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ABSTRACT 

 

Explicit-Implicit Domain Decomposition (EIDD) is a class of globally non-

iterative, non-overlapping domain decomposition methods for the numerical solution of 

parabolic problems on parallel computers, which are highly efficient in terms of both 

computation and communication for each time-step. The goal of this thesis was to 

investigate a parallel implementation with the novel domain partition for Alternating 

EIDD (AEIDD), which is used to solve general parabolic problems. We achieved 

increased parallelism than was previously implemented, while maintaining the stability, 

efficiency and accuracy of the AEIDD algorithm. 
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CHAPTER 1 

INTRODUCTION 

 

 Science, engineering, finance and business have been the driving forces for the 

need of greater computational power. Greater computation power helps to solve the 

problem quickly and if done with care, gives the needed results. This driving force has 

helped bringing parallel computing come into being. 

 Parallel computing is a critical component of the computing technology, and is 

growing in importance with the increase of multiprocessor PC desktops and servers, and 

scalable clusters of commodity workstations. Parallel computing uses two or more 

processors (computers) in combination to solve a single problem. The programmer has to 

figure out how to break the problem into pieces and relate the pieces to each other [1]. 

The parallel computing has helped in carrying out detailed computer simulations which 

could then be followed by experiments or building prototypes. Thus the experiment and 

observation in the scientific paradigm, and design and prototyping in the engineering 

paradigm, are being increasingly replaced by computation. 

 Parallel computers vary in the way they are organized. Some parallel computers 

use message-passing commands like send () and receive () to communicate among the 

processors [2]. Such parallel computers are message-passing systems which are usually 

distributed memory computers. Some parallel computers use shared-memory systems. In 

this type of architecture the processor can directly read and write data to and from every 

memory location respectively. 
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1.1 Motivation 

 In a generic sense, the process of construction a parallel program consists of 

decomposition into tasks, assignment of tasks to processes, orchestration of processes 

(communication and synchronization) and mapping of processes to processors.  

 There are two primary methods of partitioning a problem, data decomposition and 

functional decomposition. Data decomposition requires partitioning the data and then 

partitioning the computation based on the partitioned data. Functional decomposition 

requires partitioning the computation into smaller tasks and then partition the data based 

on these tasks. This is common in problems where there are no obvious data structures to 

partition, or where the data structures are highly unstructured. Our algorithm uses data 

decomposition to attain parallelism. For large computational problems, data 

decomposition usually can attain high parallelism, and is often the method of choice. For 

large scale, highly parallel program-problem ensembles, distributed memory parallel 

computers are the common choice since shared memory computers have high overhead 

when machine size becomes large. For distributed or distributed-shared memory system, 

message-passing is an effective mechanism. 

 One of the major developments in the application of distributed computing was 

the standardization of the Message Passing Interface (MPI), which allows for a standard 

way for programs to be written in a distributed environment so that they can share their 

load across the system in the most efficient way possible. This interface provides a 

mechanism for processes to communicate between instances of themselves and others on 

remote nodes to achieve high parallelism and low overhead. 
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 In scientific computing, the term domain decomposition is defined as a “divide, 

conquer and combine” technique for arriving at the solution of problem defined over a 

domain from the solution of related problems posed on sub-domains [3]. The reason for 

domain decomposition is that the solution of the sub-problems is qualitatively or 

quantitatively easier than the original. For instance, when the original problem does not 

fit into the available memory space of a single-processor machine, parallel computing is a 

good solution candidate. The other reason for domain decomposition is that the sub-

problems can be solved with some concurrency. 

 The Explicit-Implicit Domain Decomposition (EIDD) [4] is a class of globally 

non-iterative, non-overlapping domain decomposition methods for the numerical solution 

of parabolic problems on parallel computers, which are highly efficient both 

computationally and communicational for each time step. Domain decomposition 

methods are useful in the way that, the division of problems into smaller problems 

through usually artificial subdivisions of the domain is a means for introducing 

parallelism into a problem. In this manner, problems that are intractable on serial 

computers can be solved on parallel computers. 

 Recently, Zhuang introduced the Alternating EIDD (AEIDD) [5] method for 

general parabolic problem which are algorithmically simple, highly stable and efficient. 

The main goal of the thesis is to investigate a parallel implementation with a novel 

domain partition for AEIDD algorithm to increase the parallelism than was previously 

implemented, while maintaining the stability, efficiency and accuracy of the algorithm.  
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1.2 Organization of the Document 

 The remainder of this thesis document is organized as follows. Chapter 2 gives 

background information on the existing domain decomposition methods and the 

preliminary results. Chapter 3 explains the Parallel Algorithm. Chapter 4 contains 

experiments conducted using the parallel algorithm and the results. Chapter 5 is the 

conclusion. 
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CHAPTER 2 

EXISTING DOMAIN DECOMPOSITION ALGORITHMS 

 

 This chapter begins by discussing the problem our parallel algorithm aims to 

solve. Section 2.2 discusses the existing domain decomposition solution algorithms. 

Section 2.3 explains the preliminary studies.  

 

2.1 The Problem 

 In this thesis we are interested in domain decomposition based parallel algorithms 

for the simulation of dynamic systems governed by the initial boundary value problem of 

the parabolic equation 
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where the problem domain Ω  is a compact subset in kR  with 2=k  or 3, and the spatial 

variable k
iixx 1)( == . B  is a boundary operator with IB =  representing the Dirichlet 

boundary condition and 
n
uB
∂
∂

=  representing the Neumann boundary condition, here n is 

the normal vector of the boundary Ω∂ . The functions ia and ib  are continuously 

differentiable, and c and f are continuous. For notational simplicity, we denote the 

spatial operator by A , namely 
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Then the evolutionary system (2.1) can be concisely written as  
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The system covers many evolutionary processes including heat transfer, chemical 

convection and diffusion, microbial transport.  

  

2.2 Existing Domain Decomposition Methods 

 Substantial research has been conducted in domain decomposition methods 

during the past fifteen years, and progress in the area of Schwarz alternating methods [6, 

7], for elliptic equations is especially gratifying. Schwarz methods are globally iterative 

methods for elliptic equations. For parabolic problems (2.3), when implicit temporal 

discretization schemes are employed, an elliptic equation must be solved for each time 

step. Thus Schwarz methods can be used for the parallel solution of parabolic equations 

by solving the elliptic equation in parallel.  

