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ABSTRACT 

Two numerical methods are developed for calculating the product of the square 

root of a matrix with a vector, given the matrix and vector, where the matrix is pos

itive definite. Modified forms of Newton's method and Eulers method are developed 

and analyzed. The methods are applicable, for example, in approximating solutions 

of stochastic differential equations. An analysis of Newton's method shows that the 

method is quadratically convergent. Numerical results indicate that the two methods 

are accurate and computationally fast. 
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CHAPTER I 

INTRODUCTION 

A square root of a matrix A, denoted by A = .42, is defined as a solution of the 

quadratic matrix equation 

F{X) = X'^-A = 0. (1.1) 

As with other matrix equations, the most natural approach to solving equation (1.1) 

is to apply an iterative method. There are several known iterative methods for ap

proximating the square root of .4 found in the literature. In this paper we begin by 

considering two such methods. 

It should be noted that there does not usually exist a unique solution for the 

matrix equation X^ = A. In general, if all eigenvalues of an n x n matrix .4 are 

distinct, then there are exactly 2" values for X. 

In the study of stochastic differential equations, for example, the need for the 

specific value of ^2 is not necessarily present. Instead, it is only necessary to know 

the value of A2 multiplied by some vector, c. We will develop and explore two 

methods for approximating such values. These methods require less computational 

work than computing A2 and then finding the product .42c. The first method is a 

modification of Newton's method. An error analysis of this method shows that it 

converges quadratically to A2C provided that ||xo — A2c||2 is sufficiently small where 

XQ is the initial estimate of ^2c. The second method is developed by showing that 

yl2c is a solution of a certain initial-value problem, and by applying Euler's method 

to approximate the initial-value problem. Numerical results for both methods are 

included. 

In the next chapter, two known methods for finding .42 are investigated. In Chap

ter III, a modified Newton's method is described for approximating A2C where .4 and c 

are given. Chapter IV provides an error analysis for this method. In the discussion of 

the modified Newtons method, we will see that some problems with ill-conditioning 
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arise. A special Krylov subspace technique may be used to ehminate some of the 

ill-conditioning problems. This method is discussed in Chapter \ '. In Chapter \ I. 

it is shown that .4 2 c results in the solution of an initial-value problem. This initial-

value problem is approximated using Euler's method to find another approximation 

oi A2C. A Richardson extrapolation procedure is used with Euler's method in order 

to increase speed. 



CHAPTER II 

DISCUSSION OF METHODS FOR FINDING THE 

MATRIX SQUARE ROOT 

2.1 Heron's Method 

Consider the n x n positive definite matrix .4. A new iteration can be obtained 

from Newton's method for finding the matrix square root, giving: 

A o - / 
1 (2.1) 

X,^, = -{X, + AX^') 

This iterative method is derived in [8, 10], and is the well-known "Heron's formula'' 

[12]. The relation (2.1) gives the sequence Ao,Xi,A2, . . . which converges to the 

matrix A2 with quadratic convergence once the iterates are close enough to the limit 

values. 

Numerical results are given for Heron's formula in Table 2.1. The results are 

expressed by the number (or average number) of iterations to convergence. Unless 

otherwise stated, convergence was assumed when e < .0001, where e = \\xn+i — Xn\\2-

The first column represents the number of iterations to convergence with matrix 

A being the Hilbert matrix of size nxn. Convergence occurred with matrices of size 

32 x 32 and smaller, but did not converge with matrices of size 64 x 64. In each case 

of matrix size 32 x 32 and smaller; however, after converging to fairly accurate values, 

the values of the error began to diverge. With matrices in which n = 2 and n = 4, 

convergence was assumed when e was less than .0001, as stated; however, with all 

other values of n, convergence was assumed when e was less than .001. This change 

in the convergence criterion was used, as an error less than .0001 was never reached 

for these matrices. 

The next column in Table 2.1, evaluates the method taking matrix A to be the 

tridiagonal matrix with 2's along the diagonal, and —Vs along the off-diagonals. 

In the last column, each value represents the average of ten trials. Ten matrices 



were randomly generated and taken to be matrix .4. As with the previous cases, 

convergence was assumed when e < .0001 unless otherwise denoted in the table. It 

is shown that matrices of size 32 x 32 and larger did not converge according to the 

specifications set. 

The instability of this method is discussed in the paper by Higham. 

Table 2.1: Heron's Method for the Matrix Square root 

Size (n) 

2 

4 

6 

8 

16 

32 

64 

Hilbert 

6 

10 

*10 

*10 

*10 

*10 

did not converge 

Tridiagonal 

4 

5 

5 

5 

6 

7 

8 

Random 

6.4 

7.1 

6.8 

*7.2 

*7.2 

Did not converge 

Did not converge 

'Convergence assumed when e < .001. 

2.2 A Linearly Convergent Method 

The following table (Table 2.2) shows the results for a linearly convergent method 

by Stummel and Hainer [17]. The matrices taken to be matrix A were the Tridiag

onal, Hilbert, and random matrix respectively. Convergence is guaranteed with this 

method, but clealy, the number of iterations to convergence is significantly greater 

than the number of iterations required for Heron's method. 



Table 2.2: Linearly Convergent Method 

Size (n) 

2 

4 

8 

16 

32 

64 

Tridiagonal Matrix A 

11 

21 

34 

54 

80 

106 

Random Matrix A 

39.4 

110.2 

118.0 

131.3 

135.4 

136.0 

Hilbert Matrix .4 

29 

132 

136 

136 

136 

136 



CHAPTER III 

MODIFIED NEWTON'S METHOD FOR FINDING THE 

MATRIX SQUARE ROOT-VECTOR PRODUCT 

In one dimension, Newton's method uses fines tangent to the curve of a given 

function / in order to approximate the root c of the function. To explain, assume 

that /'(c) is differentiable on an open interval containing c, and choose an initial value 

Co as an approximation to c. If /(CQ) = 0, then CQ is the root. If /(CQ) ^ 0, however, 

a new approximation is found. The slope of the line tangent to the graph of / at the 

point (co, /(co)) is / '(CQ), giving the following equation of the tangent line: 

y - f{co) = f'{co){x-co). 

