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INTRODUCTION 

Frequency domain techniques were for many years the central 

tool in engineering analysis, where the Fourier transform is used 

to provide spectral analysis. The fundamental work in the fifties 

and sixties by Kalman, Bucy, Athens, and others led to the adop

tion of a number of time domain methods based upon state space 

descriptions. This led to a number of important concepts such 

as observability, controllability, stability, stabilizability, and 

detectability, together with innovative time-domain techniques such 

as Kalman-Bucy filtering. More recently there has been a revival 

of the frequency domain methods using ring theoretic techniques. 

There have been a number of approaches to control systems theory which 

appear to have a useful extension to systems which are inifnite-

dimensional in nature. Common to all these approaches is the fact 

that the transfer function for a (stable SISO) linear time-invariant 

(LTI) distributed parameter system arises from a Laplace transformable 

convolution kernel (Greens function) with Laplace transform and 

H^-function. This observation proven separately from a number of 

viewpoints is crucial in developing a frequency domain methods. 

There have been a number of approaches using H -techniques or 

using fractional techniques. We mention Francis, Helton, Zames [5], 

and Vidyasagar [2] as good references to these approaches. 

Our main interest lies in applying a theory developed in recent 

years based upon fractional representation. Begun in a paper by 

Youla, Bongiorno, and Jabr [16], and developed by a number of authors 

Desoer, Lui, Chow, Murray, and Saeks, this approach is based upon 

the simple idea that the transfer function for SISO lumped LTI system 

can be represented as a coprime fraction of two stable rational 

functions, that is t(s)= n(s)/d(s), where n(s), d(s) satisfy 

a(s)n(s)+b(s)d(s)=l for some pair of stable rational functions 

a(s) and b(s). The key observation is that the collection of all 
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stabilizing controllers are solutions b(s) a(s) of the above 

(so called Bezout) identity. Furthermore, these can be easily para

meterized as an affine set and the problems of tracking, disturbance, 

rejection, etc. can be reformulated in an identical fashion. 

In this thesis we show that the problems of feedback control 

for distributed parameter systems lead naturally to a number of 

problems involving deep mathematical analysis such as interpolation, 

approximation, and realization. Many of these problems arise from 

the fact that, for practical reasons, we must of necessity have 

finite-dimensional controllers for these systems. This corresponds 

to the control devices being finite-dimensional in nature with the 

probability of very restricted memory. 

There has been considerable progress very recently concerning 

some of these problems. However, the development of analytic tools 

to handle such questions as stabilization and tracking via a lumped 

LTI system is an area of much active research at this time. 



CHAPTER 1 

DESCRIPTION OF PROBLEMS OF REGULATING 

INFINITE-DIMENSIONAL SYSTEMS 

1.1 Linear Partial Differential Equations 

The general homogeneous linear partial differential equation of 

order two in two independent variables is of the form 

_9^u . ̂ 9^u . 9 ^ u , , 8 u , 3 u . £ ^ / - I I I N a-5—7 + b-5—5— + c-r—2— + d-r— + e:r— + fu = 0 (1.1.1) dK^ dxdy dy'' dx dy 

where a, b, ...f may depend on x and y but not on u. Equation (1.1.1) 

is classified as hyperbolic if b^ - 4ac > 0, parabolic if b^ - 4ac = 0, 

and elliptic if b^ - 4ac < 0. 

With some transformations of variables, and a,...,f constants, 

the general hyperbolic partial differential equation may be written as 

9^u . . 9u 1 T, 9u , „ f. ^ ^ + A -^— + B—A— + Cu = 0 
dxdy dx dy 

the general parabolic partial differential aquation as 

•r T + A-^r— + B—r- + Cu = 0 
d X dx dy 

and the general elliptical partial differential equation as 

8̂ u . 8̂ u ^ .9u , TjSu , _. _ ^ 
^—2- + ^-2- + A-r- + B-^ + Cu = 0 
dx dy'' dx oy 

A typical delay equation may be 

x(t) = ax(t-2) + bx(t-7T) + cu(t-l) 
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which can be rewritten as 

2 
x(t) = aaj x(t) + ba2x(t) + ca-ĵ u(t) 

where a-ĵ  and 02 denote delay operators, given by aix(t) = x(t-di). 

In our study of distributed parameter systems, we will mainly 

be concerned with systems governed by hyperbolic partial differential 

equations arising via the wave equation. The main difference between 

such systems and the more familiar finite-dimensional systems is the 

distributional effects that appear spatially from a boundary control. 

Example: 

Consider a circular flexible mirror in space. We have a finite 

number of actuators and sensors on the boundary. If we desire to 

manipulate this mirror into a new position (for example, maintaining 

maximum aspect to the sun or correctional maneuver), we will activate 

those edge (boundary) controls. However, there will be ripple effects 

across the mirror arising from this action (via the wave equation). The 

questions we are considering here are concerned with preserving 

stability during movement by active damping. Note that the system is 

quite stable in its passive state until we apply control. However, the 

movements are activated and sensed by only a finite number of devices 

controlled by a discrete machine (on-board on-line computer). 

1.2 Applications 

Elliptic partial differential equations (e.g. Laplace, Poisson) 

are independent of time. They have widespread application in potential 

theory, as well as in the study of rocket flumes. 

Systems governed by parabolic differential equations are time-

irreversible and are often characterized by relatively slow transients. 

Examples are the heat equation and the diffusion equation. 

Systems governed by hyperbolic partial differential equations 

are reversible in time, are characterized by fast transients, and are 

difficult to stabilize. Since in our study we will be mainly concerned 

with systems of this type, we will present one important application 



involving large space structures (LSS) in more detail. Some examples of 

LSS are very large satellites and spacecraft, propulsion spacecraft, 

and the solar power station satellite which would be nearly the size 

of Manhattan. Some characteristics of LSS are: 

a. they are distributed parameter systems, and are 

therefore infinite-dimensional in nature, and very 

large-dimensional in practice; 

b. they have many resonant low frequencies and these 

often appear in closely spaced "clumps;" 

c. their natural damping is very poorly known and very 

light (0.5% critical); 

d. prediction of their behavior in space via on-earth 

testing is quite limited; 

e. requirements for shape, orientation, alignment, 

vibration suppression, and pointing accuracy are 

very stringent. 

The LSS can be described by the system of partial differential 

equations 

m(x)utt(x,t) + DQU^(x,t) + AQu(x,t) = F(x,t) (1.1.1) 

where u(x,t) represents a vector of instantaneous displacements of the 

structure fi off its equilibrium position due to transient disturbances 

and the applied force distribution F(x,t). The mass density m(x) is 

positive and bounded on ^. 

The term A u denotes the internal restoring force and is 

generated by a time-invariant, symmetric, non-negative differential 

operator A appropriate to the LSS. The domain D(AQ) of A contains 

all smooth functions satisfying the infinite-dimensional Hilbert space 

H = L̂ (Ĵ ) with the usual inner product (.,.) and associated norm || • || . 

In most cases, the operator A is assumed to have a discrate spectrum, 

i.e., isolated resonances. This can be expressed by the following 

eigenproblem: 

^oK = '̂k *k 



where the f*i]̂'s are the vibration mode frequencies and the (()ĵ (x)'s 

are the corresponding vibration mode shapes. 

The damping term D^u^ is composed of a skew-symmetric part which 

represents gyroscopic damping due to any on-board rotors or constant 

spin rate of the whole LSS, and a small sjrmmetric part which represents 

the internal structural damping. 

The applied force distribution is 

F(x,t) = F(,(x,t) + Fo(x,t) (1.1.3) 

where F^ represents the external disturbance forces on the LSS (and 

possible nonlinearities) and Fp represents the control forces due to 

M actuators 

F^ = = ? b..(x)f..(t) (1.1.4) C = V =.Ei bi(x)fi(t) 

where the actuator amplitudes are f^(t) and the actuator influence 

functions are bj(x) in H^. These are usually localized or point devices 

so the bj(x) approximate 6(x-x^), but they do not have to be point devices. 

Observations are produced by P sensors 

y = V "̂  Vt (1.1.5) 

where yj(t) = (cj, u)^ + (ej , u^)^, 1 <.j.<P, and the influence functions c. 

of positive sensors and ej of velocity sensors inH^. Again, these are 

usually point devices, but they do not have to be. The state space 

reformulation appears in section 2.1. 

Delay differential equations arise in connection with the under

water sonar. The delays occur as the wave signal travels through the 

water. They occur whenever we use transmission lines. There are a 

plethora of examples to be found, for example in Hale [19]. 



1.3 Types of Problems Involved in Such Systems 

1.3.1 Regulation by a System of the Same "Type" 

If we are given a system described by 

x(t) = A x(t) + B u(t) 

y(t) = C x(t), 

and we invoke the constant gain feedback law u(t) = K x(t) for purpose 

of stabilization, etc., then the closed-loop system described by 

x(t) = (A + BK) x(t) 

y(t) = C x(t) 

has prescribed poles (stable). However, if we consider for example a 

delay differential system such as 

x(t) = 3x(t-2) + x(t-Tr) + u(t-l) 

y(t) = 4x(t-l) + u(t-'rr) 

which can be written as 

rx(t) = a(a) x(t) + b(a) u(t) 

M y ( t ) = c(a) x(t) + d(a) u(t) 

then it has been shown by Sussman that certain such Z cannot be stabilized 

by using a constant gain feedback. This suggests that we must in general 

use a system Z of the same form as Z to stabilize Z (see fig. 1). This 

type of feedback is called dynamic output feedback. This can be a 

lumped system or may possibly be infinite-dimensional in nature. 

1.3.2 Tracking 

Often, one would like the output of a system to track a certain 

reference input. This is the case, for example, with a rocket launching 

system. Once the decision to launch is made, the system is given the 

desired trajectory of the rocket (most likely via a computer) and the 

rocket must be made to follow this trajectory. A simple model is 

shown in fig. 2, where the reference signal is modeled by the impulse 

response of t(s). 

1.3.3 Disturbance Rejection 

Another important problem is that of disturbance rejection. An 

airplane flying at an altitude may suddenly experience a wind gust, and 
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it is necessary to compensate for this. A simple model for distur

bance rejection is shown in fig. 3, where the signal to be rejected 

is modeled by the impulse response of r(s). 

1.3.4 Robustness 

In designing a controller for a plant, the parameters involved 

are usually not known precisely, due to modeling errors. Therefore, 

if a controller is designed based on "estimates" of the actual plant 

parameters (which are most likely different from the "estimates"), 

and that controller is implemented in the system, it may not perform 

as intended. Even if the parameters are known exactly, the possibility 

exists that they are affected by temperature, deviate because of 

aging components, etc. The problem of robustness is the following: 

Given a nominal plant P, and a controller C which stabilizes P, does 

C also stabilize a plant ? which is approximately equal to P, whose 

parameters are close to those of P? There is a different problem 

arising in a similar fashion where the compensator C may be chosen 

"close to" a nominal compensator C to introduce certain desired 

characteristics. The system (sea fig. 4) is said to have the small 

gain property, i.e., C is "close" enough to C in the sense that 

||c-C|| is very small for some appropriately defined norm || * || . (This 

is related to the so-called graph topology—see Vidyasagar [2].) 



CHAPTER 2 

FORMULATION OF METHODOLOGY 

2.1 One-Parameter Semigroup Approach 

We will now develop a state space model for the hyperbolic 

system introduced in section 1.2. Let the state v(x,t) = [u^(x,t), 

Ut'̂ (x,t)]T of (1.1.1) be taken in the Hilbert space H = D(Ah x Ho 

with the energy (quasi) norm 

v||2 = (mu^, u^) + (AQ^U, AQ^U) (2.1.1) 

where the first term represents the kinetic energy and the second 

term the potential energy. Note that the energy is a norm on those 

states where u is not a superposition of zero frequency modes (e.g., 

rigid-body modes), 

Then (1.1.1), (1.1.3)-(1.1.5) become 

v̂ . (x,t) = Av(x,t) + Bf(t) + FQ(x,t) 

y(t) = Cv(x,t) (2.1.2) 

where F^ = [0 F^]^, B = [0 B^]^, C = [C^ E^], and 

A = 
0 

^Ao -Do 

with D(A) = D(A^5) X D(A^) 

In general, we can consider systems defined on a Hilbert space 

H and described by 

x(t) = A x(t) + B u(t) (2.1.3) 
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with initial condition 

x<0) = x^ 

where x(0) e H denotes the state at time t = 0, and x(t) e H denotes 

the state at time t. The d3niamics which govern the evolution from 

XQ to x(t) are assumed to be linear and autonomous. For every t a 

linear operator T^ can be defined such that 

T^. H ^ H . TQ = I (identity on H) 

x(t) = T^.XQ. 

Moreover, the state is assumed to be unique and to vary continuously 

with the initial state x 

state is unique, we have 

with the initial state x (Hadamard well-posed conditions). Since the 

t̂+s = V3 

x(t+s) =T^^3 X^ = T^x(s) = T^T^x 
o > 

and since the state is assumed to vary continuously with XQ, it 

follows that T^ is a bounded map on H. Finally, it is assumed that 

the trajectory x(t) approaches x^ as t approaches zero from the right 

for all X e H, i.e.. 

T^XQ - XQII > 0 as t ^ 0"̂  

Definition: A strongly continuous semigroup (or Co-semigroup) is a 

map T^ : R"*" -)- L(H), (where L(H) denotes the set of 

bounded linear operators from H to H), such that 

-̂ ^t+s = ^t^s 
b. To = I 

c. IIT^XQ - XQII -• 0 as t -• O"*" for all x e H. 
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If T^ is a C^-semigroup on a Hilbert space H, then the following 

properties hold: 

a. ||T̂ || is bounded on every finite subinterval of [0,°°) 

b. ||T^IIX is strongly continuous for all x e H 

c. if 0)̂ . = ing (1 log ||TJ|), then a)̂  = lim (̂  log ||TJ|)< -

d. for any co > COQ, there exists a constant M^ such that for 

any t > 0, ||Ttl| < ^u^e^^^^ 

Definition: The infinitesimal generator of a semigroup on a Hilbert 

space H is defined by 

Ax = lira.l (T^-I)x 
t-̂ -O+t t 

whenever the limit exists. . The domain of A, D(A) is the 

set of elements in H for which this limit exists. 

Theorem 2.1.1 

If T is a C -semigroup on a Hilbert space H, with infinitesimal 

generator A, then 

a. if XQ £ D(A), T^XQ e D(A), for all t Z 0 

b. ^ (T̂ .Xo) = AT^XQ = T^AXQ, for XQ e D(A), t > 0. 

c. ^ (TtXo) = A^T^XQ = T^A'^XQ, for x e D(A^), t > 0 
dt^ 

-̂ V o - ^o= ^0 TsAx^ds, x^ z D(A) 

e. A is a closed linear operator, and D(A) is dense in H 

f. n D(A^) is dense in H. 
n 

From the above theorem, it follows that if A generates a C^-semigroup 

and X eD(A), then x(t) = T^x ̂  is a solution to 
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x(t) = A x(t), x(0) = X . 

The following theorem provides a characterization of those operators 

which generate a CQ-semigroup. 

Theorem 2.1.2 

(Hille-Yosida). Let A be a closed linear operator whose domain 

is dense in a Hilbert space H. A necessary and sufficient 

condition for A to generate a CQ-semigroup T^ is that there 

exist M, 0) e R such that for any A e R with X > u), we have 

X £ p (A), the resolvent set of A, and 

I|R(X,A)^|| < j ^ r r = 1,2,... 

where R(X,A) = (XI-A)~^ is the resolvent. In this case 

T̂ ll < Me'^^ 

Since, in general, it is difficult to verify the conditions in 

the Hille-Yosida Theorem, the following theorem gives alternative 

conditions for A generating a semigroup. 

Theorem 2.1.3 

Let A be a closed linear operator whose domain is dense on a 

Hilbert space H. A generates a semigroup T^ on H satisfying 

t T̂ ll :< e'̂ ^ for all t >. 0 if for all X > o). 

(XI-A)xlljj > (X-o)) lUlljj, X e D(A) (2.1.4) 

XI-A*)x*||jj* > (̂ -̂ ) IU*|IH*» X eD(A*). (2.1.5) 

it 

In the above theorem, A denotes the adjoint operator of A, i.e. a 
* * I I * 

transformation with its domain D(A ) consisting of all those x e H 
ie it 

for which there exists a g e H such that 
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<g ,x> = <x ,Ax> for all x e D(A). 

a ie it ' 
In this case, we get A x = g . 

Since H is a Hilbert space, (2.1.4) can be written as 

2X((D||X||2 - Re<Ax,x>) + <Ax,Ax> - a3]|x||2 > Q. 

This inequality holds with a suitable choice for o) if there exists a 

8 such that 

6||x||2 > Re{<Ax,x>} xeD(A ) . 

Similarly, (2.1.5) will be satisfied if 

8||x||2 > Re {<A*x,x>} X e D(A*) 

For dual semigroups, we have the following theorems: 

Theorem 2.1.4 
it 

Let T^ be a C -semigroup on a Hilbert space H, then T^ is a 

linear operator with ||T^|| = ||T^||, and 

a. TQ = I (identity on H ) 

.*_* 
b- Vs= V s ' t,s > 0 

c, weak lim,T^.x = x for all x e H 
t-̂O"*" ̂  

it 
Usually, T^ will not be strongly continuous, but if H is a reflexive 

it 
Hilbert space for which the weak and weak topologies are equivalent, 

it 
then T^ will be weakly continuous. 

Theorem 2.1.5 

If T̂ ^ is a weakly continuous semigroup, then it is strongly 

continuous. 
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Theorem 2.1.6 
it 

Let A be the dual of the infinitesimal generator A of the 

C^-semigroup T̂ .. A* is a closed, densely defined, linear 

operator if H is a reflexive Hilbert space, and 

a. If X e D(A*), then T*x* e D(A*) with 

»*rT,* * , , , * . * * 

A T̂ .x = TJ.A X 

m * * * rt m * . * * , 

T̂ .x - X = /^ T^A X du 
* * * T* I* * 

b. an element x e H belongs to D(A ) if —S—^ x 
* + 

converges in the weak topology as s ̂  0 , 
it it it 

and the weak limit is A x * 

Now, consider the inhomogeneous equation 

x(t) = A x(t) + f, x(0) = XQ (2.1.6) 

Definition: If f e L (0,t-L;H), p >. 1, then 

x(t) = T^x^ + /J T̂ ._g f(s) ds (2.1.7) 

is said to be a mild solution of (2.1.6) on [0,t-i]. 

(Note that (2.1.7) is well defined if the integral 

is interpreted in the sense of Bochner.) 

x(t) defined by (2.1.7) is strongly continuous on [0,t-ĵ ]. 

Definition: Let H be a reflexive Hilbert space, and f e L^ [0,t-ĵ ;H]. 

Then x is said to be a weak solution of (2.1.6) if 

a. t ->• x(t) is continuous on [0,t-ĵ ] 

b. SQ^ <g(t),x(t)dt + /Ql<z(t),f(t)>dt + <z(0),x^> = 0 

it 
for all g EC [0,t-ĵ ;A ], where 

z(t) = -/QI T*_g g(s)ds. 
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Proposition 2.1.7 

For every x^ e H there exists a unique weak solution of (2.1.6) 

and this is the mild solution of (2.1.6). 

So, the mild solution (2.1.7) is the same as the concept of weak solution 

used in the study of partial differential equations. 

An important class of C^-semigroups are those which can be continued 

analytically as functions of t into a sector in the complex plane 

containing t > 0. 

Definition: An analytic semigroup T^ is a C^-semigroup which satisfies 

the additional properties 

a. T^ can be continued into the sector 

S^: |arg t| < o) : o) e (0, 7T/2) t ?= 0 

b. - ^ T^x = AT^x and AT^ £ L(H) 
dt ^ '- ^ 

for every t e Ŝ^̂  and all x £ H 

c. for any 0 < £ < w, there exists a K > 0 such that 

I I T J I < K, I I A T J I < - ^ , t £Sg_^ 

The following theorem gives sufficient conditions for A generating an 

analytic semigroup. 

