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ABSTRACT 

A numerical method for solving the problem of the 

flow of a compressible viscous fluid through a heated 

circular tube is presented. The basic equations governing 

the geometry are derived and written in finite difference 

form, and a systematic method for solving the governing 

equations using a digital computer is described. A pro

blem involving the flov/ of helium is solved, and some 

conclusions regarding the radial pressure and velocity 

profiles are made. The method used in checking the equa

tions is given, and some improvements which could be 

applied to solve the problem on a larger digital computer 

are enumerated. 
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CHAPTER I 

INTRODUCTION 

For over half a century work has progressed in the 

field of fluid mechanics on the problem of a fluid 

flowing through a heated circular tube. Both analytical 

and experimental approaches have been applied to the 

problem with varying degrees of success. 

Graetz [l]^ analytically solved the problem of 

finding the radial temperature distribution in a tube 

around 1885 by using the assumptions of constant fluid 

properties (i.e. constant density, thermal conductivity, 

viscosity, etc.) and constant wall temperature. Sellars, 

Tribus and Klein [2] recently extended the constant fluid 

properties solution to include constant wall heat flux 

conditions as well as constant wall temperature. How

ever, in the actual problem, the fluid properties are not 

constant, but often vary greatly with the state of the 

fluid. Thus the solutions obtained using the constant 

fluid properties assumption are good only when the varia

tion in fluid properties is small. 

1 Numbers in brackets refer to similarly numbered ref
erences in List of References at the end of the report. 



In 1951, Deissler [3] published a one-dimensional 

analytical solution to the problem which allowed the fluid 

properties to vary with the state of the fluid. However, 

the subsequent experimental results obtained by Kays and 

Nicoll [4] exhibited a large deviation from the values of 

Nusselt number predicted by Deissler's analysis. Further 

experimental work by Davenport and Leppert [5] showed that 

the friction factors determined using Deissler's results 

also vary greatly from experimental evidence. This indi

cates that, like the constant fluid properties solution, 

Deissler's solution has a limited range of validity. 

More recent analytic solutions of the tubular flow 

geometry include the work of Koppel and Smith [6], 

Yang [7], and Rosen and Hanratty [sj. Koppel and Smith 

attempted a numerical solution, which, while allowing 

fluid properties to vary, neglects the possibility of a 

radial velocity appearing in the heated section of the 

tubing. Yang solved the problem using the method of in

tegral analysis in which the use of approximate profiles 

for temperature and velocity is required. Rosen and 

Hanratty undertook an approximate numerical solution of 

the problem which omits the use of the radial momentum 

equation as one of the governing equations. 

An experimental visual study of the problem was made 

by Hanratty, Rosen and Kabel [9] who used transparent 



tubing with dye injected into the flow stream to examine 

the effects of heating on the fluid. 

All the analytical solutions described are limited 

in that some major simplifying assumption is made before 

the solution is found. The result of these assumptions 

is always to limit the range of the validity of the sim

plified equations. In effect, the problems solved thus 

far by analytical means are only approximations to the 

real problems, and the solutions obtained for these pro

blems, no matter how good, can never be said to be solu

tions of the actual fluid flow problems that they are 

supposed to represent. 

In analyzing these past attempts at solution of the 

tubular flow problem, it is seen that two fundamentally 

different approaches to the analytical solution of the 

flow equations exist. The first, and most thoroughly 

explored approach, involves the use of the analytical 

tools of the mathematics of ordinary and partial differ

ential equations. The second, and more recent approach, 

is based on the use of the methods of numerical analysis. 

Previously, the methods of numerical analysis were 

too laborious and lengthy to offer a means of solving 

the fluid flow equations, but the recent introduction and 

subsequent wide-spread use of digital computers has made 

practical methods previously considered impossible. 



The numerical approach to the problem is limited in 

that numerical methods supply only approximations to the 

solution of the problem. At present, it may be possible 

to learn more from the approximate solution of a more 

general problem than from an exact solution of a simpli

fied problem. 

With this fact in mind, the purpose of this report 

will be to solve by numerical means a more general set 

of governing equations than before attempted. The number 

of simplifying assumptions will be minimized in an attempt 

to make the solution match the actual problem as closely 

as possible. 



CHAPTER II 

DERIVATION OF GOVERNING EQUATIONS 

The geometry chosen for this report involves a 

compressible viscous fluid flowing through a heated 

vertical tube as shown in Figure 1. The equations gov

erning the flov/ are derived by applying the fundamental 

laws of mechanics and thermodynamics to a fluid element. 

The equations to be derived and used are continuity, 

derived from the principle of conservation of mass; the 

axial and radial momentum equations, derived from Nev/ton's 

Second Law; and the energy equation, a result of the First 

Law of Thermodynamics. 

Before obtaining a numerical solution, the equations 

governing the geometry will be written in their differen

tial equation form. The equations will then be non-

dimensionalized on selected parameters, and, following 

the non-dimensionalization, the equations will be written 

in the finite difference form necessary for computer solu

tion. 

Assumptions 

In order to specify further the problem to be solved, 

the following assumptions must be made: 



Tube 

^ I 

+ 

Direction " 
of Fluid 
Flow 

Heated Section 

Jnheated Entrance Region 

Fig. 1.—Problem geometry 
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1. The fluid undergoes steady flow through the 

conduit. 

2. Fully developed laminar flow exists in the 

entrance region of the tube. 

3. Viscosity and thermal conductivity are known 

functions of temperature. 

4. The specific heats and gas constant remain 

constant in the range of the solution. 

5. The ideal gas equation of state is valid in the 

region of the solution. 

6. The wall temperature distribution is known. 

Derivation of the Governing Differential Equations 

The principle of the conservation of mass, the basis 

for the continuity equation, may be written in the form 

of the "rate of creation" operator as 

l?OC(MASS)=Q (1) 
where 

ROC( ) = Outflow - Inflow -»- Rate of increase (2) 

in storage. 

Consider the fluid element shown in Figure 2. 

The outflow of fluid mass may be written as 

whore /o is the density of the fluid, u is the axial 

velocity component, v is the radial velocity component. 
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X is the axial coordinate, 9 is the angular coordinate, 

and r is the radial coordinate. 

The mass inflow into the element may be written as 

parbrbQ+pvrbdbt, (4) 

The storage of mass is specified to be zero from the 

assumption of steady flow. 

Combining equations (3) and (4) in the form of 

equation (2) and taking the limit as <5x, <5r and bO 

go to zero, the continuity equation becomes after some 

manipulation 

^^4^^-o, (5) 
the first of the four governing equations to be derived. 

To derive the axial momentum equation, Newton's 

Second Law may be written in the form 

ROC(MJ=IF,, (6) 
where the "ROC" operator wras defined in equation (2). 

