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CHAPTER I 

INTRODUCTION 

This thesis studies the geometrical aspects of two point 

boundary value problems and the associated matrix Riccati 

equations. 

The study of the initial value problem with constant 

coefficients is almost complete. But the study of such two 

point boundary value problems takes up a very little space in 

the literature. This is at least partially because of the 

mathematical complexities associated with such problems. 

However, the existence and uniqueness of solutions of linear 

boundary value problems have been established for the scalar 

case and for the second order case. 

There are many different methods such as the method of 

invariant imbedding, the box scheme, the multiple shooting 

techniques, the method of factorization and so forth, 

available for the computations of solutions of two point 

boundary value problems. In the method such as the invariant 

imbedding and the box scheme the boundary value problem is 

first transformed into an initial value problem via a 

suitable decoupling transformation. For this purpose, the 

Riccati transformation is very useful. The transformed system 

is then resolved by forward and backward integration, with 

the initial values and terminal values. However, there is 

certain amount of uncertainty in such procedures for, it may 

not be possible to solve the resulting Riccati equation 

within the given interval This is discussed in detail in 

Chapter II. 

The factorization method of J.Taufer,[2],is another very 

useful method. The close relationship between this method and 

the method of invariant imbedding is discussed in some detail 

in Chapter III. 
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In this thesis, the existence and uniqueness of the 

solution of a two-point boundary value problem is discussed 

using the Grassmannian manifold as the main tool. The 

two-point boundary value problem is described as a flow in 

the Grassmannian manifold and the study is carried out in 

Chapter IV. For this purpose, it is shown that it suffices to 

consider a linear homogeneous two-point boundary value 

problem. 

In Chapter V, the Riccati differential equation is 

identified with a flow generated by a one-parameter group 

acting on the Grassmann manifold. The main result of this 

thesis is to show that the existence and uniqueness of 

solutons of two-point boundary value problems is equivalent 

to the existence of the solution to a certain Riccati 

equation. This is proved by using the geometry of the 

Grassmann manifolds. 

In Chapter VI, we have given the concluding remarks and 

finally a list of references is included. 



CHAPTER II 

THE RICCATI TRANSFORI-L̂ TICN 

In this Chapter, the decoupling which is used in solving 

linear boundary value problems is discussed. In the process 

of the discussion, the typical Riccati transformation is 

derived. This Chapter is primarily based on the excellent 

exposition of Mattheij,[1]. At first, we shall discuss the 

basic idea behind the decoupling, with the help of a 

geometric method of Mattheij, [1] . 

Let X and Y be two independent vectors such that I|X|I2 

» I |Y| I2, and a = a^X + a2Y , and b = a^X + P2Y. Where a^, 

0.2, ^\, and P2 are constants. Since the angle defined by a 

and b is small they do not form a useful basis for numerical 

calculations. But we can find a better basis by defining 

t2̂  = a/ŷ  where Y^ is of order | la| I2/ and by letting t2 e span 

(a,b) with 1 |t2l I2 ~ ' '^l' '2 ̂ ^^ such that t3_ and t2 do not 

enclose a small angle. Then for some 72^^^ Y3 we have 

b = 72^1 "^ '̂ 3̂ 2 • "̂ îs brings us the following matrix equation 

i «1 Pi I I Tl 72 ' 

(X,Y) I = (a,b) = (ti,t2) I I 
j ^2 P2 [ 0 73 I 

The above geometrical description indicates a way to 

transform the system matrix of a two-point boundary value 

problem into a block upper triangular matrix. This is the 

main idea of Riccati transformation. A similar 

transformation can be used to obtain a block lower trangular 

matrix. 

Now, we shall consider a linear homogeneous two-point 

boundary value problem as follows: 

x/(t) = A(t)X(t), for a < t < b (2.1a) 

with boundary conditions 
Xi (a) = X^ (2.1b) 

and 

X2(b) = X13. (2.1c) 



Where A(t) is a continuous NxN matrix valued function and 

X(t) is an N-vector. 

To solve the above problem, we need to transform the 

system matrix A(t) by a time-dependent matrix T(t). There are 

more general boundary conditions and we choose to use these. 

This is done by letting 

X(t) = T(t)Y(t) . (2.2) 

So, we have, Y(t) = T~^(t)X(t) and by differentiation we get 

Y/(t) =T"^(t)x/(t) - T"^(t)T/(t)T"^(t)X(t) 

= T~^(t)A(t)T(t)Y(t) - T~^(t)T/(t) Y(t) . 

Thus, 

Y/ (t) = W(t) Y(t) . (2.3) 

Where, W(t) = T~^(t)A(t)T(t) - T~^(t)T/(t) is upper or lower 

trangular. 

The transformation T(t) is chosen to make W(t) upper or 

lower triangular by solving the Lyapunov's equation 

T/(t) = A(t) T(t) - T(t)W(t) . The matrix form of equation 

(2.3) is 

(Y/II = fWii W12I Yi 

1Y/2! : 0 ^22 I Y2 

and thus 
y/^ = W^i^l "̂  ^12^2 (2.4) 

and 

^^2 " ^22^2 (2.5) 

Hence, the boundary value problem is transformed into the 

initial value problems given by the equations (2.4) and 

(2.5). Now, to get the solution we have to integrate the 

ordinary differential equation (2.5) for increasing t and 

then integrate the ordinary differential equation (2.4) for 

decreasing t. 

The decoupling mentioned above is utilized in methods 

like invariant imbedding, as described by Mattheij, [1] . There 

the decoupling is carried out by a lower triangular matrix, 

T(t), containing identity matrices in the diagonal blocks and 

the remaining block of T(t) satisfies a matrix Riccati 



equation. That is, 

T(t) 
-n 

P(t) 

0 
I 

NxN L - ̂ -' -"N-n ̂  
Where, P(t) is an (N-n)x n matrix satisfying a matrix Riccati 

eqation. The inverse of T(t) can be obtained easily and is 

T ^(t) = 
•n 

-P(t) 

0 1 

NxN ^ • • ^ N - n j 

By matrix differentiation, we get, 
r 

T/(t) = 

0 

P'̂ (t) 

0 

0 NxN 

Now, if we apply the transformation X(t) = T(t)Y(t), with the 

above T(t) to the same problem (2.1), we get 

Y/(t) = [T"^(t)A(t)T(t) - T~^(t)T/(t)]Y(t). In matrix form we 

can write this equation as. 
^v/ Y/i(t)l i All + A 12 

lY/2(t)J 

Where 

A(t) = 

/- A21+ A22P - PAii- PA12P 

A12 Yi(t) 

-PA12+ A22 Y2(t)^ 

(2.6) 

1̂1 

^^21 

^12 ' n 

2̂2 

X(t) = 

N-n 
/ 

Xi(t) 

X2(t) 

, and Y(t) = 

Yi(t) 