Theorem 2.1.8 

Let A be a closed, densely defined, linear operator on a Hilbert 

space H. If A satisfies the following conditions: 

a. the resolvent of A, p(A), is contained in the sector 

STT , for some oj £ (0,'rT/2) 
-nr T U) 

b. there exists an M > 0 independent of X > such that 

R(X,A)|| < ^ L , for X £ S^ 
Ixl 2 ^ 

then A generates an analytic semigroup. 
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Theorem 2.1.9 

If A generates an analytic semigroup T^ on a Hilbert space H and 

f(t) is Holder continuous for t >. 0, with 

| | f ( t ) - f ( s ) | | < N ( t - s ) ^ ; 0 < s < t , N > 0 

and k < 1 . Then f o r any x £ H 

x ( t ) = T ^ X Q + / ^ T^_g f ( s ) d s 

satisfies (2.1.6) for t > 0. 

Moreover, A f^^ T>. _ f(s)ds is continuous for t >: 0. 
to *-~° 

In control problems the inhomogeneous term f is often determined 

by a control input. If this is of the feedback type, we have 

f(t) = B x(t) 

and so (2.1.7) becomes 

x(t) = T^XQ + /Q Tj._g Bx(s)ds (2.1.8) 

If A generates a C^-semigroup T^ on a Hilbert space H, and B £ L(H), 

then A+B generates a CQ-semigroup S^, defined by 

St^o = V o -^ ̂ 0 V s ^^s^o^S' ^̂0 ̂  H-

Also, if IITJI < Me'̂ t, then ||sj| < Me^^^^ H^H^^ 

If we consider perturbation operators B £ B°° (0,t-j_; L(H)), 

where 



B« (0,t,;L(H)) = {B: B(-)x is strongly measureable and 
ess sup l|B(t)rlL(H) "̂  °°̂  

17 

ongly meas 

then we have abstract evolution operators of the form A + B(t) which 

are not expected to generate one-parameter semigroups. 

Definition: Let A(t-ĵ ) = {(t,s): 0 £ s <. tft-j^), then 

U(t,s): A(t-ĵ ) -»- L(H) is a mild evolution operator if 

a. U(t,t) = I, t £ [0,t2̂ ] 

b. U(t,r)U(r,s) = U(t,s), 0 ̂  s :< t £ t-̂  

c. U(*,s) is strongly continuous on [s,t-]] and 

U(t,*) is strongly continuous on [0,t] 

As a consequence of (c), we have ess sup ||U(t,s) || < °° 
A(ti) 

So if T^ is a Co-semigroup, then T^_ is a mild evolution operator. 

We have the following theorem: 

Theorem 2.1.10 

If T̂ . is a strongly continuous semigroup on H and B £8°°(0,tjL; L(H)), 

then 

U(t,s) = Z U_(t,s) 
n=0 " 

is the unique solution of 

U(t,s) XQ = T̂ _g XQ + Z^T^_^(Q)U(a,s)X da 

in the class of mild evolution operators on H, with 

U„(t,s) = V , 

and 

U_(t,s) x^ = /^ T^ „ B(a)U„_i (a,s)x da n o q L—a n 1 
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However, U(t,s)x is not differentiable in t and so solutions of 

x(t) = (A+B(t)) x(t), x(0) = XQ £ D(A) (2.1.9) 

in the usual sense cannot be expected. But, still, we can regard 

U(t,0)xo as the mild solution of (2.1.9) since it satisfies the 

integral equation 

x(t) = T^XQ + /J Tj._^B(a)x(a) da . 

Yet, U(t,s) X is differentiable in the second variable. 

Theorem 2.1.11 

Under the assumptions of Theorem 2.1.8, for x £ D(A), we have 

/s U(t,a) (A+B(a))xQda = U(t,s)xQ -XQ (2.1.10) 

|-U(t,s)x^ = -U(t,s)(A+B(s))x a.e. (2.1.11) 
ds " O 

Definition: A quasi-evolution operator U(t,s) is a mild evolution 

operator such that there exists a non-zero XQ £ H and 

a closed linear operator A(s) on H for almost all 

s £ [0,t-|̂ ] satisfying 

U(t,s)xQ - XQ = /^ U(t,a)A(a)xQda (2.1.12) 

The set of XQ £ H for which (2.1.12) is valid is denoted 

by D. and A(t) is called the quasi generator of U(t,s). 

Definition: An almost strong evolution operator is a quasi-evolution 

operator which is also differentiable in the first 

variable, i.e., one for which there exists an associated 

closed linear operator A(t) on H for almost all 

t £ [0,t-|̂ ] such that 
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U ( t , s ) : D(A(s)) > D(A(t)) for almost a l l 

t > s £ [ 0 , t i ] (2.1.13) 

/ I A(r)U(r,s)xQdr = (U( t , s ) - I )x_ (2.1.14) 

f o r X Q £ D ( A ( S ) ) . 

As a consequence of (2.1.13), we have 

.Lu(t,s)x„ = A(t)U(t,s)x a.e. for x e D(A(s)) (2.1.15) 
9t o 0 0 

This implies that (2.1.9) will have a unique solution x(t) = U(t,0)xo 

which is differentiable a.e. The following lemma gives sufficient 

conditions for A+B(t) to generate an almost strong evolution operator. 

Lemma 2.1.12 

Let T^ be a CQ-semigroup on H and assume B £ iS°°(0,t-i; L(H)) 

satisfies 

T^_ B(s) : H ->• D(A) for almost all t > s £ [0,t-L] (2.1.16) 

AT^_. B(-) £ B°°(0,t; L(H)) 

i.e., AT^-s B(s)x is strongly measurable in s for any 

XQ £ H and /Q1 IIAT^.^ B(S) || L(H) ^S < -. 

Then the mild evolution operator generated by A+B(t) is 

an almost strong evolution operator. 

Next, consider the equation 

i(t) = (A+B(t)) x(t) + f(t) ; x(0) = XQ £ D(A) (2.1.17) 

where A is the infinitesimal generator of CQ-semigroup T^, 

B e B«'(0,tĵ ; L(H)), and f £ L (0,t2^;H). 
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If the mild solution of (2.1.17) is defined as 

x(t) = U(t,0)xo + /Q U(t,s)f(s)ds (2.1.18) 

where U(t,s) is the quasi-evolution operator generated by A+B(t), then 

we have the following theorem: 

Theorem 2.1.13 

If U(t,s) is an almost strong evolution operator and 

U(t,s)f(s) £ D(A) for almost all t > s £ [0,t-L] and 

AU(t,')f(*) is Bochner integrable, then (2.1.18) is the 

unique solution of (2.1.17). 

Corollary 2.1.14 

Let T^ and B(t) satisfy the assumptions of Lemma 2.1.9. 

Then (2.1.18) is the unique solution to (2.1.17) provided 

that TJ.XQ and T̂ _g f(s) £ D(A) for almost all t > s £ [0,t-ĵ ], 

and AT̂ __ f(s) is Bochner integrable on (0,t). 

The notation for the mathematical material presented in this 

section was drawn from Curtain and Pritchard [8]. This has been included 

in order to "set the stage" for the later results appearing in 

chapters 4, 6, and 8. The state space theory for infinite-dimensional 

systems is an area rich with results and applications. Unfortunately, 

in this brief review we can only skim the surface of the available 

literature on this subject. 

2.2 Coprime Fractional Representation 

The purpose of this section is to review fractional representation 

theory for lumped linear systems, infinite-dimensional systems, for the 

general situation, and for the special case of transfer functions of 

the type ^(a^) = [A_(ao) ] [A_(aQ) ]"-'-. We begin by discussing the 

simplest case, that of SISO lumped LTI Systems. 
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2.2.1 Lumped Linear Systems 

For simplicity, the single-variate case is presented (see e.g., 

Saeks et al., [1]). In this approach, a system transfer function is 

described by a rational function. 

r(s) = p(s)/q(s) (2.2.1) 

Definition: The system r(s) is said to be stable if and only if it 

is a proper rational function and q(s) is a strictly 

Hurwitz polynomial. 

Definition: A fractional representation for r(s) is a factorization 

of the form 

r(s) = n^(s)/d^(s) (2.2.2) 

where h^(s) £ S and dj.(g) £ S and d^(s) ^ 0 

and S denotes the set of stable rational functions. 

Note that any polynomial fractional representation for r(s), such as 

in equation (2.2.1), can be brought into the required fractional 

representation form by simply taking 

n^(s) = p(s)/m(s) 

and 

d^(s) = q(s)/m(s) (2.2.3) 

where m(s) is any Hurwitz polynomial with the same degree as r(s). 

Definition: The fractional representation 

r(s) = n^(s)/dj.(s) 

is said to be coprime if there exists u^(s), Vj.(s) e S 

such that 
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Uj.(s)nj.(s) + v^(s)d^(s) = 1 (2.2.4) 

The units in this approach are miniphase rational functions, i.e., 

functions in S with inverses in S or, equivalently, functions whose 

poles and zeros both lie in the left half-plane. 

There are several important properties, which are now listed. 

I. The only common divisor of a coprime fractional repre

sentation is a unit. In other words, if r(s) = 

n^(s)/dj.(s) is a coprime fractional representation for 

r(s) and it is assumed that nj.(s) and d (s) have a 

common divisor such that 

d^(s) = y^(s)m(s) 

and (2.2.5) 

n^(s) = x^(s)m(s) 

where yj.(s), x^(s) e S, then m(s) is miniphase. 

II. If r(s) - nj.(s)/dj.(s) is a fractional representation 

for r(s) and r(s) = x^(s)/y^(s) is a coprime fractional 

representation for r(s), then there exists a k(s) £ S 

such that 

dj.(s) = y^(s)k(s) 

and (2.2.6) 

nj.(s) = x^(s)k(s) . 

It should be pointed out that, since a coprime fractional representation 

for r(s) always exists, any pair of functions n (s), d (s) can be 

expressed in the form n^(s) = x^(s)k(s) and d^(s) = y^(s)k(s) where 

Xj.(s), yj.(s) are in S and coprime and k(s) £ S. In this case, k(s) 

is the g.c.d. for n (s) and d (s) and in unique up to a miniphase factor 

from property I. 

III. If r(s) = n (s)/d (s) is a coprime fractional representa

tion for r(s) then r(s) is stable iff d^(s) is miniphase. 
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2.2,2 Infinite-Dimensional Systems 

Throughout this section, let R be a commutative domain with 

identiy, F the field of fractions associated with R, and M(R), M(F), 

U(R) the set of all matrices with elements in R, the set of all matrices 

with elements in F, and the set of all unimodular matrices with elements 

in R, respectively. 

Definition: Let A, B £ M(R) have the same number of columns. 

Then A and B are right-coprime if there exist X, Y 

£ M(R) such that 

XA + YB = I (2.2.7) 

Definition: Let F £ M(F) and N, D, z M(R). Then the pair (N,D) 

is a right-coprime factorization (r.c.f.) of F if 

a. D is square and invertible 

b. F = ND~^ 

c. N, D are right-coprime 

Analogous definitions hold for left-coprime matrices and left-coprime 

factorizations (l.c.f.'s). 

In the scalar case, for an f = a/b £ F, where a, b £ R, a coprime 

factorization exists if and only if the ideal generated by a and b in R 

is principal. In general, F £ M(F) has both r.c.f.'s and l.c.f.'s 

over R if and only if R is Bezout, i.e., if every finitely, generated 

ideal is principal. In other words: let F £ F'^'™, and express F as 

F = AB"-'- where A, B, £ M(R) and |B| 9̂  0. Then F has an r.c.f. if and 

only if the left ideal defined by 

I = {XA + YB: X £ R^^, Y £ R°^™} (2.2.8) 

is principal. 

Similarly for l.c.f.'s. If F £ M(F) does have an r.c.f. (N,D), 

then the set of all r.c.f.'s of F is characterized by the set of pairs 

(NU,DU) for all U £ U(R). 



24 

Since a finite set of matrices A-ĵ ,....,Â  in M(R) are right-

coprime if and only if the matrix [A^, »Ajj]̂  has a left inverse, 

conditions for the existence of r.c.f.*s and l.c.f.'s reduce to 

conditions for the existence of left inverses and right inverses. 

This will be done using reduction modulo maximal ideals. 

It has been shown (e.g., Vidyasagar, [2], Lemma 8.1.9) that for 

a-i,....,â  £ R there exist x-ĵ ,....,x̂  £ R such that 

n 
Z x^a^ = 1 (2.2.9) 
i=l 

if and only if 

rank [a^j... .â ĵ] = Ij for any I £ max(R) (2.2.10) 

where a^j denotes the coset a. + I and max(R) denotes the set of 

maximal ideals in R. Another way to state this is that an element 

in R is a unit if and only if it is not contained in any maximal ideal 

of R, or, equivalently, x £ R is invertible if and only if x-j- is 

invertible in R/I for every I £ max(R). 

In general, suppose A £ R'^^™ with n >. m. Then A has a left 

inverse in R^^^ if and only f 

rank A-j- = m for any I £ max(R) (2.2.11) 

where Aj is nxm with elements in the field R/I whose ij-th element 

is â .-j- = a^. + 1 . In other words, A £ R^'™ has a left inverse if 

and only if the set of nxm minors together generate R. From the above 

theory it can be shown that two matrices A,B £ M(R) with the same number 

of columns are right-coprime if and only if the matrix [A-j- , B-j- ] has 

full column rank for all I £ max(R). 

In the case where R is a Banach algebra over C, R/I is isomorphic 

to C for all I £ max(R). Then the canonical projection x ^ Xj is a 
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a homomorphism from R into C. Conversly, if (j):R ̂  C is a nonzero 

homomorphism, then the kernel of (J> is a maximal ideal of R. 

The usefulness of the above theory comes from the fact that for 

some Banach algebras, the maximal ideal space can be identified 

explicitly, or when that is not possible, one often at least knows 

a dense subset of it. If R is a Banach algebra over C with W as 

the maximal ideal space, T as a dense subset of W, and a-i,....a 

£ R, then there exist x-ĵ ,....,x £ R such that 

n 
Z x^a^ = 1 (2.2.12) 
i=l 

if and only if 

inf Z la. (a))| > 0 (2.2.13) 

0) £ T i=l 

where o) £ W. 

In that case, an A £ R^^™ with n >. m has a left inverse in R"^^ if and 

only if 

inf 0^ (A((i))) > 0 (2.2.14) 

0) £ T 

where cf̂ (.) is the smallest singular value of a matrix. 

So, if R is Bezout, then every F £ M(F) has an r.c.f. as well 

as an I.e.f. If R is not Bezout, then not every matrix has an 

r.c.f. and not every matrix has an l.c.f. Conditions for the exist

ence of coprime factorizations for "fat" matrices are given below. 

Definition: A £ R°^^, m < n, can be complemented if there exists a 

unimodular U £ R^^™ which contains A as a submatrix. 

If F £ M(F) has an l.c.f. (D,N), then F has an r.c.f. if and only if 

the matrix A = [D,N] can be complemented. Similarly, if F £ M(F) 
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has an r.c.f. (N,D), then it has an l.c.f. if and only if the matrix 
T Ti T [D* N ] rcan be complemented. 

If R is Hermite, then those F £ M(F) that have an r.c.f. are 

exactly those F £ M(F) that have an l.c.f. and vice versa. 

A general theorem about the existence of coprime factorizations 

has been proven by Vidyasagar, ([2], theorem 8.2.1) and is as follows. 

Theorem 2.2.1 

Let R be a commutative domain with identity, and let I be a 

subset of R satisfying the following conditions: 

a. I is a saturated multiplicative system; 

b. If a £ I and b £ R, then the ideal generated by 

a and b is principal. 

Then every matrix G £ M(I~ R) has both an l.c.f. as well as an 

r.c.f. 

2.2.3 General Situation 

Let G be a commutative unitary ring. G corresponds to the class 

of SISO linear systems closed under the operations of parallel and 

cascade interconnection, which in turn correspond to the usual induced 

operations of addition and multiplication of matrices of compatible 

dimensions, respectively. Let H be a unitary subring of G, the unit 

of H being inherited from G. H corresponds to the subclass of SISO 

linear systems which are "stable." H has the same closure properties 

as G. Let I be the commutative multiplicative monoid of those elements 

of H which have an inverse in G. Let J denote the multiplicative 

abelian group consisting of the units of H. Also, defining fi as 

Ji = (ab~ :a £ H, b e I), f2 is a commutative unitary subring of G which 

is isomorphic to the ring of quotients of H by I. The multiplication 

operations defined on I and J are those inherited from G. Note that 

J < I < H < Q < G . 

For MIMO systems, an "open-loop system" is a matrix with entries 

^^ G, M(G), and an "H-stable open-loop system" is a matrix M(H) with 
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entries in H. In this general setup, non-square MIMO systems can 

be treated without requiring G to be the quotient field of H, as 

opposed to the framework employed in [2]. The closure properties 

of the class of SISO linear systems under consideration induces analo

gous closure properties on the class of MIMO linear systems under 

consideration. 

Through the concept of fractional representation, an open-

loop system is "factored" as the "irreducible quotient" of H-stable 

open-loop systems. Within this general framework, the concepts of 

fractional and coprime fractional representation as well as several 

other aspects introduced in above apply with only slight modification 

and will be listed here: 

Definition: The pair (N,D) £ R P ^ ^ X H ^ ^ is right-coprime if there 

exists U £ H°^P and V £ H™^^ such that UN+VD=I^. 

Definition: The pair (N,D) £ HP^™XH°^^ is a right fractional 

representation of (r.f.r.) of s £ GP'™ if 

a. det(D) £ I and 

b. S = ND"^. 

If in addition (N,D) is right-coprime then (N,D) is 

a right-coprime fractional representation (r.c.f.r.) 

of S. 

Theorem 2.2.2 

Let S £ GP^™ and (N,D) be a r.c.f.r. of S. Suppose there 

exists R £ H"^, N' £ H P ™ , and D' £ H™^^ such that 

D = D'R and N = N'R. Then R is H-unimodular and (N',D') 

is a r.c.f.r. of S. 

The above theorem states that a common right divisor of a 

r.c.f.r. is H-unimodular from which it follows that "cancellation" 

of "H-instabilities" between numerator and denominator of a 

fractional representation is not allowed if the representation is 
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coprime. The following theorem completely characterizes open-loop 

H-stability in terms of the denominators of c.f.r.'s. 

Theorem 2.2.3 

Let S £ G P ™ and (N,D) be a r.c.f.r. of S. Then S £ H P ™ 

iff D is H-unimodular. 

Similarly, for left-coprime fractional representations (l.c.f.r.). 

The next theorem shows that "stable" and "square minimum phase" 

open-loop systems always admit both right and left-coprime fractional 

representations. 

Theorem 2.2.4 

If S is an H-stable open-loop system, then S admits right and 

left-coprime fractional representations (S,I) and (I,S), 

respectively. If S £ GP^P and S""*" £ HP'^P, then S admits 

right and left-coprime fractional representations (I,S~ ) 

and (S ,1) respectively. 

Following is a discussion on closed-loop H-stability. The basic 

feedback configuration Z (P,C) Is shown in fig. 5 where the plant 

P £ G^oxni and the controller C £ Ĝ î '̂ o. 

The system is described by 

^1 

^2 
= H(P,C) 

^1 

U2 
and 

yi 

1^2] 
= W(P,C) 

^1 
U2 

where H(P,C) c Ĝ '̂ o+̂ î ^̂ '̂ e'̂ î̂  and W(P,C) £ G^^o+^i^^^^o+^i^ and are 

H(P,C) = 

W(P,C) = 

Ell Ei2 

E21 E22 

Yll Y12 

Y21 Y22 

(In + PC)-1 -Pdn. + CP)-1 
,-1 -1 Car^ + PC)--L (Inl + CP)--LJ 

CdnQ + PC)-1 -CPdn^ + CP)-1 

PCdn + PC)-1 Pdn, + CP)-1 
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The feedback configuration is H-stable iff 

a. det(In + PC) is a unit of G 

b. H(P,C) e H(fto-Hii)x(no+ni) ̂ ^d 

c. W(P,C) e H^^o+^i^^^^o+^i) 

In other words, the feedback configuration is H-stable iff it is well-

posed and all its gains are stable. 