The expression 20C(Mxi represents the net momentum flux 

from the fluid element in the axial direction while 2_î  

is the sum of the forces acting on the element in the 

axial direction. 

The outflow of axial momentum may be written in the 

form 

pa''r6r69^puvrm^*^(jOu'')rSrSd*§p.(joavr)Sd&y^, (7) 



''^' ' - ^ ^ " ^ ^ element 
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where the variables are the same as those defined for 

the continuity equation. The axial momentum influx 

terms are 

pu^rbObr-^puvrdd. (8) 

storage of axial momentum is zero because of the assump

tion of steady flow. 

The net forces acting on the fluid element may be 

v/ritten in terms of the stress tensor: 

where n represents the acceleration due to gravity. The 

first term on the right side of the equation represents 

the net normal force acting on the fluid element in the 

axial direction, and (n, is the normal force per unit 

area in that direction. The second term is the net shear 

force acting in the axial direction, where 7̂ „ repre

sents shear force per unit area. The last term involves 

the gravitational body force acting on the fluid element. 

From the third chapter of Schlicting [lo] , the nor

mal and shear forces per unit area may be written as 

cr,=-^^^/.f-|/.[^|/>rMf| (10) 
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Equations (10) and (11) may be substituted into equation 

(9) yielding 

Substituting equations (12), (7) and (8) into equation 

(6) and taking the limit as 5x , Â» and S0 go to zero 

yields the axial momentum equation, 

the second of the four equations to be derived. 

To derive the radial momentum equation, Newton's 

Second Law is again applied, this time in a form appli

cable to the radial direction 

eOC(Mr)=lFp, (u) 

where l2(XCMr) is "̂ ®̂ radial momentum flux through the 

element, and ZFp is the sum of the radial forces acting 

on the fluid element. 

The inflow of momentum into the inside face of the 

fluid element may be written as 

pv^rSxhd-^puvrbrbB, (-J5) 

while the outflow of momentum from the outside face is 
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Storage of momentum is again zero by the steady flow 

assumption. 

The net forces in the radial direction may be writ

ten in terms of the stress tensor as 

2r/^=Jr/r^)Sr g-îSx̂  ^^hi^^^ Sv, (17) 

where ^ is the normal force per unit area in the radial 

direction. From the third chapter of Schlicting [io], 

and, as before 

(19) 

Substituting equations (18) and (19) into (17) the net 

force in the radial direction becomes 

Combining equations (15), (16) and (20) with (14) and taking 

the limit as ^X^ S/" and SB go to zero, the radial mo

mentum equation becomes 
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which is the third of the four basic governing equations. 

The fourth governing equation is obtained by apply

ing the First Law of Thermodynamics to the fluid element. 

Stated in terms of the "ROC" operator, the First 

Law becomes 

120C('ENEgGYj = 0. (22) 

For the derivation of the energy equation, shear work and 

kinetic energy will be neglected, leaving convection and 

conduction as the important contributors to energy flux. 

The net outflow of eonvected energy may be written 

for the axial direction as 

^(^uc^T)r&rsesyi, (23) 

where Cp is the specific heat of the fluid at constant 

pressure and T is the absolute temperature of the fluid. 

For the radial direction, the convection term is 

The net outflow of conducted energy for the axial 

and radial directions may be written 



u 

f;^(-J(S)6rbdS)^, (26) 

where A is the thermal conductivity of the fluid. 

Combining (23), (24), (25) and (26) with (22) and 

taking the limit as ^x, &r and 2>9 go to zero the 

energy equation becomes 

and the derivation of the four governing equations is 

complete. 

Inspection of equations (5), (13), (21) and (27) 

shows that while there are four basic equations, five 

variables are present, u, V, T, p, and /? . To put 

the equations in a solvable form, that is, five equa

tions for the five unknowns, it is necessary to employ 

an additional equation, the equation of state. Because 

of its simplicity and applicability over a wide range 

of temperatures and pressures, the ideal gas equation 

of state , 

a^pQTj (28) 
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was chosen to complete the set of equations where G 

is the gas constant for the fluid chosen. 

Rather than attempting to solve the four governing 

equations and the equation of state similtaneously, it 

was decided to first substitute the equation of state 

into the other four equations and eliminate the density, 

p , from those equations. The resulting set of four 

similtaneous differential equations contains only four 

variables, u , v, 7" and p giving the necessary number 

of equations and variables needed for a solution. 

Variation in Fluid Properties 

After Deissler [3] the viscosity and thermal con

ductivity were allowed to vary with the temperature 

according to the functions 

7- 1̂  (29) 

where 3 and h are constants determined from the 

Lennard-Jones potential model for gases, Tre/* is an 

arbitrary reference temperature, and /̂  and UQ rep

resent the reference thermal conductivity and viscosity 

respectively. 
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Non-dimensionalization of Variables 

In order to make the solution of the problem as 

general as possible, non-dimensionalization of the 

variables was undertaken. The variables were non-

dimensionalized as follows: 

p 
+ - X X == 

^^ 
(31) 

where 

uj = non-dimensionalized axial velocity, 

v"*" = non-dimensionalized radial velocity, 

7" = non-dimensionalized temperature, 

p^ = non-dimensionalized pressure, 

)("^ = the non-dimensionalized axial coordinate, 

r^ = the non-dimensionalized radial coordinate. 

P ^ = non-dimensionalized density. 

and the quantities used as a basis for the non-

dimensionalization are: 

71 = inlet bulk temperature 

(^ - inlet bulk velocity, 

r^ - radius of tube, 

A = inlet pressure. 
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A ^ = constant fluid properties pressure drop 
over a specified distance for the same 
geometry, 

OQ - density at inlet. 

A consequence of the non-dimensionalization is the 

functions for the variation in k and u may be v/ritten 

where TQ io used as the reference temperature, 

in equations (29) and (30). 

