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ABSTRACT 

Image noise reduction and edge detection have been important image processing 

techniques. Traditional isotropic image smoothing reduces noise at the cost of image 

blurring. Anisotropic smoothing tries to maintain the image features, while reducing 

noise. This thesis presents an anisotropic smoothing implementation that only uses a 3-by-

3 window, and therefore is easy to implement in hardware. Edge detection is also studied 

in this thesis. A pre-processing technique is proposed to do position dependent brightness 

correction. This technique makes edge thresholding easier. We also present an algorithm 

that implements Gaussian filtering more accurately than Gauss-Hermite integration at the 

cost of an insignificant increase in computing complexity. 
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CHAPTER I 

INTRODUCTION 

Human vision allows us to perceive and understand the world surrounding us. 

Computer vision aims to duplicate the characteristics of human vision by digital 

computation. 

It is worthwhile to consider image processing at two levels: low-level image 

processing and high-level image understanding. Low-level image processing usually uses 

very little knowledge about the contents of images. These techniques include image 

enhancement, pre-processing to increase signal-to-noise ratio, edge extraction and image 

sharpening. High-level image understanding is based on knowledge, goals, and plans of 

how to achieve those goals. It tries to imitate human cognition and the ability to make 

decisions according to the information contained in the image. Artificial intelligence (AI) 

methods are frequently used at this level. 

Image processing techniques are dependent on computing power available. With 

increasing computing power, image processing has become more and more robust. Edge 

detection, for example, has evolved from Robert's operator in the 1960s, to the Canny 

operator and other intelligent operators. The former just differentiates along diagonal 

directions. The latter, like the Canny operator, needs significant computing power to 

evaluate local area information and uses this information to detect edges accurately. 

One of the most important goals of image pre-processing is noise reduction. Real 

images are degraded by noise during image capture, transmission or processing. White 



noise is idealized noise that has a constant power spectrum. It is usually used to 

approximate the worst degradation. Gaussian noise is another random noise model. Its 

brightness distribution is a Gaussian function: 

gM = 7 ^ ^ - ( ^ ->")V2̂ '] (11) 

where \x is its mean, and a is the standard deviation. Gaussian noise is believed to be the 

best approximation to many practical image noises and is used in this thesis. 

Noise that does not depend on the signals is simplified as additive noise and is 

expressed as: 

f{x,y) = s{x,y) + e{x,y) (1.2) 

where f(x, y) is the degraded image, s(x, y) is the original image and e(x, y) is noise. 

s(x, y) and e(x, y) are statistically independent. 

Sometimes, noise amplitude is dependent on the signal amplitude. This is modeled 

as multiplicative noise. 

f(x,y) = s{x,y) + s(x,y) • e{x,y) 

= s(x,y){\ + e(x,y)} ^ s{x,y)e(x,y). 

Again, e(x, y) and s(x, y) are statistically independent. Both noise models have been used 

in this thesis. 

All noise models contain high frequency components. To reduce noise is mainly to 

eliminate those high frequency components. A lowpass filter is needed, but it should be 

effective to filter out noise and keep local information. These two goals are conflicting. 

The former involves windowing over a wider image area, the latter requires smaller image 



window area size. In terms of Fourier theory, the filter is required to have a minimum 

space bandwidth product. This can be expressed as an "uncertainty" relationship: 

AjcAa>>- (1.4) 
2 

with: 

f (x - Xn )̂  I f{x)\ dx 
{^xf = ^- "-^-^ (1.5) 

\W)\ 'tc 

{^coy = ^^ ^ ' ' ' : (1.6) 
\\F{co)\ do) 

where F(a)) and f(x) are a Fourier pair. The Gaussian function is a unique function that 

minimizes the uncertainty. Besides, the Gaussian is a very "simple" function. 

Multidimensional Gaussian functions can be decomposed into multiple one-dimensional 

Gaussian functions. This makes computation much easier. 

To evaluate the similarity between two images, the cross-correlation coefficient 

can be used: 

S{f(x,y) • s(x,y)} - S{f(x,y)} • S{s(x,y)} ^^ ̂ ^ 

with: 

o/=s{[fix,y)f}-{S{f{x,y)}f (1.8) 

o',=s{[s(x,y)f}-(S{s(x,y)}f (1.9) 



where S{ } is the mean operator. When f(x, y) is identical to s(x, y), p is 1. When they 

are not similar, p is close to zero. 

Another important measure is the signal-to-noise ratio, or SNR: 

{{{s(x,y)Ydxdy 
SNR^lOxlog.oyjr/^^^ '——^ dB. (1.10) 

]]{s(x,y)-f(x,y)} dxdy 

Larger SNR means that there is less noise. 

The cross-correlation coefficient is not sensitive to linear manipulation. 

Sometimes it is a better representation than the SNR description. SNR is easier to 

evaluate. When there is no linear transform, it is popularly used. None of them can 

exactly match the human eye's judgment. 

In the thesis, we focused on low level image processing. In Chapter II, we present 

image smoothing in image pre-processing. In Chapter III, we describe edge detection 

methodologies. In both chapters, we use the Gaussian function as an important tool. 

Therefore, we discuss the implementation of Gaussian fiinctions in Chapter IV and the 

mathematical tools used. The three chapters are relatively independent. They can be used 

separately in any other image processing application. Of course, they can also be used 

together. 



CHAPTER II 

NOISE FILTERING AND IMAGE ENHANCEMENT 

2.1 Introduction 

Image enhancement has been an important field in image processing. Noisy images 

are usually filtered in this stage. Unlike one-dimensional signal processing, image 

smoothing can do anisotropic smoothing as well as isotropic smoothing. Another 

important topic in image enhancement is to restore images from degraded images, or 

simply try to enhance some image features. 

In this chapter, we are focusing on smoothing noisy images, or filtering in signal 

processing terminology. Sometimes diffusion and blurring are also used with the same 

meaning. We first study isotropic smoothing and its implementation. Then we do 

directional diffusion. Finally, we use these tools to achieve the desired filtering. Rather 

than mathematical theories, more emphasis has been put on a fast and accurate 

implementation. 

We also present an image edge enhancement technique in the last section. 

2.2 Basic Theory 

Real images are usually degraded by noise. Images with additive Gaussian noise is 

addressed in this chapter. 

For an image f(x, y), after passing through a two-dimensional linear filter with an 

impulse response fijnction h(x, y), the output s(x, y) is 



Kx,y) = \\h(x - rj,y - ^/{fj, <^dTjd^. (2.1) 

The Gaussian filter, widely used in image processing, has an impulse response function: 

''(^,>') = T ^ e x p { - ( x ^ + / ) / 2 a ^ } (2.2) 
ZTTCT 

where the parameter CT is the standard derivation, which controls the bandwidth of the 

lowpass filter. 

This filtering operation can be also considered as a 2-D heat diffusion process, 

which will give us another form to approximate Gaussian filtering. A 2-D isotropic heat 

diffusion is described by a differential equation: 

5 = V> (2.3) 
ot 

where V^ is the Laplacian operator, defined by: 

"4*1̂  
The heat equation Eq. (2.3) is solved by: 

^{x,y,t) - \\s{x - n,y - ^)(()(TI,^,O)JTI^ (2.5) 

with 

g(x,;;) = - ^ e x p { - ( x 2 + / ) / 4 r } (2.6) 

where t is the diffusion time period. Comparing g(x, y) and h(x, y), they are identical if 



a = V27 (2.7) 

Let the initial condition ^(7, ̂ ,0) be f (r|, ̂ . Then the diffusion after time t, (i>(x,y, t) is 

exactly the same as the output s(x, y) of Gaussian filtering. This implies that the Gaussian 

filtering is an isotropic diffusion process. 

If the diffusion time period T is small enough, we can approximate the diffusion by: 

(l>{x,y,T) = (t>{x,y,0) + T ^(f>{x,y,t) 
a + 0(T'). (2.8) 

t=0 

Substituting Eq. (2.3) in Eq(2.8): 

i^{x,y,x) = <^{x,y,0) + TV^{x,y,0) + 0{T^) (2.9) 

Now the Gaussian filtering is approximated by a simple difference equation. To let Eq. 

(2.9) be valid, the diffusion time period T must be short enough. This is equivalent to a 

small blurring amount according to Eq. (2.7). Fortunately, we can repeat Eq. (2.9) to 

realize a long time diffusion, or in signal processing terminology, we cascade a series of 

lowpass filters to realize a narrower bandwidth lowpass filter. When this processing 

continues, the diffusion will finally realize an even heat distribution, or we get the DC 

component of the signal. This also suggests that the inverse processing is invalid, or we 

can not restore an image exactly from its blurred images. 

Eq. (2.3) is also called isotropic diffusion, because the Laplacian operator is an 

isotropic operator. Using Eq. (2.9), we are able to give an implementation of isotropic 

Gaussian filtering. 



After the diffusion, the high frequency noise is suppressed, as well as the high 

frequency signal. In one-dimensional signal processing, it is hard to keep the signal, and at 

the same time, to filter out the noise in the same frequency band. In two-dimensional 

space, the extra dimension gives us another choice to distinguish the noise from the signal. 

We can do spatial filtering directionally rather than isotropically. That is, we can smooth 

the noise in the edge tangent direction but without blurring the image features in the 

normal direction. Using s to represent the tangent direction, this is expressed as: 

Similarly we can get its difference equations like Eq. (2.9). A detailed discussion is given 

in sections 2.4 and 2.5. 

2.3 Isotropic Implementation 

It is always desired that the operation be limited to a small image plane matrix. A 

3-by-3 matrix is quite fast for use in image processing. We denote each pixel element as 

ul ,u2, ..., u9, see Fig. 2.1. 

The second derivatives at pixel u5 are best approximated from its nearest neighbor 

pixels. In Fig. 2.1 (a), the second derivatives along the x and y directions are: 

^^u^-2xu5 + u2, (2.11) 

d^u 
— ^ = M 6 - 2 X W 5 + W4. (2.12) 
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(a) (b) 

Fig. 2.1. Two coordinate systems, (a) x-y system, (b) X-Y system. 

Its Laplacian becomes: 

d^u d^u 
V'M = ^—r + 

dx' dy 
= u2 + u4 + u6 + uS-4xu5, (2.13) 

or, in matrix form: 

A = 

ro 1 0̂  
1 -4 1 

KO 1 o) 

(2.14) 

Eq. (2.14) means that if we use A to do 2-D convolution with an image, the output 

elements will be the image's Laplacian at each corresponding pixel. 