Following is an algebraic characterization of closed-loop H-

stability in terms of an invertibility criterion involving the units 

of H. 

Theorem 2.2.5 

Suppose P £ G^o^'^i, C e G^i^^o, and P admits a r.c.f.r. 

(N,D). Then the following statements are equivalent. 

a. Z (P,C) is H-stable. 

b. C admits a l.c.f.r. (D^.N^) with D^Dp + N^Np = I^^. 

c. C admits a l.c.f.r. (DQ,N(,) with Dj,Dp + N^Np 

H-unimodular 

d. C admits a l.c.f.r. (D̂ ,Nf,) and for every such 

representation D^Dp + N(,Np is H-unimodular. 

For a l.c.f.r. (Dp,Np) of P, analogous definitions hold. Since 

D^Dp + N^Np is H-unimodular iff its determinant belongs to J, this 

criterion involves the units of H. For a more detailed discussion, 

the reader is referred to the work of Carl Nett, [3]. 

2.2.4 Coprime Factorization of Transfer Function 

of Type B(a^) = [A_(OQ)] [A^(aQ)]-^ 

We now consider a special case of 2.2.3. Let (LTD)^ denote 

the set of all real-valued Laplace transformable distributions with 

support on R^ and OQ £ R. 

Definition: An element f £ (LTD)^ belongs to A(OQ) if 

To t < 0 
f(t) = \ 

ba (̂) ̂ V i «(̂ -̂ i> 



30 

where 

a. f^(.) ELJ^^QQ (R"^):= {f ;f :R^ -• R, /Q e'^o^ |f(t)| dt < » } 

b. tQ = 0 and t^ > 0 for i >. 1 

c. f^ £ R V-i and Z |f^| • e"̂ o*̂ i < « 

Note that for a^'' < OQ\ ^^O^'') CI A(aQ'). 

By defining the norm on A(a ) to be 

II f II = / Q i^ot |f(^)| d^ + J ^ -aoti |f.| 

A(aQ) becomes a normed algebra. 

Definition: An element f £ (LTD)^ belongs to A_(aQ) iff there exists a 

^1 ^ ^o ^^^^ ^^^^ ^ ^ A(a-ĵ ) C A(aQ). 

Let A(aQ) and A_(aQ) denote the set of Laplace transforms of the sets 

A(aQ) and A_(aQ), respectively. 

Definition: A^ (OQ) = {f;f £ A_(aQ), f is bounded away from zero at 

infinity in CQ ̂  } 

Definition: B(a ) is the convolution product algebra corresponding to 
A >\ /v T 

the product quotient algebra B(a ): = [A_(a )] [A«(a) ]"•"-. 

This algebra, developed by Callier and Desoer can be extended to 

multivariable systems, i.e., A(a )̂ ™̂̂  is an nxm matrix having A(a ) 

elements. 

^ - . 1 , 

Definition: Let F^^™ be a Laplace transformable distribution. The 

pair (N,D) is a a -right coprime representation of F 

if N £ A_(a^)^^y D £ A_(aQ)™^ such that 
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a. F(s) = N(s)D"^(s) 

b. The pair (N,D) is a -right coprime, i.e., there 

exist elements V £ A_( 

that (VD + UN) (s) = I 

exist elements V £ A_(a^)^'^y U e A_(aQ)^^ such 

m 
c. det D(s) £ A«(aQ) 

Several important properties of B(a ) are listed below. Let 

f £ B(aQ). Then 

a. f(s) is meromorphic in Ĉ ^̂ . for some a < a 

b. f exists in B(a ) iff f(s) is bounded away from 

zero at infinity. 

c. let f £ A (aJ. Then f"̂  £ A (aJ iff inf |f(s)| > 0 
^a+ - O - O' S£Cr 

for some a < a . 

Note that any element in B(a ) has a a -coprime fractional representa-

tion and det D £ A^(a ) the elements of B(a ) have only a finite number 

of poles in Ĉ ^̂ .. 

Definition: Let f £ B^^™ (̂ ô * ^^®^ ^ ^^ ^^^^ ^° ^® input/output 

stable or A_(aQ)-stable if f £ A ^ (OQ) . 

It has been argued (see Jacobsen [4]) that this framework 

encompasses all LTI continuous-time distributed systems of engineering 

interest (strictly proper plants stabilizable by means of proper finite-

dimensional output feedback). That we have a unified method for all such 

systems above shows the power and extent of the recently developed 

fractional approach to LTI distributed plants. 

2.3. H°°-Approach 

The problem treated in this section is that of designing, for a 

multivariable plant, a feedback controller which minimizes the effect 

of a disturbance on the plant output, and such that the system is 

internally stable. The disturbance is assumed to belong to the class 

of signals defined by 
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{d : d = W2V, energy of v ̂  1}. 

The energy of the plant output is to be minimized for the worst 

disturbance in this class. This is equivalent to minimizing the 

H^-norm of a weighted sensitivity matrix. 

This section deals with both the right half-plane Re s >. 0, and the 

unit disk z <. 1. First is a review of some mathematical material. 

Definition: A rational function of s is said to be stable if it 

is analytic in Re s >. 0. A rational function with 

real coefficients is said to be real-rational. 

Two Hardy spaces for the unit disk jz| <. 1 are introduced next. 

The space H^ is the space of complex-valued functions g which are 

analytic in |z| < 1 and satisfy 

sup /2^ |g(reJ® )|^d0 < «. 

0 <. r < 1 

The domain of each such g can be expanded to give a boundary function 

defined on | z | = 1 . Then H is a Hilbert space with inner product 

^S»h> = 2 ^ /Q/" g(eJ« )h(eJ0 )de 

and norm 

llgIL = [ ^ / f Ig(eJ^) l^dS]!. 
2 ' 2 TT 0 

The space H°°is the subspace of H of functions which are bounded and 

analytic in |z| < 1. The H°° -norm is 

II I /' i 0 ̂  I 
g II = 6 S S 0 sup I g(.e-J ; | . 
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The subspace of real-rational functions in H" will be denoted by 

RH°°, the space of real-rational functions having no poles in 

I z I <. 1 . 

Definition: A rational function g in H°° is said to be inner if 
I " 1 6 1 

|g(e-J )| = 1 for all 9 and outer if g has no zeros 
in z < 1. 

0 Ir 

The space (H ) , which consists of k-dimensional vectors with entries 
2 

from H , is also a Hilbert space, with inner product 

<g,h> = -1- / f g(eJ^)* h(eJ^) de 

JL O i l 

where denotes the complex-conjugate transpose. Similarly, (H ) ̂  
2 consists of kxl matrices with entries from H , the inner product being 

<G,H> = J ^ fl"^ trace G(eJ®)* H(eJ®) d0. 
2 IT 0 

The subspaces of (H")̂ -̂*" and (RH'*)̂ "̂'- are defined in the obvious way. 

The norm of G in (H*)^^^ is 

G|| = {ess,sup p[G(eJ9)* Gie^^)]}^ 
e 

where p denotes spectral radius (largest eigenvalue). It can be shown 

that 

Gll^ = sup {||Gh||2 : h £ (H^)^ , ||h||2 = !>. 

Let T: (H^)^ ^ (H^)^ be a linear operator. The graph of T is a sub-

space of the product space (H^)^ x (H^)^, which will be identified 

with (H^)'^'^^. Thus the graph of T is the space of vectors 

Th 
: h £ ( H ^ ) ^ } 



If T is a multiplication operator, i.e., if there exists a matrix G 

in (H ) such that Th = Gh, then the graph of T has the 

representation 
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G 

I 

(H2)^ 

r2Nk ,2s I A linear operator (H^)*^ -• (H'^)* of norm less than or equal to one is 

a contraction. 

The concepts of inner and outer also apply to matrices. A 

rational matrix G in (H°°)^^ is inner if 

||Gh||2 = ||h||2 for all h in (H^)^, 

or equivalently 

G(eJ^)*G(eJ^) = I for all 9; 

this requires k >. £. It can be checked that if G is a square inner 

matrix, then det G is an inner function and (det G)G is an inner 

matrix. A rational matrix G in (H*)^^ is outer if 

rank G(z) = k for all |z| < 1. 

This requires k <. il. 
CO lev 1? 

Every rational matrix G in (H ) has a factorization of the 

form G = GJG where G^ is inner and G^ is outer; Gj and G are unique 

up to multiplication by a constant matrix. 

Introduce the shift operator, multiplication by z: 

a : H^ ̂  H^, 
(ag)(z) = z g(z) . 
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Then a can be extended in the obvious way to an operator (H ) ->- (H ) . 

A subspace S of (H^)^ is shift-invariant if aS S. 

The H"-norm of a proper stable rational matrix G(s) is 

||G||^ = { sup P [G(ja))*G(ja))]}^ 

The plant is modeled by its nxn transfer matrix P and the 

feedback controller by its mxn transfer matrix F. F and P are real-

rational matrices in the Laplace variable s. The corresponding sensi

tivity matrix is S:= (I + PF)~ . Wi and W2 are square real-rational 

matrices, and the weighted sensitivity matrix is defined as M:= W-|̂ SW2. 

Thus M can be viewed as the transfer matrix from v to y in fig. 6. 

Throughout this section, the following assumptions hold: 

a. W-|, W2 and P are real-rational matrices, 

b. P is strictly proper, 

c. P has no poles on the imaginary axis and Rank P(jw) = n 

for all 0), 

d. W-| and W2 are nonsingular, proper, and stable, and they 

have stable inverses. 

Note that condition (c) requires that n <. m. Condition (c) is the 

matrix generalization of the condition that P has neither poles nor 

zeros on the imaginary axis. 

The problem is to minimize the H°°-norm of 

M: = W-,̂(I + PF)"^ W2 (2.4.1) 

First, it is necessary to find a parameterization of all real-

rational proper F's which achieve internal stability. This approach 

is based on coprime factorizations. To this effect, let N^, D^, X^, Y^ 

for i = 1, 2 be stable, proper, real-rational matrices such that 
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P = N-ĵD-ĵ "̂  = D2"-'-N2 

l̂̂ l"*" '^l^l" ̂  

N2X2+ D2Y2= I . (2.4.2) 

Such matrices exist when P is real-rational. 

Then the set of all proper, real-rational F's achieving internal 

stability can be parameterized as follows: 

F = (X2 + D-,̂  Q) (Y2 - N^Q)"^ (2.4.3) 

where Q is stable, proper, real-rational. 

Substituting (2.4.3) into (2.4.1), some algebraic manipulation 

yields 

M = W-,̂  (Y2 - N-,̂ Q)D2W2 . (2.4.4) 

So M is an affine function of the parameter Q. 

Define optimal weighted sensitivity as 

u: = inf {||W-L(Y2-N^Q)D2W2||OO : 

Q is stable, proper, real-rational} (2.4.5) 

Since this infimum is not usually achieved because Q is constrained to 

be proper, relax this constraint temporarily and define 

y^: = inf { || W-L(Y2-N]^Q)D2W2 jlco: 

Q is stable, real-rational} (2.4.6) 

This infimum can be achieved, the only problem being to determine 

the Q's that achieve it. 

For this purpose,map the right half-plane onto the unit disk 

via the mapping 
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s -• z = (s-l)/(s+l) . 

Then the matrices W^(s), etc., on the right-hand side of (2.4.5) are 

transformed into functions of z, which will be denoted by W.(z), etc. 

Throughout this section all complex functions are functions of z. 

Now, the minimization problem (2.4.6) can be reduced to the 

minimization problem 

U^ = i n f { | |G-UK| |CO : K £ (RH*)^^^ } ( 2 . 4 . 7 ) 

where G and U are fixed matrices in (RH°°)^^^ with U inner. In 

(2.4.7) we have 

[W-L(Y2-N,Q)D2W2] [det(D2W2)i] (D2W2)i "^ = G - UK 

where 

G: = (Wĵ Y2D2W2) [det(D2W2)i] (D2W2)i "^ 

U: = [det(D2W2)i] (WiN^)^ 

K: = (WJ^N-L)Q Q(D2W2)Q . (2.4.8) 

THe solution of the minimization problem is then to obtain all K's 

which achieve the infimum in (2.4.7) and then to find, for each such 

matrix K, a corresponding matrix Q from (2.4.8). Equation (2.4.8) 

can be solved for Q(z) having no poles in |z| <. 1, except possibly at 

z = 1. The corresponding Q is stable, but not necessarily proper, for 

it may have a pole at s = °°. In this way, all Q's achieving the 

minimum in (2.4.6) can be obtained. It has been shown in the work 

of Francis, Helton, and Zames, ([5] chapter 4), that the K's are 

determined from the E's via the equation 

y-̂ E = G - UK (2.4.9) 
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Once an optimal E(z) is determined, an optimal K(z) is obtained from 

(2.4.9) and then an optimal Q(z) is obtained from (2.4.8). Transforma

tion back into the s-domain yields a Q(s) achieving the minimum in 

(2.4.6). This Q is not proper in general, so neither is the corres

ponding F in (2.4.3). However, it has been shown (see [5], theorem 

6.3), that it is possible to construct a sequence {F,} of proper con

trollers which yield optimality in the limit as k ̂  ", i.e. yi =u. 

2.4 Finite-Dimensional Systems Survey 

The purpose of this section is to survey the feedback system 

design problem approached with fractional representation theory as 

discussed in section 2.2.1. First will be a discussion of the problems 

of stabilization and robust stabilization, tracking, and disturbance 

rejection as well as that of simultaneous robust tracking and distur

bance rejection. Transfer function design, pole placement, simul

taneous stabilization, and performance optimization will also be 

addressed. 

As mentioned earlier, in a robust design, the design specifi

cations are met for any plant "close" to the original plant. More 

precisely, a plant P(s) = n~(s)/d~(s) is considered "close" to the 

plant P(s) = n (s)/d (s) if the coefficients of n~(s) [d~(s)] are 

close to those of n (s) [d (s) respectively]. This concept is well 

defined if both fractional representations are coprime. 

2.4.1. Stabilization and Robust Stabilization 

The basic feedback system is that shown in fig. 5. The plant is 

assumed to admit a coprime fractional representation 

P(s) = np(s)/dp(s) (2.4.1) 

where np(s), dp(s) £ S, dp(s) * 0 and 

Up(s)np(s) + Vp(s)dp(s) = 1 (2.4.2) 

for some u (s), v (s) £ S. 
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The fractional representation for the compensator is 

C(s) = n^(s)/d^(s) 

where n^(s), d^(s) e S and d^(s) ^ 0. 

Instead of merely requiring n^(s) and d^(s) to be corpime, the 

stronger condition that np(s)n^(s) and d(s)d^(s) be coprime is imposed 

in order to prevent pole-zero cancellations in the right half-plane. 

The feedback system gains are 

ei (s) 

e9(s) 

\ . , M h,̂ „̂ (s) 

^W^^ ĥ 2"2̂ '̂ .J 

Ui (s) 

U2(S) 

(1+PC) -1 -P(1+PC) -1" 

Cd+PC)"^ (1+PC)"^ 

U-L(S) 

U9(s) 

d„d, 
_£_C_ 
d„d„ + n„n„ p c p c 

"•n„d„ 
P g 

d^d„ + n„n„ p c p c 

^p"c 
d„d^ 
P c 

d„d„ + n n„ 
p c p c 

d„d„-l- n„n„ p c p c 

U2(S> 

yi(s) 

72(3) 

hy^u^^-) ^,U2<^> 

^2^1 ^2^2 

Ui (s) 

u (s) 
2 

C(1+PC) -1 -PC(1+PC) -1 

d„n„ 
P ^ 

d„d„+ n„n„ p c p c 

"•n„n„ 
P g 

d.,d„+ n^n„ p c p c 

P c 
d„d„+ n^c„ p c p c 

P ^ 
d^d„+ n„n^ p c p c 

PC(1+PC)"^ P(1+PC)"^ 

u-ĵ (s) 

U2(s) 

Ui (s) 

U2(s) 

It has been shown (e.g., Saeks et al., [1] property 3) that the feedback 

system will be stable and P(s)C(s) = [n (s)n^(s)]/[dp(s)dQ(s)] is 

coprime if and only if d (s)d ''s) + n (s)n (s) is miniphase. Further-
p c p c 

more, it is shown that for any w(s) £ S such that w(s)n (s) + v (s) == 0, 

the compensator 



C(s)=n^(s)/d^(s) = [-w(s)dp(s)+Up(s)]/[w(s)np(s)+Vp(s)] 
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(2.4.3) 

stabilizes the system and yields n (s)n (s) and d (s)d (s) to be 
p c p c 

coprime. As a matter of fact, every compensator is of this form for 

some w(s) £ S. 

For a single-variate plant, the existence of a stabilizing 

compensator is guaranteed since w(s)n (s)+v (s) is always nonzero in 

this case. If P(s) is strictly proper, then the compensators given 

by equation (2.4.3) are all proper and well-defined. If P(s) is not 

strictly proper, the compensators given by equation (2.4.3) are 

proper and well-defined if and only if w(°°) = -v (°°)/n (<») . After 

stabilization the feedback system gains become 

K u (s) h^ ^ (s) e oU-i e-i Uo 

e oU-i e oUo 

wn„d„+v„d^ -wn„ -v„n„ 
P P P P P P P 

-wd„^+u„d„ 
P P P 

wn„d„+v„d„ 
P P P P 

h^ „ (s) h (s) 
^1^1 ^1^2 

h„ „ (s) h„ ^ (s) 
72^1 ^2 2 

-wd„^+u„d„ 
P P P 

-wn„d„+u„n„ 
P P P P 

wn^d^-u^n„ 
P P P P 

wn„ +v„n„ 
P P P 

What about robust stabilization? If a compensator C(s) 

stabilizing the system is designed such that dQ(s)d (s) + n^( 

=1, and if the same C(s) is used when P(S) -> P(s), then 

d^(s)d~(s) + n^(s)n~(s) = k(s) (2.4.4) 

which is still miniphase if P(s) is close to P(s). So the feedback 

system is still stable even though the common denominator is no 

longer the identity. Therefore, every stabilizing compensator 

is robust. 



41 

2.4.2 Tracking and Robust Tracking 

For the system shown in fig. 2, the objective is not only to 

stabilize the system, but also to cause its output y2 to asympto

tically track a given input, modeled here by the impulse response of 

a transfer function t(s). 

It is assumed that t(s) admits a coprime fractional representa

tion 

t(s) = n^(s)/d^(s) (2.4.5) 

where 

u^(s)n^(s) + v^(s)d^(s) = 1 (2.4.6) 

for some u^(s), v^(s) £ S. 

The system will track the impulse response of t(s) if 

t(s) - h^ ^ (s)t(s) = h. „ (s)t(s) (2.4.7) 
^2^1 Î'̂ l 

The response of the system to the impulse response of t(s) will be 

asymptotic if and only if the transfer of equation (2.4.7) is stable. 

Thus, in order for the system to simultaneously be stable and track 

the impulse response of t(s), it is desired to choose a w(s) £ S such 

that w(s)n (s) + v (s) ^ 0 and 

hg^^^(s)t(s) = [w(s)np(s)dp(s)+Vp(s)dp(s)]nJs)/d^(s) (2.4.8) 

is stable. 

It has been found (e.g., Saeks et al., [1], Tracking Theorem) 

that a stabilizing compensator which tracks the impulse response of 

t(s) exits if and only if n (s) and d^(s) are coprime, where 

Upt(s)np(s) + Vp^ (s)d^(s) = 1 (2.4.9) 
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for some u ^(s), v .̂Cs) £ S. 