By substituting equations (31), (32) and (28) into 

equations (5), (13), (21) and (27), a set of four non-

dimensionalized governing equations in four unknowns is 

obtained. These equations are: 

Continuity 

i^l^'J-^irJ^^M (33) 

Axial Momentum 

= A^i^l^ J^^^P^)^2p,Uo d fY^s2u^) (34) 
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Energy 

Radial Momentum ^ 

These equations can be simplified further by noting 

that the classical non-dimensional parameters, the 

Reynolds number, u — » ̂ ^^ "̂ ^̂  Prandtl number, -̂  /, , 

may be grouped by manipulation of the equations. However, 

in simplifying this solution it is easier to use a para

meter which is one half of the classical Reynolds number, 

where the script (x represents the new Reynolds number, 

and A/g^ represents the classical Reynolds number used 

for the geometry of this problem. It is also useful to 

introduce two other parameters to aid in simplifying the 

solution. These parameters are 
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which is actually the product of the Reynolds and Euler 

numbers, and, 

r ^ 
N,- ^t^, (39) 

which is the Reynolds number divided by the Froude num

ber. For convenience in v/riting the equations, a vari

able p is defined to be 

p'^d-^joi (40) 

Using equations (37), (38), (39) and (40), representing 

the Prandtl number as a script 6^, and dropping the 

superscript plus notation for non-dimensional variables, 

the equations become 

Continuity 

^(^)-W^^-0, (41) 

Axial Momentum 

Radial Momentum 

(42) 

^TW^]T ^M-f/ r'2^Y;^{i ^7tii -^), 
(43) 
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Energy 

The form of these equations is such that they may be 

easily rewritten as finite difference equations. 

Boundary and Starting Conditions 

Before making the transition from general derivation 

of the governing equations to the specifics of the dif-

derence equations necessary for numerical solution, it 

is useful to list the boundary and starting conditions 

that may be applied to the solution. 

The boundary conditions with their associated 

sources are: 

1. u('Xjr^) = 0, (no slip at wall) 

2. '^(XjO)^Oj (axial symmetry') 

3. ^^(XjDJ'-Oi (axial symmetry) 

4. vf)(jr^)'0^ (solid boundary) 

5. Tfx^r^j^/.ZZ-^.OODOZxT (specified) 

The starting (entrance) conditions are: 
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Note that while there are starting conditions on all 

four variables, u.^ v^ f and p there is no boundary 

condition at the wall for pressure. This will cause 

some difficulty in the solution as will be seen later 

in the report. 

Finite Difference Form of Governing Equations 

With the general equations derived and the boundary 

conditions enumerated, it is possible to proceed with 

the derivation of the specific-form of the equations to 

be used in the numerical solution, the finite difference 

equations. 

The method of finite differences involves replacing 

the derivatives in differential equations with numerical 

difference quotients. The result is to undo partly the 

idealization of using infinitesimal differences; however, 

if the differences are small, the solution of the finite 

difference equation is a good approximation to the solu

tion of the corresponding differential equation. As a 

brief example, the non-linear differential equation, 

.y^V,^-^, U5) 

would be written in finite difference form as 

Ŷ ./v) Sixf^x]-Zy(y)^y/)(-^Y) ^y/xfAy)^y/;c) ̂  ̂  ^̂ ^̂  
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A similarity between the difference terms in equa

tion (46) and the definition of a derivative exists, 

but, unlike the derivative, the passage of Ax to an 

infinitesimal quantity is not accomplished. It is 

noticed that the difference equation is algebraic rather 

than differential in form. 

Difference equations may also be written to approx

imate partial differential equations. For the tv/o-

dimensional grid in x and y shown in Figure 3, the 

partial derivatives of a function z and the correspond

ing difference equations might be written as 

dz_^ z(x-^A-x,Y)-z(y,Y) (,7) 

dy Ay 

a^z.. zrx-^A)(,y)-2-zfx,ykz{x-AK,y) (43) 
dx" 4x^ 
d^'z zfx.v^Av)-2z(wWfKy-Ay} ^ ^ 
dy^ Ay"" 

where the symbol/^ has the meaning "is approximated by". 

The right sides of equations (47) and (48) are called 

first differences and correspond to first derivatives 

while the right sides of equations (49) and (50) are 

second differences and correspond to second derivatives. 

For a more complete explanation of the method, the reader 

is referred to Reference 11. 
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Pig. 3.—Portion of simple grid network 

Element 
Being 
Solved 

Fig. 4.—Grid network for equations governing 
one fluid element 
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To solve equations using finite difference methods, 

a grid network of the various points for which a solu

tion is to be found is set up as shown in Figure 3. 

Where there were m variables to be solved for in the 

differential equations, there are now m variables to 

be solved for at each point in the grid. If there are 

n grid points, the new number of variables is m x n. 

The problem of solving m differential equations has, 

by the use of finite difference methods, been changed 

to a problem of solving n x m algebraic or transcen

dental equations. If n is a large number, then solving 

the algebraic form of the equations is not a trivial 

task. 

In writing in finite difference form the governing 

equations for the problem, a change from the usual 

method of writing finite differences was made. Rather 

than writing the second differences for the axial dir

ection in terms of the variables evaluated at X, X + 

AX and X -AX , it was decided to write the second 

differences for that direction in terms of the functions 

evaluated at X, X-AX and X-/2AX . An example 

difference term written in this manner would have the 

form 

9̂ z._. :^(x,y)-2ZfX~AKy)+ZU-2At,y) 
ax* Ax* • ^̂ ^ 
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Using this method the value of the function at the point 

is predicted from past values rather than interpolated. 

The necessity for writing differences in this man

ner can be seen from the nature of the problem. While 

the past history of the fluid is knov/n or can be speci

fied completely, an open domain exists in the positive 

axial direction. Stated in another way, this means 

that no stopping conditions are present at any point up

stream in the tube. This situation is similar to the 

problem encountered in the study of hyperbolic partial 

differential equations into which category a greatly 

simplified version of the momentum equations derived 

earlier may be placed. 

To justify the prediction method of writing dif

ference equations, consider that in irreversible pro

cesses, a category into which flow problems may be 

grouped, it is often said that the state of the system 

is a function of its past history. 

This is essentially the case in the geometry of 

the problem. As the fluid flows through the conduit, 

its behavior becomes a function of its past history and 

the boundary conditions at the wall of the tube. In 

accordance with this idea, the equations will be written 

in such a form as to employ both the past history and 

the present (boundary) conditions. 



26 

The second difference terms in the radial direction 

will be written in the more standard form using both 

forward and backward differences. 

In order to write the governing difference equa

tions, a grid network for a typical fluid element must 

be set up and labeled. The network needed for solving 

a single element in the grid is shown in Figure 4. 

If it is desired to solve for the values of <:<, v/, 

/and p at Point 33 of the grid, it is necessary to 

know all the values at the surrounding points (23, 13, 

31, etc.). Also, as will be demonstrated later in the 

report, an initial approximation will be required at 

Point 33. 