In Fig. 2.1 (b), similarly we have: 

- ^ = - ( W 3 - 2 X M 5 + M7) (2.15) 

— = - ( M 1 - 2 X M 5 + M9) 

a^' 2^ 
(2.16) 



V^w = - ( w l + w3 + w7 + w9 - 4 X M5) , (2.17) 

and 

B = 
1 

(\ 0 \\ 
0 - 4 0 

ll 0 b 
(2.18) 

From Eq. (2.9), Gaussian filtering can be approximated in terms of U: 

U = 

ro 
0 

l o 

0 

1 

0 

0^ 

0 

Oy 

(2.19) 

as T»A+U in the coordinate system x-y, or T«B+U in the coordinate system X-Y. T is a 

decay parameter, or a time period in diffusion theory. 

We are ready to evaluate the two different approaches, which are called methods 

A and B for convenience. Different x values ranging from 0.05 to 0.25 are selected, their 

spectra are given in Fig. 2.2 and Fig. 2.3. 

It is natural to think about combining matrices A and B, that is to use T«C+U to 

approximate isotropic Gaussian filtering, where 

C = - ( A + B) = -
2 4 

^1 2 n 

2 -12 2 

VI 2 b 

(2.20) 

For the same T values, this approximation's spectra are given in Fig. 2.4. 
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When T is small enough, the method A derived from the x-y coordinate gives a 

very good approximation (Fig. 2.2). When x becomes large, it cannot suppress the high 

frequency noise any more. Actually, it amplifies the high frequency noise when x is large. 

Roughly we conclude that to use this implementation, x should be less than 0.2 or 0.15, 

depending on the noise spectrum distribution. If there are no high frequency noise 

components at all, larger x values may be good, too. 

For the implementation B from the X-Y coordinate (Fig. 2.3), its four corners 

keep a constant value of 1, which means the high frequency noise components are never 

suppressed. It is not a good approximation whenever the noise spectrum contains some 

high frequency components. Experimental results also prove that there is always some 

"grain" noise after the filtering. Therefore this method has not been used. 

Although the spectrum of method C (Fig. 2.4) does not look Uke a Gaussian 

spectrum, it gives a very good frequency response to suppress the high frequency noise. 

This may be the best implementation among the three methods. 

Both methods A and C are good approximations. To see the difference between 

the ideal Gaussian filtering spectrum and the approximations. Fig. 2.5 gives an illustration 

where x equals 0.05 for both methods. Figs. 2.5 (a) and (b) evaluate method A. Fig. 2.5 

(a) is the closest Guassian spectrum with standard deviation CT = 0.0165, Fig. 2.5 (b) is the 

difference where the negative value means that the approximate method needs a bigger 

decay, or it has a larger spectrum value there. Figs. 2.5 (c) and (d) evaluate method C 

similarly. 

11 
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Fig. 2.2 Spectra of method A. The decay 
parameter x is (a) 0.05, (b) 0.1, (c) 
0.15, (d) 0.2 and (e) 0.25. 

-0.5 -0.5 

(e) 
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•r t-

0.9^.-' 

•0.5 -0.5 

-0.5 -0.5 

(d) 

•0.5 -0.5 

(e) 

Fig. 2.3 Spectra of method B. The decay 
parameter x is (a) 0.05, (b) 0.1, (c) 
0.15, (d) 0.2 and (e) 0.25. 
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Fig. 2.4 Spectra of method C. The decay 
parameter x is (a) 0.05, (b) 0.1, (c) 
0.15, (d) 0.2 and (e) 0.25. 

(e) 
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Fig. 2.5 Comparison in frequency domain between the ideal Gaussian and its approximate 
methods A and C. Both methods have a time period 0.05. (a) Gaussian with a 
sigma 0.0165. (b) The difference between ideal Gaussian and method A. (c) 
Guassian sigma = 0.015. (d) The difference between ideal Gaussian and method 
C. 

Table 2.1 Methods A and C's Gaussian sigma values for different x values. 

Method A 
Method C 

0.05 
0.0165 
0.015 

0.1 
0.025 
0.018 

0.15 
0.032 
0.025 

0.2 
0.038 
0.033 

0.25 

0.044 

15 



We see that both of the approximate methods do not decay as fast as the ideal 

Gaussian spectrum in the high frequency band. In the low frequency band, both work 

well. Repeating the same procedure, we get the corresponding Guassian filter standard 

deviations for other x values. The results are listed in Table 2.1. 

Although both methods work well in the low frequency band, method C gives a 

wider approximation range, which also works better to suppress the high frequency noise. 

When a narrower bandwidth is needed, or when higher performance is critical, method C 

is a better choice. 

In terms of the computing complexity, method A needs one multiplication and four 

additions, denoted as [Ix 4+]. Method C needs two multipUcations and eight additions, 

[2x 8+]. Method A's complexity is only half of method C's. Method A performs well 

enough when the passing band is not very narrow. When the passing band becomes very 

narrow, we are still capable to cascade wide band filters to realize it. Because of method 

A's simplicity, the method A is used more frequently in our experiments. There is no 

significant performance degradation when compared to method C. 

We apply all of the three methods to a real image Mandrill, shown in Fig. 2.6 (a). 

It is in intensity format of gray level value ranging from 0 to 1. Gaussian noise with a 

sigma = 0.15 is added. That is, the mean value of the noise is zero, and the standard 

derivation is 0.15. The noisy image is Fig. 2.6 (b). Using a decay parameter x = 0.15, 

methods A, B and C get results shown in Figs. 2.6 (c), (d) and (e) respectively. Method C 

with a decay parameter x 0.25 is also given in (f). There is no series filtering, we only do 

the filtering once. To give a numerical evaluation, both mean square error and correlation 

16 



,8. 

^^n 
(a) (b) 

(c) (d) 

(e) (f) 
Fig. 2.6 Experiments on Mandril image, (a) Original Mandrill image. 128x128 pixels. 

(b) Adding Gaussian noise, a = 0.15. (c) Method A (parameter 0.15). (d) Method 
B (0.15). (e) Method C (0.15). (f) Method C (0.25). 
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Table 2.2 Signal-to-noise ratio and correlation coefficient. 

SNR 
pXY 

noisy (b) 
11.3 dB 
0.811 

A in (c) 
16.5 dB 
0.922 

B in (d) 
14.0 dB 
0.875 

C in (e) 
15.7 dB 
0.909 

Cin(f) 
17.4 dB 
0.935 

coefficient are used, see Eqs. (1.4), (1.6). The comparative results between the original 

image (a) and all the others are listed in Table 2.2. 

This experiment shows that all of the three methods can improve the noisy image. 

Although we did not choose the. best decay parameter x value for each method, method A 

and method C give impressive results. Method C in (e), which has a Gaussian standard 

deviation about 0.025, obviously does not do the suppression effectively. (See Table 2.1). 

Method C in (f) has a sigma about 0.044. It nicely eliminates most noise. 

To further eliminate noise, we can repeat the processing as we mentioned before. 

This procedure, however, will blur the image itself For better suppression of the noise 

without sacrificing image features, we can use directional diffusion. 

2.4 Directional Diffusion 

Directional diffusion tries to smooth the image only along its edge's orientation in 

order to keep the edges and other features as undisturbed as possible. Its mathematical 

model is shown in Eq. (2.10). To implement it, we first give an approximation of a second 

derivative along any direction. 

We rotate the x-y coordinate system and get another system in ^-r\ coordinates. P 

is the rotation angle. See Fig. 2.7 (a). 

18 



11 

X 

(a) (b) 

Fig. 2.7. Coordinate rotation transform. Coordinate ^-r\ is rotated clockwise by angle p 
from the x-y coordinate. 

The rotation transform is given by: 

^ = -_ysinP + xcosP, (2.21) 

r\ ̂ j 'cosp + xsinp. (2.22) 

or: 

jc = ^ cos P + ri sin p, (2.23) 

y = -^sinp + r|cosP (2.24) 

For any point P(x, y) in the x-y plane, define ^ along an image f(x, y) edge tangent 

direction s, and r\ the normal direction n, see Fig. 2.7 (b). We have: 

^ 

d^ 
= 0 (2.25) 

dr] dx dy 
(2.26) 

Defining P as the angle between the y axis and r|, we have (using Eq. (2.23) and (2.24) ): 

19 



df df dx df dy df ^ df . ^ ^ mi\ 
-^ = ̂  + ^^^^ = - ^ c o s P - - ^ s i n p = 0, (2.2/) 
d^ dx d'^ dy d'^ dx dy 

df df dx df dy df . ^ df ^ ro 98^ 
- ^ = -̂ ^ ^——^ = ^^sinP + ^^cosp. (2.28) 
dr[ dx dx\ dy dr\ dx dy 

Using Eq. (2.26), we have: 

si„p = ^ / ( % + ( f - ) ^ (2.29) 
dx \ dx dy 

The second-order derivative is given by: 

a<^' ac^a^^d^ a^ d^^d^ 

= ( ^ cos ŷ  - ^ sin ŷ ) cos ŷ  + ( 4 - T cos y9 - ^ sin ;^)(-sin/?) 
a acdy aay a^ 

^ ^ c o s ' y ^ - 2 - ^ s i n y ^ c o s y ^ + ^ s i n ' p, 
ac^ ady a^ 

(2.31) 

and similarly, we can get —^ . Rewriting Eq. (2.31): 

^ . ^ c o s ^ p - 2 ^ s i n P c o s P + ̂ s i n ^ P , (2.32) 
a^2 dx'' dxdy dy 

^ . ^ s i n ^ P + 2 ^ s i n P c o s P + § ( c o s ^ P , (2.33) 
an ' dx"- dxdy dy 

where sinP and cosP are given in Eq. (2.29) and (2.30). 

20 



2.4.1 Implementation 

Each cell in a 3-by-3 matrix is denoted by ul, u2, ..., u9, as illustrated in Fig. 2.8. 

From Fig. 2.8 (a), we can derive the second-order derivatives as: 

a'u 
ax' 

= w8-2xw5 + w2 (2.34) 

a'u 
= u6-2xu5 + u4 (2.35) 

d^u 1 

dxdy 4 
-(u\ + u9-u3-ul). (2.36) 

7 

X 
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y 
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c 

4 
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\ 
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c 
r 
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Y 

(a) (b) 

Fig. 2.8 Diffusion along direction (̂ . (a) x-y coordinate, (b) X-Y coordinate. 

Along a given direction (̂  with an angle a from the y-axis (or Y-axis), the second order 

derivative is: 

d'u d^u . 2 o ^ '" • ^ '" 2 = —^sin a + 2 sinacosa + —^cos a 
dC dx"- dxdy dy^ 

(2.37) 

Substitute Eqs. (2.34), (2.35), and (2.36) into Eq. (2.37), that is: 

21 



-^2 

— J = sin' a(w8 + u2) + -s in 2a(wl + M9 - w3 - ul) + cos' a(w4 + M6) - 2 x M5 . 