And with a(s) = n^(s)/d^(s) taken to be the coprime fractional 

representation of a(s) = d (s)/d^(s), the set of compensators take 

on the form 

C(s) = [-w(s)dp(s) + Up(s)]/[w(s)np(s) +Vp(s)] (2.4.10) 

where 

w(s) = -Up,.(s)Vp(s) + e(s)d^(s) (2.4.11) 

is a stable solution to 

w(s)np(s)dp(s)+x(s)d^(s) = Up(s)np(s)-1 (2.4.12) 

and e(s) £ S arbitrary, but such that w(s)n (s) + v (s) "^ 0. 

A compensator which robustly stabilizes the system and causes 

it to robustly track the impulse response of t(s) also has the form 

(2.4.10), but in that case 

w(s) = -Up^(s)v (s) + e'(s)d^(s) (2.4.13) 

is a stable solution to 

w(s)np(s) + x'(s)dj.(s) = -Vp(s) (2.4.14) 

and e'(s) is arbitrary stable, but such that w(s)n (s) + v (s) "^ 0. 

The set of robust trackers is a subset of all trackers by the 

following reasoning: With a(s) = n^(s)/d^(s) being the coprime 

fractional representation of a(s) = d (s)/d^(s), property II implies 

that there is a stable k(s) such that 
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d^(s) = d3(s)k(s) and dp(s) = n^(s)k(s) (2.4.15) 

which upon comparing equation 2.4.13 with equation 2.4.11 yields 

e(s) = k(s)e^(s). 

A necessary and sufficient condition for every solution to the 

tracking problem to be robust is that d (s) and d^(s) be coprime. 

2.4.3 Disturbance Rejection and Robust Disturbance Rejection 

The model for the input disturbance rejection problem is shown 

in fig. 3. Again, it is assumed that r(s) admits a coprime fractional 

representation r(s) = n^(s)/d^(s). 

In order to stabilize the system and cause it to reject the im

pulse response of r(s), it is necessary to choose a w(s) £ S such 

that w(s)n (s) + v (s) '̂  0 and 

hy^^^(s)r(s) = [-w(s)np(s)dp(s) + Up(s)np(s)]r(s) (2.4.16) 

is stable. 

A stabilizing compensator which rejects the impulse response 

of r(s) exists if and only if d (s) and d^(s) are coprime, where 

Up^(s)dp(s) + Vp^(s)d^(s) = 1 (2.4.17) 

for some u (s), v (s) £ S. 

With b(s) = nt̂ (s)/d|j(s) taken to be the coprime fractional 

representation of b(s) = n (s)/d^(s), the set of compensators is given 

in the form 

C(s) = [-w(s)dp(s) + Up(s)]/[w(s)np(s) +Vp(s)] (2.4.18) 

where w(s) = u (s)u (s) + f(s)d^(s) is a stable solution to 
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w(s)np(s)dp(s)+y(s)d^(s) = Up(s)np(s) (2.4.19) 

f(s) £ S arbitrary, but such that w(s)n (s) + v (s) * 0. 

The set of compensators C(s) which robustly stabilize the system 

as well as cause the system to robustly reject the impulse response of 

r(s) is also of the form (2.4.18). In this case, however, w(s) is 

given by 

w(s) = Up^(s)Up(s) + f'(s)d^(s) (2.4.20) 

where w(s) is a stable solution to 

w(s)dp(s) + y'(s) d^(s) = Up(s) (2.4.21) 

and f'*(s) is arbitrary stable such that w(s)n (s) + v (s) =̂  0. 

The set of robust stabilizing compensators which reject an input 

is a subset of the set of all stabilizing compensators which reject an 

input, by similar reasoning as above. 

A necessary and sufficient condition for every solution of the 

disturbance rejection problem to be robust is that n (s) and d (s) be 

coprime. 

Note that the output disturbance rejection problem whose config

uration is shown in fig. 7 is equivalent to the problem of designing a 

stabilizing C(s) to track the impulse response of -r(s) when the 

impulse response of r(s) is added to the output of the plant. This 

equivalent configuration is shown in fig. 8. It is also possible to 

cause the system to track the impulse response of t(s) and to reject the 

impulse response of r(s) at the same time by using a tracking generator 

t(s) - r(s). 

2.4.4 Simultaneous Tracking and Disturbance Rejection and Robust 

Simultaneous Tracking and Disturbance Rejection 

For the system shown in fig. 9, it is desired to design a 

stabilizing compensator which will cause the system to asymptotically 
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track the impulse response of t(s) and asjrmptotically reject the impulse 

response of r(s). 

It is assumed as usual that P(s), t(s), and r(s) all admit coprime 

fractional representations n (s)/d (s), n^(s)/d^.(s), and nj.(s)/d^(s) 

respectively. 

Given the plant P(s), a stabilizing compensator which simultan

eously tracks the impulse response of t(s) and rejects the impulse 

response of r(s) exists if and only if 

a. iin̂ ^̂  ^̂ *̂  d^(s) are coprime 

b. d (s) and dj.(s) are coprime 

c. d^(s) and d^(s) are coprime. 

In this case, the set of compensators is given by 

C(s)=[-w(s)dp(s)+Up(s)]/[w(s)np(s)+Vp(s)] (2.4.22) 

where w(s) = [Up^(s)Up(s)u^^(s)d^(s)-u .̂(s)v (s)vj.̂ (s)dj.(s) ] + 

g(s)d^(s)d^(s) 

is a stable simultaneous solution to both (2.4.12) and (2.4.19), and 

g(s) £ S is arbitrary, but such that w(s)n (s) + v (s) "^ 0. 

Robust compensators C(s) in this case also have the form (2.4.22), 

but w(s) is now given by 

w(s)=[Up^(s)Up(s)u^^(s)d^(s)-Up^.(s)Vp(s)v^^(s)d^(s)] + 

g'(s)d^(s)d^(s) (2.4.23) 

which is now a stable and simultaneous solution to 

w(s)n (s) + x'(s)d^(s) = -V (s) 

and (2.4.24) 

w(s)d^(s) + y'(s)d^(s) = Up(s) 

with g"(s) arbitrary stable, but such that w(s)n (s) + v (s) - 0. 
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A necessary and sufficient condition for every solution to the 

simultaneous tracking and disturbance rejection problem is that 

d (s) and d^(s) as well as n (s) and dj.(s) be coprime. 

2.4.5 Transfer Function Design 

It is also possible to stabilize the system and specify one or 

more of its gains. If it is desired to stabilize the system and to 

achieve h (s)=h(s), some prescribed transfer function, the problem 

reduces to finding a w(s) such that 

h(s) = -w(s)np(s)dp(s) +Up(s)np(s). (2.4.25) 

In fig. 5, given P(s) ^ 0, it is possible to find a compensator C(s) 

which stabilizes the system and simultaneously yields h (s) = h(s) 
72^1 

if and only if 

a. î n(s) divides h(s) 

b. d (s) divides [l-h(s)]. 

Note that if P(s) is miniphase, these divisibility conditions hold for 

all stable h(s). Similar reasoning applies to all eight feedback gains. 

The disadvantages of transfer function design is that the w(s) 

used to stabilize the system and realize a prescribed gain is unique, 

and so once this gain is realized, no further design lattitude exists, 

and that for practical reasons, P(s) is required to be miniphase. 

2.4.6 Pole Placement 

The pole placement problem is less restrictive than the transfer 

design problem. It is desired to find a stabilizing compensator C(s) 

such that the input-output gain 

h^ „ (s) = r(s)/q(s) (2.4.26) 

where q(s) is a prescribed Hurwitz polynomial and r(s) is an arbitrary 

polynomial which has no common factors with q(s) and whose order is 

less than or equal to q(s). Since q(s) is Hurwitz, any common factor 
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between r(s) and q(s) will be in the left-half plane, and so must be 

characterized by "polynomial coprimeness." Then 

np(s) = a^(s)a^(s)/m(s) 

and (2.4.27) 

dp(s) = b^(s)b^(s)/m(s) 

where m(s) is a Hurwitz polynomial characterizing the poles of n (s) 

and d (s), a (s) and b (s) are Hurwitz polynomials representing the 

strict left-half plane zeros of n (s) and d (s) respectively, and 

a^(s) and b^(s) are anti-Hurwitz poljmomials representing the finite 

right-half plane zeros of n (s) and d (s) respectively. 

A compensator stabilizing the system and yielding h(s) = r(s)/q(s), 

where r(s) and q(s) are polynomial coprime, exists if 

a(q) > TT(P) - 1 (2.4.28) 

where a(q) denotes the degree of q(s) and 7r(p) represents the total 

number of closed right-half plane poles and zeros of p(s), and is, 

as such, a measure of the degree to which p(s) fails to be miniphase. 

If a(q) < TT(p) - 1, the pole placement problem is generally not 

solvable. 

It can be shown (e.g., Saeks et al., [1], corollary 28) that the 

set of compensators C(s) that solve the pole placement problem is 

given by 

C(s) = [-w(s)dp(s)+Up(s)]/[w(s)np(s)+Vp(s)] (2.4.29) 

where 

w(s) = [e(s)m(s)/q(s)b^(s)]Up(s) - [a(s)m(s)/q(s)a^(s)]Vp(s) 

(2.4.30) 
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with a(s) = aP + j(s)b^(s), and S(s) = BP - j(s)a^(s), aP and BP being 

solutions to 

a(s)a^(s) + B(s)b^(s) = q(s) (2.4.31) 

such that a(a) < a(q) + a(a^) - a(m), and a{^) < a(q) + a(b^) - a(m), 

and j(s) being an arbitrary polynomial such that a(j) <. a(q) - 7r(q) and 

such that a(s) and B(s) are polynomial coprime and w(s) (s) + v (s) ^ 0. 

l,h,l Simultaneous Stabilization 

Although a robust design will remain valid under small plant 

perturbations, it is often necessary to design a compensator which 

will meet specifications over a wide range of plants. For example, it 

may be required to design a compensator for a multi-mode plant which 

achieves prescribed specifications in each mode (e.g., a two-speed motor). 

In that case, one wants to design one compensator which simultaneously 

stabilizes several plants at once. For simplicity, the present section 

considers simultaneous stabilization of two plants. 

For this case, only existence criteria are given, since no simple 

parameterization of a set of compensators exists. 

If P(s) and P(s) are two distinct plants with coprime fractional 

representations P(s) = n~(s)/d^(s) and P(s) = n-(s)/d-(s) respectively, 

then a controller C(s) which simultaneously stabilizes both plants 

exists if and only if P(s) and P(s) taken together have an even number 

of poles between every pair of positive real axis zeros of n~(s)d^(s) -

n-(s)d~(s). This condition is rather weak because often n~(s)d^(s) -

n'̂ (s)d-'(s) has less than two zeros and the condition is trivially met. p ' p ̂  ' 

If d~(s) and d-(s) are coprime, the solution to the simultaneous 

tracking and disturbance rejection problem reduces to constructing a 

miniphase function m(s) such that 

m (s) = d'^(Si)/d~(Si) (2.4.32) 
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at each closed right-half plane zero s^ of n~(s)d-(s)+n-(s)d~(s) . 

In this case, Youla's miniphase interpolation lemma can be applied. 

A special case of simultaneous stabilization is that of stable 

stabilization. In this case, it is desired to construct a compensator 

C(s) which not only stabilizes the system, but is itself stable. Such 

a compensator may fail to exist. It is found, however, in Saeks et al. 

[1] that such compensator does exist if it stabilizes the plant PCs) = 0, 

So the problem of stable stabilization reduces to the problem of simul-

taneous stabilization of P(s) = P(s) and P(s) = 0. Therefore, such 

stabilizing compensator exists if and only if there is an even number 

of poles of P(s) between every pair of positive real axis zeros of P(s). 

And like before, a miniphase function which interpolates 1/d (s) at 

the closed right-half plane zeros of P(s) can be used in 

w(s) = [m(s) - Vp(s)]/np(s) (2.4.33) 

to obtain an appropriate w(s). 

2.4.8 Optimization of System Performance 

Any remaining design lattitude can be used in the final step of 

optimization of system performance. Each of the system gains is linear 

in the design parameter w(s) and, when tracking and/or disturbance 

rejection constraints are added to the system specifications, the 

resulting subset of allowable w(s) is again linear in the new design 

parameter (say g(s)). Since the composition of linear functions is 

linear, the system gains remain linear in the stable design parameter, 

i.e. , h(s)= x(s)g(s) + y(s) where h(s) is an appropriate gain, x(s) 

and y(s) are given stable functions, and g(s) is the stable design 

parameter. 



CHAPTER 3 

CONTROL PROBLEM FORMULATION (INPUT/OUTPUT) 

In this chapter, we discuss the control problems for the more 

general MIMO systems that occur in practice. 

3.1 Formulation Using Factorization Approach 

The objective of the control problem is the stabilization of a 

given plant P using a compensator C. In this section, let S denote the 

set of proper stable rational functions, M(S) and U(S) the set of 

matrices and unimodular matrices with elements in S. The basic feedback 

system, Z(P,C), is that shown in fig. 5. The system is described by 

^1 

«2 

(I+PC)"^ - ( I+PC)"^P 

C(I+PC)"^ I -C(I+PC)"^ 
L J 

^1 

- 2 , 

= H(P,C) 
ui 

_U2 (3.1.1) 

and 

y i 0 

I 

-I 

0 
(I-H(P,C)) 

^1 

U2 
= W(P,C) 

^1 

U2 

Definition: The pair (P,C) is stable, or equivalently, C stabilizes 

P, if the system 3.1.1 is well-posed (i.e., 

|l + PC| 'i 0) and H(P,C) £ M(S). 

Thus, the problem of stabilization is the following: Given a plant P, 

can we find a compensator C such that the pair (P,C) is stable? The 

answer is yes. As a matter of fact, it is possible to find a parameter

ization of all stabilizing controllers, as will be seen in the next 

section. 
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3.2 Parameterization of All Stabilizing Controllers 

It has been shown (see Vidyasagar, [2], corollary 5.1.30) that 

for P £ M(R(s)) and (Np,Dp), (i3p,Np) any r.c.f. and l.c.f. of P, the 

following are equivalent: 

a. C stabilizes P 

b. C has an l.c.f. (D„,5 ) such that D^D + N N = 1 
^ c p c p 

c. C has an r.c.f. (N^,D_) such that D„D, + N N = 1 
c» c P d P c 

The set of all such stabilizing controllers is denoted by S(P) = 

(C £ M(S): (P,C) is stable}. A simple parameterization of S(P) is 

contained in the following theorem. 

Theorem 3.2.1 

Let P £ M(R(s)), and let (Np,Dp), (Dp, N ) be any r.c.f. and 

any l.c.f. of P. Choose any matrices X,Y,X,Y £ M(S) such that 

^Np + YDp = I and NpX+DpY = I. (3.1.2) 

Then 

S(P) = {(Y-RNp) 1 (X+RDp):R £ M(S), |Y-RNp| * 0} (3.1.3) 

= {(X+D S) (Y-N S)-1:S £ M(S), |Y-N s| ''0} 
P P p 

The advantage of this parameterization is that it is linear in the 

free parameter R or S. For each C £ S(P), the associated R and S are 

unique. 

By substituting S(P) into H(P,C), one obtains a parameterization 

of all possible stable closed-loop transfer matrices when P is 

stabilized. 

In equation 3.1.3, the parameters R and S are not completely free, 

since the nonsingularity constraint must be observed. However, the set 

of R £ M(S) such that |Y-RN | ̂^ 0 is an open dense subset of M(S), and 

the set of S £ M(S) such that |Y-N S| ?= 0 is also an open dense subset 
I P I r 

of M(S). In particular, if P is strictly proper, then every C £ S(P) 

is proper. 
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If n denotes the smallest invariant factor of N„ and n„ is not a 
p P P 

unit, the nonsingularity constraints in equation 3.1.3 are automatically 

satisfied and can be removed. In that case, every C £ S(P) is analytic 

at every C. -zero of n . Moreover, if P is stable and n is not a unit, 

then 
S(P) = {(I-RP)-l R:R £ M(S)} 

= {R(I-PR)-1 :R £ M(S)} (3.1.4) 

In that case 

H,(P,C) = 

I-PR -P(I-RP) 

R I-RP 
W(P,C) = 

R -RP 

PR P(I-RP) 

In particular, if P is stable and has some C^^ -blocking zeros, (which 

is the set {s: s £ C^^ and P(s) = 0}) then the set of transfer matrices 

from ui to y2 that can be obtained by using a stabilizing controller is 

exactly the set of right multiples of P. 

It is also possible to arbitrarily assign a set of blocking zeros 

to C in C+ as long as they are distinct from the set of poles of P. In 

other words, given a plant P and points ŝ ,̂ ,Sn e Ĉ g ^^^^ ^^^^ ^°"® 

is a pole of P, there exists a C £ S(P) such that C(s^) = 0 for all i. 

Thus, every proper plant can be stabilized by a strictly proper compen

sator. The next proposition characterizes all compensators that 

satisfy these conditions. 

Proposition 3.2.2 

Given a plant P and points ŝ ,̂ ,s^ £ C^^ such that none of the 

s^ is a pole of P, let (Np,Dp), (Dp,Np) be any r.c.f. and any l.c.f. 

of P. Let I denote the ideal in S consisting of all functions that 

vanish at each of the s^. Choose matrices X,Y,X,Y £ M(S) such that 

equation 3.1.2 is satisfied and such that X,X £ M(I). Then the 

set of all C £ S(P) that vanish at each s^ is given by 
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S(P) = {(Y-RN^)"^ (X+RD-,):R e M(I)} 
p, ^ V"...-p. 

= {(X+DpS)(Y-NpS)-l :S £ M(I)}. (3.1.5) 

When the set S is replaced by a general ring R, P and C cannot 

be assumed a priori to have r.c.f.'s or l.c.f.'s. Let R be a 

commutative ring with identity, and let F denote its field of fractions. 

Then P and C £ M(F) and the pair (P,C) is stable if H(P,C) £ M(R) and 

is well-defined. Also, S(P) = {C £ M(F):(P,C) is stable}. 

It can be shown (e.g., Vidyasagar, [2], lemma 8.3.2, corollaries 

8.3.8 and 8.3.9) that if P has an r.c.f. (l.c.f.) and C £ S(P), then 

C has an l.c.f. (r.c.f.), and if P has both an r.c.f. and an l.c.f. 

and C £ S(P), then C also has both an r.c.f. and an l.c.f. Moreover, 

if P,C £ M(F) and (P,C) is stable, then the matrix 

0 

_0 P. 

has both an r.c.f. and an l.c.f. 

Note that this does ot necessarily mean that P and C individually 

have both an r.c.f. and an l.c.f. 

If P has both an r.c.f. and an l.c.f., theorem 3.2.1 carries over 

completely. 

So far, this chapter has only considered unity-gain feedback sys

tems. In the next section, a recently developed model by Nett [9] 

will be discussed, which not only resolves the problem of stability 

for non-unity-gain feedback systems, but also affords two more degrees 

of freedom than the configuration considered above. 

3.3 Formulation With Four Degrees of Freedom 

Recently, there has been a generalization of the above to allow 

for four degrees of freedom (see Nett [9]). A necessary and sufficient 

condition for stability of non-unity gain feedback systems is 

established and a parametrization of all stabilizing controllers is 

developed. This parametrization affords four degrees of freedom, two 
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more than any other existing parametrization. The problem formulation 

is based on a ring theoretic setting for linear systems which has been 

introduced in section 2.2.3. 

Consider the control system configuration of fig. 10 b. Any inter

connection of two distinct systems (fig. 10 a) can be represented in 

terms of this configuration while preserving the distinction between the 

two systems. As such, the problem of stabilizing a linear control 

system can be stated in a general fashion. No other configuration has 

the above mentioned property. 

Following is a definition to introduce the concept of containment, 

which generalizes the notion of stability. 

Definition: Suppose G2,G-ĵ  £ M(G). G2 contains G^ on the right 

denoted by G2^G-,y ±f there exist r.c.f.r.'s (N2,D2) 

and (N-1 ,0-,) of G2 and G-|̂, respectively, such that 

D-ĵ ~̂ D2 £ M(H). 

In other words, D-̂'-'- D2 £ M(H) iff D2 = D-̂ R for some R £ M(H), 

in which case D-ĵ  is "built into" D2. The following theorem gives 

several equivalent characterizations of right containment. 

