 

Time varying systems offer a similar behavior. In fact in

vestigations of such systems from this viewooint may prove more 

fruitful initially since one only need consider tima-frequency re

lationships as opposed to amplitude-time-frequency relationships. 

Hopefully the concepts recorded in this dissertation will have 

many potential uses. 
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