(2.38) 

In mask form: 

f 1 

4 
A=: 

— sin2a sin^a 

cos a -2 

- i s i n 2 a sin^a 
4 

1 . ^ 
— sin2a 
4 
cos^a 
1 sin2a 

(2.39) 

From Fig. 2.8 (b), similarly we have: 

a^u 1 

ac' 2 = —{u3-2xu5 + ul), (2.40) 

a'u 1 
a^ ^ =—(u\-2 xu5 + u9). (2.41) 

d'u 1 

dXdY 2 
= —{u2 + uS - u4 - u6), (2.42) 

a'w 1 
ac' 2 

= - (sin' a(M3 + ul) + sin 2a(M2 + w8 - w4 - u6) + cos^ a(wl + w9) - 2 x u5j, 

(2.43) 

B = 

^ cos^ « 

- s in2« 

^ sin' a 

sin2« 

-2 

sin2« 

sin^ a ^ 

- sin 2a 

cos' a ^ 

(2.44) 

Note, although we use same angle a for both systems, actually they should have a 7r/4 

difference. 
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2.4.2 Spectrum domain analysis 

Using the similar procedure given in section 2.3, we are able to give the spectra of 

all methods. 

It is clear that both methods are symmetric and we only need to see their 

performance in a 45 degrees range. 

Fig. 2.9 and Fig. 2.10 show the same processing results except with a different 

decay parameter x. The left column is from the method A, the right column comes from 

the method B. The first row has an angle 0 degrees, the second row has a rotation angle 

22.5 degrees and the third row is 45 degrees. The angles have been adjusted to make both 

methods process along the same orientation. 

Method A is good in the 0 degrees direction (along x axis). It ideally smoothes the 

image in the x direction without affecting the y direction. It becomes intolerable when the 

angle is close to 45 degrees, where it is close to an isotropic diffusion. It is no longer able 

to protect edges. 

Method B is not perfect in any direction. But it has no serious problems in any 

directions either. At 0 degrees, it smoothes images in the x direction and does not smooth 

in the y direction. At 45 degrees, it keeps image features perfectly in the desired direction. 

The higher frequency components cannot be suppressed (the two corners). This method 

always keeps the four corners constant of 1. It suppresses noise directionally in any 

direction, although it is not very effective. This is tolerable because we can iterate the 

process. The four corners correspond to very high frequency components. That is about 
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twice the highest frequency guaranteed by sampling theory. It is possible to isotropically 

pre-filter these very high frequency components without degrading the image significantly. 

To effectively use both of these two methods, we propose an alternate method 

here. That is to compute the second derivative in the desired direction separately using 

each method, and add them up by: 

a'u a'u o.^ ^ a'u o, . ^̂  .^s 
^;:7 = ^; :7Cos'(2aJ + —^cos^(2a , , ) , (2.45) 
^r> ^h 0 ^h 45 

where the subscripts 0 and 45 stand for each method based on the x-y coordinate and X-Y 

coordinate, respectively. Theoretically, the two angles should have a difference of 45 

degrees because there is a 45 degrees difference between the two coordinates. If we 

assume both methods work well such that they give the actual number, it is not difficult to 

find the right-hand side of Eq. (2.45): 

d^u 2/,^ X d'u 2/^ ^ Ac\ d^u — - cos (2a) + — - cos (2a - 2 X 45) = — - . 
dC dC dC 

RHS = —^cos'(2a) + —^cos'(2a - 2 x 45) = —y. (2.46) 

It means that this proposal is not a biased approximation. This method is called method C 

thereafter. 

The spectrum of method C is given in Fig. 2.11. The spectra at 0 and 45 degrees 

are not present there because obviously they are the same as Fig. 2.9 (a) and Fig. 2.10 (f) 

respectively. The angles are 11.25, 22.5 and 33.75 degrees for each row. In the same 

row, figures in the left column have a default constant view point. Figures in the right 

column display the same figures in a different view point such that we see along their 

edges. 

To get the first-order derivatives, we use the following matrixes: 
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4 

f-\ -2 -r\ 
0 0 0 

^ 1 2 1> 

(2.47) 

°.4 
r-1 0 n 

-2 0 2 

^-1 0 h 

(2.48) 

tor —- and —, respectively. We use: 
ac 0^ 

^ 3V2 

^0 -1 -2^ 

1 0 -1 

I2 1 Oy 
(2.49) 

''^ = 571 

^-2 -1 0̂  

-1 0 1 

vO 1 2> 

(2.50) 

for — and — , respectively. 
ac aF 

An artificial image is used to test these proposals. The image has only two gray 

levels, the bright part is 0.625 and the dark part is 0.375, see Fig. 2.12 (a). There are four 

straight edges with angles 0, 22.5, 45 and 90 degrees. An arc is also present to test the 

methods' capabilities for general curves. 

We choose the decay parameter x be 0.2 for all three methods, and repeat the 

operation 20 times. Results are given in Fig. 2.12 (b) for method A, (c) for method B, and 

(d) for method C. Fig. 2.12 (b) has a sharp edge in the vertical and horizontal directions. 

It severely blurred the edges in the 45 degrees direction just as we stated before, (c) and 

(d) keep the edges well. Careful comparison shows that (c) is even better in the straight 
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1 v - ' -

0.8^-'-' 

0.6J 
0.5 

0 

y -0.5 

(c) 

•sZ/jw^^ 

-0.5 X 

Y -0.5 -0.5 

(f) 

Fig. 2.9 Directional diffusion (x = 0.1). Left column in x-y coordinate. Right column in 
X-Y coordinate, (a) and (b) 0°. (c) and (d) 22.5°. (e) and (f) 45°. 
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Fig. 2.10 Directional diffusion (x 
45°. See Fig. 2.9 also. 

Y -0.5 -0.5 X 

(f) 

0.2). (a)and(b)0°. (c) and (d) 22.5°. (e) and (f) 
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0.5 -0-5 

0.5 -0.5 

(0 

Fig. 2.11 Combine x-y and X-Y methods, x = 0.2. The three rows give spectra in 11.25°, 
22.5°, 33.75°. Also see Fig. 2.4 (a) and Fig. 2.4 (f). Left column, in default view ' 
angle, the azimuth or horizontal rotation angle -37.5° and the vertical elevation 
angle 30°. Right Column, keeps the vertical elevation 30° but have the azimuth 
11.25°, 22.5°, 33.75°, respectively. 
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edge of 22.5 degrees. This experiment basically rejects method A if we need a method 

that must keep edges well. 

We must see how well each method suppresses noise. Again, Gaussian noise with 

a sigma = 0.15 is added, that is Fig. 2.13 (a). Using isotropic diffusion method A, after 

five iterations, we get the image in (b). Directional diffusion using method A gives the 

resuh in (c). (d) is the result from the directional diffusion method B. (e) is the directional 

diffusion method C's result. 

Isotropic diffusion effectively suppresses the noise using a few iterations, but there 

is no edge protection at all. Method A suppresses the noise well but does not preserve 

edges along 45 degrees as well. Methods B and C keep edges well. Careful examination 

can find that there are a few "gain" noises in (d). All of the three directional diffusion 

methods create some tiny false edges in the images. 

To emphasize the importance of this kind of process, a standard Sobel edge 

detector is appUed to Fig. 2.13. The edges are shown in Fig. 2.14, respectively. Fig. 2.14 

(a) shows the edges from Fig. 2.13 (a). It does not give much meaningful edge 

information. The others definitely give some information. Method B in (d) has more 

pseudo edges. That is partially because it cannot suppress the high frequency noise. 

Another reason is that it needs a larger decay parameter x to match the method A in (c). 

The latter can be easily solved by increasing the decay parameter x or by more iterations. 

The first can be partially solved by isotropically pre-filtering we mentioned before. 

We use a decay parameter x = 0.25 in isotropic diffiasion method A. Its final 

diffusion matrix (directly use it to do the convolution) is: 
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1 

8 

'0 1 0^ 

I 4 1 

l o 1 Oy 

(2.51) 

It has a spectrum given in Fig. 2.15 (a). At the four corners, it has a zero response. Fig. 

2.15 (b) is the result after the original image in Fig. 2.12 (a) is diffused by this matrix once. 

There is no significant edge blurring, which means even for this kind of artificial edges, the 

high frequency components are still very small. Applying it to the noisy image in Fig. 2.13 

(a), we get the result in Fig. 2.15 (c). After the directional diffusion, no "grain" noise can 

be observed now, in Fig.2.15 (d). Fig. 2.15 (e) shows the edges from (d). 

The noisy image here is actually beyond the reasonable noisy image range. Most 

real noisy images should have much less noise such that the method A may not need any 

pre-isotropic diffusion. 

Method A and method C both work well to protect edges. Method C does not 

necessarily need pre-filtering because its four corners have values less than I. Its major 

drawback is that it needs more than double the computing power method A need. It is not 

as good as method A in protection of edges along 22.5 degrees. This lets method A 

become our best choice. 

Before moving into the next section, we point out a major problem here. The 

image corners are not preserved well enough, see the edge images. 

We list the computing procedure here to end this section: 

1. Compute gradients using Eq. (2.49) and Eq. (2.50). 

2. Compute the second derivative along the edge orientation using Eq. (2.32). 

3. Update image using Eq. (2.10). 
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(a) (b) 

(c) (d) 

Fig. 2.12 Directional diffusion on a clean image, x = 0.2, after 20 iterations, (a) Original 
image, (b) Method A keeps vertical and horizontal edges well, (c) Method B 
keeps 45° edges very well, (d) Method C keeps edges well. It is slightly worse in 
22.5° edge. 
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(a) (b) 

(c) (d) 

Fig. 2.13 Directional diffusion on a noisy 
image, (a) Image with Gaussian 
noise, sigma=0.15. (b) Isotropic 
diffusion 5 times, (c) Method A, (d) 
Method B, (e) Method C after 20 
iterations. 

(e) 
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(a) (b) 

(c) (d) 

Fig. 2.14 Edges detected by the Sobel 
detector from Fig. 2.13. (a) Noisy 
image, (b) Isotropic diffusion, (c) 
Method A. (d) Method B. (e) 
Method C. 

(e) 
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(b) 

(C) (d) 

Fig. 2.15 Using pre-processing, (a) 
Spectrum of the isotropic diffusion, 
(b) Apply to the sample image. No 
significant edge blurring, (c) 
Applied to the noisy image, (d) 
Then do the anisotropic diffusion. 
20 iterations, (e) Edges detected by 
the Sobel detector. 

(e) 
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2.5 Anisotropic Diffusion 

2.5.1 Introduction 

In the early 1970s, it was recognized that multiscale description of images is very 

important [1]. Witkin [2] introduced the idea of scale-space filtering. Early pioneers 

include Koenderink [3], Babaud, Witkin, Baudinm, and Duda [4], Yuille and Poggio [5], 

and Hummel [6]. 

