
Robust control of saturating, non-monotone
hysteretic systems with nonlinear
frequency-dependent power losses

by

Dinesh B. Ekanayake, M.S.

A Dissertation

In

MATHEMATICS

Submitted to the Graduate Faculty of Texas Tech University
in Partial Fulfillment of the Requirements for the Degree of

DOCTOR OF PHILOSOPHY

Approved

Dr. Ram V. Iyer

Dr. Clyde Martin

Dr. Bijoy Ghosh

Dr. Kevin Long

Fred Hartmeister
Dean of the Graduate School

August 2009



Copyright 2009

Dinesh B. Ekanayake



Texas Tech University, Dinesh Ekanayake, August 2009

Acknowledgements

I would like to express my gratitude to Dr. R.V. Iyer for being my advisor,

for his effort and involvement in my graduate degrees. I thank my wife, Amy, for

proofreading this dissertation and for supporting me in many other ways. I thank

my entire family for their support and encouragement throughout my education. I

also thank my committee members and other colleagues who offered suggestions and

support.

ii



Texas Tech University, Dinesh Ekanayake, August 2009

Contents

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

I Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Smart materials . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

II Hysteresis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 Hysteresis Modelling . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 General hysteresis operators . . . . . . . . . . . . . . . . . . . 13

2.3 Mathematical representations of some hysteresis operators . . . 14

2.3.1 Classical Preisach operator . . . . . . . . . . . . . . . . . . 14

2.3.2 Preisach type operators . . . . . . . . . . . . . . . . . . . . 15

2.3.3 Preisach-Krasnoselskii-Pokrovskii operators . . . . . . . . . 17

III Generalization of Duhem Type Hysteresis Operators . . . . . . . . . 20

3.1 Generalized nth–order play–like operator . . . . . . . . . . . . 22

3.2 Construction of Preisach-Krasnolselskii-Pokrovskii operator . . 24

3.3 Properties of play-like operators . . . . . . . . . . . . . . . . . 25

3.3.1 SSSL-play operator . . . . . . . . . . . . . . . . . . . . . . 25

3.3.2 Operator Fr[v(t)] for n = 2 . . . . . . . . . . . . . . . . . . 28

IV Modelling magnetostrictive actuators . . . . . . . . . . . . . . . . . . 36

4.1 Existing models . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.2 Representation of eddy current and residual losses . . . . . . . 39

4.2.1 Core losses . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.2.2 Modelling core losses . . . . . . . . . . . . . . . . . . . . . 41

iii



Texas Tech University, Dinesh Ekanayake, August 2009

4.2.3 Winding losses . . . . . . . . . . . . . . . . . . . . . . . . 42

4.2.4 Modelling winding losses . . . . . . . . . . . . . . . . . . . 43

4.3 Low dimensional model . . . . . . . . . . . . . . . . . . . . . . 45

V Asymptotic behavior for periodic input . . . . . . . . . . . . . . . . . 49

5.1 Existence, uniqueness and stability results . . . . . . . . . . . 50

5.2 Global solution . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.3 Existence of a periodic solution . . . . . . . . . . . . . . . . . . 65

VI Robust control of saturating, non-monotone hysteretic systems . . . 71

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.2 Linear Actuators . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.2.1 Electric network model for linear actuators . . . . . . . . . 78

6.2.2 Induced voltage measurements . . . . . . . . . . . . . . . . 80

6.3 Hysteretic System . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.4 Statement of the problem . . . . . . . . . . . . . . . . . . . . . 84

6.5 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.6 Feedback control . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.7 Existence and Stability results . . . . . . . . . . . . . . . . . . 94

6.8 Tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.9 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

6.9.1 Nonmagnetic hysteresis systems . . . . . . . . . . . . . . . 122

6.9.2 Magnetic system with a large magnetostriction coefficient . 124

6.9.3 Control of second order hysteretic systems . . . . . . . . . 128

6.9.4 Moving iron controllable actuator . . . . . . . . . . . . . . 130

6.9.5 Magnetostrictive actuator system . . . . . . . . . . . . . . 133

6.9.6 Sensor-less control . . . . . . . . . . . . . . . . . . . . . . . 137

iv



Texas Tech University, Dinesh Ekanayake, August 2009

VII Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

v



Texas Tech University, Dinesh Ekanayake, August 2009

List of Figures

1.1 Input current vs displacement curves for magnetostrictive actuators . 6

2.1 A hysteresis loop example . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 An elementary Preisach hysteron . . . . . . . . . . . . . . . . . . . . 14

2.3 An example of a play operator . . . . . . . . . . . . . . . . . . . . . 16

2.4 Construction of a Preisach-Krasnoselskii-Pokrovskii hysteron . . . . . 18

2.5 Examples of PKP hysterons . . . . . . . . . . . . . . . . . . . . . . . 19

3.1 Relationship between hysteresis models . . . . . . . . . . . . . . . . . 21

3.2 An alternating string of real numbers . . . . . . . . . . . . . . . . . . 22

3.3 Minor loop closure property for play–like operators . . . . . . . . . . 24

3.4 SSSL and SSSL-PKP operators . . . . . . . . . . . . . . . . . . . . . 28

3.5 PKP play–like operator trajectories for n = 2 . . . . . . . . . . . . . 32

3.6 Strictly monotone increasing region for the play–like operator for n = 2 34

3.7 Wiping–out property of play–like operators for n = 2 . . . . . . . . . 34

4.1 Magnetostrictive actuator cross section . . . . . . . . . . . . . . . . . 36

4.2 Uniform magnetic field across a current carrying conductor . . . . . . 44

4.3 A low dimensional model for a magnetostrictive actuator . . . . . . . 46

4.4 An equivalent circuit for the core and winding losses . . . . . . . . . . 47

6.1 A plant with only hysteresis nonlinearity . . . . . . . . . . . . . . . . 73

6.2 A plant with nonlinear power losses . . . . . . . . . . . . . . . . . . 73

6.3 A non–monotone hysteretic system . . . . . . . . . . . . . . . . . . . 73

6.4 Electric network model for a magnetic linear actuator . . . . . . . . . 79

6.5 Methods for measuring induced voltage . . . . . . . . . . . . . . . . . 81

6.6 An example of function g . . . . . . . . . . . . . . . . . . . . . . . . . 86

vi



Texas Tech University, Dinesh Ekanayake, August 2009

6.7 Feedback control strategy derived from output error and induced volt-

age feedback . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
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Chapter I

Introduction

The focus of this thesis is to investigate the modelling of magnetic and smart

actuators and to develop a controller strategy that can exploit the full range of ac-

tuator capabilities. In recent years, magnetic and smart actuators have received

much attention due to emerging actuator technologies and a growing number of in-

dustrial applications. Many modern applications require actuators that are capable

of producing outputs that can precisely control in high frequencies, such as in noise

cancellation systems [1, 2]. Magnetic and smart actuators are able to generate out-

puts with nanometer level resolutions and are useful in many precision positioning

applications [3, 4, 5]. However, they exhibit a variety of complex rate-independent

phenomena (such as hysteresis and saturation) and rate-dependent phenomena (such

as frequency dependent power losses) that impede effective use of them for precision

and high frequency applications.

To exploit the full range of operation of these actuators, control strategies must

be developed by considering the physical phenomena exhibited by these actuators.

However, control schemes studied in literature fall short of controlling linear magnetic

and smart actuators in a broad frequency range and in a complete actuator displace-

ment range (see literature survey in Chapter VI). A model for smart and magnetic

actuators with a composition of hysteresis operator and a square function as a sub-

system have been reported in the literature [6, 7] and used for control system design

at low frequencies [8]. Magnetic and smart actuators exhibit saturation, whereas,

hysteresis is not considered to be saturating in current literature on controller design

[8, 9, 10, 11, 12, 13, 14, 15]. Closer examination of the system input–output graph
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near DC frequencies reveals rich hysteresis phenomena, whereby minor loops close on

themselves [16, 17, 18, 19]. Any control of smart and magnetic actuators must take

into account such phenomena. Additionally, difficulties modelling these actuators for

a broad frequency range limit application of any model–based controllers. This thesis

discusses how to model and control magnetic and smart actuators to exploit the full

range of actuator capabilities.

1.1 Smart materials

Smart materials change their shape and size in response to a stimulus, such as

changes in electric, thermal, or magnetic fields. For example, piezoelectric materials

change shape when the applied electric field is altered. During the last few decades,

a number of applications of smart materials have emerged in the commercial, engi-

neering and medical fields, particularly for sensing, actuating, damping, information

processing, and biomedical applications. Examples of the types of smart materials

used in such applications are piezoelectric materials, shape memory alloys, magne-

tostrictive materials, biometric polymers, non-Newtonian fluids, and chromogenic

materials.

Applications of smart materials are at various stages of development. For exam-

ple, many applications of piezoelectric materials are well-established. Piezoelectricity

is an electric voltage produced by applied mechanical forces on piezoelectric materials

or, conversely, mechanical deformation caused by an applied electric field. Piezoelec-

tric materials have been used in various electromechanical devices for both sensor and

actuator applications. The direct piezoelectric effect is used to generate current in

applications such as pressure sensors, vibration sensors, gas igniters, and accelerom-

eters [3]. Actuators made of these materials are used in precise positioning systems,

2
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piezoelectric motors, piezoelectrically driven relays, and ink-jet heads for printers [20].

Active vibration control and noise cancellation systems are also useful applications

[1, 2].

Magnetostrictive material is another important type of smart material. Magne-

tostriction is the deformation of a body in response to a change in its magnetiza-

tion. All magnetic materials exhibit magnetostriction to some degree; however, giant

magnetostriction occurs in only a few materials. Terfenol-D exhibits the greatest

known amount of magentostriction. Applications of magnetostrictive materials are

still emerging and are mainly focused on micro-level actuation. However, the capa-

bilities of magnetosctrive actuators far exceed their current usage, which is limited

because of nonlinearities that are difficult to incorporate into both models and control

schemes. Despite their limitations, notable applications of magnetostrictive actuators

have been established during the last decade. The Smart Wing Program uses mag-

netostrictive actuators to fine-tune the shape of the airfoil cross section of an aircraft

wing during flight. The Next Generation Space Telescope (NGST) uses magnetostric-

tive actuators to align mirror segments and actively control the radius of curvature

for optimum optical performance [5]. A helicopter rotor servoflap control, introduced

in [24], enables control of the rotor blade flap by an actuator embedded in the blade

itself.