J2(t)j 
So, equation (2.6) is of the form YMt) = W(t)Y(t), where 

r All + ^12 

W(t) = 

1̂2 

p/- A21 + A22P - PAii- PA12P -PA12 + A22^ 

and it must be an upper triangular matrix and to satisfy that 

condition we set 

y _ 2̂1 + AooP - PAi1 -PAioP = 0 2̂2 11 1̂2̂  
This is the classical matrix Riccati equation. At first, we 

need to integrate this Riccati equation with the terminal 

condition P(b) to get a value for P(t). Then we can compute 



the solution to the boundary value problem with the given 

boundary conditions by forward and backward integration. That 

is, from equation (2.6), considering VJ(t) to be upper 

triangular, we get, 

Y/i(t) = [ All + A12P ] Yi(t) + Ai2Y2(t) (2.7) 

and 

Y2^(t) = [-PA12 + A22 ] Y2(t) (2.8) 

These ordinary differential equations can be integrated with 

the boundary conditions Yi(a) and Y2 (b) respectively. The 

values of Yi(a) and Y2 (b) can be computed in the following 

way. Using X(t) = T(t) Y(t) in the matrix form we get 

''Xi(t)> \l 0 1 • ''Yi(t)l 

1X2(t), 
I 

P(t) I J [Y2(t)j 

So, Yi (a) = Xi(a) = X^ and Y2 (b) = -P(b)Yi(b) + X2 (b) . 

If we choose P (b) = 0, we get Y2 (b) = X2 (b) = X^ ^ 

Finally, we can recover X(t) as T(t)Y(t), since the inverse 

transformation is needed only for X2(t) and 

X2(t) = P(t)Yi(t) + Y2(t), where, Xi(t) = Yi(t). 

Based on the above procedure we can formulate the 

following algorithm to obtain the solution to a two-point 

boundary value problem of the form (2.1) . 

Theorem 2.1: [Basic algorithm for solution to a two-point 

boundary value problem in the continuous case.] 

StepI: Use the transformation X(t) = T(t)Y(t) where 

T(t) = 

0 

P(t) 

, with known terminal condition T(b), to 

7 transform the given system into Y^ (t) = W(t)Y(t). Where W(t) 

is a block upper triangular matrix 

.̂ t̂ P̂ I • Integrate the resulting Riccati equation with the 

terminal condition P(b). 

Qi-f̂ pTTI: For the initial conditions Yi (a) and terminal 

conditions Y2(b), integrate the ordinary differential 

equations (2.7) and (2.8) to obtain Y(t). 



stepTV: Compute the solution X(t) as T(t)Y(t). 

The following example illustrates this algorithm. Let 

x/(t) = AX(t), 1/2 < t < 1, subject to the boundary 

conditions Xi(l/2) = 1 and X2(l) = 1. 

Where 

A = 

-1 -1 i 

When stepI is applied to the problem we get 

(Yi/(t)^ 

Y2/(t)J 

1 + P(t) 

0 -( 1 + P(t))J 

Yi(t) 

^Y2(t), 

(2.9) 

provided p/(t) = -( 1 + P(t) )2. 

This is the Riccati equation. When we integrate this 

differential equation with the terminal condition P(l) = 0 we 

get, P(t) = 1/t - 1. This is step II. Now, to complete step 

III, from equation (2.9) we have 

Yi/(t) = (1 + P(t))Yi(t) + Y2(t) (2.10) 

and 

Y2/(t) = -(1 + P(t))Y2(t) . (2.11) 

The euation (2.10) when integrated with the terminal 

condition Y2(l) = 1 gives Y2(t) = 1/t and to integrate the 

equation (2.11) we use the initial condition Yi(l/2) = 1. 

When the value of P(t) is substituted in the equation 

(2.10), it becomes 

/ (t) = 1/t Yi(t) + 1/t. (2.12) 

This is a non-homogeneous problem and a solution to the 

corresponding homogeneous problem, satisfying the initial 

condition Yi(l/2) = 1, is 2t. Hence, a particular solution to 

the non-homogeneous problem (2.12), is 

:tjl/ 2tjl/2s' 
1/2 

ds = 2t - 1. 

Thus, the complete solution to problem (2.12), is 

YT (t) = 2tc + 2t -1. Where c is a constant. By using the 



initial condition Yi(l/2) = 1, we get, c = 1. So, 

Yi(t) - 4t - 1. Now, by step IV, we get Xi(t) = 4t - 1 and 

X2(t) = -4t + 5. That is, the solution to the given problem 

is 

f 4t - 1 '; 

X ( t ) = j i . 
i-4t + 5 ] 

This method is very convenient but it cannot be applied 

successfully to all problems. The successful application of 

the method depends on the behavior of the Riccati solution in 

the given interval. The following problem illustrates this 

fact. 

Let x/(t) = AX(t), 0 < t < 7C, subject to the boundary 

conditions Xi(0) = 0 and X2 (7C) = 1. 

Where 

f 0 l^ 
A = i 

-1 0 ) 

The Riccati transformation, X(t) = T(t)Y(t), results in the 
/ 0 

Riccati equation P^ (t) + p^(t) + 1 = 0 . This equation can be 

integrated with the terminal condition P (7C) = 0, to get the 

solution P(t) = -tan t, for 0 < t < TC.The Riccati solution 

does not behave well over the entire interval [0,7C] i.e., at 

t = 7u/2, P(t) does not exist. So, the method breaks down at 

this point. But, the actual solution to the problem is 

X(t) = - sin t, which behaves well in the given interval. 

In general terms this transformation is a method of 

determining a geometric basis for the directions of the 

solutions. Mattheij, in his paper, [1], introduced a 

consistency concept to evaluate the effectiveness of such 

transformations. 



CHAPTER III 

THE METHOD OF FACTORIZATION AND BOUNDARY 

VALUE PROBLEMS 

The factorization method is another effective method to 

solve two-point boundary value problems. Here again, the 

problem is transformed into an initial value problem and 

thereby, the solution is obtained. An example of the 

factorization method is as follows. 

Consider the boundary value problem, 

y//(t) + a(t)y/(t) + b(t)y(t) = 0 , a < t < b. (3.1) 

y(a) = ya, (3.2) 

and 

y/(b) = a^Yih) + P̂^ (3.3) 

Where, (X^ and pĵ  are constants. The second order differential 

equation (3.1) can be written as 

[D2 + a(t)D + b(t)]y(t) = 0. (3.4) 

Where, D = d/dt. The method of factorization is applied by 

writing the above equation, in the factored form as, 

{D + q(t)}{D + p(t)}y(t) = 0. (3.5) 

This equation when simplified, gives the equation 

[D2 + {p(t) + q(t)}D + {p/(t) + p(t) + q(t)}]y(t) = 0. 

Then, by equating coefficients with equation (3.4), we 

have, p(t) + q(t) = a(t) and p/(t) + p(t)q(t) = b(t) . 