Multiscale description comes from the idea that we recognize objects from a 

hierarchical organization composed of a small discrete number of levels. Perona and 

Malik [7] gave a good example. At the finest level, a tree is composed of leaves with an 

intricate structure of veins. At the next level, each leaf is replaced by a single region, and 

at the highest there is a single blob corresponding to the treetop. There is a natural range 

of resolutions (intervals of the scale-space parameter) corresponding to each of these 

levels of description. At each level of description, the regions (leaves, treetops, or forests) 

have well-defined boundaries. 

Recent important papers include those from Perona and Malik [7], F. Catte, P.-L. 

Lions, J.-M. Morel and T. Coll [8], L. Alvarez, P.-L. Lions and J.-M. Morel [9], C.B. 

Price, P. Wanback, and A. Oosterlinkc [10], S. Osher and L. Rudin [11], G.-H. Cottet and 

L. Germain [12]. Although all of these papers have their unique contribution, Perona and 

Malik's idea has more fundamental insight. L. Alvarez, P.-L. Lions and J.-M. More's 

paper gave direct mathematical proof of the stability. We will look at these two concepts 

more closely. 
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2.5.2 Perona and Malik's proposal 

Perona and Malik noticed that classical isotropic diffusion, Gaussian diffusion for 

example, does not preserve the boundaries of objects. It automatically blurs everything. 

In the Gaussian blurring process, the green of the leaves will be mixed with the blue sky, 

long before the treetop emerges as a feature. Therefore, they proposed a set of criteria to 

evaluate any multiscale semantically meaningful description of images: 

1. Causality. No spurious detail should be generated from the finer to coarser 

scales. 

2. Immediate Localization. At each resolution, the region boundaries should 

sharp and coincide with the semantically meaningful boundaries at that 

resolution. 

3. Piecewise Smoothing. At all scales, intraregional smoothing should occur 

preferentially over interregional smoothing. 

Conventional low-pass filtering and linear diffusion eliminate the noise and perform 

the scale space operation at the cost of blurring of edges. Based on the idea that the edge 

is a collection of points where the gradient is extreme, anisotropic diffusion acts along the 

tangent direction without any diffusion along the normal directional. 

Besides anisotropic diffusion, to meet their criteria, Perona and Malik beheved that 

the diffusion speed should also be changed. In an area with a large gradient change, the 

diffusion speed should be slower to preserve the edge, meanwhile in an area with a small 

gradient change, the diffusion speed should be faster to reduce the noise effectively. They 
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change the isotropic heat diffusion equation to a nonlinear equation of the porous medium 

type: 

— = div{g{\Vu{x,y, t)\)Vu), u(0) = u, (2.52) 

To preserve the edges, g(s) must be a smooth non-increasing flinction. In their proposal, 

g (0)=l (2.53) 

and 

g(x) = 0 (2.54) 

when X tends to infinity. Two types of functions are used in their proposal: 

g(5) = exp(- (5 /^) ' ) (2.55) 

and 

g{s) = \/[\ + {slKf). (2.56) 

K is a constant for a given g(s) and s is the gradient. 

This model is examined later in [8]. Catte et al. proved that if Eq. (2.52) had a 

unique solution, sxg(s) must be a nondecreasing function. Both Eq. (2.55) and Eq. (2.56) 

do not meet this requirement and are proven to be unstable. 

Perona and Malik's implementation is very simple. It just computes along 

horizontal and vertical directions. 

2.5.3 L. Alvarez. P.-L. Lions and J.-M. Morel's proposal 

To overcome Perona and Malik proposal's instability, this proposal has a model 

like: 
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| = ̂ |G*VH)N./v^ u(x, y, 0) = Uo(x,>/), (2.57) 

where UQ {x,y) is the image to be processed, while u(x, y, t) is the smoothed image. A 

little more manipulation will help understanding. 

WuidiV: : = Vw 
|V^| 

a 
ac 

ai 

a 
|V«| + 

a_ 
ai 

A. 
M 

|Va| 
|V»| 

^u ^S!u\ai 

8c- dc dc 

\M 
|VM| 

|Vw| 

a'u a'u 

+ 

|V«| 
a'u ^VM| ai 
^^ ^ ay 

^Vw| ai <̂ vw| ai 
a a dy ay 

where: 

(2.58) 

a_ 
ac 

\M = ̂  a_ 
ac 

diY faA 
+ .aJ y^J 

1 
\Wu\ 

ai d'u ai d>^u 1 
a ac'' ay ady] 

(2.59) 

a , , \ \du d'u du d'u 

dy \Vu\[dx dxdy dy dy'^ 
(2.60) 

Therefore: 

\Vu\div 
VM 1 , d'u d\Vu\ du ,^ I d'u d\Vn\ du 

JVM — - — + Vw— •—- — 
|Vw| |VM|[' ^dx' dx dx ' 'dy' dy dy^ 

(2.61) 

or: 
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\Vu\div 
Vw d'u d'u 

+ Vw| L ^ ' dy M 
du\ d'u ^ du du d'u 

+ 2 + 
fduY d'u 

• dxJ dx dx dy dxdy \dyj dy 

1 

\dx) 
f-V 
\dy) 

^ du^ d'u du du d'u fduV d'u 

\dyj dx' dx dy dxdy \dxJ dy' 

or: 

(2.62) 

Vuldiv 
VM d'u 

|VM| ds' 
(2.63) 

Their proposal becomes: 

|^*.v. |) |?. u(x, y, 0)^u,{x,yl (2.64) 

which means that the diffusion amount or speed is modulated by the fiinction g(s). 

To avoid the difficulty of getting the second derivative in any direction, they tried 

to compute the second derivatives in both x-y and X-Y coordinates (horizontal, vertical 

and two diagonal directions) and then to synthesize the second order derivative: 

ds' ^-^"^ "^dxl 
(2.65) 

where: 

f(0) = 

1, 1̂ 1 ^ ^ 0 , 
0, \O\>7r/4-0„ 

(4 /7r)W6\-7r/4 + 6,)\ elsewhere. 

(2.66) 

Computationally, this is very difficult because it needs a trigonometric operation to get the 

angle. 
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2.5.4 Our Implementation 

Our implementation is closest to L. Alvarez, P.-L. Lions and J.-M. Morel's 

proposal. We implement the anisotropic diffusion first, then adjust the diffusion speed to 

preserve the edges. 

When the image area to be processed is a flat area, where the area has littie gray 

level change, it is best to use isotropic diffusion. Isotropic diffusion smoothes the image in 

two dimensions, which suppresses the noise much faster than image smoothing in one 

dimension. When the image area has a large gray level change, or there is a dominant 

edge, edge respect is at the top priority, and we just do directional diffusion along the 

edge tangent direction. 

We may consider the diffusion in two parts: directional diffusion along the edge 

tangent direction and directional diffusion along the edge normal direction. From this 

view point, our proposed anisotropic diffusion algorithm becomes that we keep the 

directional diffiasion speed along the tangent direction unity, meanwhile monotonically 

decreasing the directional diffusion speed along normal direction from 1, where the 

gradient is zero, to 0 where the gradient is very large. This means that the diffusion speed 

(a) (b) (c) 

Fig. 2.16. Anisotropic diffusion, (a) Isotropic diffusion, (b) Fastest diffiision along 
horizontal direction and slowest speed along vertical direction, (c) Only 
directional diffusion along the horizontal direction. 
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in a 2-D plane is an ellipse, see Fig. 2.16. This is expressed as: 

/ ( |VM|) .V^M + ( 1 - / ( | V M | ) ) . 
d'u 

ds 2 ' 
(2.67) 

where f(s) is a non-increasing fiinction that meets the condition for g(s) given in Eq. (2.53) 

and Eq. (2.54). When the gradient is zero, there is only a Laplacian operation. The 

diffusion is isotropic. When the gradient becomes large, the diffusion in the normal 

direction gradually decreases. Finally, it becomes diffusion along a single direction. 

To preserve the image features, we use two kinds of decreasing functions: 

^ ( ^ ) -
1 

l + (5/thr) 2 ' (2.68) 

and 

g(s) = 1 - (x / thry (2.69) 

Eq. (2.68) is smoother and is more reliable for different images. Because of the division 

operation needed, more computational power is required, especially when using a 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

Fig. 2.17. Two monotonic decreasing functions. 
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DSP chip. Eq. (2.69) does not need complicated computations, but needs adjusting the 

threshold value (thr) carefiilly for specific images to get best results. 

We summarize our final model below: 

ai 
^ = ̂ N> /(N)-V^« + [l-/(|V«|)]-|^[. (2.70) 

Most of the discrete implementation has been realized before. Here we give the 

procedure outiine: 

1. Computing the gradient values and their orientation. 

2. Computing f(s) and g(s). 

3. Computing Eq. (2.70). 

4. Update the image. 

In our program, there are two parameters that need to be selected to get the best 

result: the threshold value for the anisotropic diffusion fianction f(s), and the threshold 

value for the diffusion speed function g(s). Without input parameters, the program 

automatically sets these parameters based on the mean square gradient: 

1 2 

^(gradient) (2.71) total pixel number 

One-fourth of the value is used for f(s), and 4 times is used for g(s). 

2.5.5 Experiments 

We first apply our implementation to the noisy artificial image in Fig. 2.13 (a). 

The result is given in Fig. 2.18. Fig. 2.18 (a) is the result when using Eqs. (2.30) and 
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(2.31). Fig. 2.18 (b) is the edge detected from (a). Fig. 2.18 (c) is the result when using 

the Gaussian first derivative to approximate the first derivative. The standard deviation is 

1.5. Fig. 2.18 (d) shows the edges of (c). 

Comparing Figs. 2.18 (a) and (c), we see that Fig. 2.18 (a) keeps local edges 

better, or sharper. Fig. 2.18 (c) gives a better estimate of the larger scale edges. There is 

less noise in Fig. 2.18 (c). Generally, larger scale estimation gives more reHable edge 

information but ignores the detail information. A complete solution should do some post

processing to synthesize the detail information from the smaller scale estimation. 

We tested the Lena image with a Gaussian noise variance 0.05. The gradient 

histograms are given in Fig. 2.19. The left column is detected by Eqs. (2.30) and (2.31). 

The right column is computed by using the first Gaussian derivative with sigma =1.5 

(details in Chapter IV). They are not normalized. The top row is from the clean Lena and 

the middle row is from the noisy Lena. The bottom row is from the one time isotropic 

diffusion results. Noise is mainly distributed from a relative low value of 0.05 to 0.5 (the 

left column). The gradient is also changing dramatically. This is the basis for selection of 

the thresholding values. 

Processing results are shown in Fig. 2.20. Fig. 2.20 (a) is the noisy Lena and (b) is 

the noisy Lena after one time isotropic diffusion. After 8 iterations, we get the isotropic 

diffusion result in (c). More iterations will further suppress the noise, but blur the image 

edges too, which causes the SNR to drop sharply. 