Shape memory alloys (SMA), another major family of smart materials, have ap-

plications in biomedical and industrial fields. These materials return to their original

shape after experiencing heat-induced deformations, a process called free recovery.

The general shape-changing property is used for actuation, while other applications

exploit the material’s ability to return specifically to its original shape. Applications of

SMA thermal actuators include controlling the opening of the door on a self-cleaning
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oven, controlling the flow of transmission fluid in an automatic transmission during

the period of initial warm up, and use in domestic safety devices [21]. Most free recov-

ery applications are in the medical field, such as SMA marrow needles used to repair

broken bones [4] and artificial urethral SMA valve systems [22]. As with piezoelectric

materials, vibration damping is another applications of SMA, where vibration can be

effectively suppressed by shape memory energy absorbers [23].

As mentioned above, smart material systems have received much attention due to

their potential applications. Many applications, on both the micro and macro levels,

require actuators which can produce powerful outputs, large controllable displace-

ments, and quick responses. Piezoelectric, shape memory, and many other smart

actuators are not capable of producing these three effects simultaneously. However,

magnetostrictive actuators are capable of these responses. In this respect, actua-

tors made of giant magnetostrictive materials are quite promising for many appli-

cations. However, modelling and controlling of magnetostrictive actuators is espe-

cially challenging compared to other smart and magnetic actuators due to the par-

ticularly strong magnetostriction, as well as highly nonlinear, frequency–dependent

power losses. Therefore, in this work, special attention is given to magnetostrictive

actuators, although the analysis is also extended to all actuators.

1.2 Objectives

There are two primary objectives of this thesis.

(i) To analyze the broadband frequency model given in [7, 25] for magnetostrictive

actuators, to prove well-possedness of the model and determine the asymptotic

behavior of the model for periodic inputs.

4
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(ii) To develop a feedback control strategy for saturating, non-monotone hysteretic

systems with nonlinear frequency-dependent power losses.

Additionally, a new family of hysteresis operators which satisfies wiping–out proper-

ties is also discussed.

Although most models discussed in literature are adequate for producing low

frequency models for magnetostrictive actuators, such as for 200Hz, they are insuf-

ficient for producing models which are accurate over large frequency ranges, such

as 0-1kHz. (A account of existing models is given in Chapter 4.) We formerly in-

troduced a broad-band model reflecting the loss characteristics that are significant

over the 0-1kHz frequency range [7, 25]. The model was developed by taking into

account hysteresis, eddy current loss, excessive power loss, and skin and proximity

effects, as well as saturation. However, integrating these nonlinearities into the model

introduced a number of additional parameters. Hence, it is important to prove the

well-possedness of the model.

Further, asymptotical periodic behavior was assumed in our earlier development of

a parameter identification method for our model [7, 25]. The method was based on the

experimental observation that, for continuous periodic voltage inputs and constant

loading, the displacement of the tip of a magnetostrictive actuator is asymptotically

a periodic function, Figure 1.1 (see [26, 6]).
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Figure 1.1: Input current vs displacement curves for magnetostrictive actuators. Data

is taken from [26].

In this thesis, we prove that the quantities in the model corresponding to the mag-

netic field, magnetization, induced voltage, and the actuator displacement are indeed

asymptotically periodic functions for continuous periodic voltage inputs. The analy-

sis validates the observed experimental behavior of magnetostrictive actuators as well

as our parameter identification method.

Control of magnetic and smart actuator systems has received wide attention in

recent years, mainly due to the challenge of providing robust stabilizing controllers for

these actuators. Existing controller methods include inverse hysteresis compensation

and conventional PID controllers, as well as non-linear and adaptive controllers [8,

9, 10, 11, 12, 13, 14, 15, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42].

6
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These controllers are designed to force actuators to follow a specific trajectory, so as to

achieve precision positioning or vibration suppression. However, due to the limitations

of both the models and the control schemes, applications of existing controllers are

limited to achieving tracking control in low frequency ranges, < 200Hz, with low

applied magnetic field scale.

The motivation for the second objective is to develop controller strategies that are

appropriate even for the challenges presented by linear magnetic and smart actuator

systems. The controller strategy discussed here is derived for tracking control by

incorporating both position feedback and induced voltage of the actuator windings.

Regularity, well-posedness, and stability of the controller are established. Ultimate

bounded tracking error is obtained under external disturbances and parameter per-

turbations. Most controllers use inverse compensators to cancel actuator hysteresis

nonlinearity. Here, uniform ultimate bounded control is achieved without an explicit

inverse computation. In this controller, saturation assists in stability, contrary to

the destabilizing nature of saturation in most controller schemes. Finally, this work

explains the usage of such a controller scheme for magnetostrictive actuators. Al-

though magnetic and smart actuators are our focus, the results are applicable for any

magnetic system and can be extended to most hysteretic systems.

As an additional contribution to the dissertation, we also discuss a play-like hys-

teresis operator defined by an nth order rate-independent differential system. Prop-

erties of the operator for n = 1 and n = 2 are investigated here. We show that

the operator for n = 2 satisfies a first-order wiping out property. This result can be

extended to show that the nth order operator satisfies an (n− 1)th order wiping–out

property. Thus, the new family of operators falls between the first-order differential

equation models that do not satisfy any wiping–out properties and the Preisach-type

7
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operator that can show, in general, a countably infinite-order wiping–out property.

We show that the “backlash-like” operator defined by Su, Stepanenko, Svoboda and

Leung (SSSL) is a special case of this operator for n = 1. The generalized play-like

operators for any n ≥ 1 have the added benefit of being applicable, without change,

to the robust, non-inversion type adaptive controller constructed by the above men-

tioned authors.

8
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Chapter II

Hysteresis

The word hysteresis, meaning ‘to come behind’, was introduced to scientific vo-

cabulary by Alfred Ewing [43] in his study of ferromagnetism. Hysteresis refers to a

nonlinear path-dependent relation between two scalar time-dependent quantities u(t)

and w(t) which take the form of loops, as in Figure 2.1.

Figure 2.1: A hysteresis loop between two functions u(t) and w(t) generated by a

increasing u(t) and a decreasing u(t)

The hysteresis phenomenon arises in many areas of science. For example, in mag-

netic and ferromagnetic materials, a hysteretic relationship exists between magnetic

field strength and magnetic flux density; in elastic materials, elongation due to loading

and unloading produces hysteresis. Also superconductivity, porous media filtration,

thermostats, liquid-solid phase transitions, and some biological systems exhibit hys-

teresis.

9
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2.1 Hysteresis Modelling

For nearly a century, scientists have been developing hysteresis models based ei-

ther on fundamental physical laws or on observations or experimental results. For

specific problems, models describing hysteretic systems can be derived from an under-

standing of physical laws related to the system. This is usually extremely challenging

and the resulting models are too complex to be used for practical applications. In

addition to complexity, another major drawback of physical models is that they are

system-specific. For example, physical models of hysteresis in smart materials must

be developed separately for each material type and may, in fact, have entirely dif-

ferent structures. Each device may also need unique controller designs and analysis,

thus hindering the advances of usage of such materials. Due to such limitations, the

usefulness of physical models has been limited to qualitative studies.

Engineering designers seek alternate, simpler models which, although not derived

from fundamental theory, do exhibit sufficiently correct input-output features, and

are useful for characterization, design and control purposes. These models are re-

ferred to as phenomenological models. During the early twentieth century, two types

of phenomenological models emerged for hysteresis modelling, particularly to model

hysteresis nonlinearities in ferromagnetism and plasticity theory. One model is based

on differential equations and the other is based on superposition of elementary hys-

teresis models, such as switches with hysteresis and mechanical play. Today these two

types of models are referred to as differential equation (or Duhem type) models and

Preisach type models. Since these models are utilized for generalized hysteresis mod-

elling, they are typically referred to as hysteresis operators. They describe hysteretic

relationships as mappings between input and output function spaces.

The mathematical development of hysteresis operators started with representation

10
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by differential equations, which dates back to Duhem’s model in 1897 [44]. These op-

erators reflect the observation that hysteresis curves for physical systems are smoothly

monotone except when the input changes direction. However, it was not until 1971

that differential equation models were given a comprehensive study [45]. A differential

hysteretic model was initially proposed by Bouc in 1971 [45] and was subsequently

generalized by Wen in 1976 [46]. Since then, it has been referred to as the BoucWen

model and is used in civil and mechanical engineering. The model consists of a first-

order nonlinear differential equation that relates the input of a hysteretic system to

the output in a rate-independent hysteretic way. The parameters that appear in the

differential equation can be tuned to match the hysteresis loop of the system under

consideration. The primary focus of the study by Bouc was to describe the forced

vibrations of a hysteretic system under periodic excitation.

Many others followed Duhem’s approach [47, 48, 49, 50]. A notable model is

the Jiles-Atherton model for ferromagnetic hysteresis [51, 52], which was developed

to describe the dynamic process of the magnetization in terms of the energy in the

magnetic materials. The Jiles–Atherton model is based on physical observations of

magnetic domains and the pining of the domains’ walls in ferromagnetic materials

[51]. The model is used to describe the stress effect on the magnetization process

[53, 54, 55]. The fundamental theory of representing stresses on the magnetization

was developed by Jiles, Hauser and Fulmek [56, 57], and a detailed discussion on stress

effects can be found in Atherton and Tom [58]. However, the Jiles-Atherton model

is useful primarily for simulations of dynamic magnetization curves of ferromagnetic

materials.

In the next chapter, we discuss the first order “backlash–like” operator introduced

in [12] for the purpose of avoiding inversion of hysteresis nonlinearity in an adaptive

11
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controller design [32]. The difference between the Jiles-Atherton and the operator in

[32] model is that the output saturates for unbounded inputs in the latter model.