If the tangent line is not horizontal, let Ci be the x intercept, and take it to be the 

next approximation to c (assuming /(ci) ^ 0). We then have the following equation 

for the tangent line at point Ci. 

0 - / ( c o ) = / '(co)(ci-co) 

Hence, 

Cl = Co 
/'(Co) 

Continuing this procedure, we have the following approximation to c^+i: 

fjCn) 
Cn^l-C^ / '(C„) 

This is the well-known Newton's Method for one variable. In multi-dimensions, New

ton's method has the form, 

Xfc+i =Xk- {F'{xk))-'F(xk) 

where Xk and F{xk) are vectors of length n, gmd F'{xk) is the nxn Jacobian matrix. 



3.1 Modification and Discussion of Newtons Method 

In order to modify this method for approximation of .42 c, where ,4 is a given nxn 

positive definite matrix and c is a given vector, the following functions are assigned: 

fi{x) = x^x — (F Ac 

f2{x) = x'^Ax - c^A'^c 

fn{x) = x^A^'-^x - c^A^'c. 

The solution to this system is x = -42c. We have, 

F{x) = 

h{x) 

f2{x) 

fn{oc) 

x^x — (F Ac 

x^ Ax — cF J^c 

x^A^'-^x - c^A^'c 

hence F'{x) = 2 

X 

x^A 

x'^A^-' 

(3.1) 

Thus, Newton's method has the form: 

OOk+l = Xk 

Xk 

F'{ 

1 
2 

Xk)-'F{xk) 

4 
xlA 

; 

xlA^-' 

- 1 

x^Xk — (F Ac 

x'lAxk - c^.4^c 
; 

xlA^-^Xk - c^A^c 

(3.2) 



This method can be simpUfied by first multiplying (3.2) through by F'{xk). yield

ing 

F'{xk)xk+i = F'{xk)xk - F{xk) 

T 
X^Xk 

Xk -^Xk 
= 2 

xlA^'-^Xk 

-F'{xk)xk + 

xlxk 

x^Axk 

xlA^'-^Xk 

+ 

(FAC 

jA^c 

c^A^c 

c^ Ac 

JA^C 

JA^'C 

Letting r = 

c^Ac 

c^A^c 

c^A^'c 

, the above has the form: 

F'{xk)xk+i = -F'{xk)xk + r. 

Thus, multiplying (3.3) by {F'(xk))-^ yields 

(3.3) 

(3.4) Xk+i = -^Xk + bk, where F'{xk)bk = r, 

which is Newton's method apphed to F{x) = 0. 

This method is now modified to guarantee that xlxk — (FAc for /c = 0,1, 2. 

Hence, consider, 

_ ^[\xk + bk] 

'"''''' [{\xk + bk)^{\xk + bk)]^ 

where F'(xk)bk = T and UJ = (c^Ac) 2. Equation (3.5) is the modified form of Newtons 

method which is considered throughout the remainder of this paper. To implement 

(3.5) 
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this iterative method, a program, sqne"^^on.m, was wTitten in Matlab, and is included 

in Appendix A. 

It is shown in the following chapter that convergence is guaranteed provided that 

XQ is sufficiently close to A^c. In other words, if Ĥ o — A2c||2 is sufficiently small, 

equation (3.5) converges quadratically to -4 2 c. Hence, the value of XQ must be con

sidered before implementing the above method. Two approximations of XQ are as 

follows: 

(a) XQ = _ _u}DJc 

(c'^Dc)^ 

(b) xo = :^i!^^^ r. 

where D is the matrix consisting of the diagonal elements of -4. and BD-\-DB = A—D. 

Both approximations prove to be successful in computing A 2 c. 

3.2 Numerical Examples 

The Matlab program was used to evaluate the iterative method (3.5). The results 

are presented in Tables 3.1. 3.2, and 3.3. In each table, the first column represents 

the values with XQ computed using initial approximation (a). In the second column. 

Xo is calculated using initial approximation (b). The third represents XQ values which 

were randomly generated. 

Table 3.1 gives the data obtained by setting matrix A equal to a Hilbert matrix of 

size n. The method works successfully up to matrices of size 5 x 5 . except in the case 

of the random value for XQ. There is a small amount of fluctuation in the value of 

c, but this fluctuation does not occur until e reaches values on the order 10~^. This 

fluctuation is denoted by parentheses in the table. This method for matrices of larger 

size becomes unstable. This issue is addressed at the end of this chapter. 



Table 3.1: Hilbert Matrix A 

Size 

2 

4 

5 

6 

Method (a) XQ 

5.1 

8.5 

9.8 

UNSTABLE 

Method (b) XQ 

4.0 

6.8 

7.3 

UNSTABLE 

Random XQ 

4.5 

8.3 

(9.7) 

UNSTABLE 

Table 3.2 contains information obtained by taking matrix A to be a tridiagonal 

matrix with 2's along the diagonal, and -I's along the oflP-diagonals. The values 

are accurate up to size 8 x 8 , after which the values become somewhat unstable; 

however, there is convergence to some degree. The values begin to converge, then 

begin to fluctuate slightly when the value of e approaches numbers on the order 

10~^. This method could still be used to achieve an accurate value of A^c, with 

convergence occuring in approximately 4.9 iterations using approximation (b), and in 

approximately 5.9 iterations using approximation (a) (with matrices of size 16 x 16). 