Since, before the values at a point can be calcu

lated, the surrounding values must be known, it may be 

necessary to place approximate values at various points 

in the grid network before a solution may be obtained for 

the point being solved. This idea will be discussed at 

greater length when the computer solution is described. 
« 

For the grid shown in Figure 4, the partial deriva

tives and their approximating differences may be written 

using the grid numbers as subscripts. 

ax̂  Ax^ ^ (53) 
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/'V/'- 9^^3 - ^• 

Ar ss 

^S3-2^s^±<^n 

(54) 

(55) 

Then, remembering that 

the governing equations for a single element in a larger 

grid netv/ork may be written in finite difference form: 

Continuity 

/ 
Pllti:3^.,^3^3:L\-^^±. I 
^ 5 T; 3Z 

^\X 
33L ^ 3 " 7^3 •'^'' '̂  

(56) 

Axial Momentum 

^ ^ [ ^ ^ ^ ( ? ^ 
^•S 

'33 K?5 
Ar J 

^;23-

=-/%>[ Ax J A6 753 '^^/^'j L Ax JL AX J 

-^^'f «3 [<^-2'5-2cc^;z-^a3t 
AX' 

4 ^ 2 ^ 5 I V23'G?3-V33<^3^-V'gg^g^^a^;2 
J /-53 I A r Ax 

3 r^-^-'^Y Ar J L A X ^ V ^ 

•] 
- o 7 - <?- / r^^5-^35ir-^5-^1 7 - ^W23 -2U33^U,3 '^ 

^'^5 L A r JL A r -J /5r3 [ ^y.^^ J Ar« 

'^^/"jjL ^>- J ^^^ L Ar JL"A^ J 
^ - r ^ [̂ ;23-v^33-vga-̂ K?a 1 _L - r ^ rv^33-v3il 

^33 L A F A ; ^ J r33 /JJ L AX Jy 
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Radial Momentum 

^'^l AT^—'J'^3/jj<^^55 L""̂ 5r"JL A 7 J 

3 ) ^ %5 L A?^ J "̂ 3 ̂  % L ̂ '̂  Jlr"Ax J 

^BZ^''^/ 

\ 

Energy ^ 

Tr 33' 
733 ^ ^ ^ , ^ ^ [ : ^ ^ x J'^ ^ ^ 

"4 7;.-:s,l^ JL-T ^r^3-^^;8-
Pr '^'^^ L Ax J A- '̂^ L Â ^̂  Ĵ 

^±Lrr^'l\Jk3lt^L'r^\T23-2T33^r,^ •^ 
Pt^P'33 L Ar J % /jj L A 7 ^ j 

>-r„ /J5 L ^^ J-

(59) 

The equations Just listed apply only to one point 

in a large network of points. Before a complete solution 

can be obtained, the flow stream must be systematically 

divided into a grid network and a method of computer 

solution worked out. 



CHAPTER III 

METHOD FOR SOLVING THE GOVERNING EQUATIONS 

The governing differential equations derived in 

the last chapter are second order non-linear partial 

differential equations with variable coefficients. 

The finite difference counterparts of these equations 

are non-linear algebraic equations. The problem has 

thus been reduced from the extremely formidable pro

blem of solving a set of partial differential equa

tions to the simpler, but not trivial, problem of 

solving a large set of non-linear algebraic equations. 

A systematic method must now be described for solving 

the algebraic form of the governing equations. 

Grid Network 

The grid network used in solving the problem is 

shown in Figure 5. It consists of three columns and 

twenty-two rows. The number of rows is variable, but 

twenty-two v/as chosen here to match the actual number 

used in the computer program. The rows and columns 

are numbered using standard matrix notation. The first 

29 
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and last rows contain boundary and centerline condi

tions. The grid has been arranged so that the fluid 

flows from left to right where the right actually 

represents the upward direction. 

The values of the variables in Columns 1 and 2 in 

Figure 5 are known either from previous calculations 

or from the specified starting conditions. This leaves 

only Column 3 to be solved. 

Simplified Problem 

As an aid to understanding the general method of 

solution of the governing equations, a problem based 

on several simplifying assumptions was formulated. 

Explanation of the simplified problem will facilitate 

understanding the more general method of solution. 

The assumptions on which the simplified problem 

is founded are: 

1. Only temperature, 7", is considered. Velocity, 

and pressure are ignored, but will be later treated in 

a similar manner for the general solution. 

2. The hypothetical equations governing tempera

ture only are known in finite difference form. 

3. The previous values of temperature are placed 

in Columns 1 and 2 of the grid network. 

With these assumptions in mind, the history of the 

temperature distribution in the third column will be 

traced. 
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It should be remembered through both the simplified 

and general explanations of the solution, that the state 

of the fluid is determined by both the predictions made 

from the past history of the fluid and by the boundary 

conditions present on the column being solved. 

Initially it is necessary to flood Column 3 with 

the results previously obtained for Column 2. For ex

ample, if Column 2 contains a constant temperature 

profile of 100^ F, then this temperature profile is 

used as the initial guess at the profile in Column 3. 

Note that if Ax is small, then this is a very good 

first approximation. 

Now suppose that the wall temperature in Column 3 

is 150° F. This gives rise to the very unlikely situa

tion shov/n in Figure 6-a where a temperature discon

tinuity exists between wall and stream conditions. 

To smooth this discontinuity, the equations govern

ing the element adjacent to the wall are applied. This 

results in a new temperature, for example, a hypotheti

cal 130^ F, at the element adjacent to the wall. The 

calculation of this new temperature involved the errone

ous use of the 100^ F value found at the second element 

from the wall, but 130^ F is a better approximation to 

the actual temperature at the adjacent element than the 

original 100° F found there. A graphical representation 

of this calculation is shown in Figure 6-b. 
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Now the problem involvin^^ the first, second and 

third elements from the wall is solved. When the 

governing equations are applied to this circumstance, 

a new temperature, for example, 110° F, is found for 

the second element from the wall. This smooths the 

temperature profile as shovm in Figure 6-c. 

This element by element solution of the problem 

may be carried toward the center line until free stream 

conditions are reached. This is shov/n in Figure 6-d. 

It is necessary to return to the v;all and repeat 

the procedure with another element by element sweep 

toward the center line of the tube. The possible re

sults of this second sweep are shov/n in Figure 6-e. 

If the sweep tov/ard the center line is carried out 

a sufficient number of times, the values at each element 

in the path of the sweep will eventually stabilize as 

shown in Figure 6-f. The stabilized values represent 

the actual values of the temperature for the elements 

in the path of the sweep. 

General Procedure 

The simplified example just described considers 

only temperature. In the more general problem four 

variables appear, axial and radial velocity, temperature, 

and pressure; but the procedure is the same—start at the 

boundary and repeatedly sweep to the center line until a 

solution is reached. 
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The procedure just described works well provided 

that a boundary condition exists for every variable at 

the wall of the tube. Examination of the available 

boundary conditions shows that no boundary condition 

exists for pressure at the wall. A means of obtaining 

a value for wall pressure must then be devised before 

the outlined solution procedure can be used. 