 In parallel implementation of domain decomposition algorithms, when different 

sub-domains are assigned to different processors, globally iterative methods incur 

repeated data transmission among processors. Since communication is much more time 

consuming per byte than computation, it is important to keep the global iterations to a 

small number. In 1988, based on a property of the Green’s function of the temporal 



 7

discretization, Kuznetsov [10] proposed a one-iteration overlapping Schwarz algorithm 

for the approximate solution of the elliptic equation obtained from an implicit temporal 

discretization. This overlapping one-iteration method has also been extended to more 

general problems. These overlapping one-iteration methods have good stability but 

require an overlap size of )log( εtO Δ  for a local error tolerance of )(εO , where tΔ  is 

the time-step size. A different non-iterative overlapping method was developed by 

Mathew et al. [11] in 1998 using the multi-dimensional ADI method [12] with domain 

decomposition based operator splitting. But the stability of their algorithm deteriorates 

when the number of sub-domains goes above two, and the overlap size requirement is 

also not small as mentioned by Mathew et al. themselves. 

 For domain decomposition methods, since overlapping incurs higher computation 

and communication costs, non-overlapping algorithms are obviously more appealing if 

all other algorithmic conditions are the same. In 1991, Dryja [13] proposed globally non-

iterative, non-overlapping domain decomposition based finite element solver for the 

elliptic equation obtained from Crank-Nicolson temporal discretization . His solver is a 

fractional step method from the viewpoint of temporal discretization, and a one-iteration 

minimal overlapping multiplicative Schwarz method from the viewpoint of elliptic 

solver. Dryja’s method is unconditionally stable but has a very low global accuracy of 

order )()( hOtO +Δ  where h  is the spatial mesh size. A similar non-iterative, non-

overlapping method was developed by Laevsky and Rudenko [14] in 1995 which 

achieves unconditional convergence and a global accuracy )()( hOtO +Δ , an 

improvement over Dryja’s method in temporal accuracy but still low in spatial accuracy. 
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Another non-iterative, non-overlapping method of Laevsky [14], uses a domain 

decomposition based ADI-type [13] method to solve the elliptic equation resulting from 

the Crank-Nicolson scheme with only one iteration. However the global error of this 

algorithm is of order )( htO Δ . Furthermore, his method becomes only conditionally 

stable when the number of sub-domains goes above two. 

 One reason for the low accuracy of the aforementioned non-iterative, non-

overlapping algorithms is the lack of adequately accurate interface boundary conditions. 

Explicit-implicit algorithms have solved the problem of the availability of interface 

boundary conditions for non-iterative, non-overlapping methods. In 1988, Kuznetsov [10] 

proposed an explicit-implicit scheme using non-overlapping domain decomposition. The 

interface boundary conditions are first predicted using an explicit method. Then a stable 

implicit temporal scheme can be applied to the equation on the sub-domains and the 

resulted elliptic equation on each sub-domain can be solved independently, and thus in 

parallel. When the forward Euler scheme is used to predict the interface boundary 

condition and the backward Euler scheme is used for the equation on the sub-domains, 

the explicit-implicit method can be represented as  

nn utAItAIu )()( 1
1

2
1 Δ+Δ−= −+ ,                           (2.5) 

where A1 is the restriction of discretized spatial operator hA  on the interface boundary, 

and 2A  the restriction of hA  on sub-domains. This method has a global error 

of )()( 2hOtO +Δ . However, the explicit predictor of the interface boundary condition 

)( 1tAI Δ+  in (2.5) caused numerical instability unless the time step size is restricted to 
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)( 2hOt =Δ . To reduce the numerical instability, Dawson, Du and Dupont [15] factorize 

the fully explicit predictor in (2.5) into a partially explicit and partially implicit predictor 

with the explicit prediction carried out only across the interface boundaries, resulting in a 

method, in the case of 2-D problems with the domain partitioned and mathematically 

represent able as  

nxyn utAItAItAIu )()()( 1
1

1
1

2
1 Δ+Δ−Δ−= −−+ ,  (2.6) 

where the underlined is partially explicit partially implicit predictor. Their method retains 

the same order of accuracy and achieves a better numerical stability. However it still 

requires a restriction of )( 34hOt =Δ  on the time step size due to the explicit part in the 

predictor. A penalized explicit-implicit algorithm proposed by Black [16] has achieved 

numerically verified unconditional stability. However it has an error term of order 

2

⎟
⎠
⎞

⎜
⎝
⎛ Δ

h
tO , making the algorithm inconsistent unless paying a price of restricting time step 

size to an order of )( 2hO  to attain a first order temporal accuracy, a restriction 

quantitatively similar to, though qualitatively different from, stability related time step 

size restrictions. There are other papers by Laevsky and his colleagues on explicit-

implicit algorithms, but unconditional stability is not attained and the global errors are 

)()( tOhO Δ+  or larger. 

 Besides Dawson, Du and Dupont’s factorization and Black’s penalty method, 

another effort to improve the stability of EIDD methods is the implicit correction. The 

idea is to replace the explicitly computed interface boundary conditions by a new solution 
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on the interface boundaries computed by an implicit method. An example is the Dawson-

Du-Dupont method corrected by the backward Euler  

nxy
BB

n utAItAItAIXXtAIu C )]()()([)( 1
1

1
1

2
1

1
1 Δ+Δ−Δ−+Δ−= −−−+ , (2.7) 

where SX  is a diagonal matrix with 1 on the positions corresponding to the grid points in 

the subset S and 0 elsewhere, and B and CB  respectively denote the interface boundaries 

and the sub-domains. 

 Realizing that the errors caused by the prediction will propagate to the sub-

domains on which the solution is not corrected by implicitly corrected EIDD methods, 

the stabilized EIDD (SEIDD) methods were introduced [17]. The idea of SEIDD method 

is to design the stabilizer according to the explicit predictor in the hope that the stabilizer 

of the n-th time step could stabilize the predictor of the (n+1)-th time step. The SEIDD 

method for the EIDD method of Dawson-Du-Dupont is  

nxy
BB

yxn utAItAItAIXXtAItAIu C )]()()([)()( 1
1

1
1

2
1

1
1

1
1 Δ+Δ−Δ−+Δ−Δ−= −−−−+ . (2.8) 

 

2.3 Preliminary Results 

 The Alternating EIDD (AEIDD) [5] is a method which employs explicit and 

implicit schemes alternately on the sub-domains and the interface boundaries. In the 

current parallel implementation of the alternating EIDD method, the rectangular domain 

is divided into p sub-domains by non-crossover vertical interface boundaries as in the 

following figure (2.1). 
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Figure 2.1 Domain Partitioning in AEIDD 
 

These sub-domains are denoted by 1 2, ,...., pΩ Ω Ω . The set of all the interface boundary 

points was denoted by B.  