Theorem 3.3.1 

Suppose G=[G1 G2l^eM(G) and (NT^JD-^) (N2,D2), and (N,D) are 

r.c.f.r.'s of G]^, G2, and G, respectively. Define d = |D|, 

d2 = ID2I , and partition N = [N̂ -̂  ^'^2^'^ conformably with G = 

[G-^ ^2^]^. Then d2"-'- d̂^ £ I. Moreover, the following 

statements are equivalent: 

a. G2 ^ G-i 

b. D^"^D2 £ M(H) 

c. G-^T)2 £ M(H) 

d. (Nj.2,D) is right-coprime 

e. d2 d £ J. 
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Loosely speaking, G 2 ^ G iff the "instabilities" of G "arise" from G. 

Indeed, d2 d £ J if f d2 * d, in which case d2 and d are "essentially 

the same." 

The following theorem shows that right containment implies 

componentwise right containment with respect to a column partition, 

and also gives conditions under which the converse holds. 

Theorem 3.3.2 

Suppose G-L = [G-^i G^2]» ^2 = [G21 G22] e M(G) andG-^^ G^-^, G^2 

have the same number of columns as G2, ̂ 21, ̂ 22* respectively. 

Then the following statements hold: 

a. if G2D Gj, then G22̂  "D G-%-, and G22 ̂  Gi 2 

b. if G21 — ^22 ̂  ^12 ~ ^11* then G2 -̂  G-i . 

For left containment, analogous results hold. 

The theorem below gives some connections between r.c.f.r.'s 

and l.c.f.r.'s, 

Theorem 3.3.3 

Suppose (D,N) and (N,D) are an l.c.f.r. and an r.c.f.r. 

of G, respectively. Then there exist V, U, U, V, £ M(H) 

such that 

V 

-N 

U 

D 

D 

N 

-U 

V 

-1 

(3.3.1) 

Moreover, D * D . 

Since (N,D) is a r.c.f.r. of G if f (N,D) = (NR,DR) for some H-unimodular 

R £ M(H), and similarly for a l.c.f.r. of G, it follows from the second 

part of theorem 3.3.3 that the determinant of a c.f.r. of G is equiva

lent to the determinant of any other c.f.r. of G. This observation 

together with theorem 3.3.1 yields the following result: 
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Theorem 3.3.4 

Suppose G, G2 e M(G) and d is the determinant of the 

denominator of a c.f.r. of G, and d2 is the determinant 

of the denominator of a c.f.r. of G2. Then, the following 

statements hold: 

a. If G = [G-^ G2], then d2~-'- d-,̂  £ I; 

moreover, GjC G2 iff d => 6.2-

b. If G = [G-^ G<^]^y then d2"-'-d2̂  £ I; 

moreover, G2 D G-ĵ , iff d * d2. 

Consider the slight extension, Z, of fig. 10 b shown in fig. 11. 

T and T correspond to P and C, respectively. External inputs n and n 

are introduced between T and T*, so that unmodeled signals which inevit

ably appear at interconnection junctions (e.g., noise, interference, 

loading, etc.) are accounted for. Fig. 11 is to be interpreted as 

follows: 

^ — « • 

z 

7 
^ . 

= T 

•—^ ^ " 

w 

u 
^_ _ 

—' -
f z 

1 

y_ 

= T 

— — 
1 w 

(3.3.2) 

where z(z') represents the dependent plant (controller) variables not 

utilized by the controller (plant), y(y') the dependent plant (control

ler) variables utilized by the controller (plant), u(u') the independ

ent plant (controller) variables manipulated by the controller (plant), 

and w(w') the independent plant (controller) variables not manipulated 

by the controller (plant) . The transfer matrices (|) and ip associated 

with fig. 11 are grouped and labeled as indicated below: 

— — 

z 

7 

1 z 

1 

7 
• — ^ ^ _ 

= $ 

' 

w 

n' 

T 

w 

n 
— —' 

u 

u 

= ij; 

W 

n 

w 

n 

(3.3.3) 
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Definition: Z is stable if $ and 'F belong to M(H) . 

Note that the linear control system stability problem formulated in 

section 2.1 in terms of a ring theoretic setting considered only 

unity-gain feedback systems which as such are comprised of "black 

boxes" (see fig. 12a) whereas the "boxes" comprising the control 

system configuration in fig. 11 are by no means "black" (see fig. 12b). 

As will be seen later, this distinction makes possible important 

extensions and reconciliations of existing theories. 

Let the partitions of T induced by (3.3.2) be as follows: 

T = 
11 

21 

12 

22 

.] 
•r2 

[T cl Tc2] 

A similar notation is used for the partition of T . 

Lemma 3.3.5: Z is stable if f$ £ M(H). 

Although the stability of Z can be inferred from ^, the stability of 

Z, in general, cannot be inferred from a proper subset of the set of 

transfer matrices comprising $. The theorem below provides necessary 

and sufficient conditions for linear control system stability. 

Theorem 3.3.6 

Suppose (D,N) and (5',N') are l.c.f.r.'s of T and T', 

respectively. N = [N-ĵ  N2] and N' = [N-ĵ' N2'] are partitioned 

conformably with T = [T̂ -̂  TQ2] and T ' = [T̂ -̂  ' 1^2']-

respectively. Also, define the following member of M(H): 

D$ = 

D 

[0 - No'] 

[0 - N2] 

D' 

Then Z is stable iff 5,̂, is H-unimodular. 
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Corollary 3.3.7 

Suppose the hypothesis of theorem 3.3.6 holds, (N22»D22) is a 

r.c.f.r. of T22» and (D22fN22) is a l.c.f.r. of T22. Then 

Z is stable iff each of the following independent conditions 

holds: 

a. |D| * ID. 22 

c. 022^22 "" ̂ 22^22 is H-unimodular. 

b. |D'| » ID22 

Note that (c) involves only T22 and T22» On one hand, (c) involves 

only the "loop" of Z, and so can be interpreted as a necessary and 

sufficient condition for "loop stability." On the other hand, (c) 

involves only the "pieces" of which are "measured" and "manipulated," 

and as such can be viewed as a necesary and sufficient condition for 

"input-output" stability. Also note that (a) involves only T, whereas 

(b) involves only T . So, (a) and (b) can be thought of as defining 

"admissibility" criteria for T and T*, respectively. A formal defini

tion of admissibility is given below. 

Definition: T(T') is admissible iff the determinant of the denominator 

of a c.f.r. of T(T') is equivalent to the determinant of 

a c.f.r. of T22 (^22)* 

Theorem 3.3.8 

If G = T or G = T', the following statements are equivalent: 

a. G is admissible 

b. ^ 2 1 ^ ̂ 22 ^^^ ^12*^ ̂11 

c. G^i^ G^2 ^^'^ ^22-^^12 

d. Ĝ ĵ CZ: G^2 ^"^ ^r2 ̂ ^rl* 

Theorem 3.3.9 

T £ M(H) iff T22 ^ M(H) and T is admissible. 
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Since T is "measured" and "manipulated" through T22» theorem 3.3.9 

establishes a relation between "input-output" and "internal" stability. 

More precisely, T is "internally" stable iff (a) T is "input-output" 

stable, and (b) T is admissible. Thus admissibility plays the same role 

here as joint stabilizability/detectability plays in state-space 

theory. 

Corollary 3.3.10 

Suppose Tĵ ^ = T21 and T^2 = ^22. Then T £ M(H) iff T22 e M(H) 

and T2jLCr T22. 

The hypothesis of the above corollary implies that the entire 

output of T is "measured," i.e. z = y. In this case one would expect 

the following result to hold: T £ M(H) iff T22 e M(H) and T is 

"stabilizability by u." Then, the concepts of stabilizability in state 

space theory and left containment can be identified. Similarly, the 

dual of corollary 3.3.10 allows the concepts of detectability in state-

space theory and right containment to be identified. 

Note that in the above presentation "internal dynamics" and 

nonzero "initial conditions" have been accounted for without essential 

recourse to state-space theory. We see that the state-space and 

operator theoretic approach to linear control system stability are 

thoroughly reconciled. 

Following is a development of a characterization of all stabiliz

ing controllers. 

Let (D22> ^22) and (N22» ^22^ ̂ ® ^^ l.c.f.r. and an r.c.f.r. of 

T22» respectively. By theorem 3.3.3, there exist V22> U22> ^22* and 

V22 e M(H) such that 

V 

-N 

22 

22 

U 22 

D 22 

D 

N 

22 

22 

-U 

V 

22 

22 

0 

(3.3.4) 

0 
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Define the radical of G, G by 

s 

Gg = {y e G:x £ G -»- (H-xy)~^ £ G}. 

Gg is an ideal of G. More precisely, Y £ M(Gg) and X,Z £ M(G) implies 

XY, YZ £ M(Gg) and (I+XY)"!, (I+YZ)"^ £ M(G) . As such M(G ) cor-

responds to the subclass of linear systems under consideration which 

are, in an abstract sense, "strictly proper." 

Lemma 3.3.11 

Suppose T22 e M(Gg) and M £ M(G). Then V22 + MN22 and 

N22M + V22 are G-unimodular. 

Lemma 3.3.12 

Define Q-^-^ = T^^ - Ti2D22U22'̂ 21» ^12 ' '̂ 12°22' ̂ ^^ 

Q21 = 2̂2'̂ 21* "̂ ^̂ ^ '^ ^^ admissible iff Q^p Q̂ 2» and Q21 £ M(H). 

From this point onward, it is assumed that 

a. T is admissible 

b. T22 e M(G). 

Since physical systems are of bandlimited nature, assumption (b) imposes 

no serious loss of generality from the practical standpoint. 

Suppose Q* belongs to M(H) and has at least the same dimensions 

as T22. Using standard notation, partition Q' as a 2x2 block matrix 

so that Q22 has the same dimensions as T22 • Define F(Q') as follows: 

F(Q'; = 
Q n - Q;2N22 (̂ 22 + Q22N22)"^Q21 ^12 ^^22^22 + ^22)"^ 

(V22 + Q22N22)"^ Q2I ^^22 + ^22 N22)"^(Q22^22-U22) 

From the fact that T22 ^ ^^^s^ ^^^ Lemma 3.3.11 it follows that 

F(Q') is well-defined in M(G). So, indirectly, a function F: M (H) 

M(G) has been defined, where M''"(H) denotes the subject of M(H) 
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consisting of those members of M(H) with dimensions at least those of 

T22'. 

Theorem 3.3.13 

Let S denote the subset of M(G) consisting of those members of 

M(G) which stabilize T: 

S = {T': Z is stable} 

Then the function F:M"'' (H) -»• M(G) is an injection with range S 

The above theorem shows that the function F establishes a 1:1 corres

pondence between M (H) and S, and as such F provides a parametric 

characterization of S. 

Theorem 3.3.14 

Suppose Q* £ M''"(H) and T' = F(Q'). Also, define y, A, 0, and 

H as follows: 

Y = diag {Q̂ 2» ^22* ̂ 12' ^22^ 

0 = diag (Q21» N22» Q21» °22-'' 

Qii 

V22Q21 

0 

-U22Q21 

Q12V22 

V22N22 

0 

-^22^22 

0 

0 

''u 
0 

-Q12U22 

-N22U22 

0 

-D22U22 



2̂2 

'22 
A = 

=22 

2̂2 

=22 

=22 

I 

I 

0 

I 

=22 

=22 
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=22 

Then Y- A, ©, and H belong to M(H). Moreover, <̂  =YA0 + H, 

Regarding the qualitative nature of the parameterization, we have the 

following conclusions: 

a. Each transfer matrix associated with fig. 11 depends on 

one, and only one of the four "free" parameters Qii» 

^12* ^21» ^̂ *̂  ̂ 22* ^^ ^'^'^ cases the dependence is 

affine linear. 

b. The only transfer matrix dependent on Q-ĵ-ĵ  is the one 

from w' to z', and in this case the dependence is 

linear. 

c. All other transfer matrices to z' depend linearly 

on Q[2. 

d. All other transfer matrices from w depend linearly on 

Q21-
e. The remaining transfer matrices associated with fig. 11 

depend on Q22« ^^ general, the dependence in this 

case is not linear. 

So the parameterization given here affords four degrees of freedom. 



CHAPTER 4 

CONTROL PROBLEM FORMULATION (STATE SPACE) 

4.1 Formulation Using Semigroup Approach 

The state space methods have had spectacular effect for lumped 

LTI systems. Then it is natural to attempt to generalize these 

results to infinite-dimensional systems. The class of distributed 

parameter systems under consideration is described by well-posed linear 

differential equations on a Hilbert space H, with bounded sensing and 

control operators and a finite-dimensional input and output space. 

(This corresponds to a finite number of sensors and actuators.) The 

mathematical material pertaining to this section has been introduced 

in section 2.1. 

An example of special interest to us is the system of hyperbolic 

partial differential equations describing a LSS as in equation (1.1.1) 

which can then be rewritten in state-space form as shown in section 2.1 

to obtain a system of the form (2.1.2). Similar reformulations can be 

done for elliptic and parabolic systems. 

Thus we typically consider the state space formulation of the 

kind 

x(t) = A x(t) + B u(t) 

y(t) = C x(t) ; x(0) = XQ £ D(A) (4.1.1) 

where D(A) denotes the domain of the operator A and is a dense subspace 

of our Hilbert space H. 

The following assumptions are, from practical considerations, 

placed on the operators A, B, and C: 

a. u(t) £ R^, y(t) £ R̂ ", x(t) £ H for all t £ R 

b. A generates a CQ-semigroup (i.e. strongly continuous 

semigroup)T^ on H, t >. 0 

c. B £ L(R",H), C £ L(H, R™) 

63 
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The system in equation (4.1.1) will be referred to as a triple (A, B, 

C). A system described by a quadruple (A, B, C, D) is a system of the 

form 

x(t) = Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t); x(0) = XQ D(A) (4.1.2) 

with the same assumptions placed on the operators A, B, C as in 

equation (4.1.1), but with the assumption D £ (R^, R™) added to (c). 

Definition: The system in equation (4.1.1) is said to be exponentially 

stable if the semigroup T^, t >. 0 generated by A is 

exponentially stable, i.e., T satisfies 

T̂ ll :< Me'*̂ ^ for some o) < 0 

where ||T̂ || max{a(T^.T^)}, the set of eigenvalues T̂ .T̂ . 

Definition: Let A be the infinitesimal generator of a CQ-semigroup 

T̂ . on a Hilbert space H, and B £ L(R",H). If there 

exists K £ L(H,R^) such that A + BK generates a 

C -semigroup T̂ . with 

IIT^II < Me'^^ , 0) < 0 

then the pair (A,B) is said to be exponentially 

stabilizable. 

There is a very nice and complete theory of stabilizability for 

finite-dimensional Hilbert spaces in that controllability implies 

stabilizability. The situation is much more complex in infinite-

dimensional Hilbert spaces as we illustrate with the following example 
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Let H = £2^ u ^ R2^ ^^^ ^^^ ^ ^ {^1,^2, } 

A(C^) = 1 Kn 

Bu = {B2^u,B2U,....}, Bĵ  * 0 

I 2 Q 2 ^ I-Q Q I ^ O 2 
where^Z^ n 6̂^ < « , {Bj^,B2,... } £ il"̂. For any feedback control 

u - <d,x>^2, d £ il̂  we have 

Ax + Bu = (Cl + Bi <d,x>^2, -|^ + B2<d,x>^2,....,}. 

We will show that 0 £ (A + BK). Actually, since A + BK is a 

compact operator, this follows, but below we give a proof by showing 

that for some n = {n]̂ ,n2» •.. f} ̂  ^^ there are no solutions of 

n = (A + BK)x. 

Let us suppose the contrary, then 

^n = ̂ % - '^Vd>^>£2 

But {nBjj} £ i^, and for some n̂ ,̂ {nriQ} i l^ and hence no such i^^} £ i^ 

exists for these y^. Thus A + BK is not invertible, and so 

0 £ Q(A + BK), and from the Hille-Yosida Theorem 

0 < sup{ReX, X£ a(A+BK)} < inf{w:||TK|| < \e^^} (4.1.3) 

where T^^ is the semigroup generated by A + BK. Now if ||T̂ .K|| <:Me'̂ ^ 

then from exponential stabilizability we must have co >. 0, and so (A,B) 

is not stabilizable. 

One method used to examine the stabilizability is via the spectrum 

of the generator, and we have the following definition: 

Definition: Spectrum determined growth assumption. A CQ-semigroup 

T^ with generator A is said to satisfy the spectrum 

determined growth assumption if 
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sup Re a (A) = lim ^ ( log ||T^||)= COQ. 

t-x» 

This is always the case when A is bounded, for t > t as well as 

when T^ is compact for some t > 0. 

An immediate consequence of this definition is that if 

sup Re a(A) < a for some a < 0 

then 

T̂ .|| < Mê '̂  t > 0 

One can introduce a similar weakening observability as follows 

Definition: The pair (C,A) in equation (4.1.1) is said to be detectable 

if there exists an F £ L(R"^, fl) such that the semigroup 

T^ , t >. 0, generated by A-FC satisfies 

II F i i ^ t 

llT̂ II :< Me for some o) < 0. 

The triple (A,B,C) is said to be stabilized and detectable (s.d.) iff 

both (A,B) is stabilizable and (C,A) is detectable. 

One can make an obvious extension to a-stabilizability and 

o-detectability choosing a £ R in place of 0 in the above. 

We will also need to decompose the space H. For this purpose we 

introduce the spectrum decomposition assumption: 

Let 6 < 0 and consider the portions of the spectrum of A, a^(A), 

and Og(A), where 

a^(A) = a(A)n{X£C: Re X > 6} 

a (A) = a(A)n{X£C: Re X < 6}. 

If the set a (A) is bounded and separated from cjg(A) in such a way that 

a rectifiable, simple closed curve can be drawn so as to enclose an 
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open set containing au(A) in its interior and Og(A) in its exterior, 

then A is said to satisfy the spectrum decomposition assumption. Then 

a(A) = o„(A)(Ja_(A) and since A is a generator a(A) is contained in 

the half-plane (X: ReX j< CJQ }. 

As a consequence of this assumption, we have the following: 

a. the operator A may be decomposed according to the 

decomposition 

H = H^0Hg 

of the space, meaning 

PD(A)C D(A), AHgCZ Hg, AH^C: H^ 

where P is the projection of H onto H^ = PH and H^ = (I-P)H 

where 

P = ^ /p (XI-A)-^ dX£L(H) 

and r is a closed contour surrounding o(A^). 

b. a(Ag) = ag(A) and a(A^) = a^(A) 

where A^ = A \ ^ ^ and A^ = A \ ^ , 

c. A is a bounded operator on H^. 

d. P and (I-P) commute with A, i.e., P A C AP and 

(I-P)ACZA(I-P) 

e. T , the semigroup generated by A, commutes with 

P and (I-P). 

We now apply this decomposition to the system in (4.1.1). 

From Px = x, (I-P)x = x, it follows that Px = x, (I-P)x = x 

and so applying P and (I-P) to (4.1.1) we have 



^u (t) 

K (t) 

^ 0 

0 

y(t) = [CP C(I-P)] 

Xg (0) 

Px(0) 

(I-P)x(O) 

u 

u 

PB 

(I-P)B 
u 

Also, denoting by T^ and T^ the restrictions to H^ and H of the 

CQ-semigroup T^, then T^ , T^ are the CQ-semigroups on H^ and Hg 

generated by A^ and Ag. Actually, T^ is a uniformly continuous 

analytic semigroup 
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n=0 ^ 
TE = « 

One could also apply P and (I-P) to the mild solution 

x(t) = T^XQ + /J T̂ _g Bu(s) ds (4.1.4) 

to obtain 

^u(^) = ^t ^ou + ^0 ^t-s PSu(s) ds 

^s^t) = T^ XQg + /J T̂ _g (I-P) Bu(s) ds 

If we assume that the semigroup T^ satisfies the spectrum 

determined growth assumption, we have 

T°|| j< Ke 6t 

This decomposition provides the clue for analyzing the stabiliz

ability of (4.1.4). We note that the projection onto H^ is naturally 

stabilizable by taking the zero control. The idea is therefore to 
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stabilize the projection onto H^ without upsetting the stability pro

perties on Hg. This leads to the following result: 

Theorem 4.1.1 

(A,B) is exponentially stabilizable on a Hilbert space H if 

a. the generator A satisfies the spectrum decomposition 

assumption, 

b. the semigroup T^ satisfies the spectrum determined 

growth assumption, 

c. the projection onto H^ is exponentially stabilizable 

by a feedback control u = K^x^, K^ £ L(H ,R^). 