Now, these two equations combine to form the differential 

equation 

p/(t) - p2(t) + a(t)p(t) - b(t) = 0. (3.6) 

This is the classical scalar Riccati equation. In equation 

(3.5), by setting (D + p(t)) = z(t), we can form the 

following system of ordinary differential equations 

z/(t) + q(t) z(t) =0 (3.7a) 

or 

z/(t) + {a(t) - p(t)}z(t) = 0 (3.7b) 

and 

y/(t) + p(t)y(t) = z(t) (3.8) 
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Now, to get a solution to the boundary value problem, we, 

only need to solve the equations (3.6), (3.7b) and (3.8) by 

integration. The bonndary conditions are obtained by 

comparing (3.3) and (3.8). Thus, p(b) = - CXĵ  and z(b) = Pĵ . 

After getting, p(t), from equation (3.6) and z(t) from 

equation (3.7), we can integrate equation (3.8) with the 

initial condition y(a) = y^, to obtain the solution of the 

given boundary value problem. 

It can be shown easily that the method of factorization 

and the method of order reduction are closely related for the 

scalar case. To illustrate this fact, consider the same 

boundary value problem. That is, 

y//(t) + a(t)y/(t) + b(t)y(t) = 0. 

y(a) = ya 

and 

y/(b) = â ŷĵ  + pĵ  

The method of order reduction is applied in the following 

manner. Let y''̂  (t) = x(t), then the given second order 

differential equation becomes, 

x/(t) + a(t)x(t) + b(t)y(t) = 0. 

These two equations can be written in the matrix form as 

ry/(t)-

x/(t) 

f 0 

-b(t) 

A 

-a(t) 

fy( t ) l 

lx(t)J 

Now, by the Riccati transformation 

fy(t)^ 

x ( t ) 

we g e t , 

(v^ it)] 

0 

I-P(t) 

- P ( t ) 

0 

v ( t ) 

1 j , u ( t ) . 

p ( t ) - a ( t ) , 

v ( t ) 

u ( t ) u / ( t ) . 

p r o v i d e d , 

p / ( t ) - P ^ ( t ) + a ( t ) p ( t ) - b ( t ) = 0 . 

This is the scalar Riccati equation (3.6), we obtained by the 



factorization method. This differential equation .can be 

solved for p(t) with the terminal condition p(b) = "̂ b̂ • ^-"^^ 

by the algorithm mentioned in Chapter II, we can find the 

complete solution of the problem. Hence, the method of 

factorization and the method of order reduction are 

essentially the same. 

The main purpose of this chapter is to study the method 

of factorization described by J.Taufer, [2], and find a 

relationship between this method and the method of invariant 

imbedding, considered in chapter II. 

Taufer in his paper, [2], described the factorization 

method for a boundary value problem of the form 

x/(t) + A(t)X(t) = f(t). Where, A(t) is an NxN matrix and X 

and f are N-vectors. The method of direct factorization is to 

be considered in this chapter and accordingly the necessary 

notations, definitions. Lemmas and theorem are taken from 

Taufer, [2], and modified where necessary to suit our 

discussion. 

Notations 3.1: Let there be given 
r + 1 

(a) . a s e q u e n c e of numbers M = { 7 i } i =o t)e s u c h t h a t , 
a = To < Yl < < Yr < Tr+ l = ^; 

(b). a constant nxN matrix Ui of rank n (where 1 < n < N ) ; 

(c). a constant (N-n)xN matrix U2 of rank (N-n); 

(d). a constant n-vector ui/ 

(e) . a constant (N-n)-vector U2; 

(f) . constant non-singular NxN matrices W^, for i = l,...,r; 

(g) . constant N-vectors w^, for i = 1, r; 

(h). an NxN matrix A(t) = {Aij(t)} such that for i = 1,..,N 

and j = 1 ....N., Aij(t) are integrable in Lebesgue 

sense in the interval (a,b); 

(i) . an N-vector f(t) = (fi(t), f2(t), f^(t))'^ 

such that for i = 1,....,N., fi(t) are Lebesgue 

integrable. 

Using these notations Taufer formulated the boundary 

value problem in the following manner. 
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Def i ni tion 3.1: The following problem is called 'problem \|/' 

An X(t) is to be found for which it holds that: 

(a). x/(t) + A(t)X(t) = f(t) almost everywhere on (a, b ) ; 

(b) . UiX"^(a) = ui, U2X~(b) = U2/ 

(c). X(t) has discontinuities atmost of the first type; 

(d) . X"(7i) = WiX"^(7i) + wi for i = 1, . . .,r.; 

C X(t) for t G (7i, 7i+i) 

(e) . Xi(t) = \ X~(t) for t = 7i 

I X"*'(t) for t = 7i+i 

are absolutely continuous in the interval (7i,7i + i) ^ 

for i = 1,...,r. 

Definition 3.2: Let {Di(t)}i=Q be a sequence of nxN matrices 

and {dj_(t)}^i=Q be a sequence of n-vectors. In the interval 

(7j_, 7i + i) / let the matrices Di(t) and the vectors di(t) be 

absolutely continuous solutions of the equations 

Di/(t) = Di(t)A(t) and di/(t) = Di(t)f(t) 

with the initial conditions 

DQ(a) = Ui 

do(a) = ui 

0^(7^) = Dj__i(7i)Wi for i = l,...,r 

and 

di(7i) = di_i(7i)Wj_ for i = l,...,r. 

Definition 3.3: Let O = (Gi, a2r . . •, Ô ^ ) be some order of 

numbers 1,2, ...,N. Let P^ = (P^ij) be a square permutation 

matrix of order N defined as follows: 

p = 0 i for i, 3 = 1,...,N. 
CJJ 

where 

. .'0 for i vi j 

1 

\1 for i = j 

is the Kronecker delta. 

n 
n^-F-inition 3.4: Let L = {1. . } be an Nxn rectangular matrix 
— n 1 j 



defined as 1 . . = 5. for i = 1, . . . ,N and j = 1, . . . , n (n < ::) 
ID 1 

n 
Definition 3.5: Let R = {r } be an Nx(N-n) rectangular 

^ Ij matrix defined as 

r. . = 6. , for i = 1, . . . .N and j = 1, N-n. 
13 i-n 

Theorem 3.1: There exists a partition a = GQ < ^i < 

. . . .< 0.̂ +1 = b, of the interval such that, 

1. for each interval (Qi^Oi+i), there exists j(i) so that 

(81,61 + 1) € (7j(i)/ Tj(i)+l) for i = 0,1, ...,v. 

2. for each interval (9i, Q^+i)^ there exists an ordering 

Oj^ such that the matrix D-i/IN P̂ -̂ L̂ ^ is non-singular in the 

interval (9i,6i+i), for i = 0,1,...,v. 