Anisotropic diffusion results are given in Figs. 2.20 (e), (g) and (i). Fig. 2.20 (e) 

uses the first Gaussian derivative with sigma = 1. Fig. 2.20 (g) uses a 3x3 matrix. 
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(a) (b) 

(c) (d) 

Fig. 2.18 Anisotropic diffusion experiments on an artificial image. The same artificial 
noisy image as Fig. 2.13 (a) in section 2.3. (a) Resuh when using a 3x3 gradient 
matrix, (b) Edge detected from (a) by the Sobel detector, (c) Result when using 
the Gaussian 1st order derivative, (d) Edge detected from (c) by the Sobel 
detector. 
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(c) (d) 

3000 

0 0.1 0.2 0.3 0.4 

(e) (f) 

Fig. 2.19 Lena gradient histogram, (a) and (b) Lena, (c) and (d) noisy Lena, (e) and (f) 
noisy Lena after one time lowpass filtering. The left column is based on a 3x3 
matrix. The right column is based on the Gaussian 1st derivative. 
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Fig. 2.20 Anisotropic diffusion experiments 
on noisy Lena, (a) Lena adding 
Gaussian noise with variance 0.05. 
SNR 8.02 dB. (b) After one time 
isotropic lowpass filtering, SNR rises 
to 12.78 dB, (c) Isotropic filtering 
(a). Eight iterations. SNR = 17.2 dB. 
(d) Edges extracted from (c). (e) 
Anisotropic smoothing. Using 
Gaussian 1 st derivatives with unit 
sigma value. After 19 iterations, SNR 
= 19.1dB. 

(e) 
46 



(f) (g) 

^^^^mK^^ 

^̂ Bs* ^̂ 1̂ 

^m- ^^k 

• ' ̂ 1̂ 

BL 

^ ^ ^ ^ ^ H | 

w. . 

HK^ "S- ' ^^^^^^^^H 

» > # 

jg^^j^V 

(h) (i) 

; . ) . • • . : # 

V 

/ h 
'V i 

\ 

v., 
- / 

'^ . 
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Fig. 2.20 Continued, (f) Edge extracted 
from (e). (g) Anisotropic 
smoothing using a 3x3 matrix to 
estimate gradient. SNR = 19.0 
dB. (h) Edges extracted from (g). 
(i) Anisotropic smoothing. 
Gaussian 1 st derivative with 
sigma = 2. SNR = 19.2 dB. G) 
Edges extracted from (i). All 
edges are detected by the Sobel 
edge detector. 

(i) 
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Fig. 2.20 (i) has a larger sigma = 1.5. The SNR in anisotropic diffusion is higher than the 

isotropic diffusion. Visually, it is much better. SNR is not a very good standard to 

measure the visual effect. 

One simple method that may be used to measure the edge preservation is to use 

edge detectors such as the Sobel detector. The results are also given in the figure. 

Obviously, anisotropic diffusion gives much better edges. Our implementation is not very 

sensitive to the iteration loop number, especially when we use Eq. (2.68) to decide the 

speed. 

2.6 Image Deblurring 

The heat diffusion processing causes image blurring. Its inverse processing is 

naturally considered for deblurring. A possible inverse processing is (see Eq. (2.3)): 

^ = - V V . (2.72) 
a 

Its solution may be approximated by: 

(t>{x,ySi)=(t>{x,y.r)-xSj'(l>{x,y,T) + 0{T') (2.73) 

The terminology is defined in section 2.2. 

Theoretically, the inverse heat diffusion has no stable solutions, although, Eq. 

(2.73) gives good results in many image deblurring applications. Comparing Eq. (2.9) 

with Eq. (2.73), we can see Eq. (2.73) is valid only when the Laplacian of the image at 

time zero and at time i are close to each other. The inverse diffusion process is actually 

equivalent to a highpass filter. It sharpens edges, but also amplifies high frequency noise. 
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Eq. (2.73) is called isotropic inverse diffusion processing. Gabor [13] proposed an 

image enhancement technique used a directional sharpening. Instead of isotropically 

sharpening the image, it is better only to sharpen an image along its edge normal direction. 

Recently, Lindenbaum, Fischer and Brucksteim [14] summarized Gabor's proposal and 

gave their proposal. 

Following the ideas given in section 2.5, we propose only to sharpen images along 

their edge normal orientations, and we also only need to do so in areas which have 

significant edges. Our sharpening model is directly derived from our anisotropic diffusion 

model (Eq. (2.70)), that is: 

ai 
^ - - ( I - ^ ( | V M | ) ) a 

a'u 
ai' 

(2.74) 

All of the definitions are the same as those in section 2.5. 

We apply this inverse processing to image Tree. Fig. 2.21 (a) is the blurred Tree, 

which is the result after repeating Eq. (2.51) five times. We then iterate the sharpening 

eight times. 

Adding Gaussian noise with a variance 0.01 to the blurred Tree in Fig. 2.21 (a), we 

have the blurred noisy image in Fig. 2.21 (c). Using isotropic smoothing, the four-time 

iteration result is in (d). Fig. 2.21 (e) is the result of anisotropic diffusion. Then we do 

the directional sharpening, to get (f). Table 2.3 gives each image's signal-to-noise ratio 

compared to the original image. 

Table 2.3 The signal-to-noise ratio in Fig. 2.21. 

SNR 
(a) 
19.7 

(b) 
22.1 

(c) 
13.6 

(d) 
17.2 

(e) 
17.8 

(0 
18.7 
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(a) (b) 

(c) (d) 

(e) (0 
Fig. 2.21 Sharpening on Tree image, (a) Blurred Tree, (b) Deblur (a), (c) Noisy blurred 

Tree, (d) Isotropically smoothed (c). (e) Anisotropically smoothed (c). (f) 
Sharpening of(e). 
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Both the numbers and the images themselves show that the directional deblurring 

processing model works. More iterations will generate spike that can be partially solved 

by limiting the gray level values between 0 and 1. This procedure greatly sharpens edges, 

which is helpful to edge detection in some cases. 

In this chapter, we gave an anisotropic diffusion implementation to ehminate noise. 

It enhances the image, and helps other processing like edge detection as well. A 

directional sharpening algorithm was also presented. 
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CHAPTER III 

EDGE DETECTION 

31 Introduction 

Edge detection is one of the most important local pre-processing techniques. In 

computer vision, many people agree that the first step in understanding an image is the 

extraction of edges. Although it works well in the absence of strong edges, the human 

eye seeks out edges whenever they are available. 

Edges should be compact, which reduces the amount of raw data. The primitive 

elements of the initial description should be complete, representing as much of the image 

information as possible. Finally, edges must be meaningful. 

In this chapter, we concentrate on edge extraction from intensity gray level images. 

We first introduce several classical edge detectors, including the Sobel detector which is 

used in Chapter II. Then the Canny detector is introduced, which may be the most 

popular detector used today. Another pre-processing technique is proposed and is applied 

to medical images for edge detection. 

3.2 Classical Edge Detectors 

Usually edges are considered to be a collection of pixels where there is an abrupt 

change in gray level. In image processing, it is sometimes considered to be a property of 

each individual pixel and is calculated from the neighboring pixels. Edges can be 
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represented by a vector and therefore by two components: the magnitude and the 

orientation [15]. They are defined as: 

\Ws(x,y)\ = faV fa^ 
vac J \^J 

(3.1) 

and 

a a 
tan ̂  = — / —, 

<^/ a/ 
(3.2) 

respectively, where s(x, y) is the image function. Although not all detectors are designed 

a a 
to work in this way, most need the two partial derivatives — and — . 

a ^ 

When the study of machine vision started in 1965 at MIT, Robert [16] began using 

differences in a small number of local pixels to approximate these derivatives. Using 

matrix form, we list the classical edge detectors below. 

3.2.1 Sobel operator 

The Sobel operator [15] is typically implemented in a 3x3 neighborhood of the 

current pixel. Although the first derivative estimations for only two directions are given 

here, it also works well in the two diagonal directions. 

OPx = 

1 

0 

-1 

2 

0 

- 2 

I 

0 

-1 

(3.3) 

op, 

-1 

- 2 

-1 

0 

0 

0 

r 
2 

1 

(3.4) 
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3.2.2 Robert operator 

It is one of the oldest operators and only involves a 2x2 neighborhood of the 

current pixel [16]: 

op , = 

o p ^ -

ri 0] 
0 -1 

ro 1] 
- 1 0 

(3.5) 

(3.6) 

Its simplicity is obvious. One reason is the availability of computing power in the 1960's. 

Its drawback is that it is highly sensitive to noise. 

3.2.3 Prewitt operator [15] 

It is similar to the Sobel operator. 

op. = 

1 

0 

-1 

1 

0 

-1 

1" 

0 

-1 

(3.7) 

op, = 

"-1 

-1 

-1 

0 

0 

0 

r 
1 

1 

(3.8) 

Others, like the Robinson operator and the Kirsch operator [15], all work in the 

same way by trying to approximate the first derivatives using differences in a small local 

area. All of these operators have to be followed by thresholding. Higher strength edges 

are regarded as significant edges while others are minor. This procedure may indicate an 

area (rather than a line) as an edge where all gradients are higher than the threshold. 

Therefore, some operations like thinning are also needed. 
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Another common edge detector is based on the zero-crossings of the image 

fiinction's second derivative, like the Marr-Hildreth operator [17,18]. It is based on the 

fact that an edge corresponds to an abrupt change in the image gray level, or a large 

gradient. There should be an extremum around the edges and the second derivative 

should be zero at those positions. Therefore all of those points are defined as edges. It is 

easier and more accurate to find a zero-crossing point than to search for an extremum 

point. 

3.2.4 Marr-Hildreth operator 

All operators given previously are actually ill-posed. If the image is smooth, they 

work well. When the image becomes noisy, the derivative operation actually amplifies the 

noise and generated edges represent noise rather than the actual edges. 

Gaussian-like functions are able to regularize the ill-posed problem and usually a 

Gaussian filter is used as a stabilizer. The procedure is first to Gaussian smooth the image 

and then to differentiate the smoothed image. 

An image s(x, y) is smoothed by a Gaussian filter g(x, y), which gives a smoothed 

image (g "̂  s). Its second derivatives are 

(a' \ 
\a. J ^\8*^)A4JS*S- (3.9) 

ac 

It is valid because the convolution operator commutes with the derivative operator. An 

isotropic Laplacian operator is used: 
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V'(g*5) = (vV)*s (3.10) 

Because the Gaussian fiinction is known, its Laplacian is also available. Instead of 

differentiation of the smoothed image, we can directly compute the convolution as the 

right-hand side of Eq. (3.10) indicates. 