Corollary 4.1.2 

If the conditions of theorem 4.1.1 hold except that (c) is 

replaced by 

a. the space H^ is finite-dimensional 

b. the projection onto H^ is controllable 

then again we have (A,B) is exponentially stabilizable. 

In this formulation there are some direct results. These results, 

however, depend on full knowledge of the distribution of eigenvalues 

in the right half-plane. In particular, we mention the results due to 

Schumacher [12] which will be the subject of the next section. 

4.2 Survey on Finite-Dimensional Controllers 

We have seen in section 4.1 sufficient (but not necessary) 

conditions for exponential stabilization. Further results are 

available if we restrict our class of systems under consideration. 

As before, we consider a system of the form 

x(t) = A x(t) + B u(t) 

y(t) = C x(t) (4.2.1) 

where x(t) £ H, a Banach space, u(t) £ U, a finite-dimensional input 
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space, and y(t) £ Y, a finite-dimensional output space. We will make the 

following assumptions: 

a. A is a generator of a CQ-semigroup T^(.) of bounded linear 

operators on the Banach space H 

b. B is a bounded lienar mapping from U into H 

c. C is a bounded lienar mapping from H into Y 

d. The spectrum of A is discrete (i.e., it consists only of 

isolated eigenvalues with finite multiplicities). 

Definition: The growth constant for a CQ-semigroup T^(t) is given by 

U). = inf ̂  log ||T̂ .(t)|| = 
t£ [0,«) 

lim "t log ||T̂ (t 
t-Voo 

< 00 

If (JOQ < 0, the CQ-semigroup is said to be asymptotically 

stable, and|wQ| is then called the stability margin. 

Here, we will assume that the desired minimum degree of stability has 

been specified by a growth constant w < 0 which will be fixed from 

now on. 

It is assumed that there are only a finite number of unstable or 

nearly unstable modes. 

e. there exist a 6 > 0 such that the half-plane {X £C: ReX>a)-6} 

contains only finitely many eigenvalues of A. 

The spectrum decomposition assumption introduced in section 4.1 holds 

for Banach spaces as well, and applying it here we obtain a decomposi

tion of H as H = H (+)H , where H^ is the unstable modal subspace and 

H is the stable modal subspace. So, we have the following decomposi-

tion of A, B, C: 

A = 
u 

0 

0 

B = 

B 
u 

B, 

; C = [C^ Cg] (4.2.2) 
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We also have the further assumptions: 

f. The pair (A^, B^) is controllable 

g. The pair (C^, A^) is observable 

Under assumption (e) we can also decompose H with respect to the eigen

values of A that have real parts larger than o) - 6 (instead of u)). 

If A^~ denotes the operator obtained in this manner, similarly to A, 

then A generates a C -semigroup. We have the following assumption: 

0)-
h. The growth constant of the semigroup generated by A^~ is 

smaller than u. 

a)-6 We know that the eigenvalues of A." all have real parts smaller 

than or equal to o) - 6, but this itself does not guarantee that the 

growth constant of the semigroup will be bounded by co - 6 or by w. 

One solution would be to impose the "spectrum determined growth assump

tion" as has been proposed in Jacobsen, [4]. 

As an alternative, consider the following: To the system (4.2.1) 

we want to add a finite-dimensional compensator of the form 

w(t) = A^w(t) + G^y(t) 

u(t) = FQw(t) + K y(t) (4.2.3) 

where w(t) f: W, dim W < °°. 

Doing so, we obtain a closed-loop system of the form 

d^ 
dt 

w 

(t) = A, 

w 

(t) 

where the closed-loop system mapping A is given by 

^e = 

A + BKC 

L ̂ cC 

BF. 

(4.2.4) 

This operator generates a semigroup on H © W , since it is a bounded 

perturbation of 
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Ae = 

0 

0" 

0 

For the purpose herein, it will be sufficient to have the following 

assumption: 

h*. For any choice of the matrices K, F^, G^, and A^ in (4.2.4), 

the growth constant of the semigroup generated by A is equal 

to{sup Re X: X £ a(Ag)}. 

Since (h) is probably in most cases more directly verifiable, (h) will 

be primarily used. However, in some instances it may be easy to check 

that (h ) is true, and then (h) can be dispensed with. 

Definition: A set of elements in H is called complete (in H) if the 

finite linear combinations of these elements form a 

dense set in H. 

Finally, it is assumped that there are finite-dimensional (A + BF) 

-invariant subspaces arbitrarily close to any given subspace, i.e., 

i. The eigenvectors (including "generalized eigenvectors") of 

A form a complete set in H,(i.e., A is a spectral operator). 

Lemma 4.2.1 

Suppose that A-,̂  and A22 are generators of CQ-semigroups on 

the Banach spaces H-ĵ  and H2, respectively, with growth con

stants u)-ĵ  and (JO2. Suppose also that A2]̂  : Hĵ  -• H2 is a bounded 

linear mapping. Then the operator on H-|^(+)H2 defined by 

A = 

^11 0 

^21 ^22 

generates a semigroup whose growth constant equals raax(a)j^, 0)2) 
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We first present four preliminary lemmas. 

Lemma 4.2.2 

Consider the system (4.2.1) under the assumptions (a) - (c). 

Let 0) be a given growth constant and suppose that there exist 

a finite-dimensional subspace VCZ D(A) and linear mappings 

F:V ->- U and G:Y -• H with the following properties: 

IM G C V 

and 

the CQ-semigroup generated by A + GC has growth constant 

0)-, <. 0) 

and 

(A + BF) X £ V for all x £ V 

and 

the (finite-dimensional) C -semigroup generated by A + BF|TT 

has growth constant 0)2 <. w 

Then there exists a compensator of the form (4.2.4), which has 

(finite) order equal to dim V and which is such that the 

evolution of the controlled system is described by a CQ-semigroup 

with growth constant max(a)-ĵ , 1^2) ^ w. 

Lemma 4.2.3 

Consider a pair of mappings (C,A) under the assumption of (a), 

(c) - (e), (g) and (h). Then we can find a linear mapping 

G:Y -• H and a constant n > 0 such that, for every G:Y -• H 
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satisfying ||G-G|| < n , the CQ-semigroup generated by A + GC is 

stable. 

Lemma 4.2.4 

Consider the system (4.2.1) under the assumptions (a) - (c). 

Let G:Y -*• H be a given injection mapping and suppose that 

there exists F:H ->• U such that the eigenvalues of A + BF 

are complete in H. Then, for any ri > 0, there exists a 

finite-dimensional subspace VCZ D(A) and a mapping G:Y ->• H such that 

||G-G|| < n 

and 

(A + BF) X £ V for all x £ V 

and 

IM G C V. 

Lemma 4.2.5 

Consider a pair of operators (A,B) and suppose that the assump

tions (a)-(b), (d)-(f), and (i) hold. Then there exists a 

bounded linear mapping F:H ->• U such that the spectrum of A + BF 

is discrete, all eigenvalues of A + BF have real parts smaller 

than or equal to w, and the eigenvectors of A + BF are complete 

in H. 

The existence result follows. 

Theorem 4.2.5 

Consider the system (4.2.1) and suppose that the assumptions 

(a)-(h) hold for some given growth constant w. Then there 
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exists a compensator of finite order such that the evolution 

of the controlled system is described by a C -semigroup with 

growth constant smaller than or equal to o). 

In summary, we start with a full-order compensator that stabilizes 

the original system. Then we parameterize a set of nearby compensators 

on the basis of the "injection mapping" G. This parameterization is 

not necessarily complete, but the stability of the resulting closed-

loop system is easily monitored, and in particular, there is a ball 

around the original injection mapping where the stability is guaranteed. 

Also, the points in the parameter space where the order of the compen

sator is reduced to a given number k are easily spotted, because they 

correspond to the k-dimensional invariant subspaces of A + BF, which 

are (theoretically) known. So this parameterization allows us to 

effectively search for low-order stabilizing compensators. 



CHAPTER 5 

ROLE OF FINITE-DIMENSIONAL CONTROLLERS 

5.1 Importance of Finite-Dimensional 

Controllers in Terms of Implementation 

With finite-dimensional systems, the existence of a stabilizing 

controller automatically guarantees that the controller is finite-

dimensional in nature. In infinite-dimensional systems this is not 

the case. Yet physical constraints placed on a system (e.g. on-board 

computer of limited size) render it impossible to actually construct an 

infinite-dimensional compensator. Thus for any controller to be 

physically realizable, it necessarily must be finite-dimensional. In 

the remainder of this chapter, the existence of finite-dimensional 

controllers for a large class of distributed parameter systems is 

verified. In section 5.4, existence of a finite-dimensional controller 

using a reduced order model of the original system is discussed. How

ever, the modelling errors in this approach may result in instability 

of the controlled system. 

5.2 Existence of Finite-Dimensional Controllers 

For Delay Differential Systems 

Delay differential systems arise in numerous physical situations; 

for example, transmission lines or underwater sonar, etc. Typically, 

delay differential systems are described by systems of the form 

3x(t) = 2x(t-l) + 3x(t-TT) + 2u(t-2) 

y(t-l) = 4x(t-3) + 3u(t) 

Let a3̂ x(t) = x(t-l), a2x(t) = x(t-TT) , then we may rewrite this as 

3x(t) = (2a^ + 302) x(t) + 2a^u(t) 

o-^y(t) = 4a^x(t) + 3u(t) 

76 
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In general, a delay differential system can be described as 

L-ĵ  (o-ĵ , ..., Ojj) x(t) = F-ĵ  (a-j^, ..., Ojj) x(t) 

+ G-^ (c^, ..., Qjj) u(t) (5.2.1) 

L2 (a-ĵ , ..., Gjj) y(t) = Hj^ (a-j^, ..., Ojj) x(t) 

+ J-ĵ  (a-j^, ..., Ojj) u(t) 

where L^, L2, F-ĵ , Gĵ , Ĥ ,̂ and J-^ are matrices with entries in 

R[a-ĵ , ..., a^] = R[o], the ring of polynomials in a-ĵ, ..., a-^ with 

real coefficients. a represents the delay operator on real-valued 

functions on R defined by 

(a^x)(t) = x(t-Ci) 

where ?. > 0 £ R. The C^'s are assumed to be noncommensurate, i.e., 

there exist no integers m-ĵ , ... m^, not all zero such that 

m-i + ... +mjg = 0. (any delay differential system can be formulated 

in this normalized form. Then R[a-ĵ , ..., a-^] is a ring isopmorphic to 

R[w-i, ..., WJT] = R[w] where the w^'s are independent indeterminates. 

Let A (A) denote the open (closed) unit disk in the complex plane C. 

For any integer p >. 1, let A (A ) denote the open (closed) polydisk 

in C^, i.e., 

A^ = {(W]^, ..., w ) £ C^: |w^| < 1} 

A^ = {(w-,_, ..., w ) £ C^: |w3_| < 1} . 

Define S to be the multiplicative set of polynomials in R[w] such 

that, for each p(w) £ S, there exists an integer a > 0 (which may 

depend on p) such that 

inf |p(e"^^)| > 0 

Re z >. -a, z £ C 



78 

where p(e"^^) denotes p(e"^l^, ..., e~^NZ)^ ^^^ p^g, _., Q) * 0. 

Define the ring K as K = S"^R[w] = {p(w)/q(w): p(w) £ R[w] 

and q(w) £ S}. For a neutral delay-differential equation of the 

type (5.2.1), both det L (w) and det L2(w) are assumed to be in S. 

By premultiplying by L-|_" (w) and L2~ (w), any system of the form 

(5.2.1) can be viewed as a system Z = (F(w), G(w), H(w), J(w)) over 

the ring K. Conversly, any system of the form (5.2.1) over the ring 

K represents a delay-differential system of the type (5.2.1). 

System (5.2.1) is called retarded if both L2̂ (w) = I and L2(w) 

=1, and is called natural if L2̂ (w) * I and L2(w) * I. 

Definition: If (5.2.1) is a neutral delay-differential system, 

define the characteristic quasi-poljmomial as 

a(e"^^, z) = det (zLi(e"̂ 2)-FjL (e'^^)). 

Definition: In the case of retarded delay-differential systems, the 

system (5.2.1) is exponentially stable iff 

a(z,e-^l^ , ..., e-^N^) = 0 

implies Re z < 0. 

Definition: In the case of neutral delay-differential systems, the 

system (5.2.1) is exponentially stable if, for some a > 0, 

a(z, e"^i^, ..., e"^N^) = 0 

implies Re z < - a. 

Let k = R[wj, ..., ŵ J and define the following stable poly

nomials : 
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P = {a(w,z) £ k[z]: a is monic in z and 
s 

a(e"^l^, ..., e"^NZ, z) = 0 implies Re z < 0}. 

Pg = {a(w,z) £ K[z]: a is monic in z and for some real 

> 0 (which may depend on a), a(e~^l^, ... e~^N^) 

is well defined, and a(e"^l^, ..., e"%z) x 0 for all 

z £ C with Re z >. -a}. 

Let [k(z)]K(z) denote rationals (ratios of polynomials in z over 

k(K). We introduce a polynomial version of factorizations that 

appeared in section 2.2. 

Definition: A matrix V(z) with entries in [k(z)] in K(z) is called 

stable [over k(z)] over K(z) if V(z) can be expressed 

as [V(s) = N(z)/d(z) with N(z) a matrix over k[z] and 

d(z) £ P° ] V(z) = N(z)/d(z) with N(z) a matrix over 

K[z] and d(z) £ P„. 

We have the following lemma: 

Lemma 5.2.1 

Let Z = (F, G, H) be a linear system over (k)K. Then the 

following statements are equivalent: 

a. there exists an observer for Z, over (k)K, with the 

characteristic polynomial in (P° ) P̂  iff [ZI-F'^:H*^] 

has a stable (not necessarily proper) right inverse 

[over k(z)] over K(z) (detectability) 

b. there exists a dynamic state-feedback compensator for 

Z over (k)K with the closed-loop characteristic poly

nomial in (P° )P^ iff [zI-F:G] has a stable (not 

necessarily proper) right inverse [over k(z)] over K(z) 

(stability) 

c. there exists a dynamic output feedback compensator for 

Z [over k(z)] over K(z) if both (a) and (b) hold over 

(k(z))K(z). 
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So the problem of regulation of Z is reduced to checking the existence 

of a stable right inverse for [zI-F:G]. Detectability is just the dual 

of this. The theorem below establishes detectability and stabilizabil

ity criteria (as necessary and sufficient conditions for regulation) in 

terms of rank conditions. The following three results first appeared 

in Emre and Knowles, [10]: 

Theorem 5.2.2 

Let F, G be nxn and nxm matrices over (k)K. Then [zI-F:G) has 

a stable right inverse [over k(z)] over K(z) iff there exists a 

real number (a=0) a > 0 such that [zI-F(e" 1^,.,.,@~ ^^) 

G(e"^l^, ..., e"^N^)] is well defined for all z £ C with 

Re z >. -a, and 

rank [zI-F(e-^lz, ..., e'^NZ) :G(e"-^l^ ..., e'^NZ) ] = n 

for all z £ C with Re z >. -a, where F, G are well defined. 

Theorem 5.2.3 

A retarded delay-differential system Z = (F,G,H) in several 

noncommensurate point delays is stabilizable iff 

rank [zI-F(e-^l^ ..., e-^NZ).G(i^l^ ..., e'^N^) ] < n 

implies Re z < 0. 

Z is detectable iff [zI-F^:H^] satisfies the same condition. 

It can be regulated with internal stability iff it is stabiliz

able and detectable. Furthermore, the observers and stabilizing 

compensators can be chosen to be causal retarded delay-

differential systems with point delays. In each case the 

stability is exponential stability. 

Theorem 5.2.4 

Consider a neutral delay-differential system Z as in (5.2.1) 

with det Li(w) and det L2(w) in S (with Ĵ  = O . Then a 
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sufficient condition for an observer which is a causal neutral 

delay-differential system of the same type which estimates the 

state of Z with an exponential rate of convergence to exist is 

that there exists a real a > 0 such that 

rank [zI-FT(e-^l^ . , , , e^^^) :R^ (e'^l^, ...,e-^NZ)] = n 

for all z £ C with Re z >. -a where F, G are well defined. A 

sufficient condition for a djmamic state feedback compensator 

which is a causal neutral delay-differential system of the 

same type (as in (5.2.1) with det L-ĵ (w), det L2(w) in S) 

which internally stabilizes (exponentially) the system 

(5.2.1) is that there exists a real a-ĵ  > 0 such that 

rank [zI-FT(e-^l^ ..., e'^NZ).G(e-^12, ..., e'^N^)] = n 

for all z £ C with Re z 1-a, where F and G are well defined. 

Both rank conditions above are sufficient for (exponential) 

internal stabilization of a system as in (5.2.1) (with 

det L2(w), det L2(w) in S) by a causal dynamic output 

feedback compensator of the same type. 

Note that as the condition Re z < 0 is necessary for asymptotic sta

bility, and since for most practical purposes Re z < 0 and Re z <. -a 

for some a-i > 0 are equivalent, the above theorem yields essentially 

also the necessary conditions for regulation of neutral delay-

differential systems as in (5.2.1) by neutral systems with point 

delays of the same type. 

These results were proven utilizing polynomial techniques. 

Somewhat later, Logemann [17] showed that the transfer function of 

such systems were Laplace transformable convolution kernels that 

were, in fact, in B(a ). This result motivated the fractional 

representations as opposed to the polynomial fractional representation 

used in Emre and Knowles, [10], and Knowles and Emre, [11]. Later 

on as we will see in Chapter 6, the above results are extended to a 

large class of LTI systems governed by partial differential equations 
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including the hyperbolic ones which describe large space structures 

(LSS). 

The problem of actual construction of a compensator is con

strained by physical considerations (usually on-board computer with 

small memory will activate actuators, etc.). The compensator must 

therefore necessarily be finite-dimensional (physically realizable). 

The question now becomes that of the existence of a finite-dimensional 

compensator of such delay systems. This is taken up in the remainder 

of this section. 

Let A(A) be the set of complex-valued functions which are 

analytic in A and continuous on T = the unit circle in C. 

It is a direct consequence of the results and approach in Emre 

and Knowles, [10], that construction of the stabilizing controllers 

(including finite-dimensional ones), requires solution of the following 

well-known problem in the theory of complex approximation: 

Problem 1: Given N functions A-ĵ (s), ..., Ajg(s) in A(A), and £ > 0, find 

polynomials (with possibly complex coefficients first), 

B-|̂ (s), ..., Bjg(s) such that 

N 
I Z Ai^(s) Bk(s) - 1 I < £ 
k=l 

As originally shown in [10], under certain rank conditions, the exist

ence of such polynomials follows from Mergelyan's theorem. Now a 

computational approach for computing the polynomials B^(s) will be 

developed. From the results in [10], it follows that any function 

f(s) in A(A) can be arbitrarily closely approximated by linear combina-

tions of the functions {^^(s), SA-L(S), ...; A2(s), sA2(s), s A2(s), 

...; ...; Ajj(s), sAjj(s), sAjj(s), ...}. Thus if V;L'V2. • • • ̂ v^ ̂  0 

are integers, and if one obtains best approximation of f(s) in the 

space spanned by K = {A^(s), ..., A3̂ (s)s; ...; A^(s), sAj^(s), and S n}, 

say A(s)^^,...,^^ (a complex linear combination of above functions), by 

increasing V]̂ ,...,Vjj, one can make supA(s) . . . f (s) as small as desired. 
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Clearly, by the maximum modulus theorem, it is enough to approximate 

f(s) on the unit circle T. So the key problem is that of finding an 

approximation to a continuous function f(s), by complex linear combina

tions of elements of a given set of continuous functions K on T. But 

then, this is a Tchebycheff (minimax) approximation problem. So the 

solution of problem 1 would be provided by a solution to the following: 

Problem 2: Given a set of continuous functions g-, (s),.. .g^(s) , f(s), 
it it 

on T, find complex numbers a-i ,..., a such that 

^ * 
sup Z a;.gi-(s) - f(s) 
S£T k=l ^ ^ 

is minimum. This is the classical Tchebycheff approximation 

problem. 