Table 3.2: Tridiagonal Matrix A 

Size 

2 

4 

8 

16 

Method (a) XQ 

3.5 

4.1 

4.5 

(5.2) 

Method (b) XQ 

2.3 

3.3 

4.0 

(4.9) 

Random XQ 

4.6 

5.5 

6.0 

6.4 

In Table 3.3, matrix A contains values randomly generated in Matlab. A random 

matrix A was generated and used to compute A^c with approximation (a), approxi

mation (b), and a random vector XQ. This was repeated ten times; thus, ten separate 

values of A were generated, and the same ten values were used with each approxi

mation of XQ in order to obtain accurate results. These results were then averaged 

to find the approximate number of iterations to convergence. For each matrix A. 

10 



three values of XQ were generated to compute the number of iterations required for 

convergence using a random value for XQ. 

Size 

2 

4 

6 

Table 3.3: 
Method (a) XQ 

7.0 

7.3 

(8.8) 

Random Matrix 
Method (b) XQ 

4.3 

5.6 

(6.7) 

A 
Random XQ 

6.4 

6.5 

(7.4) 

The values in the tables are averages of the number of iterations to convergence. 

Comparing the computations, it is seen that method (b) results in more rapid con

vergence to the value A2c. To measure convergence, the error e was defined as: 

£ = \\xn+i — Xn\\2- Convcrgcnce was assumed when e < .0001. 

It can be seen that the largest matrices considered in any case were of size 16x16. 

This is due to the fact that with larger matrices, the values become close to singular, 

producing inaccurate results. A method was developed to compute the values for 

larger matrices. This method uses Krylov subspace methods and the Lanczos method, 

and is discussed in more detail in Chapter V. 

11 



CHAPTER IV 

ERROR ANALYSIS: MODIFIED NEWTON'S METHOD 

Theorem 1: Suppose that B = F'iA^c) is nonsingular and |koll2 < min HUJ, -JT-^ ), 

then ||5fc+i||2 <\\ek\\2ioik = 0,1,2,..., Wsk+ih < 7i\\B-%\\£k\\lioi k = 0,1,2...., 

and Xk —> A2C as /: —> oo where £k = Xk — A^c. 

Proof: 

Let Xk = A2C -\- £k. Then by (3.4) 

a ; ( ^ + f + 6;t) 
XkJrl—A2C + £k+l = i 1 1 

[{\A2C + \£k + bk)'^ {\A2c + kfc + 6)t)]2 

where 

F\xk) = F'[A^c + £k)bk = r. (4.1) 

Define Zk by 

bk = -i^ek + -A^c + Zk. (4.2) 

Then, 

1 uj{A2c + Zk) 
A2c-V£k+i = 

[(A^c-h2fc)^^(A5c + Zfc)]̂  

_ Lu(A2C-{- Zk) 

" [(j2 + 2 4 -{Ah)-^zlzk]'^ 

Solving for £k+i we have, 

uj{A2c-\- Zk) 1 

[{A'2c + Zk)^ {Ah i-Zk)]'^ 

(Ah^Zk) _ ^ . ^ 

[^^2M^^^]l 

12 



Hence, 

2 _ T _ {Ah-^Zk)'^{A'2c + Zk) 2(A'2c)^{A'2c-\-Zk) ^ 2 

[i + ^ ^ ^ + ^ i [1 + ^ + ^ 1 ^ 

^ 2 ^ 2 _ 2{A\cf{Ah+z^) 

(4.3) 

In order to simplify the above expression, we begin by considering the following: 

2£|\42c ^ 2 | ^ i ^ i whereO<7*<r* (4.4) 

(1 -h rfc)2 = 1 + ^ - - (1 + 7fc)-2(r,)' !!̂  _ 1 ' - ^ -
2 8 

(by Taylor series) 

We assume now that l̂ jtl < | . It is shown later that if ||&jfc||2 is small enough that 

this holds. Therefore, we have the following: 

(a) l i : < 2 

(b)|/(7t,r.)| < j;rl 

Now, by substituting (1 + r^)? and (1 + r^) into (4.3) we have: 

2 2a;2(i + ^^) + (_2„2 _ 2{Aicfzi,){l + f + /(7*. r*)) 
lk*+i||| = 

[1 + '•*] 
{u'n - 2{Aicfz, - (yl^c)^zt7-t + (-2a;^ - 2(-4^c)rzt)/(7t. r^)) 

[1 + n] 
[zlz, - {Ahfz,n(-2u,' - 2{Ah)^z,)fi^,.n)) 

[1 + n] 

Now, using (a) and (b), we cam write: 

Î fc+i|l2 < 2[ ||2:fc||̂  + - ' P . l h \rk\ + (2--' + 2a ; | | 2 , | | 2 ) (^ ) ] (4.5) 

13 



We now solve for rjt, by squaring both sides of (4.4), and solving for rk-

1 
rk = -^ [2zkA2c + zlzk] 

Thus, 

1 
rk\ < ^[2|kit | |2^ + |k)t||2l 

U) 

2 
UJ 

1 
-\\Zk\\2 + - ^ Ufc 

UJ' 

Therefore, substituting for \rk\, we have: 

lkA:+l||2 < 2[ \\Zk\\l + (^IkfclWI-lkifclh + -i:\\Zk\\l] 
U) UJ 

r A l U l|2 I J_ |U ||3 I J_||.y 1141 
+ (2u>̂  + 2 a ; | | z , y ' " ' " ^"^"^" ' ' !^ ' '^"^" '" " " ^ ' j . 