Even in the early 1900s, scientists observed the dependency of the output on the

previous evolution of hysteresis input. For example, Madelung’s rules for magnetic

hysteresis were developed in 1905 [59]. The output-dependency effect is referred to as

the memory effect of hysteresis operators. Both the Jiles–Atherton and the Stoner–

Wohlfarth models have local memory. However, these and other differential operators

have a shortcoming in that their trajectories do not depend on previous extrema, as is

observed in ferromagnetic hysteresis. Operators of Preisach type incorporate system

memory. In Chapter III we discuss how to generalize the differential operators such

that the output depends on previous memory.

In the 1930s F. Preisach developed a hysteresis operator based on hypotheses cor-

responding to physical mechanisms of magnetization [60]. The model retains much of

the intuition associated with physical models of magnetic hysteresis and was initially

regarded as a physical model of hysteresis. In the 1950s D.H. Everett independently

developed the same operator for the absorption of hysteresis, thereby providing ap-

plications of Preisach operator beyond magnetization. In 1970, M. Krasnoselskii

developed a purely mathematical formulation of the Preisach operator using relay

operators and, later, a systematic analysis of the mathematical properties of these

operators was conducted. This study reveals the phenomenological nature of the

Preisach operator. In the 1980s, several other mathematicians also began to study

the generalization of Preisach operators. Operators of Preisach type are thoroughly

described in [59]. In recent decades, the Preisach operator has been successfully

applied for modeling in other areas: ferromagnetic hysteresis, shape memory alloy,

piezoelasticity, magnetostriction, plasticity-elasticity and soil hydrology. Broad ap-
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plications of the Preisach model demonstrate its generality as a hysteresis operator.

Today the Preisach operator is considered one of the best phenomenological hystere-

sis model. For further information on the Preisach model, we refer the reader to the

Mayergoyz’s monograph [61].

2.2 General hysteresis operators

In this section we discuss general hysteresis operators and their properties which

are related to the content of this work. A more complete description of general

hysteresis operators can be found in [59].

A hysteretic relationship between two functions u(t) and w(t), defined on some

time interval [0, T ], can be expressed as an operator equation Γ such that w(t) =

Γ[u](t). Hysteresis operators are characterized by two main properties:

1. Memory: at any instant t ∈ [0, T ], w(t) depends on the previous evolution of u. In

particular, the output is completely determined by the local extremal values of the

input functions. Further, if u(t) = û(t) for t ∈ [0, T ] and the initial memory state is

the same, then Γ[u](t) = Γ[û](t). This property is referred to as Volterra property.

2. Rate independency: the output verses input diagram is invariant with respect to

changes of the time scale. This property can be express in the form

Γ[u ◦ ϕ] = Γ[u] ◦ ϕ

for all admissible time transforms, that is, for all continuous increasing functions

ϕ : [0, T ] → [0, T ] satisfying ϕ(0) = 0 and ϕ(T ) = T .

As stated above, at any instant t ∈ [0, T ] , the output w(t) depends not only

on the input, u|[0,t], but also on the initial memory state of the system. Hence,

the initial memory state must be prescribed, and we typically express the hysteresis

13
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operator as Γ[u;ψ−1](t), where ψ−1 is the initial memory state. In light of the above

properties, a hysteresis operator can be defined as an operator which maps continuous

and piecewise monotone functions to real–valued functions on [0, T ], and has both

the Volterra property and the rate independent property (Proposition 2.2.9 in [59]).

2.3 Mathematical representations of some hysteresis operators

Here we discuss the mathematical representation of Preisach type operator, as it

is incorporated in much of our work. Further, we generalize the Preisach operator

to the Preisach-Krasnoselskii-Pokrovskii (PKP) operator, which we use in the next

chapter.

2.3.1 Classical Preisach operator

As formulated by Krasnoselskii [59], the building element of the classical Preisach

operator is the relay operator. Relay, the simplest hysteresis operator, can be de-

scribed as a switch with hysteresis. For a pair of switching values (β, α) with β ≤ α,

consider a relay operator given by γ̂β,α[·, ·] (called a Preisach hysteron), as illustrated

in Figure 2.2.

Figure 2.2: Illustration of an elementary Preisach hysteron.

14
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For u ∈ C[0, T ) and initial configuration ζ ∈ {−1, 1}, v = γ̂β,α[u, ζ] is defined

v(t)
4
=


−1 if u(t) < β

1 if u(t) > α

v(t−) if β ≤ u(t) ≤ α

,

for t ∈ [0, T ], where v(0−) = ζ and t−
4
= lim

ε>0,ε→0
t− ε.

The classical Preisach operator can be described as a linear superposition of relays

with hysteresis. Define the Preisach plane as P0
4
= {(β, α) ∈ R2 : β ≤ α}, where

(β, α) ∈ P0 is identified with γ̂β,α. For u ∈ C[0, T ] and a Borel measurable configura-

tion ζ0 of all hysterons, ζ0 : P0 → {−1, 1}, the output of the Preisach operator Γ is

defined as

Γ[u, ζ0](t) =

∫
P0

µ(β, α)γ̂β,α[u, ζ0(β, α)](t)dβdα, (2.1)

for some Borel measurable function µ, called the Preisach density function. The den-

sity function describes the relative contribution of each relay to the overall hysteresis.

A detailed treatment of the classical Preisach operator can be found in [59, 61, 62].

2.3.2 Preisach type operators

Preisach type operators are a generalization of the classical Preisach operator. In

[59] a detailed discussion of various properties of these operators can be found. A play

operator is the building element of operators of Preisach type and can be described

as the play between two mechanical elements. Figure 2.3.2(a) represents the play

between elements I and II , which has one degree of freedom. Suppose the position

of element I is the input v(t), the middle point of element II is the output w(t), and

the diameter of element II is 2r. The corresponding input and output behavior is

given by the hysteresis diagram in Figure 2.3.2.(b).
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Figure 2.3: (a) Play between two mechanical elements (b) Input–output diagram of

the play operator

In operator form, we write the mechanical play as w = Fr[v]. The output function

w(t), for any piecewise monotone input function v : [0, T ] → R, is inductively define

by

w(0) = fr(v(0), 0), (2.2)

w(t) = fr(v(t), w(ti)), for ti < t < ti+1, 0 ≤ i ≤ N − 1, (2.3)

with fr(v, w) = max{v − r,min{v + r, w}}, where 0 = t0 < t1 < ... < tN = T is a

partition of [0, T ] such that function v is monotone on each subinterval [ti, ti+1].

To define the operators of Preisach type, next, the time evolution of Preisach

memory curves must be described. The set of Preisach memory curves can be defined

as [59]

Ψ0
4
= {ψ|ψ : R+ → R, |ψ(r)− ψ(r̄)| ≤ |r − r̄|, ∀r, r̄ ≥ 0, Rsupp(ψ) < +∞}

where

Rsupp(ψ)
4
= sup{r|r ≥ 0, ψ(r) 6= 0},
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with the time evolution of the memory given in the following manner. For any initial

memory curve ψ−1 ∈ Ψ0, we obtain a finite sequence of functions ψi : R+ → R

through the basic memory update

ψi(t, r) = Fr[H(·), ψi−1(r)] (2.4)

where r ≥ 0, 0 ≤ i ≤ N and Fr is the play operator with parameter r [59].

We define the operator of Preisach type as any hysteresis operator Γ[u;ψ−1] having

an output mapping Q : Ψ0 → R of the form

Q(ψ(t)) =

∫ ∞

0

q(r, ψ(r))dν(r) + w00, (2.5)

where ν is a nonnegative finite Borel measure and

q(r, s) = 2

∫ s

0

ω(r, σ)dσ (2.6)

for a given function ω ∈ L1
loc(R+ × R) [59].

2.3.3 Preisach-Krasnoselskii-Pokrovskii operators

A more general class of operators can be obtained by using a more general building

element, referred to as the Preisach-Krasnoselskii-Pokrovskii (PKP) hysteron. An

operator of Preisach type is based on the superposition of the outputs of the relay

using an integrable density function. Similarly, PKP operators can be described as a

superposition of the Preisach-Krasnoselskii-Pokrovskii hysteron.

Consider a Borel measurable function φ defined on the real line that is −1 on

(−∞,−1], +1 on [1,∞), and monotone increasing on [−1, 1]. For a pair of thresholds

(β, α) with β ≤ α− 2, and for u ∈ R, define the two functions:

φl(u)
4
= φ(u− β − 1) (2.7)

φr(u)
4
= φ(u− α+ 1). (2.8)
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(a) A Borel measurable, monotone increasing

function.

(b) A general PKP hysteron

Figure 2.4: Construction of a general Preisach-Krasnoselskii-Pokrovskii hysteron.

Using φl and φr we will define the relay γ̂β,α[·, ·] as illustrated in Figure 2.4. Given

an initial configuration ζ ∈ {−1, 1}, and a function u(·) ∈ L∞[0, T ], the output of the

relay v = γ̂β,α[u, ζ] is defined as follows:

v(t) = min{φl(u(t)),max{φr(u(t)), v(t−)}},

where v(0−) = ζ and t−
4
= lim

ε>0,ε→0
t− ε. Examples of PKP hysterons are given in

Figure 2.5. Another example is the classical Preisach hysteron or relay, discussed

above.

The definition of PKP type operators is similar to that of the Preisach operator

with the relay operator replaced by PKP hysteron. In next chapter, we discuss the

construction of a PKP type operator using an n-th order differential equation system.
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(a) A continuous PKP hysteron (b) A discontinuous PKP hysteron

Figure 2.5: Examples of PKP hysterons. The classical Preisach hysteron in Figure

2.2 is another example of a PKP hysteron.
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Chapter III

Generalization of Duhem Type Hysteresis Operators

Most differential equation hysteresis models are first order differential equations

[45, 46, 47, 49, 50, 51, 63]. These models are rate-independent and satisfy the Volterra

property. Hence, they are general hysteresis operators. However, unlike operators of

the Preisach type, the output trajectories of these operators do not depend on the

previous input extrema, and hence, they do not satisfy Madelung’s rules [47]. In this

chapter, we discuss a generalized differential equation model, namely, the generalized

nth order play-like model, which satisfies Madelung’s rules and various other properties

that the Preisach operator presumes.