This method, therefore, is also referred to as Laplacian of Gaussian (LoG). 

3.2.5 Experiment 

All of these operators are applied to the standard Lena image. The results are 

listed in Fig. 3.1. The Sobel, Robert, and Prewitt operators are from MatLab. Both the 

Marr-Hildreth and Canny detectors (to be discussed in the next section) have a standard 

deviation of 1 and are implemented in a 9x9 matrix (4 sigma). We added Gaussian noise 

with variance 0.02 to Lena and repeated the same operation. These results are in Fig. 3.2. 

All of these detectors give good edge information about the clean Lena (Fig. 3.1). 

There is no surprise that the Sobel and Prewitt detectors have a similar performance. The 

Sobel detector is marginally better than the Prewitt detector. 

The Robert detector gives little edge information about the noisy Lena (Fig. 3.2. 

(c)). The Sobel and Prewitt operators are clearly better than the Robert detector. The 

Marr-Hildreth detector is not as sensitive to noise. A narrower lowpass band Gaussian 

filter (larger sigma value) will give an edge with much less noise, but blurs the edges. The 

result is that the corners will vanish. 

The Robert detector gives littie edge information about the noisy Lena (Fig. 3.2. 

(c)). The Sobel and Prewitt operators are clearly better than the Robert detector. The 
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Fig. 3.1. Edge detection on clean Lena image, (a) Lena image, (b) Sobel detector, (c) 
Robert detector, (d) Prewitt detector, (e) Marr-Hildreth detector, (f) Canny 
detector, (e) and (f) are implemeted in a 9x9 matrix with sigma = I. 

57 



(a) 

(c) 

(b) 

• : 

ft 

1 • - 1 

K : 

• • . . « : • ^ ' : ^ 

• • • • • : . • • • . . . 

. V . : •• 

• M . ' ; . -

• . • 

:y :• 

• i • 

f 

• 

^N, 

• . / • • 

' ... 

• 

1 * / - • 

J 
> I 

) ; V' . . •, . 
:.'•/ . V 

• V ' -

(d) 

(e) (0 
Fig 3 2 Edge detection on noisy Lena image, (a) Noisy Lena image with Gaussian noise 

variance 0.02. (b) Sobel detector, (c) Robert detector, (d) Prewitt detector, (e) 
Marr-Hildreth detector, (f) Canny detector. See Fig. 3.1 also. 
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Marr-Hildreth detector is not as sensitive to noise. A narrower lowpass band Gaussian 

filter (larger sigma value) will give an edge with much less noise, but blurs the edges. The 

result is that the corners will vanish. 

3.3 Cannv Detector 

The Canny edge detection algorithm can be considered to be derived from the 

Marr-Hildreth technique. Canny proposed three performance criteria [19]: 

1. Good detection. Detect more real edges with less non-edge points. This 

criterion requires maximum signal-to-noise ratio. 

2. Good localization. Detected "edge" should be close to psychological "real" 

edge. 

3. One response to a single edge. 

Rather than searching for the isotropic zero-crossing pixels of LoG, Canny's idea 

is to search the zero-crossing pixels of the second derivative along the edge's normal 

direction of the Gaussian smoothed images. 

Let g„ be the first derivative of g in the edge normal direction n: 

g.=i=«-^g (3.11) 

Usually, the edge orientation is not known a priori but a robust estimate of it based on the 

smoothed image is available. 

^ ^ V f e M (3 12) 
|V(g'^5)|-

At a local g„ extremum, we have: 
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Fig. 3.3 Canny edge detector on Fig. 2.20. The left column shows zero-crossing points. 

The right column shows edges after thresholding. 
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^n*'^ = 0 (3.13) 
at 

Substituting Eq. (3.11) for g„: 

The edge strength will be the magnitude of 

^n*'^h|V(g*s)|. (3.15) 

We applied the Canny detector to both the Lena image and the noisy Lena image. 

Results are given in Fig. 3.1 (f) and Fig. 3.2 (f). The Canny detector is better than the 

Marr-Hildreth detector because the Canny detector only performs the second derivative 

along the edge's normal direction. The second derivative along the edge's tangent 

direction does not help in determining the edge points but just introduces noise. This is 

why we see more features but less noise in the Canny edge. 

We also applied the Canny detector to Fig. 2.20. These images are processed from 

a much noisier Lena image. The results are in Fig. 3.3. Figs. 3.3 (a) and (b) come from 

Fig. 2.20 (e). Figs. 3.3 (c) and (d) come from Fig. 2.20 (g), and Figs. 3.3 (e) and (f) come 

from Fig. 2.20 (i). The left column gives zero-crossing points. The right-column gives 

points after thresholding. Compared to the edges detected by the Sobel detector, the 

Canny detector works better. 
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3.4 Pre-Processing 

All of the preceding edge detection techniques need to fiilfill two goals: finding the 

correct edge positions and letting the desired edges pass through the threshold. In 

Chapter II, anisotropic diffusion is implemented to increase the signal-to-noise ratio and, 

therefore, the first requirement becomes easier. The second one usually involves 

complicated synthesis after getting the edge strength. In this section, we present a pre

processing technique that enables the desired edges to pass more easily through a 

threshold when dealing with some medical images. 

3.4.1 Pixel brightness transformations 

There are many techniques which can do brightness correction. Histogram 

equahzation is one of the popular techniques. It reassigns brightness level to each pixel to 

equalize the distributed brightness levels in the whole brightness scale. Local area 

histogram equalization computes a new gray level for each pixel based on the equalization 

of a local area histogram [20]. Adaptive neighborhood histogram modification is also 

based on the same principle. 

3.4.2 Position-dependent brightness correction 

This method is usually used to correct pixel brightness due to uneven sensitivity of 

image acquisition and digitization devices. Optical systems, for example, usually attenuate 

light more if light passes further from the optical axis. Also, pixel detectors in an image 

array are not of identical sensitivity. If this kind of degradation is due to a system error, it 
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can be suppressed by brightness correction. This degradation can be modeled by a 

multiplication error coefficient e(x, y) which describes the change from the ideal identity 

transfer fiinction. Assuming that s(x, y) is the original undegraded image, and f(x, y) is the 

image containing degradation, then we have 

f(x,y) = s{x,y)e(x,y). (3.16) 

Therefore, we can restore the original real image by 

s(x,y) = f{x,y)/e(x,y). (3.17) 

This method can obviously be used in the case of uneven object illumination which 

is exactly our case. 

Although we are unable to determine the exact uneven object illumination 

distribution e(x, y), it is reasonable to assume this uneven illumination is much smoother 

than the image function s(x, y). In DSP terminology, e(x, y) is constrained in a very low 

frequency band. Therefore, we can estimate the uneven illumination distribution by 

e.A^,y) = f(x,y)*g(x,y) (3.18) 

where g(x, y) is a very narrow lowpass filter, and "*" is the convolution operator. The 

bandwidth should be narrow enough not to contain much of the real image signal s(x, y) 

and it should be wide enough to effectively reflect most of the uneven illumination. 

Finally, we give the estimated original image by 

SeA^,y) = f(^,y)KK.y) = f(^,y)/{f(^,yygi^^y)} • (3. i9) 

In our experiment, once again, we choose Gaussian filtering for g(x, y). 
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3.4.3 Experiment 

We apply this pre-processing technique to medical images. Fig. 3.4. (a) is the 

original image which is unevenly illuminated. The central part of the image is very bright 

while the rest is dark. Fig. 3.4 (b) is the histogram equalizing result of (a) and (c) is the 

restored image from (a). Now the image is evenly illuminated. Fig. 3.4 (d) is the 

histogram equalizing result from (c). Comparing (b) and (d), it is clear that the original 

unevenly illuminated distribution is properly corrected. Fig. 3.4 (e) is the estimated 

uneven illumination distribution e^^^(x,y). It is the output from a Gaussian fiher with 

sigma =10. Its implementation is given in Chapter IV. 

Fig. 3.5 shows edges detected from Fig. 3.4. Figs. 3.5 (a) and (b) are edges from 

the uncorrected image in Fig. 3.4 (a). Figs. 3.5 (c) and (d) show edges from the corrected 

image in Fig. 3.4 (c). Figs. 3.5 (a) and (c) are edges detected using a Canny detector with 

sigma = 1. Figs. 3.5 (b) and (d) show edges detected using a Canny detector with sigma = 

3. All use a threshold value which is four times the gradient geometrical average. It 

becomes easier to detect edges in a corrected image, especially in the surrounding area. 

Fig. 3.6 is another similar image where (a) is the original image and (b) is the 

corrected image, (c) shows the edges detected from (a), (d) shows the edges detected 

from (b). (e) is the estimated uneven illuminating distribution. 

In this chapter, we implemented the Canny detector using a similar method as was 

used in Chapter II. We used a pre-processing technique to correct uneven illumination 

distribution. The experimental results are good. A combination of other techniques can 

give even better results. 
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(a) (b) 

(c) (d) 

Fig. 3.4 Correcting uneven illumination 
distribution, (a) Original image, 
(b) Result of histogram equalizing 
(a), (c) After uneven illumination 
correction of (a), (d) Histogram 
equalizing (c). (e) Estimated 
uneven illumination distribution. 

(e) 
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Fig. 3.5 Edge detection on Fig. 3.4. (a) and (b) show edges from Fig3.4 (a), (c) and (d) 
show edges from Fig. 3.4 (c). (a) and (d) are detected using a Canny detector with 
sigma = 3. (b) and (d) are detected using a Canny detector with sigma = 1. 
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Fig.3.6 Edge detection on another medical 
image, (a) Original image, (b) 
Corrected image, (c) Edges 
detected from (a), (d) Edges 
detected from (b). (f) Estimated 
background illumination 
distribution. Canny edge detector 
with sigma = 3. 

(e) 
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CHAPTER IV 

GAUSSIAN FILTERING IMPLEMENTATION 

4.1 Introduction 

A Gaussian filter is a lowpass filter that is widely used in image smoothing. In one 

dimensional signal processing, there are many techniques to perform low pass filtering 

very well, such as Hamming and Hanning windows. Only the Gaussian fiinction is unique 

with a minimum product of space and frequency bandwidth. In image processing, it is also 

desirable that the two-dimensional operation can be done separately in one dimension. 

These two characteristics make Gaussian filtering very popular in image processing. 

Classical implementation of Gaussian filtering uses a mask that has values sampled 

at the nodes. A lot of computing power is needed when the standard deviation a is large 

and it cannot give accurate performance when the standard deviation is small. For a 

Gaussian filter with a large standard deviation a, fast algorithms were developed, such as 

a realization by cascading wide passband Gaussian filters and a realization by B-Spline 

functions and the fast filter transform [21-24]. Recently, J. Shen and W. Shen proposed 

an implementation using Gauss-Hermite integration [25]. 