With sub-domain iΩ  and interface boundary 1, +iiB  assigned to a processor iP , the 

parallel explicit-implicit domain decomposition algorithm for computing the solution 

1nu +  at the thn −+ )1(  time step using solution at the thn −  time step was as follows. 

1. Computation of 1 2nu +  on the interface boundaries B  using the forward Euler 

scheme, where the superscript 1
2

n +  refers to taking half time-step from the 

n th−  time-step. Then processor iP  passed the newly computed 1 2nu +  on 1, +iiB  to 

processor 1+iP . These computed data provided the interface boundary conditions. 

2. The second step involves computation of 1 2nu +  on the sub-domains using the 

backward Euler scheme with the interface boundary condition computed at step 1.  

3. Computation of 1nu +  on the sub-domains using the forward Euler scheme. Then 

passed part of the just computed data of 1nu +  on the sub-domain from 1+iP  to iP  

for the implicit computation of 1nu +  on the interface boundaries at the next step. 



 12

4. Computation 1nu +  on the interface boundaries using the backward Euler scheme 

with the solution 1nu +  on nearby sub-domains as boundary conditions. 

It is shown that the parallel AEIDD algorithm had the minimal number of data 

transferring operations for each time step among all parallel algorithms using any 

temporal discretization. This method is algorithmically simple, computationally and 

communicationally efficient for each time step, yielding high parallel speedup and 

efficiency.  But the current implementation of the domain partition as in fig (2.1) is 

not flexible enough. In this thesis, we implement the AEIDD algorithm with a more 

general partition as in fig(2.2) 

 

 

Figure 2.2 Domain Ω  partitioned into p q×  sub-domains 
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CHAPTER 3 

DESIGN OF PARALLEL AEIDD 

 

 This chapter describes the algorithm design strategies that were implemented in 

this research work. Section 3.1 describes the discretizations involved in continuous 

problems for computer simulation. Section 3.2 describes the parallel AEIDD algorithm. It 

also discusses the efficiency and granularity of the parallel algorithm.  

 

3.1 Discretization of the continuous problem for Computer Simulation. 

 The differential equation (2.1) in general cannot be solved by closed form 

solutions, i.e., the solution cannot be expressed analytically in terms of bounded number 

of well-known operations. Hence the method of choice is numerical solution. With a 

numerical solution method, a continuous problem is replaced by a discrete problem. The 

representation of the continuous problem by a discrete one is called discretization. The 

type of problems this thesis targets have both space and time variables. Discretization 

hence occurs in both space and time.  

 

3.1.1 Spatial Discretization. 

 The spatial discretization involves choosing sampling points in the spatial 

domain, restricting the solution and equation coefficient functions from the original 

entire, continuous spatial domain to only the discrete set of sampling points, and finally 

approximating the spatial differential operator by a matrix. Our spatial discretization 
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process starts by taking a set of sampling points which are spaced at equal distances as 

for example in fig (3.1). In fig (3.1), nine sampling points are taken. The sampling points 

are named by a pair of indices (i,j), indicating the point ( , )i jx y . With the sampling points 

chosen, we are interested in obtaining the solution only at those sampling points at each 

time-step and hence we also need coefficient functions only at the sampling points. The 

schemes we employ for approximating the spatial differential operator 

( , ) ( , )A a x y b x y
x x y y

⎛ ⎞∂ ∂ ∂ ∂⎛ ⎞= + ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
 is the following: 

 , ,( , )i j i j
xa u

x
∂
∂

 is approximated by 
1, , 1, ,

1, , 1, ,
2 2( ) ( )

2 2

i j i j i j i j
i j i j i j i ja a a au u u u

h h

− +
− +− +

− + − , (3.1), 

, ,( , )i j i j
yb u

y
∂
∂

 is approximated by 
, 1 , , 1 ,

, 1 , , 1 ,
2 2( ) ( )

2 2

i j i j i j i j
i j i j i j i jb b b bu u u u

h h

− +
− ++ +
− + − ,  (3.2), 

where , ( , )i j
i ja a x y=  and the same applies for other coefficients. 

Since we only are interested in obtaining the solution at the sampling points, the 

solution of the discrete problem is actually a vector, which can be written as   

1,1

2,1

3,1

1,2

2,2

3,2

1,3

2,3

3,3

u
u
u
u

v u
u
u
u
u

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

.                                        (3.3) 
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Figure 3.1 Rectangular Domain with equally spaced sampling points 
 

In the vector given in (3.3), the order of the entries of the vector v  is chosen from the 

sampling points, from left to right and then, bottom to top. This order is known as 

Natural Ordering. This ordering helps in the formation of the vectors in a simple and 

easy format.  

 Applying the schemes (3.1) and (3.2) to approximating the differential 

operator ( , ) ( , )A a x y b x y
x x y y

⎛ ⎞∂ ∂ ∂ ∂⎛ ⎞= + ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
 , we obtain the matrix Z as shown in fig 

(3.2) when natural ordering is used. Each element in the matrix Z  is calculated by using 

the schemes (3.1) and (3.2). For example if we apply the schemes, 1,1Z  in fig (3.3), it is 

calculated as follows: 
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0,1 1,1 2,1 1,1

1,1 2 22 2
a a a aZ

h h
+ +

= − −
1,0 1,1 1,2 1,1

2 22 2
b b b b

h h
+ +

− − , 

where h  is the distance between the two neighboring sampling points. Similarly, rest of 

the elements in the matrix can be illustrated using the schemes (3.1) and (3.2). 

After spatial discretization, the original continuous problem given in (2.1) is 

approximated by  

( ) ( ) ( )dv t Zv t y t
dt

= +                                  (3.4), 

where for each 0t ≥ , ( )v t  is a vector of size m n×  , with m n×  being the number of 

sampling points. Z  is the matrix of size mn mn×  and ( )y t , a vector of size m n× , results 

from the boundary conditions. 