The main advantage of using a differential equation operator is its simplicity of

implementation and the limited number of parameters. A mathematical advantage

of these operators is that their space of input functions is much larger compared to

Preisach-type operators. For instance, any Lp space, 1 ≤ p ≤ ∞, may be input for

a differential equation operator. Preisach-type operators, on the other hand, are not

defined on these spaces.

In this study, we refer the “backlash–like” hysteresis operator in [32] as the SSSL–

play operator. We will show that the SSSL operator has a serious limitation with

regard to parameter selection. This limitation is overcome by our generalized nth

order play-like operator with the additional benefit that the robust, non-inversion

type adaptive controller defined in [32] is also applicable to this operator without

change.

We consider a play–like operator and the construction of a PKP–type operator

using an nth order differential system. We investigate the particular cases n = 1 and
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n = 2, and show that the play-like operator corresponding to n = 1 is the SSSL

operator. The higher order cases are more interesting because they begin to satisfy

various forgetting rules. For instance, the “play-like” operator for n = 2 satisfies

the first order wiping-out property, meaning the following. Suppose {v0, v1, v2} are

alternating maxima and minima of a continuous, piecewise monotone input v(t) such

that v1 < v0 < v2. Let {t0, t1, t2} be time instances where the input takes the values

{v0, v1, v2}. Let t1 < t∗ < t2 be such that v(t∗) = v0. Then the output value at

t∗ is equal to its value at t0. The generalized nth order play-like operator can be

shown to satisfy the (n − 1)th order wiping-out property, which makes it similar to

the Preisach-type operator. Thus the new family of operators can be considered to

be placed in between the first-order differential equation models that do not satisfy

any wiping-out properties and the Preisach-type operator that can show, in general,

a countably infinite-order wiping out property.

Figure 3.1: Relationship between hysteresis models.

Figure 3.1 shows the relationship between some of the hysteresis models - both

integral and differential types.
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3.1 Generalized nth–order play–like operator

Suppose (v−2n+2, v−2n+3, · · · , v−2, v−1) is an alternating string of distinct real num-

bers such that (v−2n+2, v−2n+4, · · · , v−2) is a strictly monotone decreasing string and

(v−2n+3, v−2n+5, · · · , v−1) is a strictly monotone increasing string of real numbers with

v−1 < v−2. (See Figure 3.2.)

Figure 3.2: An alternating string of monotone decreasing and monotone increasing

real numbers

Consider the operator w(t) = F c
a0

[v; v−2n+2, v−2n+1, · · · , v−1](t) defined for even n by

the nth order differential equation

w(n)+an−2w
(n−2)+ · · ·+a0(w−v)+sign(v̇)

(
an−1w

(n−1) + · · ·+ a1 (w(1) − 1) + c
)

= 0,

(3.1)

and for odd n by

sign(v̇)
(
w(n) + an−2w

(n−2) + · · ·+ a1 (w(1) − 1) + c
)
+an−1w

(n−1)+ · · ·+a0(w−v) = 0

(3.2)

where w(k) =
dkw

dvk
, 1 ≤ k ≤ n. Suppose am ≥ 0 for all m and let w(v−1) = w−1, ...,
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w(v−2n+2) = w−2n+2 such that (w−2n+2, w−2n+4..., w−2) is a strictly monotone decreas-

ing and (w−2n+3, w−2n+5, · · · , w−1) is a strictly monotone increasing with w−1 < w−2.

We analyze Equation (3.1) below. Consider the transformation z = w − v +

sign(v̇) c
a0

. Then, Equation (3.1) reduces to

dnz

dvn
+ sign(v̇) an−1

dn−1z

dvn−1
+ an−2

dn−2z

dvn−2
+ · · ·+ a1 sign(v̇)

dz

dv
+ a0 z = 0. (3.3)

For v̇ > 0 the characteristic equation is sn + an−1 s
n−1 + · · · + a1 s + a0 = 0. For an

appropriate choice of a1, . . . , an, we can make the roots α1, . . . , αn of this equation

real, distinct and positive. We work with such a choice of coefficients henceforth.

For v̇ < 0, the characteristic equation is: sn − an−1 s
n−1 + · · · − a1 s + a0 = 0,

which has roots −α1, . . . ,−αn, because, by the transformation σ = −s, we get

the previous characteristic equation for v̇ > 0. Thus, the solution is given by z =

c1e
−sign(v̇)α1 v + c2e

−sign(v̇)α2 v + · · · + cne
−sign(v̇)αn v for some constants c1, · · · , cn. The

analysis for Equation (3.2) is similar.

We have shown that, for an appropriate choice of coefficients, the solution for the

(3.1) and (3.2) is given by w = v − sign(v̇) c
a0

+ c1e
−sign(v̇)α1v + c2e

−sign(v̇)α2v + · · · +

cne
−sign(v̇)αnv. For v̇ > 0, constants c1, . . . , cn are found using the “initial conditions”

corresponding to (v−2n+2, v−2n+4, . . . , v−2, v−1) and, for v̇ < 0, the constants are found

using the “initial conditions” corresponding to (v−2n+3, v−2n+5, . . . , v−2, v−1). Thus,

the system is not an ordinary differential equation with an initial condition, but

rather a n-point boundary value problem for the cases sign(v̇) > 0 and sign(v̇) < 0.

Constants c1, . . . , cn can be found using linear algebra.

It can be noticed that

lim
v↗∞

(v − w) = − c

a0

and lim
v↘−∞

(v − w) =
c

a0

.

Hence, w asymptotically approaches the output of a play operator with parameter r =
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c
a0

. Note that the operator given by Equations (3.1) - (3.2) is rate–independent. By

construction, every trajectory passes through n previous turning points, and therefore

the operator can close n−1 minor loops, which we refer to as the (n−1)–step wiping–

out property. Figure 3.3 shows the minor loop closure property for the operator with

n = 2 and n = 4 .

(a) Trajectories of Play-like operator for n =

4.

(b) Trajectories of Play-like operator for n =

2.

Figure 3.3: Minor loop closure property for play-like operators for n = 2 and n = 4

Figure 3.3(a) corresponds to a play-like operator with n = 4, where the operator

is capable of closing three minor loops. Figure 3.3(b) presents the case when n = 2,

where the operator is only capable of closing one minor loop.

3.2 Construction of Preisach-Krasnolselskii-Pokrovskii operator

Next, we construct a Preisach-Krasnolselskii-Pokrovskii (PKP) operator using the

play-like operators similar to the construction of the Preisach operator from play

operators.
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Suppose Fr[v(t); ·] is a play-like hysteresis operator with the (n−1)-step wiping-out

property. Define operator Γr by Γr[v(t)] =
∫ Fr[v;·](t)

0
ω(r, s)ds, where ω ∈ L1

loc(R+×R).

Suppose that ω(r, s) has compact support. Then, for each r, Γr(t) can produce

saturation outputs with the (n − 1)-step wiping out property. For n ≥ 2, these

operators satisfy Madelung’s first and second rules. However, the third rule cannot

be satisfied exactly since we must allow for non-uniqueness of the trajectories through

a point, which cannot be done using a differential equation with an initial condition.

Next we define the PKP operator using play-like operators. Consider the “output”

map:

Q(t) =

∫ ∞

0

Γr[v(t)]dr (3.4)

with Γr(v(t)) =

∫ Fr[v](t)

0

ω(r, s)ds, (3.5)

where ω(r, s) is the density function and Fr[v](t) is the play-like operator given by

Equations (3.1) and (3.2). A discussion of the properties of Q(t) for an arbitrary n

is beyond the scope of this paper. We discuss the properties for n = 1 and n = 2.

3.3 Properties of play-like operators

3.3.1 SSSL-play operator

The backlash-like operator proposed in [32], which we refer to as the SSSL-play

operator, is a relation w = W [v;w0] between a function v ∈ C1[0, T ] and a continuous

function w, defined by the differential equation dw
dt

= α
∣∣∣dvdt ∣∣∣ (v − w) + β dv

dt
, with

w(v0) = w0, where parameters α, c and β are positive. If a0 = α and c = 1− β, the

above equation can be rearranged as

sign(v̇)

[(
dw

dv
− 1

)
+ c

]
+ a0 (w − v) = 0, (3.6)
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with w(v0) = w0, which is the operator corresponding to n = 1 in Equation (3.2).

First, we show that the SSSL operator is a hysteresis operator by showing that it

is rate-independent and satisfies the Volterra property.

Lemma 3.3.1. The SSSL play operator is a hysteresis operator.

Proof. The solution of Equation (3.6) is given by

w(t) = c1e
−a0sign(v̇)v + v(t)− sign(v̇)

c

a0

, (3.7)

where c1 =
(
(w0 − v0) + sign(v̇) c

a0

)
ea0sign(v̇)v0 . Denote the solution by an operator

equation w(·) = fr(v(·);w0), where r = c
a0
. Suppose φ is an admissible time transfor-

mation, i.e., φ : [0, T ] → [0, T ], and is a continuous monotone increasing function with

φ(0) = 0 and φ(T ) = T [59]. We have w(φ(t)) = fr(v ◦ φ;w0). Since w(φ(t)) = w ◦ φ,

then fr(v ◦ φ;w0) = fr(v;w0) ◦ φ. Thus the SSSL operator is rate-independent. Since

the SSSL operator is defined by a differential equation, it satisfies the Volterra prop-

erty. Hence, by Proposition 2.2.9 in [59] (page 38), the SSSL operator is a hysteresis

operator.

We will show that, for an appropriate choice of c, the operator is strictly monotone.

Lemma 3.3.2. Suppose that the parameters a0 and c are positive and that the initial

state w0 satisfies w0 ∈ (v0 − r, v0 + r), where r = c
a0

. Then the trajectories of the

SSSL-play operator corresponding to increasing inputs are convex and the trajectories

corresponding to decreasing inputs are concave. Furthermore, if c ∈ (0, 1/2), then the

SSSL-operator is strictly monotone.