The key to showing that the stabilizing compensators can be reduced to 

finite-dimensional ones is the following lemma: 

Lemma 5.2.5 

Let X be a compact metric space and g2̂ »...»gĵ  be elements of 

C(X). For each YCX, let PyCPx ^ denote the best approximation 

of f as a linear combination of gi»»"gn °^ Y(X). Define |Y| 

as |Y| = max inf d(x,y). Then as |Y| -»- 0, 
x£X y£Y 

sup |f(x)-PY(x)| ->- sup |f(x)-Px(x)| . 
X£X ^ X£X 

In our case, X = T or A. The importance of lemma 5.2.5 is that 

it reduces the approximation problem to one of best approximation at a 

finite point set. So, let Y^, Y2,... be a sequence of finite subsets 

of X such that |Y^| ̂  0. Then || Py-f II ̂  l|Px-f|l ^^^^ ^ * H ̂ ^ ̂ ^^ 

supremum (norm) on X. Hence, it is enough to solve: 
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A = 

A' 

km 

b = 

m 

find a vector x £ C^ such that max |r.(x)| is minimized, 
. X i ^ ^ ^ 

where r^(x) = A-̂ x-b.. 

A number of approaches to this appear in the literature based 

upon game theory/nonlinear programming techniques. This area is 

currently under investigation by a number of researchers. 

5.3 Finite-Dimen.sional Controllers for 

Distributed Parameter Systems with Application 

to Synthesis Problems (Input/Output Description) 

In this section, the work of Carl Nett [3] will be discussed. The 

problem of robust linear feedback stabilization is addressed via the 

fractional representation theory as presented in sections 2.2.3 and 

2.2.4. 

Choose OQ <. 0 and set G = M O Q ) and let H = A_(aQ). Then I is 

A_(a ) and J is the subset of A_(a ) consisting of those elements 

bounded away from zero in CQ ̂  , and ^ = B(aQ). Moreover, let Rp(s) 

denote the algebra over R of proper rational functions with real 

coefficients, R(aQ) = Rp(s) fl A_(aQ), and BTio^) = Rp(s) fl A"(aQ). 

Throughout the rest of this section it will be assumed that 

there exists a function || . || : H ->- [0,°°) such that for any x,y £ H, 

a . 

b . 

c . 

x | | = l l -x 

x | | = 0 i f f X = 0 

X + y | | ^ | | x | | + | |y 

d. Ilxyll < llxll | | y | | ( 5 . 3 . 1 ) 
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So d(x,y) = ||x-y|| defines a metric on H. (H,T ), where T^ is the 
s s 

topology on H induced by this metric, is a topological ring, since 

multiplication, addition, and subtraction are continuous operations 

from HxH into H. Moreover, inversion is a continues operation from 

J onto J. Also, it is assumed that there exists a Y ^ (0,1] such that 

for any x £ H, 

||x|| < Y - ^ l-l-x£j (5.3.1e) 

So (H, II • II ) has the small-gain property. From this it follows 

that J is an open subset of H. It is possible for (H, || • || ) 

to have the small-gain property without (H,d) being complete. This 

is the case in the situation described below. 

Theorem 5.3.1 

With H defined as above, let ||h|| = sup | h(a + jco) | 

for any h £ H. Then 

a. | | h | | = | u p | h ( s ) | 

b. 11-11 : H -̂  ?0,oo) 
c. II-11 satisfies (5.3.1a)-(5.3.1e) with Y= 1. 

The above notions are extended to matrices with entries in H as 

follows: Define ||x|| = m max̂ ^̂  11x̂ 1̂1, for any X £ H°^^. For fixed 

m and n, || • || : H°^^-^[0,<»] and satisfies (5.3.1a)-(5.3.1c) . So 

d(X,Y) = ||X-Y|| defines a metric on H°"^ and the topology on H"̂ '̂  

induced by this metric is the product topology on H™^^ corresponding 

to T . As an extension of (5.3.Id) we have for X £ H P ™ and Y £ H 

I|XY|| < ||X|| • ||Y||. Moreover, for X £ H ° ^ and ||x|| < Y/2, we have 

I^+X H-unimodular and, for X £ H ° ^ and ||x-Î || < Y/2, we have X 

H-unimodular. So (H^'^, || • || ) also has a small-gain property. 

The following theorem gives an estimate of the robustness 

of closed-loop H-stability. 
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Theorem 5.3.2 

Suppose the system Z(P,C) in fig. 5 is H-stable; P admits 

a r.c.f.r. (Np,Dp), C admits a l.c.f.r. (D^, N^), and 

^c^"*" ̂ c^p" ̂ Ui* Furthermore, suppose P' £ G^o^^i, 

C' £ G^i^o, p' admits a r.f.r. (N' D ' ) , C* admits a 

l.f.r. (Dj^N^), and a and b are real numbers with 

a + b :< Y/2. Then 

a. if ||D^ - Dpil < a ( IIDJI )-1 and 

N' - N l| < b ( IJN l| )-l. 
P p'l " V ll"c 

then Z(P',C) is H-stable. 

b. if IJD̂  - D J I < a ( llDpll )-l and 

P c -Njl < b ( JiNpll)-!, 

then Z(P,C') is H-stable. 

Similarly for the left analogue. 

For the problem of robust H-regulation, which consists of 

(command input) tracking and (plant input) disturbance rejection 

in the face of plant uncertainty, consider the "extension" of 

Z(P,C) shown in fig. 13. Again, P £ G^o^^^ â d C £ G^i^^o, while 

T and p belong to I. The output y2 is required to track any command 

input u-^ generated through T by an H-stable v, and any plant input 

U2 generated through p by an H-stable w is to be rejected at the 

output y2. Let S(P) denote the class of all compensators 

H-stabilizing a given plant P, more precisely, for any P £ G^i^"°* 

S(P) = (C £ G^i^o. z(p,c) is H-stable}. Similarly, for H-tracking, 

T'̂ (P) = {C £ S(P):T~-'- E-J^-L(P,C) is H-stable}, and for H-disturbance 

rejection, Rp(P) = (C £ S(P):p"-'- Y22(P»C) is H-stable}. For distributed 

LTI systems, the output will asymptotically track all command inputs 

generated by essentially bounded signals with compact support. 
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Similar remarks apply to asymptotic rejection. An H-regulator of 

P e G'^o^^i (with respect to T and p) is defined to be any 

C £ T'^(P) n Rp(P). Robust H-stabilization is similarly defined, 

and the set of all robust H-stabilizing controllers of a plant 

p g. G'^oxni ^g denoted by S(P). Robust H-tracking and disturbance 

rejection are defined in an analogous fashion, as are f^ and R . 

Note that S(P) = S(P). 

Definition: For robust H-regulation, we have for P £ G'^o^^i* 

R R J ( P ) = { C : there exists a x^-neighborhood of P 

such that C £ Rp(p') T'^(P') whenever P' is in 

this neighborhood}. 

To summarize, a property is robust iff it is maintained throughout 

some T^-neighborhood of the plant P. 

Following are two theorems which validate several important 

asusmptions for distributed LTI systems. 

Theorem 5.3.3 

Define G and H as above. Then the following assumptions are 

valid: 

a. I is an open subset of H. 

b. There exists a least common multiple (l.c.m.) 

a £ I of T and p over H. 

c. Let S-^_ = {X £ H^o^^O: ( T I^^, X) is left-coprime}. 

Then S-^ = H'^O^^O (where S-^ denotes the closure of S-̂ ) . 

Furthermore, if p,T£R°°(aQ) and a is a l.c.m. of p and T 

over R(a ) , then a £ I and a is a l.c.m. of p and T over H. 

Theorem 5.3.4 

Define H and G as above. Then 

a. if n^ >. U Q or p £ J, then the following assumption holds: 

Let So = {X £ H^o^^i: (pl„ , X) is left-coprime}. 
/. no 

Then S2 = H^o^'^i. 
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b. if P £ G^o^^i, T i J, and T'̂  (P) is not empty, then 

H - %• 

It should be noted that the problem of robust H-regulation becomes the 

problem of (robust) H-stabilization when p = T = a = 1. Similarly, 

robust H-regulation is equivalent to robust H-tracking (robust 

H-disturbance rejection) when p = 1 (x = 1). 

The following theorem provides necessary and sufficient condi

tions for robust H-regulation in the form of an "internal model 

principle." 

Theorem 5.3.5 

Let P £ G^°^"i. The following statements are equivalent. 

a. C £ RRJ(P) 

b. C £ S(P) and there exists a r.c.f.r. (Nj,,D̂ ) of C such 

that a"^ DQ E H'^O^^O. 

c. C £ S(P), there exists a r.c.f.r. (N^,D^) of C, and for 

any such r.c.f.r. a'^D^ £ H'^O^^O. 

In other words, a must be "built into" each entry of D^. For 

H-regulation without robustness, this condition is sufficient but not 

necessary. The following corollary gives a necessary condition for 

the existence of a robust H-regulator of a given plant. 

Corollary 5.3.6 

Let P £ G^o^^i, (Dp,N ) be a l.c.f.r. of P, and suppose there 

exists C £ RRJ(P). Then (al^Q, Np) is left-coprime. 

Also , for P £ G'̂ ô '̂ i, x' £ I, p' £ I, and a a l.c.m. of p' and 

X* over H, we have RRJ(P) = RRJ^ (P) . This implies that robust 

H-regulation depends only on a, and not on individual i and P. 

It follows that R„(P) = RRJ,(P) = RR^(P) = T°'(P), and therefore 

that robust H-tracking is equivalent to robust H-disturbance rejection 

The following theorem equates robust H-regulation of a given 
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plant to H-stabilization of a related plant. 

Theorem 5.3.7 

Let P £ G'̂ oxnî  ^^p'^p^ ^® ^ l.c.f.r. of P, and suppose 

( al^, Np) is left-coprime. Then RRJ(P) =a"^S(a~^P). 

If S(a~ P) is non-empty then there exists a robust H-regulator of P. 

In the case of distributed LTI systems, an H-stabilizing controller 

always exists. So in this case a robust H-regulator exists whenever 

the necessary condition of the above corollary is satisfied. 

Theorem 5.3.8 

Let P £ G'̂ ô î , and define P'̂  = a'-'-P. Suppose (Dp,Np) is 

a l.c.f.r. of P and (D,N) is a l.c.f.r. of p'. Then (al^Q, Np) 

is left-coprime iff a"-'- D is H-stable. Moreover, if a"-*- 6 is 

H-stable (a"^ D,N) is a l.c.f.r. of P. 

The following theorem can be interpreted as a "parameterization" 

of robustness estimates associated with members of RRp(P). 

Theorem 5.3.9 

Let P £ G'̂ ô î and define P = a"^P. Suppose P admits a r.c.f.r. 

(N,D), a l.c.f.r. (D,N), and U, V, U, V are H-stable matrices 

satisfying UN + VD = I = NU + DV. Furthermore, suppose a and b 

are real numbers with a + b :< 1/2, P' £ G^^xni admits a l.f.r. 

(5' , N'), and a'-'-D is H-stable. Also, define 

R : D(R ) > G'̂ î '̂ O; W ^ R. (W) = [U+DW] [a(V-NW) ]"^ 

where 

D(Rp) = (W £ H'̂ î Ô; det(V-NW) £ l}. 
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Then for any W £ D(R) 

a. R (W) £RR5(P) 

b. if ||D'-a"lD|| < a( ||a(v-NW) || )"1 

and p ' - N|| < b( ||&+DW|| )"1 

then Rp (W) £ RRJ (P ). 

Of course, since the range of Rp is RRp(P), the above theorem considers 

every robust H-regulator of P. 

Now, suppose P is an n^ x n^ transfer function matrix of some 

LTI continuous-time distributed system. While the entries of P may not 

belong to B(aQ) for any a^ e R, they are Laplace transforms of elements 

of (LTD)^. Define G: (LTD)^ and H = A_(aQ) for some OQ j< 0. Also, 

since the frequency response of any physical system is bandlimited, 

assume that P is strictly proper. The next theorem shows that a 

necessary condition for the existence of a proper C £ S(P) is that 

P £ B(aQ)'^o^^i, and that any such C has entries in M Q Q ) . 

Theorem 5.3.10 

Define G and H as in the above paragraph. Suppose P £ G^o^^i, 

C £ S(P), and either PC or CP is strictly proper. Then P 

and C have entries in B(aQ). 

So, as far as proper A_(a )-stabilization of strictly proper LTI 

distributed systems is concerned, there is no loss of generality by 

working within the framework discussed in section 2.2.4 with G and 

H as defined previously. 

Theorem 5.3.11 

Suppose P £ G'̂ ô î. Then there exists a strictly proper 

rational C which belongs to S(P). 

Proof: By theorems 7.1 and 2.2.5 there exist H-stable U,V,N,D such 

that UN+VD=I, (N,D) is a r.c.f.r. of P, U is strictlv 

proper, V=V+I for some strictly proper H-stable V, and 
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r-1 and (V,U) is a l.c.f.r. of V'-'-U £ S(P). By theorem 5.3.10, 

there exist V , u' with entries in RQ(a ) such that 

||V'-V|| < [4.||D||]-1 and ||u'-u|| < [4.||N||]-1. Define 

V' = I+V'. Then ||v'-v|| < [4-||D||]-^ V ' has entries in 

R(aQ), and det (V') £ I. Define C = (V')"%'. Then C is 

a strictly proper rational matrix and (v',u') is a l.c.f.r. 

of C. By theorems 5.3.1 and 5.3.2, C £ S(P). ([3], theorem 

6.2.1) 

Q.E.D. 

It is possible to compute C in the above theorem with a reasonable 

effort. 

The following theorem verifies the existence of a strictly 

proper lumped stabilizing controller of a given distributed plant. 

Theorem 5.3.12 

Let P £ G^°^^i and assume either p £ J or n^ >. UQ (for the 

purpose of robust H-regulation). Furthermore, assume 

(w.l.o.g.) that a £ R°°(aQ). Finally, let (D,N) be a 

l.c.f.r. of a~-'-p. There exists a (strictly proper) 

rational C £ RRp(P)iff a"^D is H-stable. 

(Note that n. >. n is a necessary condition if the tracking part of 

the robust regulation problem is non-trivial, (see theorem 5.3.4).) 

Proof: By theorem 5.3.3 and theorem 5.3.4, the following are satisfied; 

a. I is an open dense subset of H 

b. there exists a least common multiple a £ I of x and p 

over H 

c. the closure of the set (X £ Ĥ ô '̂o. (TI^Q.X) is 

left-coprime} is H^o^^o. 

d. the closure of the set (X £ H'̂ ô î: (plno'^^ ̂ ^ 

left-coprime} is H^o^^i. 
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The necessity of a -̂ D̂ , H-stable follows from corollary 

5.3.6 and theorem 5.3.8. 

To show sufficiency, note that by theorem 5.3.11, there 

exists a strictly proper rational C' e S(a.~^?). Define 

C = a'-'-c'. Then C is a strictly proper rational matrix 

and by theorem 5.3.7, C £ RR!(P). ([3], theorem 6.2.2) 

5.4 Finite-Dimensional Controllers Using Finite-

Dimensional Approximation to the Original System 

Many LSS control problems can be formulated as regulator 

problems, i.e.: Given a quadratic performance index of the form 

J = /Q [RIV,V) + af%f] dt (5.4.1) 

where (R-}.v,v) >. 0, R > 0, and a > 0, find the control command which 

minimizes J. 

The solution to this optimal control problem is given by 

f*(t) = G*v(x,t) (5.4.2) 

where G* is a bounded operator from H into R and is related to the 

solutions of a nonlinear Riccati partial differential equation. It 

has been shown in a paper by Balas [6] that implementable controllers 

are difficult to obtain for the infinite-dimensional DPS (2.1.2) and 

that a reduction of the DPS system order is necessary. Therefore, a 

reduced-order model (ROM) must be found. A ROM is defined as a (not 

necessarily orthogonal) projection of the DPS onto some N-dimensional 

subspace E^ of H with a corresponding disregard for the ROM residuals, 

i.e., the DPS projected onto the complement of H^, Hĵ . Let P be the 

projection of H onto R^ and Q the projection of H onto H^. Then 

(2.1.2) can be decomposed into 

Pvj. = Aĵ Pv + AJ^RQV + Bjjf (5.-̂ .3) 
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Q^t = -^RN^^ + %Qv + V ( 5 . 4 . 4 ) 

y = CjjPv + Cĵ Qv ( 5 . 4 . 5 ) 

where A^ = PAP, A^^ = PAQ, Bj, = PB, C^ = CP, etc. 

Since dim Ĥ j = N < «, Pv can be identified with the vector v« 

in R and (Ajj,Bjj,Cjj) can be identified with their corresponding matrices 

by a suitable choice of basis for Hjj. Then the ROM becomes 

^N ' V N + B^f + hjj 

y = CjjVjj + wjj ( 5 . 4 . 6 ) 

where the model-error vectors h-^, Wjj are ignored in controller designs. 

Equation (5.4.4) represents the ROM (or unmodeled) residuals Qv. 

The terms BT»f and CT>QV represent control and observation spill

over,. respectively. These terms model the actuator and sensor inter

actions with the residual subsystem (5.4.4). The interconnection 

terms AJTT>QV and A^Pv denote the modeling error. In some special ROM's 

these terms go to zero. The model-error vectors h^ and w^ in (5.4.6) 

may represent parameter errors, neglected disturbances, and nonlinear

ities, as well as residual subsystem interaction mentioned above. 

Generation of ROM's can be accomplished via the finite element 

method (FEM) which consists of choosing a set of finite elements or 

patch functions 6, (x), e.g., linear combinations of piecewise linear 

functions, cubic splines, or component modes. The solution to (1.1.1) 

is approximated by 

N 
u(x,t) = Z qy. (t) ê ^ (x) (5.4.7) 

k=l 

where the q̂^ are chosen, in the Galerkin approach, to minimize the 

mean-square equation error when (5.4.7) is substituted into (1.1.1). 

Letting qjj(t) = [qi(t) , . . . ,qN(t) ]^, this gives 
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where the mass matrix Mjj and the stiffness matrix K^ are both symmetric 

and nonnegative and Mjj is positive definite. Therefore, there exists 

a unitary matrix U such that 

uS%% = I N a n d UjjKjjUjj = Aj, (5.4.9) 

where Ajj is diagonal. This transforms (5.4.8) from displacement 
T 

coordinates Qjj into modal coordinates n^ = Uĵ q̂ j which satisfy 

% + ̂ N^N + %"N = B°f (5.4.10) 

where B̂ j = Uĵ Bjj , Dĵ  = % % % • ^^® square roots of the diagonal entries 

of A»T are the approximate mode frequencies and the columns of Uxr multi

plied by a patch functions in (5.4.7) are the approximate mode shapes. 

The sensor equation (1.1.5) similarly approximated by 

^ O • T-O 

y = CjjUjg + EN^N 
(5.4.11) 

Then the state variable form of the FEM-generated ROM is given by 

(5.4.6) with dimension N = 2NQ (where NQ is the number of approximate 
rn T* T* 

mode shapes) and with v-^ = [n^ u-^] and 

AN = 

0 N̂ 

-A N -D N 

% = 

0 

^N 

and Cjg = [ Cjjo Ejjo ] • 

Define the ROM performance index as 

JN = /Q [(RIPV,PV) + f^Rf] dt 
(5.4.12) 

where the (R-LPV,PV) term can be written as v^ Q^ v^ for some non-

negative matrix Q^. When (A^, B^, Q^^) is controllable and 

observable, the solution is given by 



f*(t) = G^Pv = GMV 
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N^v = bjjVjg (5.4.13) 

It 
where G^ is obtained via the solution of the usual ODE Riccati equation. 