The method used to calculate wall pressure involves 

a three-step iterative procedure. In the first step the 

axial momentum equation is used by itself to find an 

axial pressure drop near the wall. This pressure drop 

is based on conditions existing in the stream at that 

time. For the second step in the procedure, the radial 

momentum equation is used by itself to calculate a value 

of wall pressure based on free stream conditions and the 

axial pressure drop found in step one. In the third 

step all four governing equations are brought into play 

to modify the stream conditions at the element adjacent 

to the wall in Column 3. This new value is consistant 

with the new boundary conditions. The three-part pro

cess is repeated, starting over with step one, until a 

stable value of wall pressure is reached. 

With a boundary value for pressure defined, a sweep 

across the stream may be executed. However, because 

free stream conditions which affect the wall pressure 
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change with every sweep, it is necessary to repeat the 

wall pressure calculation before each sweep is begun. 

The flov/ chart for the computer program used to 

carry out the solution is shown in Figure 7. 

In Block 1 of the flow chart, all values necessary 

for computation are read into the computer. These are: 

1. The values of ^ , v, 7" and p for the first 

two columns of the grid network along with the initial 

guess at the profiles for the third column of the grid 

2. The values of the parameters, Of , WL , ^ 

and A^ 

3. The size of the increment Ax , and the number 

of elements placed across the stream 

4. The percentage values to be used in cheeking 

the solution for convergence 

Block 2 represents the iterative procedure des

cribed for finding wall pressure. When this pressure 

matches its previously calculated value within a small 

percentage, for example O.Ol̂ ,̂ then the solution pro

ceeds to Block 3. 

In Block 3 an element by element sweep of the 

stream to the center line is made starting at the wall. 

After completing the sweep, the computer compares the 

values at the test element, element (3,3) in the grid 

of Figure 5, with the values for that element found on 
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a previous sweep. If a favorable comparison is made, 

that is, if all the values involved are within a very 

small percentage of their previous values, then the 

solution proceeds to Block 5, and the data for Column 3 

is printed out. If the comparison at the test element 

is unfavorable, the computer returns to the wall pres

sure calculation in preparation to making another sv;eep 

of the stream. 

Element (3,3) was chosen as the test element because 

of its proximity to the wall of the tube. It was reasoned 

that since the disturbance in the various profiles pro

pagates from the boundary, then testing an element near 

the boundary effectively tests every element in the column 

for convergence. 

After a solution for a column converges, the computer 

operator has the option of either permitting the machine 

to proceed to the next column downstream or stopping the 

machine. 

Solution at a Single Element 

So far in this discussion it has been blindly assumed 

that the four non-linear algebraic governing equations 

could be solved in an element by element manner. In fact, 

for the computer solution just described, the solution at 

a single element involves an iterative procedure known as 

the Newton-Raphson method [l 2j . 
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The Newton-Raphson method for solving similtaneous 

non-linear algebraic equations involves a series of steps 

which are repeated until a solution is reached. To ex

plain how the steps may be applied to the problem of a 

single fluid element, the governing equations may be 

represented as 

clu^yj^p]^0, (60) 

xlu^y,r,p)^Oj (61) 

riu^yJ,p)-0^ (62) 

e(u,s7:^)= 0, (ĝ ) 

where ^, X , r and e represent the continuity, axial momen

tum, radial momentum and energy equations respectively. 

The first step in the solution procedure is to sub

stitute an initial guess for the values of velocity, temp

erature and pressure, U^ , Vj, , /Q and yb„, at the element 

into the derived linear equations associated with the 

method, and to solve the linear equations for corrections 

A u , Av/ , A T andA/D. The linear equations used to cal

culate these A*s are: 
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After this set of linear algebraic equations is 

solved by the conventional techniques of linear algebra, 

the A 's are added to the initial guess so that 

U,= Uo -h AU^ 
v; = v̂  + A v, 
77= To -f AT^ (68) 
p,^ Po -h A^P, 

where ^, , V, ,77 and p, are new and, hopefully, bet

ter approximations to the values being solved for at the 

element. The nev; approximations are then used in starting 

the procedure over again to obtain another improved set of 

answers. The procedure is repeated, comparing the values 

obtained with the values of the previous iteration. If 

the values compare favorably, that is within a very small 

percentage, the solution is said to be complete, and the 

main program moves on to the next element in the sweep. 

Details of Computation 

The program to solve the general problem was written 

in, as far as was possible, a generalized Fortran computer 

language. The machines used to check and execute the pro

grams were IBM 1620 computers. Models I and II. 

Checking of the program for errors was accomplished 

using the For-to-Go program compiler, while for actual 

computations, the Fortran II-D system was employed. 

The average time required to solve one column of data 

was six hours using the Model II 1620. 



CHAPTER IV 

ANALYSIS OF RESULTS 

The program used in solving for the velocity, 

temperature and pressure profile was applied to find 

the profiles in the first four columns following the 

start of heating. Although this represented a dis

tance of only .2 radii in the axial direction, some 

general trends appeared. These trends will be dis

cussed at length in this chapter. A discussion of the 

method employed in checking the equation solution will 

also be undertaken. The results of computer computa

tion are listed in Tables 2 through 6, while Table 1 

contains the specific input conditions for the problem 

solved. 

Discussion of Velocity and Pressure Profiles 

Perhaps the most interesting results obtained 

from the computer solution involve the radial velocity 

and pressure profiles. It was mentioned in the Intro

duction that all analytic solutions which allow variable 

fluid properties forbid radial velocities. However, use 

of computer techniques applied to a more general problem 

41 
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TABLE 1 

INPUT DATA FOR HELIUM FLOWING THROUGH 
1.61 IN. INSIDE DIAMETER TUBE 

Quantity 

Q 

h 
1 

k 

Cp 

e 

a 

b 

9 
Po 

To 

n 

Ax-*-

n, 

Input Value 

500 

1.221 X 105 lb./ft.sec. 

.0784 BTU/hr.ft. ^R 

1.242 BTU/lbm. ̂ R 

386.3 ft.lbf./lbin. OR 

.68 

.68 

32.2 ft./sec.2 

30 psia 

QO F 

20 (elements) 

.05 

.805 in. 
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DIME 

Element 

Wall 

1 

2 

3 

4 

5 
6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

Center Line 

1NS1GNLE3S i 

Column 
1 (1) 