Proof. From the proof of Lemma 3.3.1, c1 =
(
(w0 − v0) + sign(v̇) c

a0

)
ea0sign(v̇)v0 . Since

w0 ∈
(
v0 − c

a0
, v0 + c

a0

)
, we have w0 − v0 + c

a0
> 0 and w0 − v0 − c

a0
< 0.
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For v̇ > 0,

c1 =

(
w0 − v0 +

c

a0

)
ea0v0 > 0

and

d2w

dv2
= a2

0c1e
−a0 v > 0.

Also,

dw

dv
(v0) = 1− c− a0(w0 − v0) > 1− c− c = 1− 2c > 0 for c ∈ (0, 1/2).

Similarly, for v̇ < 0, c1 =

(
w0 − v0 −

c

a0

)
e−a0v0 < 0 and

d2w

dv2
< 0. Also,

dw

dv
(v0) = 1− c+ a0(w0 − v0) > 1− c− c = 1− 2c > 0 for c ∈ (0, 1/2).

If c ∈
(
0, 1

2

)
then for a given r, we have a0 ∈

(
0, 1

2r

)
. For a given c, we construct

the corresponding PKP operator P as by Equation (3.4). We demonstrate with the

specific case c = 1
4
. For this case, a0 = 1

4r
and Wr(v(t)) = sign(v̇)

(
dw

dv
− 1

)
+ 1

4
+

1
4r

(w − r) = 0. Consider the density function:

ω(r, s) =


(5− s)Ur 0 < s < 5

(5 + s)Ur −5 < s < 0

0 otherwise

where,

Ur =

 1 0 < r < 5

0 elsewhere
.

The corresponding outputs of SSSL operator and PKP-type operator are given by

Figure 3.4.
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(a) Output of SSSL operator for r = 3 (b) Output of SSSL-PKP operator

Figure 3.4: Illustration that the SSSL and the SSSL-PKP operators do not possess

the wiping out property.

Figure 3.4(a) shows that the SSSL operator does not possess the wiping out prop-

erty. This is due to the fact that the previous turning points are not built into the

solution (3.7). Similarly, the SSSL-PKP operator also does not possess the wiping

out property as seen in Figure 3.4(b).

The situation is different for the case n = 2 as we will see in the next subsection.

3.3.2 Operator Fr[v(t)] for n = 2

Next we consider the operator w(t) = Fr[v; ·](t) for the case when n = 2. Taking

a0 = ab and a1 = a + b, the differential equation corresponding to Equation (3.1) is

given by

d2w

dv2
+ sign(v̇)

[
(a+ b)

(
dw

dv
− 1

)
+ c

]
+ ab(w − v) = 0, (3.8)

with initial memory w−2 = w(v−2) and w−1 = w(v−1), and satisfying |w−1−v−1| < c
ab

,

|w−2 − v−2| < c
ab

, and 0 <
w−1 − w−2

v−1 − v−2

< 1. The first two conditions are similar to
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the SSSL operator in that the turning points must lie between the two parallel lines

of the corresponding play operator with parameter r = c
a0
. The last condition is a

specific constraint on two turning points. They cannot be chosen arbitrarily because

the resulting two-point boundary value problem, wherein a solution is forced to pass

through both turning points, need not have a solution. With this condition, we

guarantee that a solution trajectory exists that passes through both turning points.

An argument quite similar to the one for the SSSL operator shows that this

operator is a hysteresis operator. We again desire that increasing trajectories (for

v̇ > 0) be convex and decreasing trajectories be concave. For a given initial memory

and for a fixed parameter r, we show that there is a region for a and b such that w

satisfies the desired convex and concave properties. To prove this, we need Lemmas

3.3.3 and 3.3.4. Before we state these lemmas, note that the solution corresponding

to increasing curves is

w(t) = c1e
−av + c2e

−bv + v − r, (3.9)

and the solution corresponding to decreasing curves is

w(t) = c̄1e
av + c̄2e

bv + v + r, (3.10)

where r = c
ab

.

Observe that if c1 and c2 are positive in Equation (3.9), then
d2w

dv2
> 0. Similarly,

if c̄1 and c̄2 are both negative in Equation (3.10), then
d2w

dv2
< 0, as desired.

Lemma 3.3.3. Define ∆1 =
1

v1 − v0

ln

(
r + w0 − v0

r + w1 − v1

)
, ∆2 =

1

v1 − v0

ln

(
r + v1 − w1

r + v0 − w0

)
,

∆3 =
1

r + w0 − v0

, and ∆4 =
1

r + v1 − w1

. Suppose the initial memory v0, v1, w0, w1

satisfies v1 − v0 > 0, 0 <
w1 − w0

v1 − v0

< 1, |w1 − v1| < r, and |w0 − v0| < r. Then
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i. if ∆2 ≤ ∆1, then ∆3 ≤ ∆4.

ii. if ∆1 ≤ ∆2, then ∆4 ≤ ∆3.

Proof. Suppose ∆2 ≤ ∆1. Then

1

v1 − v0

ln

(
r + w0 − v0

r + w1 − v1

)
≤ 1

v1 − v0

ln

(
r + v1 − w1

r + v0 − w0

)
. (3.11)

Since v1 − v0 > 0,
r + w0 − v0

r + w1 − v1

> 0 and
r + v1 − w1

r + v0 − w0

> 0,

r + w0 − v0

r + w1 − v1

≤ r + v1 − w1

r + v0 − w0

. (3.12)

Simplifying Equation (3.12) we get, (v1 − w1)
2 ≤ (w0 − v0)

2. First we show that

w0 − v0 ≥ 0. Suppose, to the contrary, that it is not. Since v1 − v0 > 0 and

w1 − w0

v1 − v0

< 1, w1 − v1 < w0 − v0 < 0. Then (v1 −w1)
2 > (w0 − v0)

2, which leads to a

contradiction. Hence w0−v0 ≥ 0 and v1−w1 ≤ w0−v0. Furthermore, 0 < r+v1−w1

and thus
1

r + w0 − v0

≤ 1

r + w0 − v0

, which proves the first statement of the lemma.

The proof of the second statement is similar but with the inequality reversed.

Lemma 3.3.4. Suppose the initial memory satisfies the conditions in Lemma 3.3.3.

Let
w1 − w0

v1 − v0

= k < 1. If

r > max

{
2− k

k
(w0 − v0),

2− k

k
(v1 − w1)

}
,

then min {∆3, ∆4} ≥ max {∆1,∆2}.

Proof. Let r > 2−k
k

(w0 − v0). Then (r + w0 − v0)k > 2(w0 − v0). Substituting the

value of k we get

(r + w0 − v0)
w1 − w0

v1 − v0

> 2(w0 − v0) = (r + w0 − v0)− (r + v0 − w0), (3.13)
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which simplifies to

(r + v0 − w0) > (r + w0 − v0)

(
1− w1 − w0

v1 − v0

)
. (3.14)

Since r + w0 − v0 > 0 and r + v0 − w0 > 0, we have

1

r + w0 − v0

>
1

v1 − v0

(v1 − v0)− (w1 − w0)

r + v0 − w0

. (3.15)

Using the inequalities lnx ≤ x− 1 and
r + v1 − w1

r + v0 − w0

> 0,

ln

(
r + v1 − w1

r + v0 − w0

)
≤ r + v1 − w1

r + v0 − w0

− 1 =
(v1 − v0)− (w1 − w0)

r + v0 − w0

(3.16)

and thus, by Equations (3.15) and (3.16),

1

v1 − v0

ln

(
r + v1 − w1

r + v0 − w0

)
≤ 1

r + w0 − v0

. (3.17)

That is ∆1 ≤ ∆3. Similarly, r ≥ 2−k
k

(v1 − w1) implies ∆2 ≤ ∆4. Combining these

results with Lemma 3.3.3, we have min {∆3, ∆4} ≥ max {∆1,∆2}.

Now we can state and prove the desired theorem.

Theorem 3.3.1. Suppose a, b, c > 0 and b > a in Equation (3.8). For a given initial

memory w0 = w(v0) and w1 = w(v1), and for a given parameter r = c/ab, there exists

a bounded region D ⊂ R2
+ such that, if (a, b) ∈ D, then all the increasing trajectories

are convex, all the decreasing trajectories are concave, and the corresponding operator

is strictly monotone.

Proof. Suppose that Γ0, the trajectory from (v0, w0) to (v1, w1), corresponds to in-

creasing inputs, and that 0 <
w1 − w0

v1 − v0

< 1, v1−w1 < r, and w0− v0 < r. See Figure

3.5. Since v0 − w0 < v1 − w1, we get 0 < r + w0 − v0 and 0 < r + w1 − v1. From
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Figure 3.5: Trajectories from (v0, w0) to (v1, w1) for n = 2.

Equation 3.9,

c1 =
(r + w1 − v1) e

bv1 − (r + w0 − v0) e
bv0

e(b−a)v1 − e(b−a)v0

c2 =
(r + w0 − v0) e

av0 − (r + w1 − v1) e
av1

e(a−b)v0 − e(a−b)v1
.

From the theorem hypotheses, b > a, and we choose the initial points such that

v1 > v0 (Figure 3.5). Hence, e(b−a)v1 − e(b−a)v0 > 0 and e(a−b)v0 − e(a−b)v1 >

0. Therefore, c1 and c2 are positive if (r + w1 − v1) e
bv1 > (r + w0 − v0) e

bv0 and

(r + w0 − v0) e
av0 > (r + w1 − v1) e

av1 . Combining the two inequalities we get

eb(v1−v0) >
r + w0 − v0

r + w1 − v1

> ea(v1−v0),

and hence

b ≥ 1

v1 − v0

ln

(
r + w0 − v0

r + w1 − v1

)
≡ ∆1 ≥ a.

Similar calculations for decreasing curve Γ1 from (v1, w1) to (v0, w0) give

b ≥ 1

v1 − v0

ln

(
r + v1 − w1

r + v0 − w0

)
≡ ∆2 ≥ a.
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Therefore, if

b ≥ max {∆1,∆2} ≡ ∆

a ≤ min {∆1,∆2} ≡ ∆,

then increasing trajectories are convex and decreasing trajectories are concave. Next,

we find conditions on b for which the operator is strictly monotone. On Γ0,

ẇ = −c1ae−av − c2be
−bv + 1.