We omit the proof and refer the reader to Taufer, [2]. A 

detail discussion about the ordering Ci and the selection of 

j(i) is given by Keller and Lentini, [3]. 

Definition 3.6: Let D be an nxN matrix and d be an n-vector. 

Let a be a fixed ordering of numbers 1,2,...,N and let the 

matrix DP̂ L̂ .̂  be non-singular. Then define the operators: 

a. G(D,a, n) = (DP^Ln)"^DP^Rj^ 

b. G*(D,a, n) = (DP^Ln)"^D 

c. g(D,d,a,n) = (DP^Ln)~^d 

Notice that G is an nx(N-n) matrix, G is an nxN matrix 

and g is an n-vector. The matrix DP^L^ is a selected 

non-singular sub matrix of the matrix D and the matrix DP^R^ 

consists of those columns of the matrix D which do not occur 

in the matrix DP*̂ Lĵ . 

p^f-inition 3.7: Let a = 9o<Qi< <^v+l = b, be a 

partition of the interval (a, b) and let a^ be an ordering 

such that the assertitions of the Theorem 3.1 are true. For 

each interval (01, ^i+i) r 1 = 0,1,...,v, define the following 

a. Matrices 
Gi(t) = G(Dj(i) ,ai, n) 



and 

Gi'- (t) = G- (Dj(i) ,ai, n) 

for t G (61,61 + 1) ; 

b. Vectors 

gi(t) = g(Dj(ij, dj(i),ai, n) for t G (61, 61 + 1) 

c. Sub matrices of the matrix A, for t G (61, 61+1) 

Aii(t) = Ln'^(P^i)TApCJiL^^ which is nxn 

A2^(t) = Ln'^(P^i)TApOiR^, which is nx(N-n), 

A3^(t) = Rn'^(P^^)'^AP^iLj^, which is (N-n)xn, 

and 

A4^(t) = Rn'^(P^^)'^AP^iRj^, which is (N-n) x (N-n) 

d. Vectors, for t G (61, 61+1) 

Fi^(t) = Ln'̂ (P̂ i)'̂ f, the first n rows of f, 

and 

F2^(t) = Rĵ '̂ (P*̂ )̂'̂ f, the last N-n rows of f. 

and 

e. Vectors, for t G (61, 61+1) 

Y^(t) = L̂ '̂ (P̂ )̂'̂ X̂  ̂ )̂ ' the first n rows of X^ (i) 

and 

Z^(t) = Rĵ '̂ (P̂ )̂'̂ X̂  ̂ ^̂  , the last N-n rows of X^ (i) , where 

j(i) is an index such that (61, 61+1) G (7j(i)f Tj(i)+l) 

With all these basic definitions and notations, Taufer, 

in [2], derived the following factorization equations which 

are used to get the solution of the boundary value problem. 

The derivation of these equations are given in Taufer, [2]. 

The factorization equations are: 

For i = 0,1,...,V, 

Y^(t) + Gi(t)zi(t) = gi(t), for t G (61, 61 + 1), (3.9) 

G^/(t) = Gi(t)A4i(t) - Ai^(t)Gi(t) - Gi (t) A3i (t) Gi (t) 

+ A2^(t) (3.10) 

almost everywhere on (0i, 61+1), 

g_./(t) = -{Ai^(t) + Gi(t)A3i(t) }gi(t) + Fii(t) 

+ Gi(t)F2^(t), (3.11) 

almost everywhere on (61, 61+1). 
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Zi/(t) = -{A4i(t) - A3i(t)Gi(t) }zi(t) +F2^(t) 

- A3^(t)gi(t), (3.12) 

almost everywhere on (61, 61+1). 

The differential equation (3.10) is a Riccati equation 

and it should be solved as the first step, in the method of 

direct factorization. The method of direct factorization is 

carried out in the following manner. 

First, we integrate the equation (3.10), for increasing t, 

with the initial conditions: 

for i = 0, Go(a) = G(Ui,ao,n); 

for i = 0,1,...V., 

rG{Gi_i(6i),ai,n}, if 61 € M 

Gi(0i) = I 
l^G{G*i_i(6i)Wi,Gi,n}, if 61= 7i ^ M 

Similarly, we integrate equation (3.11) for increasing t, 

with the initial conditions: 

for i = 0, go(a) = g(Uif Ui,ao,n) ; 

for i = 0,1,...,V., 

rg{G*i_i(ei),gi_i(6i),ai,n} if 61 ^ M 

giOi) = j 
[g{G*i_i(6i)Wi,gi_i(6i)-G*i_i(ai)wi,o-i,n} 

if 61 = 7i g M 

Thus, we obtain all the matrices Gi and vectors gi. Then, we 

solve the equation (3.12) by integration, for decreasing t, 

with the initial conditions: 

for i = v, U2X"(b) = U2 and G^*(b)X"(b) = g^{h); 

for i = v-1, v-2, , 0., 

rx+(6i + i) if 01 + 1 g M 

x-(0i+i) = ] 
V.WiX+(6i+i) + wi if 61+1 = 7i g M 

Thus, we obtain the vector Z^ and the remaining components Y^ 

of X-"- are calculated from the equation (3.9). Hence, the 

complete solution X^ of the boundary value problem is 
obtained. 
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We must take special care in integrating the Riccati 

equation (3.10), not to pass the point where the solution of 

the equation (3.10) has a singularity. If the solution to 

equation (3.10) has a pole at a point t = tg then, 

|Gi(t) 1-̂  oo when t -^ tg. This implies that 

det[Dj (1) (t)P L^] -^ 0 as t -> tg 

and thus the matrix D j ^^ (t) P^^Lj^ is singular. Hence, the 

solution of equation (3.10), for fixed i, has a pole at the 

point t = tg if and only if the corresponding matrix 

^j (i) (t)P •'"Ln is singular. The following Lemmas give 

conditions for the matrix D-;/ix (t)P̂ -'-Lĵ  to be non-singular. 

These Lemmas have been proved in Taufer, [2], and we only 

state the Lemmas here. 

Lemma 3.1: Let D be an nxN matrix of rank n. Then there 

exists an ordering C = {0-^,02, •'-,C^) of the numbers 

1,2, ...,N such that the matrix DP^Lj^ is non-singular and the 

absolute values of the elements of the matrix (DP̂ Lĵ )~iD are 

not greater than one. 

Lemma 3.2: Let Aij(t) < K for all the i and j. Let h and 

|J. satisfy the inequality 

h < 4/NK(N|I+2) 

and let |Gi]̂ -'-(t) | < |l be valid for all 1 and k, then the 

matrix D-;/^ (T)P̂ -'-Lĵ  is non-singular for all X e [t-h, 

t+h] . 

The method of direct factorization of Taufer, mentioned 

in this chapter, can also be considered in terms of the 

method of invariant imbedding. The same set of factorization 

equations can be derived by making a suitable Riccati 

transformation of the given boundary value problem. Now, we 

shall show this. 