0.000000 

0.063961 

0.150384 

0.235989 

0.320291 

0.399971 
0.474572 

0.544289 
O.6O92OO 

0.669250 

0.724341 

0.774403 
0.819421 

0.859407 

0.894382 

0,924364 

0.949359 

0.969375 

0.984375 

0.994375 

0.999375 
1.000000 

TABLE 2 

\XIAL VELOCITY IRCFILES 

Column 
2 

0.000000 

0.059722 

0.156188 

0.234627 

0.315614 

0.397148 

0.474402 

0.545343 

0.610077 

0.669435 
0.724050 

0.774058 

O.8I9277 

0.859477 

0.894541 
0.924480 

0.949374 

0.969316 

0.984298 

0.994310 

0.999711 
1.000000 

Column 
3 

0.000000 

0.067044 
0.166188 

0.244399 

0.314629 

0.388837 

0.467324 

0.543993 

O.6I3251 

0.673399 
0.726012 

0.773554 

0.817625' 
0.858082 

0.894167 

0,924994 

0.950164 

0,969812 

0,984273 

0,993903 

0,999587 

1,000000 

Column 
4 

0,000000 

0,063001 

0.170144 

0.254679 
0,321348 

0.381931 

0,450225 
0,529456 

0,610796 

0.682343 
0.738196 

0.780642 

0.816609 
0,851728 

0.887705 

0.922285 

0.951854 

0.973890 

0.987900 

0.995075 

0.996229 

1.000000 

Note: (1) Columns are numbered from the start of 
heating. 

file:///XIAL
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TABLE 3 

DIMENSIONLESS RADIAL VELOCITY PROFILES 

Element 

Wall 

1 

2 

3 

4 

5 

6 

7 

8 

9 
10 

11 

12 

13 

14 

15 

16 

17 

18 

19 
20 

Center Line 

Column 
1 (1) 

0.0000 

0.0031 

0.0007 

-0.0005 

-0.0003 
0.0001 

0.0002 

0.0002 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0,0000 

0,0000 

0.0000 

0.0000 

0.0000 

0.0000 

Column 
2 

0.0000 

-0.0003 
0.0078 

0.0064 
0.0016 

-0.0011 

-0.0014 

-0.0005 

0.0002 

0.0002 

0.0002 

0.0000 

-0.0002 

-0.0001 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

Column 
3 

0.0000 

0.0012 

0.0046 

0.0118 

0.0105 
0.0026 

-0.0043 

-0.0059 
-0.0032 

0.0003 

0.0023 

0.0021 

0.0007 

-0.0005 

-0.0010 

-0.0007 

0.0000 

0.0003 

0.0005 

0.0004 

0.0002 

0,0000 

Column 
4 

0.0000 

-0.0004 

0.0058 

0.0157 

0.0227 

0.0170 

0.0010 

-0.0134 

-0.0169 

-0.0095 

0.0017 

0.0090 

0.0090 

0.0039 

-0.0019 

-0.0049 

-0.0043 

-0.0015 

0.0014 

0.0035 

0.0035 
0.0000 

Note: (1) Columns are numbered from the start of 
heating. 
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TABLE 4 

DIMENSIONLESS TEMPERATURE DISTRIBUTIONS 

Element 

Wall 

1 

2 

3 

4 

5 
6 

7 

8 

9 
10 

11 

12 

13 

14 

15 
16 

17 

18 

19 
20 

Center Line 

Column 
1 (1) 

1.200000 

1 .166678 

1.057251 
1.012698 

1.002099 
1.000282 

1.000032 

1.000003 

1.000000 

1.000000 

1.000000 

1,000000 

1,000000 

1.000000 

1,000000 

1,000000 

1.000000 

1,000000 

1,000000 

1,000000 

1.000000 

1.000000 

Column 
2 

1.200100 

1 .101479 

1.040764 

1.013727 

1.003408 

1.000648 

1.000099 
1.000012 

1.000001 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

Column 
3 

1.200200 

1.188979 

1.084764 

1.024777 
1.005872 

1.001233 

1.000224 

1.000034 

1.000004 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

Column 
4 

1.200300 

1.132498 

1.069880 

1.026425 

1.007051 

1 .001643 

1.000361 

1.000070 

1.000011 

1.000001 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

Note: (1) Columns are numbered from the start of 
heating. 
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DIMENSIONLESS PRESSURE DISTRIBUTION 
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Element 

Wall 

1 

2 

3 

4 

5 

6 

7 

8 

9 
10 

11 

12 

13 

14 

15 
16 

17 

18 

19 

20 

Column 

(1),(2) 

p*x 10® 

0.5529 

0.5033 
0.5008 

0.5151 

0.5223 
0.5190 

0.5103 
0.5030 

0.5030 

0.5026 

0.5062 

0.5090 

0.5098 

0.5091 

0.5079 

0.5071 

0.5071 

0.5071 

0.5071 

0.5071 

0.5071 

Center Line 0.5071 

Note: (1) 

(2) 

Columns are 
heating. 

^•^^P<>-P 
P "1.(65597 

Column 
2 

p+x 10'̂  

1.1160 

1.1140 

1.0506 

0.9623 

0.9384 

0.9755 

1.0245 

1.0463 

1.0361 

1.1013 

0.9987 

1.0004 

1.0113 

1.0214 

1.0247 

1.0213 

1.0153 

1,0114 . 

1.0103 

1.0028 

0.9499 

0.9499 

Column 
3 

p̂ -x lo'̂  

1.6304 

I.6I97 

1.6234 

1.5094 
1.3382 

1.2684 

1.3694 
1.5542 

1.6809 

1.6765 

1.5764 

1.4763 

1.4318 

1.4596 

1.5184 

1.5623 

1.5698 

1.5473 
1.5158 

1.4746 

1.3452 

1.3452 

numbered from the start 

Column 
4 

p'̂ x 10'7 

2.1673 

2.1891 

2.1964 

2.1207 
1.8506 

1.5043 

1.3936 

1.6884 

2.2207 

2.6143 
2.6168 

2.2709 

1.8503 

1.6253 
1.6908 

1.9416 

2.1917 

2.3993 

2.2232 

2.0408 

1.5416 

1.5416 

of 
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TABLE 6 

RADIAL DENSITY DISTRIBUTION 

Element Column Column Column Column 
1(1) 2 3 4 

Ibm. 

ft. 3 

Ibm-

ft.3 
Ibm. 
ft. 3 

^ X 105 ^ X 105 /J X 105 ^ 

Wall 

1 \ ' 
2 

3 

4 

V
Jl

 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

Center Line 1 

.9769 

1.0048 1 

1.1088 

1.1576 

1.1698 

1.1797 

1.1722 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

.9768 

1.0643 

1.1263 1 

1.1564 1 

1.1683 1 

1.1715 1 

1.1721 1 

1.1722 1 

1.1723 1 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

.9767 

.9859 1 

.0807 1 

.1439 1 

.1654 1 

.1708 1 

.1720 1 

.1722 1 

1.1723 1 

1.1723 1 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

Ibm. 
ft.3 

px 105 

.9766 

.0351 

.0957 

.1421 

.1641 

.1703 

.1718 

.1722 

.1722 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

1.1723 

Note: (1) Columns are numbered from the start of 
heating. 
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has made possible an approximate solution which, upon 

examination, yields both qualitative and quantitative 

information about the radial velocity. 