Since c1 and c2 are positive and a < b, we have

ac1e
−av0 + bc2e

−bv0 < b
(
c1e

−av0 + c2e
−bv0

)
= b(r + w0 − v0).

If b ≤ 1
r+w0−v0 ≡ ∆3, then ẇ > 0 and, consequently, w is monotone increasing. Similar

calculations for Γ1 give b ≤ 1
r+v1−w1

≡ ∆4. So if

b < min {∆3, ∆4} ≡ ∆,

then the operator is strictly monotone. From Lemma 3.3.4, ¯̄∆ > ∆. Therefore, if

∆ < b < ¯̄∆ and 0 < a < ∆̄, the operator is convex for increasing curves and concave

for decreasing curves and it is strictly monotone for both increasing and decreasing

curves.

Figure 3.6 shows the region for a and b discussed in Theorem 3.3.1. Next, we

define the PKP-type operator as

Q(t) =

∫ ∞

0

∫ ¯̄∆

∆

∫ ∆̄

0

Γr[v(t)]da db dr (3.18)

with Γr(v(t)) =

∫ Fr[v(t)]

0

ω(r, s)ds, (3.19)
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Figure 3.6: Strictly monotone increasing region for the play–like PKP operator for

n = 2

where ∆, ∆̄ and ¯̄∆ defined as in Theorem 3.3.1. Numerical simulation results for

b = 0.5 and a = 0.3 are given in Figure 3.7. Figure 3.7a shows that the generalized

play-like operator for n = 2 exhibits the wiping out property, and so does the PKP

operator constructed from these play-like operators, Figure 3.7b.

(a) Output of play-like operator for r = 1 (b) Output of PKP-type operator

Figure 3.7: An illustration that the play-like operator and the PKP operator formed

from it posses the wiping–out property for n = 2

A similar argument can be made to show that the play-like hysteresis operator
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defined by the nth order rate-independent differential system satisfies the n− 1- step

wiping out property. The backlash–like operator defined by Su, Stepanenko, Svoboda

and Leung (SSSL) is the only operator in its family that does not satisfy any wiping

out property.
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Chapter IV

Modelling magnetostrictive actuators

In industry, actuators are frequently used either to induce motion or to clamp an

object to prevent motion. An actuator can be defined as a device that modifies the

energy state of a system to which it is coupled by converting input energy (such as

electrical, thermal, or mechanical energy) into mechanical energy. Linear actuators

convert electrical energy into linear motion. In this chapter, we consider modelling

magnetostrictive actuators which are linear actuators consisting of a magnetostrictive

rod as shown in Figure 4.1.

Figure 4.1: Magnetostrictive actuator cross section

Modelling magnetostrictive actuators in a broad frequency range is a challenge

due to the strong coupling between their electric, magnetic and mechanical proper-

ties, and the hysteresis in the constitutive relation of the magnetic materials. Many

approaches have been taken to derive magnetostrictive models, most of which are

based on empirical classifications of material properties of the magnetized magne-

tostrictive rod [64, 65, 66, 67, 68]. Although most models discussed in literature are
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adequate for producing low frequency models, < 200Hz, they are insufficient for pro-

ducing models which are accurate over large frequency ranges, such as 0-1kHz [6, 26].

A broad-band model should reflect the loss characteristics that are significant over

the given frequency range, particularly, the electric and magnetic losses of both the

magnetized core and the winding. Additionally, a broad-band model may need to

incorporate thermal, stray capacitance, and inductance effects, as these phenomena

affect the behavior of some actuators. Some models of magnetostriction are discussed

below, most of which can be found in the Handbook of Giant Magnetostrictive Mate-

rials [69].

4.1 Existing models

Modelling magnetostrictive actuators dates back to the 1930s. The first models

were linear and assumed no hysteretic losses [70]. Such models were sufficient for

materials exhibiting very low magnetostriction. However, as new magnetostrictive

materials were found, linear models no longer sufficed. Hence, researchers attempted

to improve the linear models by introducing quasi-static approximations [71], where

rate–independent magnetization and magnetostriction with linear material behavior

were assumed. Corresponding electromechanical coupling equations were developed

using finite element methods. However, these finite element models do not represent

any hysteresis behaviors related to the magnetic excitation circuitry [73].

Linear and quasi-linear models hold only for small signal excitations. To improve

actuator models, nonlinear models taking into account prominent characteristics, such

as axial nonlinearities, were introduced [67]. A radial–axial model of magnetostrictive

rod is discussed in [67, 68]. Next, researchers incorporated loss characteristics of the

magnetization circuitry, such as eddy current losses and hysteresis losses. In [74], the
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eddy current in the magnetized rod was added. A model integrating magneto-elastic

hysteresis based on a hysteresis model was derived using thermodynamics in [75, 76].

Most “low-dimensional models”1 do not account for the metallic characteristic

of the magnetostrictive material in the sense that their electric conductivity is not

incorporated in the model [64, 65, 66]. This means that important sources of power

loss, namely eddy and residual losses, in both the magnetostrictive materials and the

electrical winding that produces the magnetic field, are not accounted for. These

losses become significant when the frequency of the excitation increases beyond just

10 Hz [26, 6], and hence their inclusion in the model is very important

An improved model for magnetostrictive actuators was developed by Venkatara-

man and Krishnaprasad, who included hysteresis using the Preisach operator, as well

as classical eddy current losses [77]. This model performs well for frequencies less

than 200Hz. Later, Iyer and Manservisi introduced a new dimension to the model

by suggesting a nonlinear resistance for residual power loss in the magnetizing rod

to more accurately model the behavior at high frequencies [78]. Based on the mod-

els developed by Venkataraman-Krishnaprasad and Iyer-Manservisi, more complete

model was introduced in [7, 25]. The model includes an array of dependent current

sinks for residual power loss, skin effect and proximity effect at low frequencies. We

employed another current sink in place of the resistor, which the above models use to

represent eddy current losses. A parameter identification process was developed and

experimental results were shown for this model [7, 25]. In the next chapter, we show

the well-possedness of this model, the existence of a unique global solution, and the

asymptotic behavior for periodic inputs. In the parameter identification methodology

in [7, 25], we assumed that periodic input produces periodic output; here we prove

1Low dimensional models are so called because they are not PDE models.
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this is true. The model can easily be extended to model any magnetic actuator.

The Preisach operator has been chosen for hysteresis modelling in this thesis for

several reasons. In the literature, Preisach representation has been shown to be well–

suited for our primary use: modelling magnetostrictive actuators [6, 16]. However,

use of the Preisach operator makes our model extendable to other magnetic and smart

actuators [17, 18, 19]. Preisach representation can also be applied for modelling other

types of hysteretic systems. Further, the Preisach model inherits a structure for

magnetic hysteresis modelling, contrary to pure mathematical modelling. The model

is able to represent memory evolution existing in physical systems. Also, parameter

identification and implementation of Preisach model has been well studied [61, 16].

Use of the Preisach operator allows us to easily extend our theorems for a hysteresis

operator which saturates, is piecewise monotonic and Lipschitz continuous.

In the next section, we discuss power losses for magnetic and smart actuators.

Losses due to the interaction between time-varying magnetic fields and particles in

the magnetized material are called core losses. Another type of loss is winding losses:

Ohmic losses and losses due to the interaction between time-varying magnetic fields

and the related current density in the current-carrying conductors.

4.2 Representation of eddy current and residual losses

Here we look at the representation of the residual losses (sometime refers to as

excess losses) and eddy current losses in the magnetized core and in the winding.

We use the Preisach operator to represent hysteresis, which includes the magnetic

hysteresis losses of the core. As we later see, it is sufficient to represent losses as

a function of induced voltage of the actuator winding. Losses due to skin effect,

proximity effect and stray capacitance effects significantly increase at high frequencies.
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Although these losses are not just functions of induced voltage e(t), it is sufficient to

represent them by a transfer function [25].

4.2.1 Core losses

For a broad class of magnetic materials, including ferromagnetic materials, the

losses of a magnetized core can be decomposed into the sum of hysteresis (Phys),

classical (Pcl), and excess (Pexc) loss components [79]. In the frequency domain, we

have the following equation for sinusoidal voltage inputs:

Pcore = Phys + Pcl + Pexc = C0f + C1f
2 + C2f

1.5. (4.1)

Hence, the power loss per cycle is

Pcore
f

= C0 + C1f + C2

√
f, (4.2)

where the coefficients are functions of the peak magnetization current. Hysteresis

power loss per cycle is independent of the frequency, while the other two terms depend

on frequency. As we describe in Chapter III, the excess losses and the eddy current

losses can be represented as two current sinks in an electrical circuit model.

Equation (4.1) applies to a broad class of magnetic materials with various wave

shapes. In [79], Bertotti explains expression of the core lossses as the three terms in

Equation (4.1): they are the result of the existence of three scales in the magnetization

process. The scale associated with hysteresis loss is the scale of the Barkhausen effect,

where small domain wall segments make localized jumps between local minima of the

system’s free energy, giving rise to localized eddy current around the jumping walls.

The second contribution is classical eddy current loss, which is the loss calculated by

Maxwell’s equations for a perfectly homogeneous material with no domain structure.

The associated scale is fixed by the object’s geometry. Finally, the scale associated
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with excess loss is the scale of magnetic domains. Excess loss arises from eddy currents

surrounding the active domain walls in motion under the driving action of the external

field.

Any modelling problem related to magnetic fields needs to address each of the

above core losses separately. Using experimental data, Bertotti, Fiorillo and Novikov

claimed that the above loss separation is sufficient for soft ferromagnetic materials

[102, 81].

In 1997, Fiorillo and Bertotti carried out a set of experiments to study core losses

above 400 Hz in solenoids [82]. They observed that core losses alone cannot describe

power losses in solenoid. They suggest that this is due to eddy current shielding, a

type of winding loss. We discuss winding losses in Section 4.2.3.