 What has been described so far in this section is the spatial discretization, the 

temporal discretization is actually the AEIDD method that is described in Section (2.3) 

for domain partition as in fig(2.1) and its mathematical representation is given in the next 

section. 
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Figure 3.2 Matrix Z which is formed by approximating the differential operator 

( , ) ( , )A a x y b x y
x x y y

⎛ ⎞∂ ∂ ∂ ∂⎛ ⎞= + ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
, while using natural ordering. The elements are 

named on basis of x and y co-ordinates. Here the first subscripts of the matrix entries 
increase along the direction of x-axis drawn above the matrix and along the direction of 

y-axis drawn left of the matrix. 
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3.1.2 Mathematical Representation for the AEIDD Algorithm 

 In section (2.3), the four steps involved in the parallel explicit-implicit domain 

decomposition algorithm for computing 1nu +  was discussed for the domain partition as in 

fig (2.1). The mathematical representation for the AEIDD algorithm for both the old 

partition (fig 2.1) and the new domain partition (fig 2.2) is the same. 

Before giving the mathematical representation, we introduce a notation. For a 

subset of sampling points, Sχ  is a diagonal matrix with 1 on the positions corresponding 

to the grid points in the subset S  and 0 elsewhere. It is shown in description of AEIDD 

[5] that the domain decomposition method can be written into  

1 1 1( ) ( )( ) ( ) ,
2 2 2 2c c

n n
h h B h h h BB B

t t t tu I x Z I x Z I x Z I x Z u+ − −Δ Δ Δ Δ
= − + − +      (3.5) 

where Z is the matrix given in fig(3.2). The subscripts B  and cB  are discussed below.  

There is a difference in the representation of B  for the old partition (fig 2.1) and 

the new domain partition (fig 2.2). In section (2.3), B  denotes a set of all the interface 

boundary points, and cB  denotes the rest of the sampling points excluding the interface 

boundary sampling points in B . This results in efficient parallel processing when the 

domain partition is like in fig (2.1). But since the partition of the domain in this thesis is 

done as in fig (2.2), the interface boundaries consist of intersection of interface 

boundaries and for higher parallel processing efficiency, B  is chosen to be a set of 

interface boundary points excluding the intersection points of the interface boundaries, 

and cB  includes the sampling points other than those in B . This helps the parallel 
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algorithm for the new domain partition (fig 2.2) to function efficiently as will be 

discussed in Section 3.2.  

With B specified for the new domain partition as in fig(2.2), the AEIDD method 

takes the following four steps to compute the solution of the ( 1)k th+ −  time-step from 

the k th−  time-step: 

1. Compute solution 
1
2

k
u

+
 on B  (interface boundaries excluding the intersection 

points of the interface boundaries) using the forward Euler scheme 

1
2 ( )

k ku I tZ u
+
= + Δ  on B . The computed data provide the interface boundary 

conditions. 

2. Compute solution 
1
2

k
u

+
 on cB  (sampling points excluding the interface 

boundaries but including the intersection points) using the backward Euler 

scheme 
1

12 ( )
k ku I tZ u
+ −= − Δ  on cB  with the interface boundary conditions 

computed at step 1. 

3. Compute solution 1ku +  on cB  using the forward Euler scheme 1 ( )k ku I tZ u+ = + Δ  

on cB .  

4. Compute solution 1ku +  on B using the backward Euler scheme 1 ( )k ku I tZ u+ = − Δ  

on B , with the solution 1ku +  on the nearby sub-domains as boundary conditions. 

With the mathematical representation of the AEIDD method given, and its 

differences for the old and new domain partitions illustrated, we are ready to present the 
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algorithmic implementation of the AEIDD method on a general parallel computing 

system.  

 

3.2 The Parallel Domain Decomposition Algorithm 

  

 

Figure 3.3 The domain divided into p q×  sub-domains 
 

The domain partition for the parallel algorithm described in this section is based 

on the availability of processors, i.e. if there are p q×  processors available, then the 

discrete domain is divided into p q×  sub-domains and each sub-domain ,i jΩ  is of equal 

size as shown in fig(3.3). The values of p and q  are chosen to be close to each other. 
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Before moving to the discussion of the parallel algorithm, description on the allocation of 

data associated with the sampling points on the sub-domains, interface boundaries, and 

the boundary intersection points to the processors is discussed first. 

 We illustrate the data distribution (to different processors) using fig(3.4), which 

displays the sub-domain ,i jΩ  with its interface boundaries, and some of its neighboring 

sub-domains. The four interface boundaries of the sub-domain are identified by 1 2 3, ,b b b  

and 4b  (see fig(3.4),  1 2 3, ,b b b  and 4b  are part of subset B described in Section 3.1.2.). 

The four intersection points of the sub-domain are identified by 1 2 3, ,ip ip ip  and 4ip  as 

shown in fig(3.4). The four intersection points 1 2 3, ,ip ip ip  and 4ip , and the sub-domain 

,i jΩ  are part of cB . With these notation explained, the data distribution for the parallel 

implementation is the following. 

Data Allocation in the Algorithm 

Assign the sub-domain ,i jΩ  to processor ,i jP  for 1,2,....,i p=  and 1,2,....,j q= . 

Assign the interface boundaries 3b  , 4b  and the intersection point 3ip  to processor ,i jP .  

According to the above allocation scheme, the rest of the interface boundaries and 

intersection points in fig(3.4) (i.e. 1 2 1 2, , ,b b ip ip  and 4ip ) are assigned to the processors 

processing neighboring sub-domains, that is, the interface boundary 1b  and the 

intersection point 4ip  is assigned to processor 1,i jp − .  The intersection point 1ip  is 

assigned to processor 1, 1i jP− − . The interface boundary 2b  and intersection point 2ip  are 

assigned to processor , 1i jP − .  
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Figure 3.4 The assignment of boundaries and intersection points of a sub-domain to 
processors 

 

 With the data allocation scheme given, the parallel AEIDD algorithm for 

computing the solution at ( 1)k + -th time-step from the current ( )k th− time-step is the 

following:  

1) Compute the solution  
1
2

k
u

+
 on the interface boundaries (i.e. on B ) using the forward 

Euler scheme as described in Section 3.1.2. Then send the computed solution 
1
2

k
u

+
 on 

interface boundaries to its neighbor (as shown in fig(3.5)) as follows.  

a) For processor ,i jP  as shown in fig(3.4), if a right-neighbor is present (i.e.  

processor 1,i jP+ )  is present, then processor ,i jP  sends the interior vertical 

interface boundary 3b  (refer to fig(3.4))  to the processor 1,i jP+ . A total of 1n −  

elements are sent to the right-neighbor (i.e. processor ,i jP ). 
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b) If processor ,i jP  has a left-neighbor (i.e. processor 1,i jP−  ), processor ,i jP   

receives the predicted interior vertical interface boundary 1b  from processor 

1,i jP− . A total of 1n −  elements are received by processor ,i jP . 

c) If processor ,i jP  has an upper-neighbor (i.e.  processor , 1i jP + ), then processor ,i jP  

sends  the interior horizontal interface boundary 4b  to processor , 1i jP +  (i.e. its 

upper-neighbor). A total of 1m − data elements are sent to the upper-neighbor 

(i.e. processor , 1i jP + ). 

d) If processor ,i jP  has a down-neighbor (i.e.  processor , 1i jP − ), then processor ,i jP  

receives the interior horizontal boundary 2b   from processor , 1i jP − . A total of 

1m − data elements are received by processor ,i jP . 

e) If upper-neighbor (i.e.  processor , 1i jP + ) is present to processor ,i jP , 

i) If processor ,i jP  also has a left-neighbor ( i.e. processor 1,i jP− ), processor ,i jP  

sends the solution at the sampling point neighboring 4ip  to processor 1,i jP− . 