In this chapter, we first give the mathematical model of Gaussian filtering. After a 

brief introduction of Shen's proposal [25], we exam the method and finally present a 

similar implementation, which softens or overcomes the original method's shortcomings 

and maintains its merits. 
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4.2 One-Dimensional Gaussian Filtering 

For a Gaussian filter G(x), an input signal F(x) has an output S(x) given by: 

S{x) = F(x)* G{x) 

= \ F(A)G(x - Z)dA ^^-^^ 

with 

1 
Gix) = -j=-exp(-x' /2a'), (4.2) 

where c is the Gaussian function's standard deviation, which controls the smoothing range 

or determines the lowpass filter bandwidth. Its Fourier spectrum is: 

7 {G(x)} = exp(-27r'a'^'). (4.3) 

Because the Gaussian function is even symmetrical, the convolution in Eq. (4.1) 

is equivalent to a cross-correlation: 

+00 

S(x)= ^ F(Jl)G(Jl - x)dA 
—00 

+00 
(4.4) 

\ F(Ji + x)G(Ji)dX 

Introducing the variable r|, the functions f(r|) and g(r|) are 

JJ=A/(^CT), (4.5) 

f(?j) = F(^arj + x), (4.6) 

g(Tj) = -jL- G{42arT) = txp{-rj'). (4.7) 
V2;7-<T 

Then, for a given position x, the output S(x) is 
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, +00 

S(^) = ̂  \ f(ri)g(rj)dTj. (4.8) 

It can be considered as the integration of fijnction f(Ti) with a fixed weight fiinction g(Ti). 

To get S(x) numerically, we introduce W{f} and W J f } : 

b 

W{f} = \g(x)f(x)dx , (4.9) 
a 

W„{f} = JLPtfi^,), a<x,<b. (4.10) 

This chapter is focused on the selection of Xj and /3j such that we do less computation 

but get higher accuracy. In numerical analysis, W^{f} is called the weighted quadrature 

formula of W{f}. The points x̂  are called nodes and the fij are called the coefficients of 

the formula. 

4.3 Gauss-Hermite Quadrature 

4.3.1 G-H quadrature 

If f(x) is known, it is possible to have Wĵ {f} to approximate W{f} with precision 

of order (2n-l): 

^ Jx^} = Fr{x;}, A: = 0, 1, •••, 2n-\ (4.11) 

because we have a total of 2n free variables, x. and /3j, see Eq. (4.10). This is called 

Gaussian quadrature. 
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Since the weight fiinction in Eq. (4.8) is a Gaussian fiinction, Hermite polynomials 

form an orthogonal base. The Gauss-Hermite quadrature formula [26, 27] can be used 

here: 

+00 ^ 

J Qxpi-x' )f{x)dx = f^ H/(a.), (4.12) 
-00 j=\ 

where â  and H^ are Hermite polynomial roots and coefficients, which can be found in 

many numerical analysis books [26]. G-H quadrature gives very high accuracy (at order 

2n-l) and only needs very little computing power. Impressive results are given in [25]. 

4.3.2 Discrete realization 

In image processing, a continuous f(x) is usually unavailable and cannot even be 

expressed explicitly. To get f(x) values at Hermite polynomial roots, interpolation is 

needed. A higher order interpolation will give a smaller interpolation error but requires 

more computing power. If a linear interpolation is used, f(a) is given by 

f(a) = f{n)(n + \-a) + f(n + \)(a-n) ^^ ^^^ 

n<a<n + l, 

Using these techniques, Gauss-Hermite integration gives higher accuracy than the classical 

method when sigma is small and needs less computing power when sigma is large [25]. 

4.3.3 Computational complexitv 

For an nth order Gauss-Hermite integration in Eq. (4.12), the computational 

complexity is (n) multiplications and (n-1) additions to give one output point. Using linear 
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interpolation in Eq. (4.13), in general, the computational complexity is (2n) multiplications 

and (2n-l) additions. An mth order interpolation will need (mn) multiplications and (mn-

1) additions. 

4.4 Analvsis of Gauss-Hermite Quadrature 

4.4.1 Accuracv analvsis 

Although Eq. (4.12) does give very high accuracy, interpolation in Eq. (4.13) only 

has first order precision. This approach in image processing is therefore limited by the 

interpolation precision which cannot increase much because of the increasing computing 

complexity. 

4.4.2 Frequencv domain 

To evaluate an implementation, instead of finding its approximate precision order, 

it should be better to find its transfer function and evaluate it in the frequency domain. 

The right-hand side of Eq. (4.12) can be rewritten as 

Y.H,f(a.)= \{Y^H^5{x-a^)}f(x)dx. (4.14) 
; = 1 -00 ; = 1 

The system has an impulse response function h(x) in the continuous domain 

h(x) = Y.H^5{x-a.). (4.15) 

Its transfer function 7{K^)} is given by: 
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9{h{x)) = 
^.+1 + 2 £ / / . cos(2;ra^^, « = 2w +1, 

n = 2m. 

;=i 

2 X ^ , cos(2;ra^^. 
(4.16) 

Here the even symmetry of the abscissae and weight coefficients has been used. 

The right-hand side of Eq. (4.12) is a standard Gaussian fiher with transfer 

function: 

9 {exp(-x')} = J^exp(-7r'<^') (4.17) 

Eq. (4.15) and Eq. (4.16) are plotted in Fig. 4.1, where a 7th-order Gauss-Hermite 

quadrature is used. For frequency less than 0.5, the relative error is less than 0.4%. For 

other popular n values, the relative errors are listed in Table 4.1. 

solid: Gaussian, dot: G-H. 
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Fig. 4.1. Function exp(-x»x) and its G-H quadrature. Upper figure is in the spatial 
domain. The lower figure is their spectrum. G-H is a 7th order polynomial. 
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Table 4.1. The maximum relative errors for frequency lower than 0.5. 

n 

err. % 33 3.2 0.14 0.0036 

In the high frequency band, Gauss-Hermite integration has an oscillatory spectrum. 

It does not approximate the Gaussian fiinction at all. 

Fig. 4.2 shows that the interpolation in Eq. (4.13) is the major source of the 

approximation errors. The error becomes even larger when a becomes very small. This 

will be shown in the next section. 

solid: linear interpolation, dash: G-H appr. 

0.5-

Fig. 4.2. Interpolation introduce a large error. Upper figure is in the spatial 
domain. Lower figure is in the frequency domain. 
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4.5 Given Nodes Integration 

4.5.1 Given nodes quadrature 

To avoid the interpolation error in the proceeding method, our basic idea is to 

develop an integration formula directiy based on the given point values f(m). 

In Eq. (4.11), \eiXj be all of the neighboring given points m^ (n=2m-i-l): 

Xj=m. m^=[-m, -m + \, •••, -\, 0, l--, m-\, m-\]. 

(4.18) 

Then Eq. (4.10) becomes: 

2m+l 

;= i 

which has only (n = 2m+l) free variables and can have a precision order (n-1 = 2m). 

4.5.2 Realization 

In mathematics, a quadrature formula has an mth degree of precision if: 

W„{x'} = W{x'}, A: = 0, 1, 2, •••, m. (4.20) 

but not for k = m + 1. 

For the sake of simplicity, assume the output at the original position, x = 0. Eq. 

(4.4) is rewritten here: 

W{f} = i-j2^exp(-x' 12a')f{x)dx . (4.21) 
+00 2n:cr 

It is not difficuh to get the induction equations: 
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W{x'-}= j^J^exp(-x'/2a')x"dx 
+00 2;rcr 

And: 

= (ri-\)a'(-==-Qxp{-x'/2(j')x"-'dx 
+coV2;ro-

= (n-\)a'W{x"-'}, (n>2) 

(4.22) 

m)=h 

W(x) = 0. 

Now Eq. (4.20) becomes: 

(4.23) 

(4.24) 

(4.25) 

where: 

A = 

B 

1 
-m 

i-m)' 

(-m)"" 

Oo P^ Pi 

1 
-w + 1 

(-W + 1)' 

(-w + l ) '" 

• • • • P 2 . \ 

W{\\ W{x\ W{x'\ 

1 
_1 

... (_1)^ 

. . . (_1)2'« 

-, W{x'-)\ 

I 
0 

0 

0 

1 
1 

(1)' 

(1)''" 

1 

m-\ 

•'• ( m - l ) ' 

••• {m-X)'"" 

1 

m 

{m)' 

{m)"" 

5 

(4.26) 

(4.27) 

( ;4.28) 

Then the ps are given by: 

(4.29) 

For a (2m-i-l) order polynomial, we have the precision order as high as 2m. It is 

lower than Gauss-Hermite Integration when the integration kernel f(x) is known, but it is 

higher when f(x) is unknown. 
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solid: Gaussian, dash: G-H. dot: GNQ 

Fig. 4.3. Comparison between GH and GNQ (c = 0.707). Upper, in space domain. 
Lower, in frequency domain, n = 7. 

solid: Gaussian, dash: G-H. dot: GNQ. 
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0.4 
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.-<S- - I - ^ 
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-

•0.5 0 0.5 

Fig. 4.4. Comparison between GH and GNQ (a = 0.3). Upper, in space domain. Lower, 
in frequency domain, n = 7. See Fig. 4.3 also. 
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Fig. 4.5. Increasing the accuracy of GNQ. Sigma = 0.3. The five points (stars) and the 
fifteen points (circles) have an error in frequency domain less than 0.0049. In the 
figure, we cannot detect the difference. 

0.95-

0.85 
-0.5 

Fig. 4.6. Comparison among three methods. Sigma = 0.1. n = 5 for both GH and GNQ 
(Dash). Dot: n= 15 but only take its first 5 terms, GND. 
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In Fig. 4.3, the Gaussian fiinction standard deviation a is 1 / V2 . Both methods 

work well to approximate the Gaussian fiinction. In Fig. 4.4, a is 0.3. 

It is interesting to notice that we can generate a higher order polynomial, but only 

use its most significant terms to do the Gaussian fihering. It may lose a littie accuracy in 

lower orders, or in lower frequency bands, but it improves the high frequency behavior, 

see Fig. 4.5, Fig. 4.6. The shorter polynomial has been scaled to keep a unit DC value. 

Although the approximation error is related to sigma, usually it is good enough to take 

just the first five terms. 

4.6 Fast Computation 

4.6.1 G-H approach 

Look at Fig. 4.1 again. The Gauss-Hermite approximation gives very good results 

when the frequency is less than 0.5, which is the highest frequency guaranteed by sampling 

theory. In Fig. 4.1, the sigma value is actually 1 / V2 . For arbitrary sigma, G-H 

quadrature in Eq. (4.12) becomes: 

+C0 .. 1 " 

{-i^exp(-x' /2a')f{x)dx = -^J^H.fi^aa^), (4.30) 
i V2;rcr ^ITT ,=I 

following the procedure given in Eqs. (4.14), (4.15) and (4.16). Eq. (4.26) has a Fourier 

spectrum scaled down 1/(V2 a). If sigma = 5, there should be about three extra peaks 

inside the resolution range. For smoothed images (a few high frequency components), 

there are no significant problems, although the purpose of Gaussian filtering is just to 
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remove the high frequency components. G-H quadrature reduces computing complexity, 

but severely suffers in high frequency performance. 