Assuming all notations of Taufer, [2], the problem 

x/(t) + A(t)X(t) = f(t), can be written in the matrix 

form as; 
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'' -i^/^ (Y-") 

I.(z^)/J 

H' 

. ^ 3 ^ 

A' i ̂  

A 4 -

-i ̂  -̂  -i '̂  

tzij (_F2\ 
The appropriate transformation, for the problem is. 

-G. 
> 

gi 

0 I 

Notice that the T(t) matrix we use here, is a block upper 

triangular matrix and the value of P(t), which is placed in 

the off diagonal block is -Gi(t). In this case, the resulting 

W matrix will be block lower triangular. When we substitute 

the transformation we get. 

gi^ 

.^x 
./ 

-A-

-A-

- G.:A î 3 0 

- A. 

gi 

(3.13) 

- Ai^Gi - GiA3^Gi + A2^ 

provided, 

Gi^ = G1A4 

This is the Riccati equation (3.10), obtained by Taufer, in 

[2], by the method of factorization. We can also obtain the 

other factorization equations (3.9), (3.11) and (3.12) from 

the matrix equation (3.13). i.e.. From equation (3.13) we 

have 

gi/ = -{Ai^ + GiA3Mgi 

and 

hi^ = -A3iY^ + {A3iGi - A4^}hi 

Now, from the transformation we have, 

Y^ = gi - Gihi (3.14) 

and 

zi = hi (3.15) 

By differentiating the above equations we get, 

(yi)/ = gi/ - Gihi/ - Gi/hi 

and 

(Z^)/ = hi/ 

and from the matrix form of the given problem we have. 

(Y-̂ ) i ) / = -Ai^Y^ - A2^Z^ + F 
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and 

(Zi)/ = -A3^Yi - A4^zi + F2^ 

Using these equations and by substitution we obtain the 

equations 

gi/ = -{Ai^ + GiA3i}gi + Fi^ + GiF2^, 

which is equation (3.11), 

and 

(zi)/ = -{A4^ - A3iGi}zi + F2^ - A3gi^ 

which is equation (3.12). Finally, from equation (3.14) we 

get equation (3.9). Which is 

Y^ + GiZ^ = gi. 

We can also derive the same set of initial conditions as 

considered by, Taufer, in [2]. 

Thus we conclude that the method of factorization 

introduced by Taufer, in [2], is basically the same as the 

method of invariant imbedding. 



CHAPTER IV 

THE NECESSARY AND SUFFICIENT CONDITION FOR 

THE EXISTENCE OF A UNIQUE SOLUTION OF A 

BOUNDARY VALUE PROBLEM 

In this chapter we derive a necessary and sufficient 

condition for the existence of a solution of a two-point 

boundary value problem. The Grassmannian manifold is the main 

tool used in this chapter. First, we describe a boundary 

value problem as a flow in the Grassmannian manifold and then 

derive the condition. 

We begin by recalling some basic facts about the 

Grassmannian manifold and certain group actions. We refer the 

reader to the exposition given by Doolin and Martin,[4] and 

Brickell and Clark, [5]. 

We use the following notations and basic definitions in 

this section. 

Let M be a manifold and T (M) be its tangent space. Then, the 

differentiable mapping Y: M > T(M) is called a 

vector field. A curve, C(t), in a manifold, M, is defined to 

be a differentiable function, C: R > M, whose domain, 

(a,b), is an open interval of R. Then,locally c/(t) = 

Y(C(t)), is a differential equation of first order on M. Now, 

a curve, C(t), in M satisfying the equation c/(t) = Y(C(t)) 

and such that C(a) = C^ is called a solution to the above 

different ial equation with the initial condition C(a) = C^• 

Such a curve is also called an integral curve starting from 

the point C^• 

In order to understand the flow of a vector field, the 

action of a group on a manifold should be considered. For 

this purpose, the Lie Group-G will be considered a closed 

sub-group of the group of NxN invertible matrices, GI(N). 

Now, we shall state the following definition from Doolin 

and Martin, [4] 
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Definition 4.1: The group G is said to act on the manifold, 

M, if there exists an infinitely differentiable function 

H: GxM > M with the following properties. 

1. for all m G M, Q(e, m) = m, where e is the identity 

element. 

2. for all g, h G G and m G M, ^{g, f2(h, m) } = C>(gh, m) . 

Let ft be a one-parameter sub-group of G with the 

following properties: 

li(t).i3(h) = ft (t+h) and ft(0) = e. 

Using these properties we can show that ft~-'-(t) = ft(-t) and 

ft/(t) = Aft(t) . Where, 

A = limit {(ft(h) - ft (0))/h} 

h -^ 0 

The matrix A is called the infinitesimal generator of the 

sub-group ft. Clearly, the solution of the differential 

equation ft/(t) = Aft(t), is ft(t) = exp.{At}. 

At this point, consider a curve X(t), in M, formed by the 

action of a one-parameter sub-group ft(t) of G. That is, 

X(t) = ft(t)X(a). By differentiating this equation and 

(working locally) by using the equation ft^ (t) = Aft(t), we 

get the equation, x/(t) = AX(t). This is an ordinary 

differential equation. Hence, this construction produces the 

initial value problem, x/(t) = AX(t), with the initial value 

X(a). The curve, X(t) is an integral curve originating from 

X(a) . The vector field generated by the matrix A is called 

the Riccati vector field and the flow, ft(t) = exp.{At}, on 

M, is called the Riccati flow, when M is one of the 

Grassmannian manifolds. 

Now, consider a problem of the form, x/(t) = AX(t), 

subject to the boundary conditions X(a) = X^ and X(b) = Xj^. 

The solution, X(t), for a < t < b, to this problem, is a 

curve in M that originates at X^ and terminates at X^. The 

major question here is the existence of such a curve. To 

answer this question, let us clarify some properties of 

manifolds and integral curves. For this purpose, we shall 



21 

state the following Definitions and Lemmas from Brickell and 

Clark [5] . 

Definition 4.1: Let Y be a vector field on a Hausdorff 

Manifold, M. Let m be a given point of M and let J(m), be the 

union of the domains of all the integral curves of the vector 

field Y, which start from m. The integral curve, Cĵ , which is 

defined on the domain, J(m), and starting from the point m is 

called the maximal integral curve. 

Definition ^^2'. A vector field on a Hausdorff Manifold, M, 

is said to be complete if J(m) = R, for each m G M. 

The following Lemma gives a useful criterion for a 

vector field to be complete. 

Lemma 4.1: A vector field on a Hausdorf Manifold, M, is 

complete if and only if there exists a neighborhood of 0, in 

R, such that each maximal integral curve is defined on the 

neighborhood. 

The following Lemma gives a condition for the Manif old 

to have a complete vector field. 