Here a total of 1 data element is sent to the left-neighbor (i.e. processor 

1,i jP− ). 

ii) If right-neighbor (i.e. Processor 1,i jP+ ) is also present to processor ,i jP , then 

processor ,i jP   receives the solution at the sampling point neighboring 

intersection point 3ip   from processor 1,i jP+ . Here 1 element is received by 

processor ,i jP . 
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f)  If right-neighbor (i.e. processor 1,i jP+ ) is present,  

i) If processor ,i jP  also has a lower-neighbor (i.e. processor , 1i jP − ), processor 

,i jP  sends the computed solution at sampling point neighboring 2ip  to 

processor , 1i jP − . The amount of data sent to processor , 1i jP −   is 1. 

ii) If processor ,i jP  also has a upper-neighbor (i.e. processor , 1i jP + ), processor 

,i jP  receives the computed solution at sampling point neighboring 3ip  from 

processor , 1i jP + . The amount of data received by processor ,i jP  is 1. 

 The data computed in step 1 provide the solution at time-step 1
2

k +  at the 

interface boundary conditions. 
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Figure 3.5: Inter-processor communication patterns and amounts of transferred data of 

step 1, assuming each processor is assigned a sub-domain of grid size M N
p q
× , where 

Mm
p

=  and Nn
q

=  
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2) Compute solution 
1
2

k
u

+
 using backward Euler scheme on cB  , i.e. the sampling points 

within the domain and the boundary intersections. The computation of this step can 

be solved mutually independently on the sub-domains and thus in parallel. No 

communication is necessary in this step. 

3)  Compute solution 1ku +  on cB  using the forward Euler scheme. Then part of the 

computed solution is transferred for the computation of 1ku +  on B  (step 4). The data 

communicated in this step is the following (shown in fig (3.6)). 

a)  Considering processor ,i jP  assigned sub-domain ,i jΩ , if processor ,i jP  has a 

upper-neighbor (i.e.  processor , 1i jP + ) and a right-neighbor (i.e.  processor 1,i jP+ ), 

then processor ,i jP  sends the  computed solution of the interface boundary 

intersection point 3ip  to processors , 1i jP +  and 1,i jP+ . 

b)  If processor ,i jP  has a upper-neighbor (i.e. processor , 1i jP + ) and also a left-

neighbor (i.e. processor 1,i jP− ) , then processor ,i jP  receives the computed value 

at 4ip  from processor 1,i jP− . 

c)  If processor ,i jP  has a right-neighbor (i.e.  processor 1,i jP+ ) and  also a down-

neighbor (i.e. processor , 1i jP − ), processor ,i jP  receives the computed solution at 

2ip  from processor , 1i jP − . 

d)  If processor ,i jP  has a down-neighbor (i.e. processor , 1i jP − ), processor ,i jP  sends 

the solution at sampling points neighboring 2b  to processor , 1i jP − . A total of (m-1) 
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data elements are sent by processor ,i jP , where m is the number of grid-points in 

the sub-domain along x-axis.  

e) If processor ,i jP  has a upper-neighbor (i.e. processor , 1i jP + ), processor ,i jP  

receives the solution computed for the  sampling points neighboring 4b  from 

processor , 1i jP + . Here m-1 data are received by processor ,i jP . 

f) If processor ,i jP  has a left-neighbor (i.e. processor 1,i jP− ), processor ,i jP  sends 

the solution computed at the sampling points neighboring 1b  to processor 1,i jP− . 

Here ( 1)n −  elements are transferred by processor ,i jP  to processor 1,i jP− , where 

n is the number of grid-points in the sub-domain along y-axis. 

g) If processor ,i jP  has a right-neighbor (i.e. processor 1,i jP+ ), processor ,i jP  

receives the computed solution of the sampling points neighboring 3b  from 

processor 1,i jP+  .  
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Figure 3.6: Inter-processor communication patterns and amounts of transferred data of 

step 3. Assuming each processoris assigned a sub-domain of grid size M N
p q
× , where 

Mm
p

=  and Nn
q

=  
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4) Compute the solution 1ku +  on the interface boundaries B  using backward Euler 

scheme with the solution 1ku +  on nearby sub-domains which it received in the 

previous step (step 3) as boundary conditions. This step does not involve any 

communication with neighboring sub-domains.  It involves the following: 

a)  If processor ,i jP  has a right-neighbor (i.e. processor 1,i jP+ ), compute 1ku +  on 

interface boundary 3b  using backward Euler theorem. 

b)  If processor ,i jP  has a upper-neighbor (i.e. processor , 1i jP + ), compute solution 

1ku +  on interface boundary 4b  using backward Euler theorem. 

 

3.3 Performance Analysis of PAEIDD 

In Section 3.2, we discussed that in the parallel AEIDD, B  is chosen to exclude 

the intersection points. In this section we are going to give the computation and 

communication efficiency analysis of the parallel AEIDD which shows the significance 

of the choice of B .  

In step 1 of the parallel AEIDD algorithm, the computation of solution is done on 

the interface boundaries of the sub-domain using forward Euler scheme. In the type of 

partition involved in the parallel AEIDD, the interface boundaries do not include the 

intersection points (see section 3.2). With forward Euler, the computation of solution 

1
2

k
u

+
 on each sampling point in B  involves solution ku  on that sampling point and its 

neighboring sampling points. Since interface boundary segments in B  are disjoint due to 

the exclusion of intersection points, the computation of the solution 
1
2

k
u

+
 on different 
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interface boundary segments can be executed mutually independent of each other and 

hence in parallel.  