4.6.2 Our proposal 

There is actually a conflict between reducing computing complexity and improving 

high frequency behavior. A narrower lowpass fiher has a longer impulse response 

sequence in the time domain, or here in the spatial domain. To reduce the undesired peaks 

(Fig. 4.1), it is necessary to cover more nodes. 

It is well known that computers can do addition much faster than multiplication. 

Based on this knowledge, we propose to use the normahzed coefficients in each spatial 

zone to approximate the Gaussian filtering. This is illustrated in Fig. 4.7. We compute the 

0.2 

0.15 

0.1 

0.051-

0 

0.0915 / 

/ 0.0133 

1 

/ 0.1925 \ 

\ 0.1925 

0.0133 \ 

0 

0.5-

Fig. 4.7. GNQ fast computation. Sigma = 2. Five terms are used. Upper, in the spatial 
domain. Lower, in the frequency domain. 
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Fig. 4.8. Comparison between GH and GNQ (a = 5). G-H: dash, uses 5 points (total 10 
points involved). GNQ: soUd, 3 terms are used. Upper, in the spatial domain. 
Lower, in the frequency domain. 

Fig. 4.9. Part of Fig. 4.8. Good approximation. 
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coefficients by letting the p. 's in the same period be equal to each other. Thus the fiher 

will maintain its performance in lower orders, or low frequency bands, and because of 

more data involved, the additional peaks are reduced. 

4.7 Other Gaussian Type Functions Implementation 

4.7.1 Multi-dimensional Gaussian function 

It is not difficuh to implement a Gaussian fiher in two or even higher dimensions. 

This is simply based on the fact that the Gaussian fiinction is separable: 

G{x,y) = -^txp[-{x' +y')/2cT'] 
2nG 

= — exp(-x' /2o-')* J - e x p ( - / / 2 o - ' ) (4.31) 
V2;rcr •\j27ra 

= G,{x)*G^{y). 

The multi-dimensional filtering becomes multiple one-dimensional filtering along 

each dimension. A two-dimensional fiher is given by 

S{x,y) = F{x,y)^G{x,y) 

= F{x,y)^G^{x)^G^{y). ^"^'^^^ 

That is using one-dimensional Gaussian fihering twice. 

4.7.2 Derivatives of Gaussian Functions 

The derivatives of a Gaussian fiinction are still functions with a Gaussian kernel. 

The first derivative is: 
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^''^"^=lvi^^''p(-^^^2'^^> 

X 
-J Gix). 
(J 

The second derivative is given by: 

a' d X 
^(^)-x(-^<^(^)} ac' ^"' ac 

' G(x) + (4) 'G(x) (4.34) 

— (1-—)G(x) . 
cr cr 

Using our proposal, the computing algorithm will not be changed. 

4.8 Experiments 

We applied both methods to the Lena image with and without adding noise. We 

intend to do Gaussian smoothing using sigma = 5. A mask, from the classical method, has 

a window of size 51x51. Its length is 5 times sigma which is large enough to be 

considered as ideal. The G-H method uses a 5th-order polynomial with 10 points 

involved. The Given node quadrature uses a 9th-order polynomial but only the first three 

terms are used. Resuhs are given in Fig. 4.10 and Fig. 4.11. Table 4.1 and Table 4.2 give 

numerical comparisons between G-H and GNQ. Images in Fig. 4.10 (b) and Fig. 4.11 (b) 

are used as the standard images. 

To compare the complexities, we continue to compare them in one dimension. 

The computing complexity of the classical method uses 51 multiplications and 50 
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additions, [51x, 50-H]. Gauss-Hermite integration uses 10 multiphcations and 9 additions, 

[lOx, 9-H]. Given node quadrature uses 3 multiplications and 18 additions, [3x 18-^]. 

Furthermore, because the Gaussian is evenly symmetrical, all of these methods can reduce 

half of the muhiplications in the same way. In two dimensions, their computing 

complexities are all increased in the same manner. 

The given node quadrature uses more addition operations than G-H but fewer 

product terms. It improves the high frequency performance. The resuh is very close to 

ideal Gaussian smoothing. 

In conclusion, our proposal gives better performance without increasing 

computing complexity when sigma is small. When sigma is large, our proposal needs 

insignificantly more addition computing and gives significantly higher frequency behavior 

improvement. 
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(a) (b) 

(c) (d) 

Fig. 4.10. Fast computation applied to clean Lena, (a) Lena, (b) Classical method with a 
window size 51x51. (c) GH with 5th order. Linear interpolation, (c) GNQ with 
9th order but only five terms are used, (CT = 5). See Fig. 4.11 also. 

Table 4.2. Comparison between GH and GNQ on clean Lena.* 

Signal-to-noise ratio 
Correlation coefficient 

Gauss-Hermite 
25.20 dB 
0.9819 

Given node quadrature 
38.49 dB 
0.9994 

* Both methods are comparing with ideal Gaussian smoothed image in (b). 
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(a) (b) 

(c) (d) 

Fig. 4.11. Fast computation applied to noisy Lena, (a) Adding Gaussian noise with 
variance 0.01. (b) Classical method with a window size 51x51. (c) GH with 5th 
order. Linear interpolation, (c) GNQ with 9th order but only five terms are used. 

Table 4.3. Comparison between GH and GNQ on noisy Lena.* 

Signal-to-noise ratio 
Correlation coefficient 

Gauss-Hermite 
21.26 dB 
0.9563 

Given node quadrature 
38.15 dB 
0.9993 

* Both methods are comparing with ideal Gaussian smoothed image in (b). 
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CHAPTER V 

CONCLUSION 

Low level image processing is studied in this thesis. We focused on image pre

processing and edge detection. Our tools are mainly based on the Gaussian function. 

We have implemented anisotropic diffusion theory. Our implementation is 

computationally faster than the original algorithm. We showed the implementation's merit 

based on the fact that the diagonal coordinate can keep better sharp edges. Although it 

does not compress very high frequency noise, we can do pre-fihering that effectively fihers 

out those noise terms. We have also proposed a sharpening algorithm which effectively 

sharpens image edges. Anisotropic smoothing is dependent on estimation of the edge. 

Correct estimation will yield a high SNR. It is best to be applied to step edges. 

We compared several edge detectors' performances. We implemented the Canny 

detector. As a response to an uneven illuminated image, we proposed a model to estimate 

the illuminating distribution and used it to restore the original image. It works very well 

experimentally. Our uneven illumination correction model works best when the image (or 

image feature) has a separate spatial frequency band from the illuminating distribution. It 

sharpens the local contrast in a natural way. 

Our implementation of the Gaussian fiher works better in all real situations when 

compared with the Gauss-Hermite method. For a small standard deviation, our method 

does not take extra computational power. For a large standard deviation, our method 
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needs somewhat more addition operations to give much better high frequency 

performance. 
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APPENDIX 

ANISOTROPIC DIFFUSION PROGRAM 

fiinction [ddS] = anidiff(a, b, op) 
% This is a Matiab demo program running on PC matchines in Computer Lab, EE Dept. 
% Usage: 
% y = anidiff(x, model, op); 
% X : to be processed noisy image. 
% model: clean image used for SNR computing. 
% y : updated image. 
% 

% All parameters may change. 

% = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = 

% operator to find edge orientation and amplitude. 
% other choice may be Gaussian 1 st order derivative, which adds extra freedom. 
op = [0 -1 -2; I 0 -1; 2 1 0] / sqrt(2) / 3; 

% get the 1 st order derivative along the axis. 
dX = fiher2(op, a); 
dY = fiher2(fliplr(op), a); % only good for diagonal coordinate system. 
clear op; 

nXX = dX.*dX; 
nYY = dY.*dY; 
nXY = dX.*dY; 
clear dX; clear dY; 

% = = = = = = = = = = = = = = = = = ^ = = = = 

% a littie effort to make use of Matiab's matrix operation strength. 
% objective: 
% get the 2nd derivative along the axis. ddX, ddY and dXY. 
% do the Lapalacian operation, lap. 
[u, v] = size(a); 
c = zeros(u+2, w+2); 
c(2:u-Hl,2:v+l) = a; 
ddX = 0 5 * ( c(l:u, 3:v+2) + c(3:u-^2, l:v) - 2*a ); % (u3 + u7 - 2*u5) / 2 
ddY = 0 5 *(c(l:u, l:v)-^ C(3:U-H2, 3:v+2) - 2*a); % (ul +u9-2*u5) /2 
dXY = 0 5 * ( c(lu, 2:v+l) + c(3:u+2, 2:v+l) - c(2:u+l, l:v) - c(2:u+l, 3:v-^2) ); 

% (u2 + u8 - u4 - u6) / 2 
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lap = c(l.u, 2:w+\) + c(2:u-M, l:v) + c(2:u-Hl, 3:v+2) + c(3:u+2, 2:v+l) - 4*a; 
% (u2 + u4 + u6 + u8) - 4*u5; 

clear c; 

% the 2nd derivative along the edge orientation. ddS / nSUM. 
ddS = (nXX.*ddY - 2*nXY.*dXY + nYY.*ddX); 
clear nXY; clear ddX; clear ddY; clear dXY; 
nSUM = (nXX + nYY + 0.0000000001); % to avoid singularity. 
clear nXX; clear nYY; 

% Now ddS represents the 2nd derivative. 
ddS = ddS ./ nSUM; 

% the geometrical average of gradient, 
ave = mean2(nSUM); 

% synthesis the asiostropic diffusion operator. 
% threshold value for anisotropic diffusion, f function. 
thrf = ave/ 2; 

% threshold value for speed modulation, g fiinction. 
thrg = ave * 2; 

% - -

% anisotropic diffusion. 
coef= 1/(1 +nSUM/thrf); 
ddS = lap .* coef + ( 1 - coef) .* ddS; 
clear lap; 

% speed modulation. 
coef=l ./(1+nSUM/thrg); 
ddS = ddS.*coef; 
clear coef; 

% = = = = = = = = = = = = = = = = = = = 

% update the image. 
% here ddS becomes new image. 
ddS = 0.25 * ddS + a; 

% SNR values. 
msb = mean2(b .* b); 
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msa = mean2( (a-b) .* (a-b)); 
db=10*loglO(msb/msa); 
sprintf('msa = %8.6f; db = %6.3f; msb = %8.6f, msa, db, msb), 

return; 
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