Lemma 4.2: Every vector field on a compact Hausdorf Manifold 

is complete. 

Based on these Lemmas and definitions we come to the 

conclusion that if C: [a, b] > M is an integral 

curve of a vector field, Y, on a compact Manifold then, the 

domain of the curve, C, can be extended to R. In other words 

the solutions to ordinary differential equations on compact 

Manifolds, are well-behaved over every finite interval. 

Now, we will show that the Riccati differential equa tion 

is naturally associated with a compact Manifold. By our 

construction, the Riccati equation will be seen to be a 

complete vector field associated with a one-parameter 

sub-group of GI(N) acting on the Grassmann Manifold of 

n-planes in N-dimensional Euclidean space. Here, we will 

recall the construction but, refer the reader to Doolin and 

Martin, [4], for the details. 

Let V be an N-dimentional vector space and let U and W be 
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sub-spaces of V, with dimensions n and N-n respectively such 

that V = U © W. Let G^(v) be the set of all n-dimensional 

sub-spaces of V. It has been shown in Doolin and Martin, [4], 

that G^(v) is a compact and Hausdorff Manifold with an atlas 

of charts I (W) . Where each [(W) is the set of n-dimensional 

sub-spaces of the form 

W B 

' u^ 

Bu 

u G U and B G L(U,W) 

Let GI(N) be the set of all NxN invertible matrices. Also, 

let ft be a one-parameter sub-group of G1(N). G^(V) can be 

regarded as the Grassmann Manifold. The action of ft on G^(V) 

is given as: 

G1(N) x G^(V) > G^(V), 

where for, ft G GI (N) and w G G^ (V) , we have 

(ft,w) > ft(w). 

Now, we shall describe a two-point boundary value problem 

of the type, x/(t) = AX(t), for t [0,T], subject to 

Xi(0) = XQ and X2 (T) = Xr.^. Where X(t) is an N-vector 

partitioned as so that Xi(t) G U and X2(t) G W Xi(t) 

^X2(t) 

A is an NxN matrix and is partitioned compatibly as 

Ai A2^ 

.̂ 3 ^4^ 

Since the state vector is not completely determined at t = 0 

we have the following set of possible initial conditions; 

' Xi(O)'^ 

Xp(0) 

and let Wrp = 

0 

tX2(0)J 

w 

Note that X2(0) is to be determined. Similarly, the terminal 

conditions; 

'Xi(T)' 

X2(T)^ 

can be written as 
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Xi(t): 

0 

G U 

and this is the given problem X^(t) = AX(t), and also the 

vector field induced by the one-parameter group action on the 

Grassmann Manifold, G^(V). Thereby, we describe a two-point 

boundary value problem as a flow in the Grassmann Manifold. 

At this point, to get some idea about the solution of the 

given boundary value problem, let us consider the following 

diagrametic representation of the revised initial and 

terminal conditions. This is given in diagram 1. 

W, W, 

Diagram 1 
W 0 Diagram 2. 

By the group action of ft(T) on the condition, Wg we get the 

following linear variety ft(T)-Wg^ This can be represented 

diagrametically as in diagram 2. In diagram 2, the plane 

corresponds to the equation ft(T).Wg, is represented by the 

line 1. If 1 is parallel to the line representing, W.J., then, 

the boundary value problem has no solution. If 1 intersects 

the line representing, Wr̂. transversely then, the problem has 

a unique solution. 

To derive a necessary and sufficient condition for the 

existence of a unique solution of the given boundary value 

problem, we make use of the following Lemma, from Doolin and 

Martin, [4]. We leave out the proof and refer the reader to 

Doolin and Martin, [4]. 
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represented by a unique form, Wg, where 

Wg = 
u 

! : u G U and B G L(U,W) 
V..BUJ J 

for some matrix B, if and only if Ug n W = {0}. 

Now, we are in a position to state the necessary and 

sufficient condition. By the group action, 

G1(N) X G^(V) •̂  G^(V), 

we have, ft(T).Wg G G^(V), for ft(T) G GI(N). 

By Lemma 4.3, ft(T).Wg has a unique decomposition if and only 

if ft(T).Wg n Wrp = {0}. Thus, ft(T).Wg has a unique 

decomposition if and only if, ft(T).Wg = {0}. But, ft(T).Wg 

gives the solution to the boundary value problem. Thus, we 

have proved the following the theorem. 

Theorem 4.1: A homogeneous boundary value problem of the 

type, x/(t) = AX(t), t G [0,T], with the boundary conditions 

Xi(0) = 0 and X2(T) = 0; has a unique solution if and only if 

ft (T) .Wg n Wrp = {0} . 

Now, we can modify this condition and get it in a 

convenient form as follows. 

Theorem. 4.2: The boundary value problem described in 

theorem 4.1, has a unique solution if and only if fti~i(T) 

exists 

ft(T) = 

Where ft(T) is partitioned as 

ftl(T) 

tft3(T) 

ft2(T) '̂  

ft4(T) ̂  

n 

N-n 

Proof: Using theorem 4.1, the given boundary value problem 

has a unique solution if and only if ft (T) .Wg n Wr̂  = {0}. 

where ft(T).Wg G G^(V). Using the matrix form of ft(T) we get 

' fti(T)Xi(T)' 

ft(T).Wg = 

^ ft3(T)Xi(T) 

But, from Lemma 4.3, we have that, ft (T) .Wr̂  has the unique 

form Wg. Thus, ft(T).Wg can be written as 
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< x\ 
ft(T).Wg = I . Where X = fti(T)Xi(T) G U 

^ ft3(T)fti-i(T)X ̂  

Such a representation of ft(T) is possible if and only if 

ftl~i(T) exists. Hence the result. 

Theorem 4.2 gives a very important result, for, it not 

only gives conditions for the existence of a unique solution 

but, it also guarantees the existence of a solution of the 

corresponding Riccati differential equation. This will be 

discussed in the next chapter. 

In this chapter, we used some basic facts of differential 

geometry and derived a necessary and sufficient condition for 

the existence of a unique solution of a certain homogeneous 

two-point boundary value problem. 



CHAPTER V 

THE NECESSARY AND SUFFICIENT CONDITIONS 

IN TERMS OF THE RICCATI EQUATION 

In the previous chapter, we described a two-point 

boundary value problem interms of a flow in the Grassmann 

Manifold and derived a condition for the existence and 

uniqueness of a solution. In this chapter, we will continue 

from there and identify the Riccati equation with a flow 

generated by a one-parameter group on a Grassmann Manifold. 

For this purpose, at first, we will consider a general 

problem and derive the Riccati equation, as in the previous 

setting. 