It is also shown below in fig 3.7 that the communication of data involved in this 

step can also be carried out in parallel.  The necessary communication is the following. In 

step 1 of the parallel AEIDD algorithm (Section 3.2), a sub-domain ,i jΩ  send the interior 

vertical interface boundary 3b  to its right-neighbor 1,i j+Ω . Similarly the lower and upper-

neighbor (see fig 3.7) can send the interior vertical interface boundaries 3b  belonging to 

each sub-domain can be sent in parallel. In step 1, the interior vertical horizontal 

boundary 4b  is send from sub-domain ,i jΩ  to its upper-neighbor , 1i j+Ω . 

 

Figure 3.7 The parallel communication involved between the four neighboring sub-
domains 
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Again here all the right and left-neighbors present to ,i jΩ  can send their interior 

horizontal boundary 4b  in parallel. Similarly in step 3, the communication of the 

neighboring sampling points to interface boundary B  can be sent in parallel. 

The total communication time of step 1 is analyzed and is discussed. When the 

sub-domain ,i jΩ  (assigned to processor ,i jP ) has neighbors on all four sides (upper, 

down, right and left), then the total amount of data transferred is ( 1) ( 1) 1 1m n− + − + + , 

where m  is the number of grid-points along the horizontal boundary of the sub-domain 

and n  is the number of grid-points along the vertical boundary of the sub-domain 

(section 3.2). For sub-domains having less than four neighboring sub-domains the total 

amount of data elements transferred will be less than that described above. Similarly the 

total amount of data ,i jP  (assigned with sub-domain ,i jΩ  having neighbors on all four 

sides) receives is ( 1) ( 1) 1 1m n− + − + + . As described above, the sends and receives in 

Step 1 take place in parallel. Due to this reason, the total communication time for all 

processors is only the time needed to transfer or receive ( 1) ( 1) 1 1m n− + − + + .  

In step 2 of the parallel AEIDD algorithm, the computation of the solution on 

each sub-domain involves solution ku  on the sub-domain and the solution 
1
2

k
u

+
 on the 

sampling points neighboring to the sub-domain. Since the points neighboring a sub-

domain are only on B , the computation on each sub-domain requires only 
1
2

k
u

+
 on B  but 

not anywhere else, so the computation of this step (step 2) on a sub-domain involves no 

data on any other sub-domain or on any intersection point of the boundaries. The same is 
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true for the computation on any intersection point of boundaries. Therefore in step 2, the 

computation on one sub-domain or intersection point has no dependence upon the 

computation on another sub-domain or intersection point, and hence the computation on 

different sub-domains and different intersection points can be parallelized. Hence the 

computation on different sub-domains and on different intersection points can be 

executed all mutually independent of each other and hence in parallel. There is also no 

communication involved in this step. 

Step 3 of the parallel AEIDD algorithm involves computation of the solution on 

cB  using forward Euler scheme. Again the computation can be executed in parallel for 

exactly the same reason as that for step 2 though the computation of step 3 has higher 

parallelism due to the difference between forward Euler and backward Euler. The amount 

of communication is exactly the same as that of step 1 except the directions of data flows 

in the communications is reversed.  

 In step 4 of the parallel AEIDD algorithm, the computation of the solution on 

each segment of the interface boundaries B  depends on solution 1ku +  on the sampling 

points neighboring to this segment. Here the points neighboring an interface boundary 

segment are the sampling points in the sub-domain and the intersection points (part of 

cB ) which have been received from neighboring appropriate sub-domains during step 3. 

Therefore in step 4, the computation on a segment of B  does not depend on the 

completion of computation on any other segment of B  because all the sampling points 

neighboring a segment are in part of cB  due to the choice of B . And this meant that the 

computation on different interface boundary segments in this step can be executed in 
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parallel. The choice of excluding intersection points of boundaries makes any sampling 

point neighboring to a segment of  B  not to be part of B . As analyzed before, this makes 

possible the parallelization of the computation on different segments. Besides this 

contribution, the choice of B  also makes step 4 computationally more efficient than 

otherwise (i.e. B  including intersection points). The reason for computation efficiency is 

because the backward Euler is more efficient on line segments (shown in fig 3.8(a)) than 

on networks or meshes as shown in fig 3.8(b). In step 4, we are using backward Euler 

scheme.  

 
Figure 3.8 (a) Domain partition with interface boundaries excluding the intersection 

points 
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Figure 3.8 (b) Domain partition with interface boundary including intersection points 

forming a mesh like partition 
 

A good parallel algorithm should make good use of the computing resources 

available for useful parallel computation and minimize the communication overhead 

involved. The analysis given above for each step indicates a high utilization of parallel 

computing power with adequately high (i.e. parallelism at any moment of the algorithm is 

not less than the number of processors) and efficiently utilizable parallelism and low 

communication overhead of transferring 2* ( 1) ( 1) 1 1m n− + − + +  data items for each 

time-step, where this communication overhead is the summation of communication costs 

during step1 and step3 of the parallel AEIDD algorithm. This communication overhead, 

as provable using the same arguments as in [5], is the optimal among all parallel 

algorithms using any time integration scheme for any given domain partition of the type 

similar to fig 3.8(b). Thus our algorithm is optimal in terms of communication efficiency.  

The next section talks about the processor granularity and task granularity which 

emphasizes the partitioning of the sub-domains and their assignment to processors.  
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3.4 Granularity and Parallelism 

 For domain decomposition based parallel algorithm for simulating spatial-varying 

dynamic system, the problem domain is usually divided into sub-domains depending on 

the number of processors available in the parallel computing system (Section 3.2).  

Our parallel AEIDD algorithm allows flexible domain partitioning to help in 

dividing the task into sub-tasks based on the computational resources available, hence 

allowing the algorithm implementers (i.e. programmers) to choose algorithm granularity 

to fit architecture granularity (i.e. make good use of the available computing resources). 

Depending on the size of the computations involved in the sub-tasks, the parallel program 

can be divided into fine-grain, medium-grain and coarse-grain computing. Due to the 

flexibility of our parallel AEIDD algorithm described before, it can fit into fine-, 

medium-, or coarse-grain computing depending on the available parallel computing 

resources.  

Similar to algorithm granularity, there were also granularity issues in parallel 

architecture. A parallel computing system may consist of a small number of very 

powerful processors or a large number of relatively less powerful processors. Processors 

belonging to the former class are called coarse-grain computers, and those belonging to 

the latter are called fine-grain computers. Between these extremes are medium-grain 

processors. 