When a controllable and observable ROM is available, the full-

order controller can be used and has the form 

f = G*z 

z = Ajjz + Bjjf + Hjj(y-y), z(0) = 0 (5.4.14) 

7 = Cjjz 

with Hjj chosen to adequately stabilize ¥^ = A^ - Hĵ Cĵ . This is a Kalman 

filter state estimator (based on the ROM) whose output z is substituted 

for the true ROM state v^ in the optimal control law (5.4.13). Even 

though this is the full-order controller for the ROM, it is still a 

reduced-order controller for the DPS (2.1.2). Thus, when it is used in 

closed-loop with the actual structure, its behavior is altered from that 

predicted by its operation with the ROM. This is because of the residual 

interactions mentioned earlier. 

Moreover, the dimension N of the full-order ROM might be very large 

so as to make the modeling error terms AĴ T̂ , A^ in (5.4.3) and (5.4.4) 

small. If the full-order ROM controller is used, the dimension N may be 

too large for successful on-line implementation. As a matter of fact, 

N is directly related to the memory capacity and memory access time of 

the on-line computer(s) used for control, so N must be small enough for 

rapid computation of control commands. A variety of reduced-order con

trollers are discussed in [6]. 

Unfortunately, this approach suffers from the problem of "uncap-

tured" higher modes. These higher modes may be even further excited 

by the lumped linear feedback based on the ROM and may lead to fractur

ing, instability, etc. of the physical plant. Furthermore, when 

exceedingly fine tolerance levels are required (as in LSS), there is 

no guarantee that sufficiently many modes are damped when external 

excitations occur to bring the system under control with precise 

exactitude. However, such methods lend themselves very well a numerical 

computation and find favor among structural engineers working with 

plants governed by the wave equation, heat equation, etc. 



CHAPTER 6 

NECESSARY AND SUFFICIENT CONDITIONS FOR EXISTENCE 

OF FINITE-DIMENSIONAL CONTROLLERS 

In this chapter, necessary and sufficient conditions are given 

for exponential stabilization via dynamic output feedback. Recall 

from section 4.1 that as a consequence of the spectral decomposition 

assumption, (4.1.1) had the following decomposition: 

X 
u u 

0 

0 

y = [CP C(I-P] 

u 

X, 

+ 

PB 

(I-P)B 

u 

u 

X, 

x^(0) 

X3(0) 

Px(0) 

(I-P)x(O) 

where A , Ag are generators of the CQ-semigroups T^", T^ , t >. 0, 

respectively on H^ and Hg. 

The following theorem due to Jacobsen and Balas [7] provides 

necessary and sufficient conditions for (4.1.1) to be a-s.d.: 

Theorem 6.1 

The system described by equation (4.1.1) is a-s.d. if the 

following conditions are satisfied: 

a. A satisfies the spectrum decomposition assumption 

for some a-t < a, 

b. H^ is finite-dimensional. 

96 
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c. (A^, B^, C^) is controllable and observable, 

d. Ag generates a CQ-semigroup T^ , t >. 0, which is 

a-stable. 

The reason for considering stabilizability and detectability taken 

jointly is given by the following: 

In the feedback configuration shown in fig. 5, let P be described by 

a triple (A-ĵ , B-ĵ , C^) and let C be described by a quadruple 

(A2, B2» C2, D2) and described by equations (4.1.1) and (4.1.2), 

respectively. Under these conditions if the interconnected system 

is a-stable then both P and C are a-s.d. 

As a consequence we have the following theorem, first due to 

Knowles and Emre [11] for delay systems and later Jacobsen and Balas 

[7] in general: 

Theorem 6.3 

In the feedback interconnection shown in fig. 5, let P be 

described by a triple (Aĵ , B-ĵ , C-ĵ) as in equation (4.1.1). 

The following statements are equivalent: 

a. (A-j^, B-ĵ , C-ĵ ) is a-s.d. 

b. There exists a system described by a quadruple 

(A2, B2, C2, D2) satisfying equation (4.1.2) 

such that the interconnected system is a-stable. 

c. There exists a system described by a quadruple 

(A2, B2, C2, D2) satisfying equation (4.1.2) on 

a finite dimensional space H such that the 

interconnected system is a-stable. 

The theorem above gives necessary and sufficient conditions for the 

existence of dynamic output feedback compensators that exponentially 

stabilize distributed parameter systems described by equation (4.1.1) 

both when the feedback is a finite-dimensional dynamic system and 

also when the feedback is an infinite-dimensional dynamic system of 
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the same class of linear distributed systems under consideration. 

Moreover, it shows that the existence of these two types of dynamic 

output feedback are equivalent in the sense that one exists if they 

both do. 

THESE RESULTS, MOREOVER, LEAD TO A POSSIBLE CONSTRUCTIVE METHOD

OLOGY FOR ACTUAL CONSTRUCTION OF A FINITE-DIMENSIONAL CONTROLLER FOR 

THESE SYSTEMS GOVERNED BY PARTIAL DIFFERENTIAL EQUATIONS. 



CHAPTER 7 

NUMERICAL CONSIDERATION FOR INPUT/OUTPUT APPROACH 

A method is presented for obtaining r.c.f.r.'s and l.c.f.r.*s 

ot the transfer function of a lumped LTI system from its state 

space description. It will then be extended to the case of distri

buted parameter systems. Some preliminaries will be discussed first. 

Let fi CT C be any closed connected subset of the complex plane 

containing the closed right half-plane and symmetric with respect to 

the real axis. As such, f2 represents the "undesirable" portion of 

the complex plane. 

Definition: A square real matrix is said to be Ĵ -Hurwitz if all its 

eigenvalues are contained in C-fi, the complement of f2. 

DEfinition: A pair of real matrices (A,B) £ R'^^^ X R'^^ is said to 

be fi-stabilizable if there exists a K £ R̂ '̂̂  such that 

A-BK is f2-Hurwitz. (This is equivalent to all uncontrol

lable modes of (A,B) lying in C-fi. 

fi - detectable is defined similarly. 

Let G denote the set of all proper rational functions with 

real coefficients, and let H denote the subset of G consisting of 

functions of G which are analytic in ^. 

The following theorem due to C. Nett, C. Jacobsen, and M. Balas 

[13], not only provides explicit formulae for the coprime factorizations 

ND"^, D"1N of the transfer function of a lumped LTI system described 

by state equations, but also with expressions for the corresponding 

Bezout identity elements (i.e., U, V, V, U). 
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Theorem 7.1 

Suppose S = C(SI-A)~1B + E £ G P ^ where A £ R^^, B £ R^™ 

E £ H P ^ , (C,A) is fi-detectable and (A,B) is fi-stabilizable. 

Select K £ R««^, F £ R^^P such that A-BK and A-FC are ̂ -Hurwitz. 

Define 

N = (C-EK)(sI-A+BK)"^B+E 

U = K(SI-A+FC)"1F 

D = I-C(SI-A+FC)"^F 

V = I+(C-EK)(sI-A+BK)"^F 

D = I-K(sI-A+BK)"'^ 

V 

N 

U 

I+K(sI-A+FC)~^(B-FE) 

E+C(sI-A+FC)"^(B-FE) 

K(sI-A+BK)~^F. 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

Then 

a. 

b. 

c. 

all eight matrices described by (7.1)-(7.4) have 

their entries in H 

(N,D) is an r.c.f.r. of S, and (D,N) is an l.c.f.r. of S 

V(s) 

-N(s) 

U(s) 

D(s) 

D(s) 

N(s) 

-U(s) 

V(s) 
m 
0 

0 

L 
PJ 

The beauty of theorem 7.1 lies in the fact that it allows us to compute 

r.c.f.r.'s and l.c.f.r.'s of S as well as the corresponding Bezout 

identity elements with existing algorithms. As a matter of fact, it 

is only necessary to (a) solve two pole placement problems, and (b) 

perform the algebraic operations given in (7.1)-(7.4). Of course, if 

^ - {s £ C: Re s>.-a for some CJ >. 0}» then (a) can be accomplished 

by solving Riccati equations, and in any case there are many computa

tional algorithms which can be used to solve (a). For (b), an 

algorithm developed by Varga and Sima, [14], can be used. 

For distributed parameter systems, define G = B(aQ) and 

H = A_(a ) . Let S £ GP'™, and define R to be the sum of the 

principle parts of the Laurent expansion of S at its poles in CQ^^, 

and let E = S-R. Since S has only a finite number of poles in C^^^, 

and moreover, those poles are the only singularities of S in C^^^ 

for some o^ < o^, we have i o' 
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a. S = E + R 

b. E £ H P ^ 

d. R £ Rp(s) 

e. R is strictly proper [15]. 

In other words, any open-loop system can be additively decomposed as 

the sum of a (possibly) distributed H-stable open-loop system and a 

finite-dimensional (possibly) H-unstable system. Choose Q, = C +. 

Since Mo^)CZ A_(a^) and R"(aQ)C: A*(aQ), theorem 7.1 is valid in 

the present setup. Thus, by identifying R as C(sl-A)" B [here we 

choose (A,B,C) to be a minimal realization of R], theorem 7.1 provides 

a means of computing coprime factorizations of any open-loop system. 

NOTE: Since A,B,C are by construction finite matrices, the formulae 

(7.1)-(7.4) are still valid. Here we can choose F,K such that A-BK 

and A-FC are (Hurwitz) stable by minimality. 



CHAPTER 8 

RELATIONSHIP BETWEEN INPUT/OUTPUT APPROACH AND 

STATE-SPACE APPROACH FOR DISTRIBUTED 

PARAMETER SYSTEMS OF 

TYPE BCOQ) 

There are certain relationships between state space systems 

described by equation (4.1.1) and the input-output convolution 

algebra described in section 2.2.4. If this algebra is applied 

to the state space system described by equation (4.1.1), we have 

the following theorem: 

Theorem 8.1 

If the system described by equation (4.1.1) is 6-s.d., then 

the transfer function C(sI-A)~^B has a 6-left fractional 

representation in B(6) for some 6 > 0. 

The proof of the above theorem has been taken from Jacobsen and Balas, 

[7], (The 6 chosen in the proof is 6 » max (6-^, 62) + n, 

where 6-^ is the growth constant of A-BK, 62 is the growth constant of 

A-FC, and n is a small positive number). 

Proof: By the assumption that the system described by equation (4.1.1) 

is a-s.d., we have the existence of operators K £ (H, R^) 

and F e (R™,H) such that A-BK and A-FC are generators of 

exponentially stable CQ-semigroups. Now consider the systems 

x^(t) = (A-BK-FC)xj^(t) + Fui(t) (8.1) 

y3̂ (t) = Kx;̂ ^̂ ) 

X2(t) = Ax2(t) + Bu2(t) (8-2) 

y2(t) = Cx2(t) 
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In fig. 5 let C be described by (8.1) and P by (8.2). Then it 

is easily checked that the map (u-|̂, U2) •* (e-^y ^2^ is given in terms 

of input-output operators as 

(I+PC) -1 -P(I+CP) -1 

Cd+PC)"^ (I+CP) -1 

u-

U' 

and in terms of an interconnected state space representation on the 

product space HxH as 

xi(t) 

X2(t) 

^ 

A-BK-FC 

BK 

-FC 

A 

^1 

_^2_ 

+ 

F 

0 

0 

B 

— — 

^1 

_^2_ 

0 

K 

-C 

0 X' 

0 

0 

Ui 

U' 

For conciseness, we rewrite the above closed-loop state space descrip

tion as 

^int " •̂ int̂ int •*" ̂ int^int 

^int " ^int^int 

where "int" denotes the interconnection operators on the product space 

HxH. A. ^ is the generator of an exponentially stable CQ-semigroup 

with a growth constant 00 <. max(03-1̂ ,0)2) where '^1*^2 ^^® ^̂ ® growth 

constants of A-BK and A-FC respectively. 

Now put p = 0) + n where n is a small positive number chosen so 

that 0) < p < 0. To show that the elements of the map (u-ĵ , U2) ̂  (e-ĵ , 62) 

all belong to A_(p), we first note that the convolution kernel of the 

map (u-ĵ , U2) ->• (e-ĵ , 62) is given by 
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Cint T^" "mt + "mt «(') 

where T^^^ , t >. 0 is the CQ-semigroup generated by A^^^ and 6(') is the 

Dirac distribution. By definition of A_(p) we see that we are done if 

we can show that C^J^^.TJ^^ B^^^ has its entries in A_(p). But now note 

for B £ (oD,p) we have that 

^0 ll<̂ lnt T^"' B,„J| dt < M • ||c,„J|.||Bi„J| • /; e(-6^)t ,, , , 

Then by choosing bases in R^ and R"̂ , the input and output spaces, 

has a matrix representation. Then 

^; K ^ m t T^" Hnthil ^-'' dt ̂  ;; ||C,„, li« B,„J| e-6t < -

So since A(B)CA_(p), we have that Ĉ ^̂ ^ TJ"^ B̂ ^̂ .̂ has its entries in 

A_(p). No examine the input-output closed-loop description. Denoting 

the matrix of transfer functions by H(P,C), we see that 

P = -H(P,C)^2^(P'^)"'^ • 

By the above, H(P,C) has elements in A_(p). Also note that both P and 

C are strictly proper, i.e., the limits taken in the right half-plane 

of convergence of the respective Laplace transforms go to zero as 

|s| -*• °°. Hence 

P = -H(P,C)^2^^J(H(^»^)22) det(H(P,C)22) 

where Adj(H(P,C)22) is the transponse of the matrix of cofactors of 

H(P,C)22. But H(P,C)22 = (I+CP)"^, so 

lim detH(P,C)22 = det lim(I+CP)~^ = 1 

where the limits are taken as |s| ̂  °° through C . . Thus 
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detH(P,C)22 ^ A_(p), so P = -H(P,C)^2^(^*^)22 ^^ ^ P-right representa

tion (possibly not coprime). 

Q.E.D. 

Before proceeding, a preliminary result is needed. 

Theorem 8.2 

If the state space system described by equation (4.1.1) is 

A_(ao) stable, then ||CT^.B|| :< K e^^ for some r < o^. 

From this we see that we can always go from an integral norm bound 

to a pointwise norm bound for the class of systems described by 

equation (4.1.1). 

Proof: From the definition of A_(a) we have that for some r < a 

00 

/Q e"^^ I |CT^B| | dt < " . 

Now for any f £ R^ we have that 

/Q e"^^ l|CT̂ Bf|| dt < /Q e"^^||CT^B|| dt 'llfll < °° • 

So we may consider the integral on the left-hand side. Also we have 

that 

/ Q e"^^ l|CT^.Bf II dt = /Q ||CT^.Bf II dt 

where T̂ ,̂ t >. 0 is the C -semigroup generated by A-rl. Now it is 

claimed that ||CTtî Bf|| ->• 0 as t ->• «>. For the purpose of contradiction) 

assume that it does not. Then there exists a sequence "ft̂ }!̂ .-]̂  such 

that ||CT̂ ĵ Bf|| >. d > 0 for some 6. Without loss of generality, we 

assume now that m = 1, i.e., C: H ^ R is a bounded linear functional. 

Then by Lemma 4.21 of [18] we have that H = M + N(C), dim M= 1. Now 

||CTj.Bf II is continuous so there exists h > 0 such that for all 
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^ £ [ t ]^ , t-i+h] we have ||CTpBf|| 2 . ^ 6 . But fo r any t-^ i n t he sequence 

above , T ĵ̂ Bf £ M , so 

so 

Now 

so 

so 

so 

T ĵ̂ Bf = a^ T^-^ Bf. A l so , 

6 < ||CT^.j^Bf|| = |a^|.||CT^.3_Bf|| = | a ^ | L 

6L"-'- :! hi^l 

Ttk^f = % T , i B f 

T^Ttk^f = V c ^ t l ^ f 

CT^+tk^f = ^ k CT^^.tlBf 

CVtn^fll = 1%1-IIVtl^^ 
> (6L-^) • (J6) 

fo r a l l C e [ 0 , h ] . 

Hence, i f ||CT^Bf || does no t go to zero as t ^ °°, then i t cannot be 

i n t e g r a b l e . This i s a c o n t r a d i c t i o n , so i t must be t r u e t h a t 

I ICT^Bf II •* 0 a s t ->• °°. 
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Now since f £ R'̂  was arbitrary, we must have ||CTtB|| <. k for 

some k (by the principle of uniform boundedness and the continuity of 

t ^ (T^Bf). Therefore, ||CTJ.B|| :< k e^^. 

Q.E.D. 

The theorem below shows that there is an equivalence between A (a ) 

stability and exponential state stability. 

Theorem 8.3 

The system described by equation (4.1.1) is OQ-stable iff 

a. the triple (A, B, C) is OQ-s.d., and 

b. (4.1.1) is A_(aQ)stable. 

Proof:-»• Consequence of definitions (see proof of theorem 8.1) for the 

technique. 

-If (A, B, C) is a-s.d., then by theorem 6.1, Ĉ (sI-Â )~-'-B̂  has its 

entries in A_(a), but a(A^) £ 0^+, so (A, B, C) =.Ag, Bg, Cg). 

Q.E.D. 

It is also possible to obtain a closed-loop equivalence, as seen in 

the following theorem: 

Theorem 8.4 

Consider the feedback configuration shown in fig. 5. Let P 

be described by a triple (A-ĵ , B-ĵ , C-ĵ) as in equation (4.1.1) 

and C be described by a quadruple (A2, B2, C2, D2) as in 

equation (4.1.2). Then the interconnected system is 

a-stable iff 

a. both P and C are a-s.d., and 

b. the interconnected system is A_(a ) stable. 
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Proof: ^ Follows from the definitions (see proof of theorem 8.1 

for the technique). 

•<-If both P and C are a-s.d., then so is the interconnected system. 

Hence, the interconnected system is a-stable by theorem 8.3 above. 

Q.E.D. 



CONCLUSION 

The problems we have discussed in this thesis all pertain to the 

difficulties involved in practical control for systems governed by 

partial differential equations. We have seen there have been two 

quite successful approaches based upon the i/o techniques or the 

state space techniques that are familiar for lumped linear systems. 

The thesis has shown that these two approaches are in fact inter

connected via spectral decomposition. This leads us to believe that 

a rich theory can now be developed by relating the realization theory 

for infinite dimensional systems (state space realization) to coprime 

factorization (i/o representation) based upon restricted shift systems. 

This in turn will lead to computational techniques for computing all 

stabilizing (and tracking, etc.) compensators for such systems. 

In conclusion, we have explored the interplay between algebraic 

theory for systems and dynamical systems arising via 1-parameter 

semigroups. This synthesis has already led to a number of fundamental 

results in the field, and we expect that it will eventually yield a 

complete and satisfying theory. 
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Fig. 1: Djmami': Output Feedback 

t(s) 

Fig. 2: Feedback System with Tracking Generator 

Fig. 3: Feedback Configuration for Input Disturbance Rejection 
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Fig. 4: Small Gain Property 

Fig. 5: Basic Feedback System Z (P,C) 

Fig. 6: Feedback Configuration for Minimization of Weighted Sensitivity 
Matrix 
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Fig. 7: Feedback System for Output Disturbance Rejection 

Fig. 8: Equivalent System for Output Disturbance Rejection 
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Fig. 9: Feedback System for Simultaneous Tracking and Disturbance 
Rejection 

<3-

Fig. 10a: Linear Systems Fig. 10b: Interconnection Model 
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Fig. II: Interconnection Effects 

u 

w » 0 

Fig. 12a: "Black Box" Description Fig. 12b: "Complete" Description 

Fig. 13: "Extension" of Z(P,C) 
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