Recall all notations of chapter IV. To begin with, the 

action of GI(N) on G^(V) is defined by, 

(ft,Wg) ¥ ft (Wg) , for ft G G1(N). That is, 

'{ftl(t) + ft2(t)B}u' 

ft(WB) = 

Jft3(t) + ft4(t)B}uJ 

Now, since ft(Wg) (W), there exists a matrix A such that 

ft(WB) =' 

\^ 
Az 

z G U 

This implies that {fti(t) + ft2(t)B}u = z has a solution for 

all z G U, and hence, {fti(t) + ft2(t)}"^ exists. Thus, 

-1, 
ft(WB) = 

{ft3(t) + ft4(t)B}{fti(t) + ft2(t)B}--^z^ 

So, the function 

^ {ft3(t) + ft4(t)B}{fti(t) + ft2(t)B} 

z G U 

ft: B 
-1 = A (5.1) 

is the generalised fractional transformation that is needed 

Already we know that, ft/(t) = Aft(t), and the induced vector 

field is x/(t) = AX(t). This is the differential equation 

for which, we are going to derive the associated Riccati 

equation. The equation, ft/(t) = Aft(t), can be given the 
26 
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'ollowing matrix form: 

fft 1 
/ ft. / > 

Ift3/ ft4/ 

f A i f t i + A2ft3 

A3fti + A4ft3 

Aift2 + Aoft 2^4 ! 

A3ft2 + A4ft4 j 

( 5 . 2 ) 

But , by u s i n g t h e t r a n s f o r m a t i o n , ( 5 . 1 ) , we g e t 

^[{ft3 + ft4B}{fti + ft2B}"i] = {ft3/ + ft4/B}{fti + ft2B}"^ 
d t 

- {ft3 + ft4B}{fti + ft2B}"i{fti/ + ft2/B}{fti + ft2B} -

Now, we can use e q u a t i o n , ( 5 . 2 ) , to e l i m i n a t e f t i / , f t2 / , f t3 / 

and f t 4 / i n t h e above e q u a t i o n and o b t a i n 

^[{ft3 + ft4B}{fti + ft2B}~i] = A3 + A4{ft3 + ft4B}{fti + ft2B} 
d t 

-1 

-1 

-1 {ft3 + ft4B}{fti + ft2B}~-^Ai - {ft3 + ft4B}{fti + ft2B}~^A2. 

. {ft3 + ft4B} {fti + ft2B}"-^ 

This implies that the transformation 

{ft3 + ft4B}{fti + ft2B}"^ 

satisfies the differential equation, 

p/(t) = A3 + A4P(t) - P(t)Ai - P(t)A2P(t), 

with the initial condition, P(t=0) = B. Since ft(0) = I^xN* 

The above differential equation is the matrix Riccati 

equation and the derivation shows that the Riccati equation 

is associated with a group action on the Grassmann Manifold, 

G^(V) . Also, we see that it arises as the generator of a 

linear fractional transformation of the Grassmann Manifold. 

Now, we shall consider two linear homogeneous boundary 

value problems and derive the associated Riccati equations in 

the Grassmannian setting. 

Let x/(t) = AX(t), 0 < t < T, subject to the boundary 

conditions, Xi(0) = 0 and X2(T) = 0, be the two-point 

boundary value problem in consideration. To begin the 

derivation, first partition X(t) and A as in chapter IV, such 

that Xi(t) G U and X2(t) G W. The boundary conditions can be 

written as: 

X2(0)j [XQ 
= Wo , 
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.vhere X2 (0) = Xg and Wg = ' ̂  

ana 
l'Xi(T)̂ ! 

[X^(T)J 

X OJ 
Xr 

0 
_ w 

where Xi (T) = Xr 

T ' 

and Wrp = Xr 

10 J 
Thus, Wg forms a chart for G^ (V) and W-j. forms a chart for 

QN-n(Y) ̂  According to chapter IV, the given problem has a 

unique solution if and only if ft (T) .Wg n Wr̂  = {0}. Now, we 

will derive the transformation that involves the Riccati 

equation. This can be done by considering the action of ft(t) 

on Wg. That is. 

ft(t).Wg = 
r > 
X 

'ftl(t) ft2(t) 

ft3(t)' ft4(t)J [0 J 

and this implies that, 

ft (Wg) = f^l (t)Xrp ' 

[ft3(t)XT^ 

Since, ft (Wg) G G^ (V) , we have that fti(t).Xrp = z has a 

solution for all z G U. Hence, fti~i(t) exists for all t G 

[0,T] and particularly, when t = T. But, this a necessary and 

sufficient condition for the existence of a unique solution 

of the given boundary value problem. We proved this in 

Theorem 4.2, in chapter IV. This is a very important 

connection between the solution of the boundary value problem 

and the solution of the associated Riccati equation. It will 

be fully realized only after deriving the Riccati equation of 

the given problem. Therefore, first, we will complete the 

derivation of the Riccati equation and then discuss about 

this relationship. ft(Wg) can be written as 

ft(Wg) =1 ^ 
[ ft3(t)fti-l(t)z 

So, the function 

ft: 0 > ft3(t)fti"^(t) 

is the linear fractional transformation that is required. 

Thus, the Riccati equation is obtained by differentiating 
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ft3(t)fti ̂ (t) with respect to t. That is, 

il[ft3(t)fti-i(t) ] = ft3/(t)fti-l(t) - ft3(t)fti-^(t)fti/(t)ftT"-(t) . 
dt 

When we substitute the values of fti/(t) and ft3/(t) using 

equation, (5.2), we get 

d[ft3(t)fti"i(t) ] = A3 + A4ft3(t)fti-i(t) - ft3(t)fti~i(t)Ai _ 

^^ ft3(t)fti~i(t)A2ft3(t)fti"i(t) . 

Thus, the matrix Riccati equation associated with the given 

problem is; 

p/(t) = A3 + A4P(t) - P(t)Ai - P(t)A2P(t). (5.3) 

This equation can be solved with the initial condition 

P(t=0) = 0. 

Here, we like to point out that the same Riccati equation 

can be obtained by making the Riccati transformation 

X(t) = T(t)Y(t), where T(t) = I ol 
P(t) I 

, to the problem. 

as in chapter II. 

Now, we are in a position to discuss the relationship 

between the solution of a boundary value problem and the 

solution of the associated Riccati equation. The Riccati 

equation, (5.3), has a well-behaved solution in the interval 

[0,T], if and only if fti"i(t) exists for all t G [0,T]. If 

that happens then, fti~i(T) also exists, and this condition 

guarantees a unique solution to the boundary value problem, 

due to Theorem 4.2 of chapter IV. Thus, we have proved the 

main theorem of this thesis. That is. 

Theorem 5.1: Consider a two-point boundary value problem of 

the form, x/(t) = AX(t), 0 < t < T, with boundary conditions 

X(0) = 0 and X(T) = 0. The Riccati equation (5.3) associated 

with the problem has a solution at t = T, if and only if the 

above boundary value problem has a unique solution, over the 

interval, [0,T]. 