4.2.2 Modelling core losses

We use the statistical theory of core losses developed by Bertotti [102] to model

core losses. Classical eddy current loss (Pcl(t)) and excessive loss (Pexc(t)) in the time

domain can be expressed as

Pcl(t) =
σk

12

(
dB

dt

)2

and

Pexc(t) =
√
σGV0S

∣∣∣∣dBdt
∣∣∣∣1.5,

where σ is the material conductivity, G is a known dimensionless coefficient, V0 is a

physical parameter related to the strength and distribution of internal coercive fields,

S is the cross-sectional area, and k is an empirical parameter which depends on the

dimension of the core. Since the induced emf e across the actuator winding is NAdB
dt

,
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we find the losses in terms of e as

Pcl(t) = Kc
e2

(NA)2

Pexc(t) = Ke
|e|1.5

(NA)1.5
,

where Kc = σk/12 and Ke =
√
σGV0S. However, as we have seen in [25], classical

representation of eddy current and excess current loss is insufficient for magnetostric-

tive actuators. We improve the lose separation by introducing σi(e) such that

Pcore = Phys + Pcl + Pexc +
n∑
j=3

σj(e)

= Phys + k1e
2 +

n∑
j=2

kj|e|αj , (4.3)

where k1 = Kc/(NA)2 and kj > 0 are constants for j = 2, 3, . . . , n, and 1.5 = α2 <

α3 < · · · < αn < 2. We do not derive an explicit representation for Phys, as the

Preisach operator itself represents Phys.

4.2.3 Winding losses

Even though eddy current losses found in the core are also found in the winding,

their resultant losses are different. The eddy current loss in the winding works against

the applied current and increases Ohmic loses. Also, the effective magnetic field for

winding is different from that of the core, leading to difficulties in lumping core and

winding losses together.

At high frequencies the flux within the wire changes rapidly. Changing flux induces

a voltage drop which develops eddy current within the wire. This eddy current

reinforces the main current flow at the surface, but opposes it toward the center of

the wire. As a result, the rising frequency causes the current density to increase
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at the conductor surface and to decrease towards zero at the center. Consequently,

wire resistance at high frequencies is many times greater than at low frequencies.

This is called skin effect and is an undesirable effect of eddy current in the winding.

Proximity effect is similar but it is caused by changing flux due to the current of

nearby conductors. Both skin effect and proximity effect cause the current density to

be non-uniform in the cross-section of the conductor and cause higher winding loss

at higher frequencies.

4.2.4 Modelling winding losses

We use a linear resistor to model DC losses (Ohmic losses). We find the eddy

current loss of the windings that causes skin and proximity losses. Due to skin and

proximity effects, the effective winding loss increases beyond the DC losses, which op-

poses the assumption that a constant series resistor represents winding losses. For the

purpose of simplifying calculations, we assume that the field remains constant inside

the conductor, which is equivalent to assuming that the skin depth is significantly

large compared to the wire diameter. This restriction suffices for low frequencies,

< 500Hz [83]. Consider a single loop of the actuator coil. Figure 4.2(a) shows that

flux is perpendicular to the loop, allowing us to regard the loop as a straight cylinder

with the field parallel to the cross-section. Now consider an eddy current loop of a

cylindrical wire a distance x away from the symmetric line and with a uniform current

density over thickness dx. See Figure 4.2(b).
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Figure 4.2: Uniform magnetic field across a cylindrical current carrying conductor (a)

Single loop of actuator coil with perpendicular flux (b) Cross-sectional view of coil

The induced emf due to uniform flux density is given by

dφ

dt
= 2xl

dBi

dt
,

where l is the length of the wire. The resistance of the cross-sectional area with width

dx shown in Figure 4.2(b) is

R =
2lρc

2

√
d2

4
− x2dx

.

The total power dissipation over the cross section is given by

P (t) =

∫ d/2

0

(
2xl

dBi

dt

)2
√
d2/4− xx2

lρc
dx

=
πld4

c

64ρc

(
dBi

dt

)2

= k̄

(
dBi

dt

)2

.

The total loss due to the eddy current loops in all the conductors of a winding is the

44



Texas Tech University, Dinesh Ekanayake, August 2009

spatial average of the above power losses, and is given by

Pw(t) =
n∑
i=i

k̄

(
dBi

dt

)2

= k̄N

〈(
dBi

dt

)2
〉

.

Even though flux density in the core is not equal to the spatial average of the flux

density, if we assume that they are proportional to each other, we find that Pw(t)

is proportional to Ḃ2. As we mentioned in the previous section, the induced emf, e,

is proportional to Ḃ. Therefore, eddy current losses in the winding can be written

Pw(t) = ke2, where k is a constant, and eddy current loss in the winding can be

incorporated with eddy current losses in the magnetized core.

4.3 Low dimensional model

We summarize the low dimensional model for magnetostriction proposed in [7, 25].

Figure 4.3(a) shows a three branch circuit. It models a magnetostrictive actuator

connected to a voltage supply v(·) with a lead resistor R.

The hysteretic inductor shown in one branch only accounts for rate-independent hys-

teresis losses. In the other branches, classical eddy current and excess losses are

modelled using resistors Rclassical and Rexcess, respectively. Resistor Rclassical is linear

while Rexcess is a nonlinear resistor. Current im is proportional to the average mag-

netic field H in the axial direction for actuators and can be expressed as im = c0H.

Magnetic field H is related to the axial magnetization M via a rate-independent

Preisach operator, M(·) = Γ[H(·), ψ−1], where H(·), M(·) ∈ C[0, T ], and ψ−1 is the

initial memory curve [59]. Voltage e across the inductor in Figure 4.3(a) stands for

the induced voltage which opposes the magnetomotive force generated by the chang-

ing flux linkage of the winding, assuming a lossless magnetic circuit. From Faraday’s

and Lenz’s Laws, induced voltage e is proportional to the rate of change of the flux
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(a) A magnetostrictive actuator con-

nected to a power supply.

(b) Model of the transduction of the

magnetic field H(·) to the actuator dis-

placement y(·).

Figure 4.3: A low dimensional model for magnetostrictive actuators that accounts for

eddy current and excess losses.

linkage. Neglecting end effects and assuming a uniform magnetic path, we conclude

that e is proportional to the rate of change of magnetic flux density, B. Voltage e can

be written as e = NAdB
dt

, where B is the average magnetic flux density along the axis

of the inductor, N is the number of turns in the coil, and A is the cross-sectional area

of the rod. The definition of B yields B = µ0(M +H), where µ0 is the permeability

of the air and M is the axial magnetization. The corresponding relationship between

e, H, and M is given in Equation (4.5) below. Figure 4.3(b) models transduction

from the magnetization to the strain in the actuator’s axial direction. Quantity bM2

is a mechanical force F that, combined with an external load Fext, acts as the input

to the linear mechanical system, yielding the strain of the magnetostrictive actuator.

As observed earlier, inclusion of eddy current and excess losses are crucial for pro-

ducing models accurate over larger frequency ranges, such as 0-1kHz. From Equation

(4.3), classical eddy current power loss is given by the expression Peddy = k1e
2. In the
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electric network model, the corresponding power loss is represented by e2/Rclassical.

Hence, Rclassical equals 1/k1 and is a linear resistor. From Equation (4.3), the

excess power loss is given by
∑n

j=2 kj|e|αj , with kj > 0 for j = 2, 3, . . . , n and

1.5 = α2 < α3 < · · · < αn < 2. These losses can be represented by n − 1 nonlinear

resistors in parallel, with each resistor corresponding to an αi. (See Figure 4.4). In

Figure 4.3(a), these resistors are represented by the equivalent resistor Rexcess. The

power losses in each resistor are P = eij, where ij is the current through each resis-

tor, j = 2, 3, . . . , n. Since Pexc =
∑n

j=2 eij =
∑n

j=2 kj|e|αj , ij = kjsign(e)|e|αj , with

constraint 0.5 = α1 < α2 < ... < αn = 1. In Figure 4.3, ϕ(e) =
∑n

j=2 kjsign(e)|e|αj

represents the total current. Hence, ϕ(e) is a strictly monotone function of e with

ϕ(0) = 0.

Figure 4.4: An equivalent circuit for the core and winding losses

The system of equations describing Figure 4.3(a) is given by

e+ αφ(e) + βH = v (4.4)

Ḣ + Ṁ = γe (4.5)

M(t) = Γ[H;ϕ−1](t) (4.6)

H(0) = H0, M(0) = M0 = Γ[H;ϕ−1](0), (4.7)
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where H0 and M0 are initial conditions. α, β, and γ are positive constants which

depend on the given actuator and are given by α = R, β = c0R, and γ =
1

µ0NA
.

The displacement dynamics of the actuator are given by

m ÿ + c ẏ + k y = bM2 − Fext, (4.8)

where y is the displacement of the actuator tip, Fext is the force due to an external

mechanical system, and m, c, and k are positive constants.
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Chapter V

Asymptotic behavior for periodic input

As we have already discussed, magnetostrictive actuators have two primary ap-

plications: precision positioning and vibration suppression [84, 85]. The objective of

the second application is to cancel vibrations of a specific frequency in a host struc-

ture using magnetostrictive actuators. This is possible, as experiments show that for

continuous periodic voltage inputs and constant loading, the displacement of the tip

of a magnetostrictive actuator is asymptotically a periodic function (see [26, 6]). It

is therefore necessary that any model for magnetostrictive actuators reproduce this

behavior.

The objective of this chapter is to show that magnetization M , average magnetic

field H, induced voltage e, and the actuator displacement y, given by Equations (4.4)–

(4.8), are asymptotically periodic functions for continuous periodic voltage inputs and

constant loads.

Asymptotical periodic behavior is assumed in our previous work of developing a

parameter identification method and determining the frequency range for which the

model is valid [7, 25]. To identify parameters corresponding to excess losses, we used

quantities such as RMS power, which implicitly assume the existence of a periodic

or asymptotically periodic solution to the system for continuous and periodic inputs.

Here we analytically justify the use of RMS quantities.