We assume now that \\zk\\\ < LJ. It will be shown that if \\£k\\ is suflSciently small, 

then this holds. Hence, 

\\£k+i\\l < 2{17\\zk\\l) = 3A\\zk\\l (4.6) 

We will now consider Zk- Recall, from (4.1) and (4.2), we have F'(£k + A2c)bk 

and b = —l̂ jt + ^A^c + Zk. Thus, 

F'{£k + Ah){zk - kifc + Ah) = r, where 

= r 

c^Ac 

c^A^c 

c^A^'c 

and F'{x) = 2 

X 

x^A 

x^A--' 
Hence, 

F'{£k-hA2c)zk = r-\-

£l + {Ah)^ 

£lA-^{Ah)^A 

^^A"-i + {Ah)^A i \T i n - l 

{£k - A2c) = 

T 

£lA£k 

elA--'£k 

14 



If we let 

Sk 

T 
^k^k 

^lA-h, 
then we have 

F'{£k + A2c)zk = Sk-

Furthermore, if we let 

B = F'{A2c) = 2 

(Ah)^ 

{Ah)^A 

(Aic)^A"-i 

and Ck = F'ie,) = 2 

^l 
elA 

elA"-^ 

then we can write 

{B + Ck)zk = Sk 

By hypothesis, B is nonsingular, and we assume that Ck satisfies ||jB~^||2||Cjt||2 < 

1. It will be shown that if \\£k\\2 is sufliciently small, then this holds. 

Hence, 

Zk = {B + Ck)-'sk = B-\I + B-^Ck)-'sk. 

Thus, 

Zkh < 
\\B-%\\sk\\2 

l-\\B-%\\Ck\\2 

Now, we consider \\sk\\2- We have, 

HWl = sl = {ele.r + {slAe.r + ••• + (^lA-^f 

<lhll^[l +11-̂ 11̂ + --- + P"-'IÎ 1 

Let 2 = v/Er=o Mil Then, 

S*|l2 < l|e*ll2C-

(4.7) 

(4.8) 

15 



Now. consider ||CA:||2- We know. 

Thus. 

ClCk = 2[£kAek • • • Ar,.,£k\ X 2 

= A£kei+A£kdA + 

\\CiCk\\2 = ^ek£l + AekslA^ 

<4||^,||2[l + ||A||2 + . 

II l|2''^ 

Therefore, since ||CjCfc||2 = 11̂ 1̂11. we know 

-k 

slA 

_ r j n - l 

I 4n—1_ _ r «n—1 
+ .4 ck-k--^ 

I in — 1 _ _ r in —1 
• + - 4 ^k-k'"^ 
+ II4IP""21 

A, 
\Ck\\2 < cW-Zkh 

Itfollowsthatif ll̂ fclb is suflSciently small, then | |B-^||2||CA:||2 < c||jB-i||2||cit||2 < 

J. Hence, suppose that • ^ 2 < 
1 

\B-^\\2\\Skl\2 

1-115 - i n . \Ck\ 

9c| |B-i | |2 
Recall, from equation (4.7) that \\zk\\2 < 

By equation (4.8), we can write. 

kifclh < 

< 

\B-'\ 2 Sk 2 

l-WB - 1 :||C.||: 

\\B-%\\sk\\lc 
l - | | B - i | | 2 | | C , | | 2 
9 
8 

A ^ " W R - l | l lie- l |2^ < - I l i 5 2 ^ik ol̂ ^ 

So. by equations (4.6) and (4.9). we have 

(4.9) 

A k*+iiî  < mqrwB-'wiHwtc 
< -WB-'ms,uc-

(4.10) 

We can see that equation (4.10) impUes that this method is quadratically con

vergent; furthermore, if ||̂ fc||2 is sufficiently small, then ||cit^i||2 ^ lk)tl|2 and thus, 

Ikfc+ilb would also satisfy the above assumptions. 

16 



Now, we consider the assumptions made. We assumed that |r;t| ^ |- but if 

11̂  ||2 < 4̂ ' 
II *II2 - 2i\B-^r 

then 

Tk\ 

\ . , 

< 

< 

V
I 

V
I 

2 
a; 

UJ 

UJ 

1 
2" 

4, . , 

kA:||2 + 

)i-,)\\B 

onrl if 

1 
]7 

-111 

llo. 

11̂*11̂  

1 II Il2^ 

II / 1 In addition, if ||ejt||2 < (|)( |)a; = |cj and if \\£k\\2 < —r~^- ^^^^ ^^^ condition on 

|rA;| also holds. So we require that 

4 1 
ll^olb < niin(-a;, - ) (4.11) 

3 9||B-i||oC 

for the assumptions on |7"fc| and Ck. 

Finally, we consider the assumption on H-̂ fclb- We assumed that ||-2:fc||2 ^ <^'- but 

Wzkh < l\\B-%\\£k\\li 

< l ^ h 
<UJ. 

Thus we require that \\£k\\2 ^ 8a;. This is, however, already satisfied by (4.11). 

Hence, assumption (4.11) ensures that the restrictions on TQ. CQ. and ZQ axe met. 

Then, by (4.10), as ||^i||2 < Ikolh, the restrictions on ri ,Ci, and zi are also met. 

Hence, if the initial error is sufficiently small, H ĵt+ilb < ~c||5~^||2|kjt||2 for k = 

0,1, 2,.... and Xk -^ A2c as A: —̂  oo. 



CHAPTER V 

SPECIAL KRYLOV SUBSPACE METHOD 

The modified Newton's method was discussed in Chapter III. With this method, 

we find that as the matrix size increases, the probabihty of the matrix becoming 

singular also increases. The actual size n at which this occurs depends upon the 

specific type of matrix used (i.e., Hilbert, Tridiagonal, random, etc.). In order to 

approximate the value of A2C for larger matrices, a special Krylov subspace method 

may be used which alliviates the ill-conditioning problem in the modified Newton's 

method.. 