Now, we will consider another boundary value problem and 

derive the corresponding Riccati equation. Let x/(t) = AX(t), 

0 ^ t ^ T, subject to the boundary conditions Xi(0) = Xg and 
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^2 (T) = Xrp; be the problem in consideration. As, in chapter 

IV, we can write the boundary conditions as linear varieties 

as : 

fXi(0)l 
i ! 

! j 
LX2(0)j V 

^0 

0 

+ Wr ^ fX^iT)] = Wg + f 0 I 

and 

i,X2(t)j X Tj 
The action of ft (T) on the terminal condition gives. 
ft (T) . fWrj, + "^ 0 

k^T jj 

n X 0 

k 0 
+ % ! 

I 
= ft(T)Wg ^ WT (5.4) 

According to the theory, we derived in chapter IV, the 

necessary and sufficient condition for the existence of a 

unique solution to the given boundary value problem is that; 
^ r r. ^ 

ft(T) .;.Wg + 0 

X Tj 

n j'Xnl 

II 
0 
0 

+ Wi- i = { 0 } 

J 
Thus, from equation, (5.4), the above condition reduces to 

ft(T)Wg n Wrp = {0}. This is the exact condition we obtained 

for the previous problem. Hence, we can state the following 

Proposition. 

Proposition 5.1: A necessary and sufficient condition for the 

existence of a unique solution of the boundary value problem, 

x/(t) = AX(t) with the boundary conditions Xi(0) = Xg and 

X2 (T) = Xrj,. is the existence of a unique solution of the 

following boundary value problem: X^(t) = AX(t), with the 

boundary conditions Xi(0) = 0 and X2(T) = 0. 

Now, we return to the problem and derive the Riccati 

equation. To get the required linear fractional 

transformation, we need to know the terminal condition Xi(T). 

This can be computed by the action of ft(T) on the terminal 

condition. That is. 

ft(T) . 'Xi(T)l + 

0 

^0 

X 
Ty 

c X 0 
X2(0) 

So, we have fti(T)Xi(T) + ft2(T)Xrp = Xg. Thus, 

Xi(T) = fti"^(T)Xg - fti-l(T)ft2(T)XT 

provided fti"-'-(T) exists. To show this, consider the action of 



ft (T) on ^0 
IC J 

That is, ft (T) . '0 
0 

0 

Xr 

^ 

When ft(T) is partitioned as before, the above equation 

gives fti(T)Xg = 0. Thus, fti~i(T) exists. Now the following 

group action leads to the required transformation. That is. 

ft(t) Xi(T) 

V.̂ T 

= |fti(t) ft2(t) 

[ft3(t) ft4(t) 

'ftr^(T)Xg] + 

0 

-1 -fti •^(T)ft2(T)XT 

Xr 

It is sufficient to consider the first term of the above 

equation, to determine the transformation. That is. 

ftl(t) 

ft3(t) 

Since, 
L 

ft2(t) 

ft4(t) 

ft(t) 

' fti ̂ (T) Xg^ 

0 

' f t l " l ( T ) Xg' 

ftl(t)fti ^(T)Xg 

|^ft3(t)fti-i(T)XgJ 

( 5 . 5 ) 

0 

G r;^ (V) , we can w r i t e t h e e q . ( 5 . 5 ) 

as, 

ii(T) ft - 1 (T)Xg 

0 
-1 

ft3(t)fti-i(t)Xj 

Where, fti (t) fti -^(T)Xg = X G U and this equation can be 

solved for all values of X. Thus, fti~i(t) exists for all 

t G [0,T] . Therefore, the required transformation is 

ft: 0 > ft3(t)fti"^ (t) . 

Thus we will get the same Riccati equation as in the previous 

example. This further strengthens our claim of Proposition 

5.1. 

In this chapter, we derived the Riccati equation of a 

linear homogeneous boundary value problem with different sets 

of boundary conditions. In both cases, we obtain the same 

Riccati equation. We also found an important relationship 

between the solution of the boundary value problem and the 

solution of the associated Riccati equation. 



CHAPTER VI 

CONCLUDING REI4ARKS 

In this thesis, we considered mainly a linear homogeneous 

two-point boundary value problem with separated boundary 

conditions. At the beginning, in chapterll, we used some past 

results to understand the geometry of Riccati transformation. 

Mattheij, in [1], defined such a transformationfor a 

non-homogeneous problem and stated that the transformation is 

effective when the system matrix is a constant matrix. 

In studying some numerical methods to solve boundary value 

problems, it is important to consider the sensitivity of the 

problem. In this respect, Mattheij, in [6], introduced the 

concept of conditioning of boundary value problem. He used 

condition numbers to decide whether a problem is 

well-conditioned or ill-conditioned. Also, he related the 

sensitivity of solutions of linear boundary value problems to 

perturbations of the boundary conditions. 

In chapter II, we discussed the method of invariant 

imbedding. In implementing the method, we derived a Riccati 

differential equation which is non-linear and most of the 

time, a solution to this equation does not exist in the given 

interval. It is because, if the fundamental matrix to the 

corresponding system is 

Y(t) = 

Yg(t) Yi(t)'' 

[Y2(t) Y3(t)J 

then, the Riccati solution to the system is, 

p(t) = Yi(t)Y3~i (t) . But, there is no guarantee that Y3~i(t) 

exists in the given interval. However, Taufer, [2], and Keller 

and Lentini in [3], have shown that by reordering the 

variables in the problem, it is possible to find Riccat 

solutions bounded in any sub-interval. This amounts to making 

y.5(t) non-singular. This was indicated by Lentini Osborne and 

Russel, in [7]. 
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Taufer's, [2], method of factorization is explained in 

chapter III. We showed that the method of factorization is 

closely related to the method of Invariant imbedding. Taufer, 

in [2], has formulated the method by defining a finite number 

of open sub-intervals to cover the given interval and by 

giving an approporiate imbedding formulation over each of 

those sub-intervals. In this way, he made Y3(t) non-singular. 

The Grassmannian Manifold is introduced in chapter IV to 

derive the necessary and sufficient condition for the 

existence of a unique solution to a certain boundary value 

problem. Here, we made use of the basic properties of 

tangent spaces, vector fields. Lie groups, one-parameter 

sub-group of a Lie group, the group action on a Manifold, the 

Grassmannian Manifold and soforth. A nice account of all 

these is given in, Doolin and Martin, [4]. The same Riccati 

equation which was obtained by the method of invariant 

imbedding was also identified with a flow generated by a one 

parameter group on a Grassmann Manifold. 

In chapter V, it was shown that the same condition, 
_ -I 

namely the existence of fti (t), which guarantees the 

existence of a bounded Riccati solution also guarantees the 

existence of a unique solution of the boundary value problem. 

We believe that it is a valuable result. Further, we believe 

that the technique used in deriving the necessary and 

sufficient condition can also be used for a non-homogeneous 

problem. 
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