Before the radial velocity can be explained, it 

is necessary to examine the pressure distribution 

across the stream. This distribution is shown in Fig

ure 8. 

In essence, the radial pressure variation near 

the wall is the result of a competition between two 

effects caused by the heating. To explain these ef

fects, it is necessary to examine some facts accumu

lated during the running of the program. 

It was noticed during computation that three terms 

dominate the axial momentum equation. These terms are: 

the pressure drop term, ̂ J" ; the gravitational body 

force term,>og ; and the viscosity term, •r'ar'V"̂ ''-/• 

The latter two of these terms serve to oppose motion of 

the fluid, while the pressure drop term tends to force 

the fluid to flow. The net effect of these terms is 

shown in Figure 9. It is noticed that the sum of all 

other terms is small with respect to the three dominant 

terms. The pressure drop term is thus always approxi

mately equal and opposite to the sum of the other two 

dominating terms. 

By studying the variation of the viscosity and 

gravitational terms caused by heating at the wall, the 
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reasons for pressure variation across the stream can be 

explained. 

At the wall the fluid density drops because of the 

heating. This causes the gravitational body force,Z5q , 

to be smaller at the wall than it is in free stream. 

The effect of this is to make the ̂  term smaller at 

the wall. If this were the only effect present at the 

wall, then the pressure variation across the stream 

would simply consist of a smaller pressure drop at the 

wall than in mid-stream. 

The other dominating term v;hich greatly affects 

pressure drop, the viscosity term, however, has just 

the opposite effect. Rather than causing the pressure 

drop to decrease at the wall, the heating affects this 

term so as to cause an increase in pressure drop at the 

wall. The pressure drop increases because viscosity, as 

shown in equation (29), is exponentially a function of 

temperature. Thus, as the temperature increases with 

the heating, the viscosity increases exponentially with 

the temperature. 

The computations showed that while the increased 

temperature affected the gravitational terra more severely 

at the wall causing an initial decrease in pressure drop 

near the boundary, the variation in viscosity caused by 

the heating extended further into the stream. A pattern 

then develops in which the gravitational term dominates 
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first and causes a decrease in pressure drop at the wall. 

The viscosity variation outlasts the gravitational varia

tion as the solution proceeds toward the center of the 

stream. This causes an increase in the pressure drop in 

a region between the reduced pressure drop and the free 

stream conditions. Finally, after the alternate decrease 

and increase due to the alternate domination of the two 

terms, the pressure drop returns to the free stream value 

outside the thermal boundary layer. 

It is also noted that as the solution moves down

stream, the pressure disturbance just mentioned propa

gates away from the wall and becomes more pronounced. 

In a fluid, mass has the tendency to move from re

gions of higher pressure to regions of lower pressure; 

thus, by examining the radial pressure profiles, it is 

possible to explain the behavior of the radial velocity 

component. Throughout the follov/ing discussion it should 

be remembered that the dimensionless pressure, p , is 

closely related to pressure drop and that regions of 

small pressure drop correspond to regions of high pres

sure . 

As the problem solution proceeds away from the wall, 

a region of relatively high pressure is found. In this 

region the pressure is higher than either the wall pres

sure or the free stream pressure. Mass flows in the 
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TABLE 7-a 

EQUATION CHECK FOR FIRST HEATED COLUMN 

Row 

1 

2 

3 

4 

5 

6 

7 
8 

9 
10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

Note: 

Continuity 
Equation 

(1) 

0.000000 

0.000000 

-0.000244 
-0.001401 

-0.002033 

-0.000731 
0.001592 

0.002870 

0.002000 

-0.000298 

-0.002265 

-0.002167 
-0.001056 

0.001069 

0.002464 

0.002235 

0.000377 

-0.002446 

-0.005782 

-0.001596 

(1) Magnitude 

(2) Magnitude 

(3) Magnitude 

(4) Magnitude 

Axial 
Momentum 
Equation 

(2) 

-0.000507 
-0.000000 

-0.083541 
-0.157246 

-0.294930 

-0.467026 

-0.588283 
-0.658811 

-0.702929 

-0.735363 
-0.890781 

-0.497556 

-1.076948 

-1.546271 

-1.752642 

-1.728693 

-1.632599 

-1.593413 

-0.410839 

-0.361951 

of largest 

of largest 

of largest 

of largest 

Radial 
Momentum 
Equation 

(3) 

-0.000008 

-0.000163 

-0.006288 

0.010428 

0.053510 

0.080528 

0.069570 

-0.022058 

-0.093366 

-0.079395 
-0.024202 

0.258534 

0.584588 

0.448365 

0.078741 

-0.240362 

-0.352552 

-0.380996 

-0.218229 

-0.944625 

term—101 

terra—1 02 

term—102 

term—102 

Energy 
Equation 

(4) 

-0.006086 

-0.000044 

0.093812 

0.065939 
0.025740 

0.007893 
0.001858 

0.000253 

-0.000195 

-0.000215 
0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 
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TABLE 7-b 

EQUATION CHECK FOR SECOND HEATED COLUMN 

Row Continuity 
Equation 

( 1 ) 

1 0 .000000 

2 0 .000000 

3 - 0 . 000301 

4 - 0 . 0 0 1 8 6 2 

5 - 0 . 004375 

6 - 0 . 0 0 4 6 9 4 

7 0 .000382 

8 0.006454 

9 0 .010337 

10 0 .007250 

11 - 0 . 0 0 1 6 6 9 

12 - 0 . 0 1 0 6 2 9 

13 - 0 . 0 1 3 3 1 9 

14 - 0 . 0 0 7 2 7 2 

15 0 .004592 

16 0 .015472 

17 0 .018809 

18 0 .010017 

19 - 0 . 0 1 6 2 8 0 

20 - 0 . 0 1 2 8 3 9 

Axial 
Momentum 
Equation 
(2) 

-0.000114 
-0.000060 
-0.093445 
-0.140827 
-0.216784 
-0.401259 
-0.676875 
-0.852639 
-0.880908 

-0.762539 
-0.653962 
-0.660866 

-0.994303 
-1 .436280 

~1.815164 

-1 .968971 

- 1 . 8 5 2 8 5 3 

-1 .524101 

-1.502657 
-1 .230348 

Radial 
Momentum 
Equation 
(3) 

Energy 
Equation 

(4 ) 