5.1 Explanation of the Method 

Recall that with each step of the modified Newton's method, it is necessary to 

solve 

F'{xk)bk = r, 

where F'{xk) and r are defined as in equations (3.1) and (3.3). If we let K^^ = 

[x Ax ... A^~^x] and Kc = [c Ac ... A'^~^c], then we can write 

2KTb = KTAC. 

Solving for b and b^, we have 

b=l(K^rK^Ac, 

6̂  = Ic'AK^K^K 

Using the Lanczos method, 

AV, = V,T, AV, = VcTc (5.1) 

then VJAVJ: = T^ and V^AVc = Tc, and where V^ and Vc are orthogonal, and T^ and 

Tc are tridiagonal. 
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Furthermore, 

Kc = V,Rc 

where 

Rc = lei T,ei . . . T^'e,] 

Rx = [ei TxCi ... T^-'e,]. 

Note that Re and Rx are upper triangular, but they are ill-conditioned. Substituting 

the values for Kc and K^; into the equation for b, we have: 

b = ^[c^ AVcRclVxRxW 

= l[c^AVcRcRxX-r 

= llc^VcTclRcR-']Vn^ 

(5.2) 

if 14 is n X n. Letting M = RcRx ^, we can write 

= ~[V,M^Tj-Vj-c]. 

Now, to compute b, we must first find M. Notice that 

ei = Mei 

TcCi = TcMei 

Thi = TJMei 

T^ei=T^Mei. 

If ei = Mei and TcM = MT^, then the above equations are satisfied. Hence, M can 

be found by 

ei = Mei 

TcM = MTx, 

which can be uniquely solved. 
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5.2 Numerical Results 

The following table (Table 5.1) shows the accuracy of the method. The values 

shown in the first column represent the number of iterations to convergence. The last 

two columns give the average number of iterations to convergence, with the average 

being taken from ten trials. Convergence was assumed when ||:z:n+i—3:n||2 = £ < .0001. 

In the case in which A was taken to be the tridiagonal matrix, one can clearly 

see that this method is more effective for computing the value A2c than the modified 

Newton's method. 

Table 5.1: 

Size (n) 

2 

4 

8 

16 

32 

64 

Krylov Subspace Method: Number of Iterations to Convergence 

Hilbert Matrix A 

9 

16 

UNSTABLE 

UNSTABLE 

UNSTABLE 

UNSTABLE 

Tridiagonal Matrix A 

5.4 

5.6 

8.1 

11.8 

16.5 

25.0 

Random Matrix A 

11.3 

14.9 

(23.1) 

UNSTABLE 

UNSTABLE 

UNSTABLE 
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CHAPTER VI 

EULER'S METHOD FOR FINDING THE 

MATRIX SQUARE ROOT-VECTOR PRODUCT 

Like many numerical methods, the approximation of the solution to initial-value 

problems has an underlying derivation from Taylor's Theorem. This leads to Eulers 

method. The object of Euler's method in one dimension, is to find an approximation 

to the solution of a problem of the form: 

dx 
—- = f(t, x), for a <t <b 
at 

at equally spaced points {to, ti,... , ^„} in a given interval. The common distance At 

between these points is called the step size. 

Euler's method constructs the approximation to x{ti) ioi i = 1,2,... ,nhy delet

ing the error term found when using Taylor's Theorem. This produces the following 

difference equation: 

x{to) = a, 

x{ti+i) = x{ti) -\- Atf{ti,x{ti)), 

where 2 = 0 , 1 , . . . ,?2 — 1, and ti = nAt. This is Euler's method in one dimension. 

6.1 Discussion of Euler's Method 

Consider the following initial-value problem. 

x{0) = c 

dx{t) ^ 1^^^ ^^^_ ^^jyl^j _ ^)^(^) 
(6.1) 

dt 2 

where c is a given vector and .4 is an n x n symmetric positive definite matrix. The 

solution of this initial-value problem is x(t) = {At + (1 — t)I)2c. Hence, x{l) = A2c. 
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Also, notice that 

f = -\ii-(i-A)trii-A). 
= -\{(i-A)-'-itr'x 

= \{It-{I-A)-')-'x. 

Applying Euler's method to equation 6.1 we have, 

Xn+l = [1- At^{Atn + (1 - tn)I)-\l - A)]Xn 

for n = 0 , 1 , . . . , Â  - 1, and with XQ = C, tn = nAt, and At = ^ . Then, xx ^ Ah. 

A program, sqeuler.m, was written in Matlab to implement Euler's method. The 

accuracy of this method can be increased by using a Richardson extrapolation pro

cedure, which is incorporated into the program. The program is in Appendix B. 

Along with the Richardson extrapolation, another modification can be made in 

order to increase the speed. Consider the following: 

Let 

UJ = 

T C C 

c^Ac 
A A 

and denote A = Auj. Taking A to be the matrix used in the iterative scheme, we 
A 

proceed as expected. Then, using A, XQXQ — c^c, and x^x^ ^ c^c. However, once 

the value for x^ is found, x^ is divided by y/uj. This gives the approximate value 

A 2 c for the original matrix A. 

An interesting observation can be made when using Euler's method. We know 

that there are 2" values of ^2c when all of the eigenvalues of matrix .4 are distinct. 

This implies that there may be many different possibilities for .4^c. With Euler's 

method, we can always have an approximation which gives an estimate for ,42 that 

has all positive eigenvalues. 

To explain, consider once again equation (5.2). We have, cissuming that ||,4||2 < 1. 

which is always possible by dividing A by a large enough scalar value. 