Different applications are suited to coarse-, medium-, or fine-grain computers to 

varying degrees. Some applications have only a limited amount of concurrency. Such 

applications cannot make effective use of a large number of less powerful processors, and 
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are suited to computers with small number of processors. Algorithms for large problems 

of this type are of coarse-grain and suited to coarse-grain computers. Fine-grained 

applications are applications where the whole computation task is partitioned into a 

number of small-sized sub-tasks and usually have high parallelism.  

Nowadays the computing power of each processor in a parallel computing system 

is usually very high, e.g. pc clusters, as well as, the parallel computing system that we 

sued to test our parallel program consisting of IBM power4 processors of 1.5 GHz speed 

and giga-bytes of main memory. With such high computing power for each processor, the 

combined parallel computing system is coarse-grain (i.e. each processor has a high 

computing power) even if the computing system can have a large number of processors. 

With such high computing power, it is desirable to achieve high computational efficiency 

by assigning sub-tasks which make good utilization of the computing power. And good 

utilization means the coarse-grain computation. Otherwise, if fine-grained, tiny-sized 

sub-tasks are assigned to such power processors, the communication will occupy a high 

percentage of the parallel computation time (high ratio (C/R)). Since when the sub-tasks 

are small, the computation of these sub-tasks takes very less time and the communication 

overload occupies a relatively significant percentage. In coarse-grain computation the 

parallel efficiency is achieved by making use of the computational resources by assigning 

sub-tasks that make good use of the computational resources by carrying out substantial 

computations but relatively less communication, i.e. the ratio (C/R) is small. To make 

effective use of the computational power of each processor that is available these days, 

coarse-grain computation is the trend nowadays.  



 37

For our parallel algorithm, coarse-grain computing (large computations per sub-

task) was chosen, because the computing resources provided to us were coarse-grain 

computers even though our algorithm allows both fine- and coarse-grain partition of the 

computation task.  

We have discussed the parallel implementation of AEIDD and about the 

granularity and the efficiency of the parallel AEIDD algorithm. The next chapter 

(Chapter 4) discusses the MPI implementation of the parallel AEIDD algorithm. 
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 CHAPTER 4 

EXPERIMENTAL RESULTS 

 

 This chapter presents the results of the experiments conducted on the Parallel 

Alternating Explicit Implicit Domain Decomposition (PAEIDD) Algorithm. The parallel 

AEIDD algorithm was implemented using MPI programming (see Section 3.3) along 

with C programming. 

The Hardware 

 We tested the parallel AEIDD on IBM p655 nodes. Each node has eight 1.5 GHz 

Power4 processors with 16GB memory per node. The operating system that is loaded in 

this system is AIX5.2 [19]. The Power4 processors are superscalar (capable of 

simultaneous execution of multiple instructions) pipelined 64-bit RISC chips with two 

Floating-point Units, 2 Fixed Point (Integer) Units, Branch Execution Unit, and a 

Conditional Register Unit. They are capable of executing up to 8 instructions per clock 

cycle and up to four floating point operations (two fused multiply-adds) per cycle. Each 

Power4 CPU has a two-way L1 (32 KB) cache, a L2 (0.75 MB) cache which is four-way 

set associative. There is also an 8-way L3 cache on each node (16 MB per processor). 

The nodes are connected by the Federation switch as shown in fig(4.1). Each node is 

directly connected to the GPFS (IBM’s parallel file system) through a Fibre Channel link. 

The given GPFS I/O performance is about 2.1 GB/s for reads and 1 GB/s for writes.  
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Figure 4.1 Connection Architecture of the p655 nodes (with 8 Power4 processors) 
 

The Application Programming Interface (API) 

 Message Passing Interface (MPI) is the API used to implement the parallel 

AEIDD algorithm for domain partition as shown in fig (3.3). We used blocking MPI 

sends and receives to communicate computed data between neighboring sub-domains.  

 MPI [20] is an Application Programming Interface of the message passing 

paradigm. The interface is suitable for fully general MIMD (Multiple Instructions 

Multiple Data) architecture and for those programs written in the style of SPMD (Single 

Program Multiple Data). Our parallel implementation of AEIDD is based on SPMD, 

wherein the program maps a problem of size M N×  into p q×  instances of a size 

M N
p q
× . A message passing function is simply a function that explicitly transfers data 
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from one process to another. The MPI communication calls assume that the processes are 

statically allocated, i.e. the number of processes is set at the beginning of execution and 

no additional processes are created during execution. An important goal of MPI was to 

allow efficient implementations across machines of differing characteristics.  

 Sending and receiving messages by processes is the basic MPI communication 

mechanism. We used the blocking communication mechanism for the implementation of 

parallel AEIDD. The communication mechanism is blocking if the completion of the call 

is dependent on certain “events”. For sends, the data must be successfully sent or safely 

copied to system buffer space, so that the application buffer that contained the data is 

available for reuse. For receives, the data must be safely stored in the receive buffer, so 

that it is ready for use. 

 The communications by MPI can be point-to-point or global. Point-to-point 

communication involves communication between a source and destination. Global 

communication involves communication to multiple destinations. The point-to-point 

communication involves less communication cost compared to the global 

communication. We used the send (MPI_Send())  and receive (MPI_Receive()) functions 

to communicate data, which are point-to-point communications. The communication is 

only between the neighboring sub-domains. This makes the communication cost low.  

The Testing Problem and Testing Setup 

The testing problem for the PAEIDD algorithm is the diffusion equation 

cos( ) 1 (cos( ) 1)
2t x yy

xu u x u x u⎡ ⎤⎛ ⎞= + + + +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 with solution sin( )sin( ).tu e x y−=  (4.1) 
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The spatial domain for the testing problem is[0,10] [0,10]× , and the simulation time 

interval [0,1] . In the tests the spatial domain is divided into p p× equal-size square 

sub-domains, with p ranging from 1 to 256, and each sub-domain is assigned to a 

different processor. As we scale up the machine size from 1 to 256 processors, the testing 

problem sizes are chosen in the way that the discrete spatial sub-domain on each 

processor is fixed at grid size 64 64×  and the time-step size is 1/1000. With such a 

setting, the data set size will remain the same on each processor as processor number 

increases. We measured the total execution time, computation time, communication time, 

the maximal error of the numerical solution at time 1t =  and we also calculate the 

speedup and efficiency. These measured data are listed in Table 4.1. The calculated 

values for Speedup and Efficiency are listed in Table 4.2. 