-0 .000291 

-0 .001733 

-0 .010420 

-0 .084303 

- 0 . 0 3 4 0 6 7 

0.173224 

0.253103 

0.212858 

-0 .126602 

-0.377834 
-0.366492 

-0.154053 
0.267002 
0.586722 
0.531209 

0.107093 
0.489956 

-0.143668 

-1.049517 
-1.780450 

-0.000779 
-0.000098 
0.073381 
0.067567 
0.029906 
0.010256 
0.003190 
0.000648 
0.000149 
-0.000024 
-0.000047 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0,000000 
0,000000 
0,000000 

Note: (1) Magnitude of largest term-

(2) Magnitude of largest term-

(3) Magnitude of largest term-

(4) Magnitude of largest term-

-lOl 

-102 

-102 

-102 
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TABLE 7-c 

EQUATION CHECK FOR THIRD HEATED COLUMN 

Row 

1 

2 

3 

4 

5 
6 

7 

8 

9 
10 

11 

12 

13 

14 

15 

16 

17 

18 

19 
20 

Continuity 
Equation 

(1) 

0,000000 

0.000000 

-0.000047 

0.000068 

0.000069 
-0.000028 

-0.000109 
-0.000110 

-0.000045 

0.000033 

0.000029 

0.000069 

0.000027 

-0.000020 

-0.000048 

-0.000043 

0.000023 
0.000000 

0.000000 

0.000000 

Axial 
Momentum 
Equation 

(2) 

0.000062 

0.000009 
0.099952 

0.204615 

0.307111 

0.410469 

0.516224 
0.623806 

0.732155 
0.840270 

0.965738 

1.070701 

1.175028 

1.287109 

1.411547 

1.555768 

1.513844 

1.619870 

1.719870 

1.106406 

Radial 
Momentum 
Equation 
(3) 

0.000151 
-0.000076 

0.002586 

-0.001439 
-0.004040 

-0.004144 

0.000012 

0.002939 

0.003414 

0.001822 

0.010169 

-0.007247 

-0.012032 

-0.007883 

-0.000237 

0.001678 

0.001302 

0.000000 

0.000000 

0.000000 

Energy 
Equation 

(4) 

-0.000479 

-0.000039 
0.073481 

0.036893 
0.009686 

0.001608 

0.000162 

0.000012 

-0.000168 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

Note (1) Magnitude of largest terra—10' 

(2) Magnitude of largest term—IC^ 

(3) Magnitude of largest term—102 

(4) Magnitude of largest term—10"^ 
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Row 

1 

2 

3 

4 

5 
6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

Note: 

EQUATION CĤ  

Continuity 
Equation 

(1) 

0.000000 

-0.000000 

-0.000358 

-0.000805 

-0.000357 

0.000319 

0.000552 

0.000263 

-0.000177 

-0.000125 

-0.000129 
0.000076 

0.000319 

0.000324 

0.000104 

-0.000196 

-0.000396 

-0.000390 

-0.000096 

0.001819 

(1) Magnitude 

(2) Magnitude 

(3) Magnitude 

(4) Magnitude 

TABLE 7--d 

aCK FOR FOURTH HEATED COLUMN 

Axial 
Momentum 
Equation 

(2) 

-0.000579 
0.000020 

-0.092061 

-0.170921 

-0.321630 

-0.441386 

-0.530468 

-0.617282 

-0.718693 

-0.710512 

-0.898504 

-1.095151 

-I.239IO8 

-1.335073 

-1.416445 

-1.523569 
-1.678806 

-1.737160 

-0.617060 

0.755687 

of largest 

of largest 

of largest 

of largest 

Radial 
Momentum 
Equation 

(3) 

-0.001142 

0.000820 

-0.014287 

0.033994 

0.042566 

0.011477 

-0.131840 

-0.023763 

-0.010483 

-0.147477 

0.111050 

0.101849 

0.033164 

-0.033433 

0.057203 

0.036599 

0.003389 

-O.1209O8 

-0.183523 

-0.592465 

term—IOI 

term—102 

term—102 

term—102 

Energy 
Equation 

(4) 

0.000216 

0.000168 

0.039904 

0.024691 
0.013436 

0.004079 
0.000908 

-0.000388 

-0.000047 

-0.000055 
0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 
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radial direction from this region of high pressure to the 

regions of lower pressure on either side. This creates 

flow both toward and away from the center line as shown 

in Figure 10. Since a larger pressure gradient exists be

tween the high pressure region and the wall than between 

this region and the free stream, the positive radial ve

locity is larger. 

Equation Checks 

Two methods were employed to check the equations. 

The first involved keeping the wall temperature unchanged 

so that no heat was transferred to the fluid. The pro

files behaved as they should have for this simplified 

case. The axial velocity profile was unchanged, and the 

values of radial velocity, while not zero, remained smaller 

than 10"^. The pressure remained essentially constant 

across the stream, as did the temperature. 

The second method of checking equations involved 

printing out the right side of equations (56) through (59) 

as the stream was traversed. For an exact solution to the 

finite difference equations, the results should be zero. 

The actual results, as shown in Table 7, were not zero, 

but in all cases, were two or more orders of magnitude 

smaller than the largest term on the left side of the equa

tion. It was found that to make these right side values 

smaller would have required a great deal more computer 

time, especially in computations close to the center line. 



CHAPTER V 

CONCLUSIONS 

The use of a more general set of governing equations 

yielded information about the radial velocity and pressure 

profiles not obtainable from the simplified equations pre

viously employed. The method used in obtaining a solution 

was found to be adaptable to comparatively small digital 

computers although better results could be obtained from 

a larger and faster computer. 

With a larger faster computer available, several im

provements can and should be made in the solution program. 

The possible improvements may now be enumerated. 

With more memory capacity available, larger matrices 

could be employed with the Newton-Raphson solution method. 

Rather than attacking a single element at a time, a group 

of several elements could be solved similtaneously. This 

capability leads to more complicated algorithms which would 

involve both upstream and downstream information in im

proving the solution. 

A faster computer would allow the grid size to be re

duced without extending the time necessary to obtain a 

solution to an unreasonable length. This improvement would 
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make the finite difference equations better approximations 

to the differential equations. 

The use of an increased number of significant figures 

in the computation would be a definite aid in reducing the 

truncation error associated with the solution of the finite 

difference equations. This improvement requires a computer 

which is both larger and faster than the one employed for 

this report. 

An improvement which could be applied to a small com

puter involves the external storage on magnetic tapes or 

disks of the large matrices containing the velocity, temp

erature and pressure profiles. This would leave more room 

in the computer memory for the actual program. The im

provement could be accomplished with little loss in com

puting speed. 
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