Xn+l = {I - AtBn)Xn^ 
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where 

Note that 

Bn = ^{Atr,-\-{I-tr,)I)-\l-A) 

= ^{Atn + I - Itn)-\I - A) 

= l{I - {I - A)tr.)-\I - A) 

= \{{I-A)-'-Itr.)-' 

5 n | | 2 < ^ | | / - ^ | | 2 | | ( / - ( / - . 4 ) t , ) - ^ | | 2 

< | l | / -^l |2 
1-\\I-A\\2tn 

< 
W-M2 

1-\\I-A\\2 

where | | / — ^||2 < 1, since |m|2 < 1, and A is positive definite. Thus, if 

III/-All, _ i - i i / - ^ i b 

^'<^l-\\I-Ah> - l\\I-A\U 

then ||B„||2Ai < 1, and (/ — AtB^) is symmetric positive definite for each n. 

Let C„ = I — AtBn, where At is sufficiently small, so that C„ is symmetric positive 

definite for each n. Then, 

Xn+l — ^nXfi 

XQ-C 

ioi n = 0,1,2,... ,N — 1. Hence, we have, X2 = CiXi = CICQXQ = CICQC. 

Now, consider the following, 

Co = I-AtBo = I-Yi^-A) 

C,=I- AtB, =I-^{I-{I- A)At)-\l - A) 

We can write, 

C,C, =1-^(1- A) - y (/ - (/ - A)\t)-\I - A) 

{Mf + (/ - . 4 ) ^ ( 7 - (/ - A)M)-'(I - A) 

= CICQ 
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Therefore, CICQ = CQCI. SO we have. 

(CiCo) = CQ Cj = CQCI = CICQ 

so that CiCo is symmetric. Similarly. C2C1C0 is symmetric, C3C2C1C0 is symmetric. 

. . . CN-ICX-2 . . . CO is symmetric. 

Now, suppose that CQ and Ci are positive definite. Then, CQCI is positive definite. 

To see this, note that if CQCIX = Xx. then Cix = XC^^x so that x^CiX = Xx^C^^x 

or that A = ^"^if > 0. 

Thus, as all eigenvalues of CQCI are positive, CQCI is symmetric positive definite. 

By an inductive argument. Cv-iCAr_2.. .C2C1C0 is symmetric positive definite as 

well. 

Hence, Euler's method for At sufficiently small, approximates ,4 2 c. where 

C , V _ I C J V _ 2 . . . C2C1C0 « -42C. 

Since cis arbitrary, we have, CA-_ICA^_2 . . . C2C1C0 ^ A^. However, as CX_ICA_2 . . . 

C2C1C0 is positive definite, then the approximation gives an estimate for .4^ {Ah) 

that has all positive eigenvalues. 

6.2 Numerical Examples 

The results for the Matlab program are found in Tables 6.2. 6.3. 6.4. and 6.5. The 

initial value for At was taken to be ^ . A Richardson exrapolation procedure was 

used in which At was successively reduced by a factor of | . Extrapolation continued 

until the difference between two values along the diagonal of the extrapolation table 

had norm ||.||2 less than .0001 (unless otherwise stated). The values in the tables show 

how many extrapolations were required for the computed values to reach comergence. 

For example, if five extrapolations are used, the last At used in Euler's method would 

b e -^ X ^ = ^ 
" ^ 12 32 384-
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The following extrapolation table (Table 6.1) is given to clarify the extrapolation 

procedure, and to provide notation. 

At 

1 
12 

1 
24 

1 
48 

1 
96 

1 
192 

1 
384 

1 
768 

1 
1536 

1 
3072 

Table 6.1: Extrapolation Table 

Xi 

X2 

X3 

a;4 

Xs 

xe 

X7 

xs 

Xg 

2/1 

2/2 Zi 

2/3 Z2 

2/4 Zs 

2/5 ^4 

2/6 Z5 

2/7 ZQ 

2/8 Z7 

Wi 

W2 Vi 

Ws V2 Ui 

W4 V3 U2 ti 

W5 V4 Us t2 Si 

We Vs U4 ts 52 r i 

In Table 6.1, the first column represents the values of At used with the Euler ap

proximations. In the next column of the table, the values xi, 2:2,..., xg represent the 

Euler approximations. The values yi,y2,...,ys represent the first set of extrapolation 

values, and were computed in the following way: 

yi = 2a:2 - Xi 

?/2 = 2x3 - X2 

ys = 2a;9 - Xs. 

The values for ^i, ̂ 2, • • •, -2:7 represent the second set of extrapolation values, and were 

computed as follows: 
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Zl = 

Z2 = 

4 2 / 2 -

3 

4 2 / 3 -

2/1 

2/2 

Z7 = 
42/8 - 2/7 

The values for Wi,Vi,Ui,ti, and Sj represent the third, fourth, . . . , eighth set of ex

trapolation values respectively, and were calculated in a similar fasion. 

Tables 6.2, 6.3, and 6.4 take matrix A to be the Hilbert matrix, tridiagonal matrix, 

and random matrix respectively. This allows for comparison between Euler s method, 

and the methods previously discussed. Then, however, the program was used with 

matrix A being the Hilbert matrix added to the identity matrix of size n. This allowed 

for faster convewrgence A starting value of vector c was needed, and was taken to be 

a random {n, 1) vector in each case unless otherwise stated. 

In Table 6.2, the matrix A was taken to be the Hilbert matrix. Convergence for 

n = 8 was assumed when the elements along the diagonal had norm values less than 

.001. The original value for At was changed to ^ for these trials. Convergence was 

not attained by the eighth extrapolation with matrices larger than size 8 x 8 . 

Size (n) 

2 

4 

*8 

Second 

Extrap. 

10 

0 

0 

Tab 
Third 

Extrap. 

10 

0 

0 

le 6.2: Hilbert Matrix A 
Fourth 

Extrap. 

10 

1 

1 

Fifth 

Extrap. 

10 

2 

2 

Sixth 

Extrap. 

10 

4 

6 

Seventh 

Extrap. 

10 

9 

10 

Eigth 

Extrap. 

10 

10 

10 

'Convergence assumed when norm value less than .001. 