The data listed in the Table 4.2 gives values of the speedup and efficiency for the 

number of processors used in the computation.  The speedup for p  processors is 

calculated using a generalized version [18] as follows: 

 

Assuming that the amount of effective work performed by p  processors is p ×effective-

work(1), from the above equation we obtain that 

Speedup ( p ) = 

Effective-work(p) / T-total(p) 

Effective-work(1) / T-total(1) 
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which can be simplified into 

 

The above formula was used to calculate the values for speedup in the tests.  

The efficiency listed in Table 5.2 is calculated as follows: 

 

 

 

 

 

 

 

Speedup ( p ) = 

p ×effective-work(1) / T-total(p) 

Effective-work(1) / T-total(1) 

, 

Speedup ( p ) = 

p  ×  Total execution time by 1 processor 

Total execution time by p  processors 

Efficiency = 
Speedup for p  processors 

p  processors 
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Table 4.1 Results of testing PAEIDD on equation 4.1 with fixed problem size 

Algorithm 
No of 

processors 
m n×  Total_t Comp_t Comm._t Max_err 

1 64 64×  1.07e+01 1.07e+01 0.00e+00 1.82e-03 

4 64 64×  1.08e+01 1.07e+01 5.64e-02 4.53e-04 

16 64 64×  1.11e+01 1.09e+01 2.64e-01 1.10e-04 

64 64 64×  1.14e+01 1.10e+01 3.94e-01 1.38e-05 

PAEIDD 

256 64 64×  1.15e+01 1.09e+01 5.92e-01 6.76e-04 

Total_t = total execution time, Comp_t = computation time,  

Comm_t = communication time, and Max_err = maximal error. 

 

 

 

Table 4.2 Speed and Efficiency of PAEIDD 

Algorithm Procs Speedup Efficiency 

1 1.00 100% 

4 3.96 99.07% 

16 15.42 96.40% 

64 60.07 93.86% 

PAEIDD 

256 238.19 93.04% 
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In Table 4.1, the column m n×  lists the number of sampling points involved in the 

computation of solution by each processor. The total execution time, computation time, 

the communication time and the maximal error are the average of measured data of 

several tests, where for the measured data of each test is the average of measured data on 

each processor. The total execution time increases due to the communication cost and 

additional cost for computing the solution on interface boundaries (step 1 and step 4) of 

each time-step. From the results, it is shown that the processors involved in the 

computation of solution spend most of their total execution time on computation, 

indicating that the PAEIDD algorithm is an efficient parallel implementation of AEIDD.  

In fig 4.3, the graph shows the time involved in communication overhead. When 

there is more than one processor involved then there is communication cost (step 1 and 

step 3 of the parallel AEIDD algorithm in Section 3.2). The time involved for 

communication increases when the more processors are used. The total data to be 

communicated for each time-step is 2× ( )m n+  (which is equal to ( 1) ( 1) 1 1m n− + − + +  ) 

as described in Section 3.2 (step 1 of the parallel AEIDD algorithm), where m and n  are 

the total number of sampling points of each sub-domain along x −  and y axis−  

respectively. p p×  (= p ) is the number of processors involved in computation of 

solution. With the increase in the number of processors, the communication amount 

remains the same since each processor has the same number of sampling points ( )m n×  

as the number of processors increase. Based on the theoretical discussion in Section 

3.2.1, the time taken for communication should remain the same if there are no 

architecture effects. The measured communication time has slight increase, but the 
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overall communication is still small and reasonable. We believe the small increase in 

communication time is due to the traffic interference with the increase in processors 

involved even though the total amount of parallel communication remains the same. The 

percentage of the computation involved in the total execution time for the results 

obtained in Table 4.1 is given in Table 4.3. The percentage of communication involved 

when using p  processors is given in the chart in fig (4.3). 

 

Table 4.3 Percentage of Communication time in Total execution time 

Algorithm No. of 

Processors 

Total Execution 

time 

Communication 

Time 

Percentage of 

Communication 

1 1.07e+01 0.00e+00 0% 

4 1.08e+01 5.64e-02 0.52% 

16 1.11e+01 2.64e-01 2.38% 

64 1.14e+01 3.94e-01 3.46% 

PAEIDD 

256 1.15e+01 5.92e-01 5.15% 
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Figure 4.2 No. of Processors vs Communication time 

  

The data in table 4.2 shows that as the number of processors goes from 1 to 256, 

the parallel efficiency decreases (shown in fig 4.3). The decrease in efficiency is due the 

communication cost and additional computation cost with the increase in the number of 

processors. But the efficiency is above 90% which indicates to be an efficient parallel 

algorithm. The low communication cost and the low computation overhead of the 

algorithm are reasons for high speedup and efficiency. The speedup with the increase in 

processors is plotted in fig 4.4. The figure (fig 4.4) also gives the ideal speedup which is a 

theoretical upper-bound and the actual speedup is close to the ideal speedup. 
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Figure 4.3 No. of Processors vs Efficiency, Communication cost 



 48

 

Figure 4.4 No. of Processors vs Speedup 
  

The parallel AEIDD algorithm maintains good stability by having a low maximal 

error (shown in Table 4.1) confirming the mathematical theory given in [5]. The analysis 

of the results indicates the algorithm to be an efficient parallel algorithm with no sacrifice 

of accuracy or stability properties.  
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CHAPTER 5 

CONCLUSION 

 

 This thesis focused on implementing a parallel AEIDD algorithm. Based on 

AEIDD type domain decomposition algorithm, we have developed a parallel AEIDD 

algorithm. The parallel AEIDD algorithm was developed to compute solutions on 

continuous problems by replacing them by a discrete problem. The type of problem this 

thesis targets has both space and time variables. There are existing parallel 

implementations (AEIDD for the domain partition method given in figure 2.1), but the 

domain partitions were not flexible enough in the existing algorithm. We have developed 

a parallel implementation for the domain partition type shown in fig 2.2. With the domain 

partition flexibility, this new implementation preserves the computation and 

communication efficiency that was achieved by existing implementation of AEIDD.  

The parallel AEIDD algorithm was implemented using MPI. The parallel 

Algorithm (PAEIDD), when tested proved to have a good speedup and efficiency (see 

Table 4.2). It has good accuracy and stability. The communication cost was significantly 

low when compared to the time spent on computation of solution for the problem. The 

speedup was achieved similar to that of the ideal speedup. With the help of the results 

attained, we were able to conclude the parallel AEIDD algorithm that we implemented 

proved to be an efficient parallel algorithm. 
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