Table 6.3 represents the results for the Tridiagonal matrix with 2's along the 

diagonal and —I's along the off diagonals. 
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Size (n) 

2 

4 

8 

16 

32 

64 

Second 

Extrap. 

10 

10 

2 

0 

0 

0 

Table 6.3: Tridiagonal Matrix A 

Third 

Extrap. 

10 

10 

10 

0 

0 

0 

Foiurth 

Extrap. 

10 

10 

10 

9 

0 

0 

Fifth 

Extrap. 

10 

10 

10 

10 

4 

0 

Sixth 

Extrap. 

10 

10 

10 

10 

10 

0 

Seventh 

Extrap. 

10 

10 

10 

10 

10 

10 

Eigth 

Extrap. 

10 

10 

10 

10 

10 

10 

In the following table, matrix A was a different random matrix in each of the 

ten trials. The vector c was simply taken to be the vector with values 1.2 , n. 

Convergence was considered to occur when the norm value was less than .001. With 

matrices of size n = 4, one of the ten random matrices had not converged b>' the 

eighth extrapolation, and with n = 16, only three of the ten matrices had converged 

by the eighth extrapolation. The initial value of At was taken to be ^ . 

Size (n) 

2 

4 

8 

16 

Second 

Extrap. 

6 

2 

0 

0 

Table 6.4: Random Matrix A 
Third 

Extrap. 

7 

3 

0 

0 

Fourth 

Extrap. 

8 

8 

2 

0 

Fifth 

Extrap. 

8 

8 

4 

0 

Sixth 

Extrap. 

9 

8 

6 

0 

Seventh 

Extrap. 

9 

9 

8 

0 

Eigth 

Extrap. 

10 

9 

10 

3 

In Table 6.5, the matrix .4 was taken to be the Hilbert matrix added to the 

identity matrix. This table shows the speed of the modified Eulers method. In each 

case, the approximate value of .4^c was considered to have converged by the second 

extrapolation. 
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Table 6.5: Hilbert Matrix Added to the Identitv Matrix 

Size (n) 

2 

4 

8 

16 

32 

64 

Second 

Extrap. 

10 

10 

10 

10 

10 

10 

Third 

Extrap. 

10 

10 

10 

10 

10 

10 

Fourth 

Extrap. 

10 

10 

10 

10 

10 

10 

Fifth 

Extrap. 

10 

10 

10 

10 

10 

10 

Sixth 

Extrap. 

10 

10 

10 

10 

10 

10 

Seventh 

Extrap. 

10 

10 

10 

10 

10 

10 

Eigth 

Extrap. 

10 

10 

10 

10 

10 

10 
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CHAPTER VII 

CONCLUSION 

At present, there are numerous methods for finding .42 for a given positive definite 

matrix A. Two such methods have been presented in this paper. However, since it 

is practical also, to know the value of ^2 multiphed by a given vector, c, this paper 

has provided two new methods for computing this value. 

The first method is a modified form of Newton's method, which solves a specific 

system of nonlinear equations. This method has been shown to be computationally 

fast. It has also been shown to be quadradically convergent when the value of XQ is 

close to the actual value oi A2C. Several methods for approximating the initial value 

XQ were analyzed. 

The second method for computing A2C is based on the numerical solution of a 

certain initial-value problem whose solution at time unity is A2C. An Euler approx

imation, with a Richardson extrapolation procedure, was applied to the initial-value 

problem to approximate A2ca.tt = 1. Convergence is guaranteed with this procedure, 

and if At is sufficiently small, convergence is such that 4̂2 is positive definite. 

Future work could include development and analysis of numerical methods for 

approximation of ^pc for p > 3. 
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APPENDIX A 

PROGRAM SQNEWTON.M 

n=7; 
7,s=rand(n); 
y.a=s'*s; 
%a=hilb(n); 
a=diag(2*ones(l,n))-diag(ones(l,n-l),l)-diag(ones(n-l,l),-l); 
for i=l:n 
for j=l:n 
b(i,j)=a(i,j)/(sqrt(a(i,i))+sqrt(a(j,j))); 
end 
end 
for i=l:n 
b(i,i)=0; 
end 
di=diag(diag(a),0); 
c=rand(n,l); 
w=(c'*a*c)^(l/2); 
xo=(w*[di^(l/2)+b]*c)/((c'*[di^(l/2)+b]'*[di'^(l/2)+b]*c)^(l/2)); 
p=0; 
while p<15 
p=p+l 
x=xo'; 
d=eye(n); 
for k=l:(n-l) 
d=d*a; 
x=[x;xo'*d] ; 
end 
y=c'*a*c; 
d=eye(n); 
dl=a*c; 
for k=l:(n-l) 
d=a*d; 
y=[y;c'*d*dl] ; 
end 
xn=w*((l/2)*xo+(l/2)*inv(x)*(y))/([((l/2)*xo+(l/2)*inv(x)*(y))'* 

((l/2)*xo+(l/2)*inv(x)*(y))]^(l/2)); 
f=c'*a*c-xn'*xn; 
e=norm((xn-xo),2) 
xo=xn; 
end 
xn'*xn 
c'*a*c 
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APPENDIX B 

PROGRAM SQEULER.M 

n=16; 
for m=l:n 
c(m)=m; 
7,c=rand(l,n); 
end 
ra=rand(n); 
a=ra'*ra; 
7.a=hilb(n); 
y,a=hilb(n)+eye(n); 

y.a=diag(2*ones(l,n))-diag(ones(l,n-l),l)-diag(ones(n-l,l),-l); 
w=(c*c')/(c*a*c'); 
aa=a*w; 
nk=24; 
for jk=l:9 
nk=2*nk; 
dt=l/nk; 
x=c'; 
t=0; 
g=aa-eye(n); 
for k=l:nk 
g2=(aa*t+(l-t)*eye(n)); 
x=x+.5*dt*((g*x)'/g2)'; 
t=t+dt; 
end 
xe(:,jk)=x/sqrt(w); 
end 
7, The xi values are the Euler approximtaions. 
xl=xe(:,1) 
x2=xe(:,2) 
x3=xe(:,3) 
x4=xe(:,4) 
x5=xe(:,5) 
x6=xe(:,6) 
x7=xe(:,7) 
x8=xe(:,8) 
x9=xe(:,9) 
7.xlO=xe(:,10); 
7.xll=xe(:,ll); 
7. The yi values are the 
7. Extrapolation values. 

first set of Richardson 

yl=2*xe( 
y2=2*xe( 
y3=2*xe( 
y4=2*xe( 
y5=2*xe( 
y6=2*xe( 
y7=2*xe( 

,2)-xe(:,l) 
,3)-xe(:,2) 
,4)-xe(:,3) 
,5)-xe(:,4) 
,6)-xe(:,5) 
,7)-xe(:,6) 
,8)-xe(:,7) 
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y8=2*xe(:,9)-xe(:,8); 
7. The set of zi values is the second set of Richardson 
7. Extrapolation values. 
zl=(4*y2-yl)/3 
z2=(4*y3-y2)/3 
z3=(4*y4-y3)/3 
z4=(4*y5-y4)/3: 
z5=(4*y6-y5)/3 
z6=(4*y7-y6)/3 
z7=(4*y8-y7)/3 
7t The set of wi values is the third set of Richardson 
7. Extrapolation values. 
wl=(8*z2-zl)/7 
w2=(8*z3-z2)/7 
w3=(8*z4-z3)/7 
w4=(8*z5-z4)/7 
w5=(8*z6-z5)/7 
w6=(8*z7-z6)/7 
7. The set of vi values is the fourth set of Richardson 
7t Extrapolation values. 
vl=(16*w2-wl)/15 
v2=(16*w3-w2)/15 
v3=(16*w4-w3)/15 
v4=(16*w5-w4)/15 
v5=(16*w6-w5)/15 
7o The set of ui values is the fifth set of Richardson 
% Extrapolation values. 
ul=(32*v2-vl)/31 
u2=(32*v3-v2)/31 
u3=(32*v4-v3)/31 
u4=(32*v5-v4)/31 
7. The set of ti values is the sixth set of Richardson 
7. Extrapolation values. 
tl=(64*u2-ul)/63 
t2=(64*u3-u2)/63 
t3=(64*u4-u3)/63 
7, The set of si values is the seventh set of Richardson 
7. Extrapolation values. 
sl=(128*t2-tl)/127; 
s2=(128*t3-t2)/127; 
7. The rl value is the eighth Richardson Extrapolation value 
rl=(256*s2-sl)/255; 
b=((a)^(l/2))*c'; 
xel=norin((x2-xl) ,2) 
xe2=norm((x3-x2),2) 
xe3=norm((x4-x3),2) 
xe4=norm((x5-x4),2) 
xe5=norm((x6-x5),2) 
xe6=norm((x7-x6),2) 
xe7=norm((x8-x7),2) 
7.xe8=nonn((x9-x8) ,2) 
7.xe9=norm((xl0-x9) ,2) 
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7.xelO=norm((xll-xlO) ,2) 
e l = n o n n ( ( y l - x l ) , 2 ) 
e2=nonn( (z l -y l ) , 2 ) 
e3=norii i((wl-zl) ,2) 
e4=norm((vl-wl) ,2) 
e5=norm((u l -v l ) ,2 ) 
e6=norm( ( t l - u l ) , 2 ) 
e 7 = n o r m ( ( s l - t l ) , 2 ) 
e 8 = n o r m ( ( r l - s l ) , 2 ) 
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APPENDIX C 

PROGRAM SQKRY.M 

n=16; 
for iiim=l:n 

c(min)=l; 
c ( l )=0; 
c(2)=2; 

end 
7oC=rand(l,n) 
7. a=hilb(n)+2.0*eye(n); 
7o a=randn(n); 
7o a=a'*a+0*eye(n); 

7 .a=2 .0*eye(n) -d iag(ones (n- l , l ) , l ) -d iag(ones (n- l , l ) , - l ) ; 
7.a=hilb(n)+a; 

7o w=sqrt(c*a*cO; 
7. c=c/w; 
7.a=hilb(n); 
7 . a=d iag(2*ones ( l ,n ) ) -d iag(ones ( l ,n - l ) , l ) -d iag(ones (n - l , l ) , - l ) ; 
r=rand(n); 
a=r '* r 
c=c/( l*norm(c*a*c ' , inf)) ; 
[ t c , f ,vc,niin]=lancz(c' , a ) ; 
x=diag(sqr t (d iag(a) ) )*c ' ; 
x=x/sqr t (x '*x) ; 
d=a*c'; 
for inm=l:n 

rr(min)=c*d; 
d=a*d; 

end 
for k=l:50 
k 
[tx,f,vx,mm]=lancz(x,a); 
m=zeros(n); 
m ( l , l ) = l ; 
for i=2:n 

v l = m ( l : i , l : i ) * t x ( l : i , i - l ) ; 
v 2 = t c ( l : i , l : i ) * m ( l : i , i - l ) ; 
v l ( i )=0 ; 
v3=v2-vl; 
m ( l : i , i ) = v 3 / t x ( i , i - l ) ; 

end 
ym=.5*vx*m'*tc'*vc'*c'; 
xn=.5*x+ym; 
g=sqrt(xn'*xn); 
xnn=xn/g; 

e=norm((xnn-x),2) 
x=xnn; 
end 
b=sqrtm(a)*c' ; 
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b=b/sqr t (b '*b) ; 
[x ,b ] ; 
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