We first discuss existence and uniqueness of a solution to the model under general

restrictions on the Preisach operator used to model hysteresis. Then we analytically

prove that the average strain in the actuator model is asymptotically a periodic

function for continuous periodic voltage inputs.
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5.1 Existence, uniqueness and stability results

We discuss the existence of a local solution for the model described by Equations

(4.4)-(4.7). The following theorems prove existence, stability and uniqueness of the

system of equations (4.4)-(4.7) for v ∈ L2[0, T ]. First we stated two propositions

needed to establish existence, the proofs of which can be found in Brokate and Sprekels

[59].

Proposition 5.1.1. Let S(x) = 0 be a system of nonlinear equations. Let S : Rn →

Rn be continuous and coercive with respect to some x0 εRn. That is,

lim
‖x‖→∞

S(x).(x− x0)

‖x‖
= +∞ (5.1)

Then S(x) = 0 has a solution in x ∈ Rn.

Proposition 5.1.2. Let Ω∩RN , N ≥ 2, denote some non-empty, open and bounded

set with Lipschitz boundary ∂Ω. Then, if m ≤ N/2, the imbedding

Hm(Ω) ↪→ C(Ω̄) (5.2)

is continuous and compact, where Hm(Ω) is the Sobolev space of all functions u ∈

L2(Ω) having generalized partial derivatives Dαu ∈ Lp(Ω), for every α satisfying

0 ≤ |α| ≤ m

Throughout this section, we use the following general hypotheses:

(H1): ϕ(e) is strictly monotone increasing with respect to e, and ϕ(0) = 0.

(H2): The hysteresis operator Γ[· ;ψ−1] is continuous and and piecewise increasing

on C[0, T ] . Also, |Γ(H;ψ−1)(t)| ≤ C + Cp‖H · 1[0,t]‖∞, where C > 0 and Cp > 0.
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We approximate system (4.4)-(4.6) by means of an implicit time discretization scheme

as follows. Fix any K ∈ N, and set h = T/K. Consider,

αϕ(ei) + βH i + ei = vi (5.3)

H i −H i−1 +M i −M i−1 = hγei (5.4)

M i = Γ[H0, ..., H i, ψ−1]. (5.5)

where i = 0, 1...K. First we prove the existence and uniqueness of solutions {(ei, H i,M i)}Ki=0

to system (5.3)-(5.5).

Lemma 5.1.1. For a given h and V = [v0, ..., vK ], Equations (5.3) - (5.5), with

initial conditions H0 and M0, have a unique solution for {(ei, H i,M i)}Ki=0.

Proof. Let

S(ei, H i) =

 γαhϕ(ei) + γβhH i + γhei − γhvi

β(H i −H i−1) + β(M i −M i−1)− γβhei

 =

 0

0

 .
Then we have

S(ei, H i) · [(ei − 0) (H i −H i−1)]T = γαhϕ(ei)ei + γh(ei)2 + β(H i −H i−1)2

+β(M i −M i−1)(H i −H i−1)

+γhei(βH i−1 − vi).

For large (ei, H i), (ei)2 and (H i)2 dominates in S(ei, H i) · [(ei − 0) (H i −H i−1)]T .

Then for a given pair (0, H i−1),

lim
‖ei,Hi‖→∞

S(ei, H i) · [(ei − 0) (H i −H i−1)]T

‖ei, H i‖
= ∞.

Hence, S(ei, H i) is coercive with respect to the point (0, H i−1). Then, by Proposition

5.1.1, Equations (5.3) - (5.5) have a solution, (ei, H i). Also Equation (5.5) yields the
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existence of M i. Since above argument is true for each i, for given initial conditions

V 0, H0, and M0, we have solutions for ei and H i, i = 1, ...K. Thus, given v, there

exist solutions

e = [e0, e1, ..., eK ],

H = [H0, H1, ..., HK ],

M = [M0,M1, ...,MK ].

To prove uniqueness, let
e1

H1

M1

 =


e0, e11..., e

K
1

H0, H0
1 , ..., H

K
1

M0,M0
1 , ...,M

K
1

 ,


e2

H2

M2

 =


e0, e12..., e

K
2

H0, H0
2 , ..., H

K
2

M0,M0
2 , ...,M

K
2


be two solutions. Then from Equations (5.3) - (5.5), we get

α[ϕ(ei1)− ϕ(ei2)] + β[H i
1 −H i

2] + [ei1 − ei2] = 0, (5.6)

[H i
1 −H i

2] + [M i
1 −M i

2]− [H i−1
1 −H i−1

2 ]− [M i−1
1 −M i−1

2 ] = hγ[ei1 − ei2] (5.7)

Γ[H0, H1
1 , ..., H

i−1
1 , H i

1, φ−1] = M i
1, (5.8)

Γ[H0, H1
2 , ..., H

i−1
2 , H i

2, φ−1] = M i
2. (5.9)

Assume H i−1
1 = H i−1

2 and M i−1
1 = M i−1

2 . Since Γ is monotone increasing, if H i
1−H i

2 >

0, then M i
1 − M i

2 > 0, and from Equation (5.7), we have ei1 − ei2 > 0. From the

monotonicity of ϕ(e) we also get ϕ(ei1)−ϕ(ei2) > 0. In the same way, if H i
1−H i

2 < 0,
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then ei1 − ei2 < 0 and ϕ(ei1) − ϕ(ei2) < 0. By Equation (5.6), this implies H i
1 = H i

2,

ei1 = ei2, and M i
1 = M i

2. Since the initial conditions are the same, by induction we

have 
e1

H1

M1

 =


e2

H2

M2

 .
Hence, the solution is unique.

Next we prove the existence of a solution to system (4.4)-(4.6). We employ Lemma

5.1.1 to prove the next theorem.

Theorem 5.1.1. Let hypothesis H1 hold. Suppose w[·;ψ−1] is a family of hysteresis

operators satisfying H2. Let H0 ∈ H1
0 [0, T ] and v ∈ L2[0, T ] ∩ L∞[0, T ]. Then there

exists a weak solution (H,M,e) to the system (4.4) - (4.6) satisfying

H ∈ H1[0, T ] ∩ L∞[0, T ] (5.10)

M ∈ H1[0, T ] ∩ L∞[0, T ] and (5.11)

e ∈ L2[0, T ] ∩ L∞[0, T ] (5.12)

Proof. Since Γ[· ;ψ−1] is piecewise increasing, H i − H i−1 > 0 gives M i −M i−1 ≥ 0.

Equation (5.4) then gives ei > 0 and hence ϕ(ei) > 0 by H1. By the same reasoning,

if H i −H i−1 < 0, we have ei < 0 and ϕ(ei) < 0. Hence,

ϕ(ei)(H i −H i−1) ≥ 0. (5.13)

Multiplying Equation (5.3) by (H i −H i−1), we get

αϕ(ei)(H i −H i−1) + ei(H i −H i−1) = (vi − βH i)(H i −H i−1).
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Equation (5.13) gives

ei(H i −H i−1) ≤ (vi − βH i)(H i −H i−1). (5.14)

Next multiply Equation (5.4) by (H i −H i−1) to obtain

|H i −H i−1|2

h
+

(M i −M i−1)(H i −H i−1)

h
= γei(H i −H i−1). (5.15)

Since Γ[·;ψ−1] is piecewise increasing ∀t ∈ [0, T ], it holds that

(M i −M i−1)(H i −H i−1)

h
≥ 0 ∀i

Hence from Equation (5.15) we now have

|H i −H i−1|2

h
≤ γei(H i −H i−1).

Equation (5.14) gives

|H i −H i−1|2

h
≤ γ(vi − βH i)(H i −H i−1) (5.16)

|H i −H i−1|2

h
+ γβH i(H i −H i−1) ≤ γvi(H i −H i−1).

Then,from Young’s Inequality,

|H i −H i−1|2

h
+ γβH i(H i −H i−1) ≤ hγ2v2

i

2
+

(H i −H i−1)2

2h
.

Sum both sides of Equation (5.16) from i = 1 to i = k, where 1 ≤ k ≤ K:

k∑
i=1

|H i −H i−1|2

2h
+

k∑
i=1

γβH i(H i −H i−1) ≤
k∑
i=1

hγ2v2
i

2
.

Note that

k∑
i=1

H i|H i −H i−1| =
k∑
i=1

|H i −H i−1|2

2
+
|Hk|2

2
− |H0|2

2
,
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and hence,

k∑
i=1

|H i −H i−1|2

2h
+
γβ

2

k∑
i=1

|H i −H i−1|2

2
+
γβ|Hk|2

2
≤ γ2

2

n∑
i=1

hv2
i + γβ

|H0|2

2
.

Taking the maximum over 1 ≤ k ≤ K, we get

K∑
i=1

|H i −H i−1|2

2h
+
γβ

2

K∑
i=1

|H i −H i−1|2

2
+
γβ

2

(
max

1≤k≤K
|Hk|2

)
≤ γ2

2

K∑
i=1

hv2
i+γβ

|H0|2

2
.

Since v ∈ L2[0, T ], using vi =
∫ ih

(i−1)h
v(t)dt

K∑
i=1

hv2
i ≤

(
K∑
i=1

h

)
‖v‖2

L2(0,T ) ≤ ‖v‖2
L2[0,T ]Kh = T‖v‖2

L2[0,T ] < c1,

where c1 is a constant. Also,

∣∣∣∣H0

2

∣∣∣∣2 + c1 = c2 is constant, so we conclude

h

2

K∑
i=1

∣∣∣∣H i −H i−1

h

∣∣∣∣2 +
γβ

2

K∑
i=1

|H i −H i−1|2

2
+
γβ

2
max

1≤k≤K
|Hk|2 ≤ c2. (5.17)

From Lemma 5.1.1, for each h there is a unique solution to system (5.3) - (5.5). To

indicate dependence on K, we denote the solution of system (5.3) - (5.5) by H i
K and

M i
K for any K ∈ N. Then, for a given K,

h

2

K∑
i=1

∣∣∣∣H i
K −H i−1

K

h

∣∣∣∣2 +
γβ

2

K∑
i=1

|H i
K −H i−1

K |2

2
+
γβ

2
max

0≤k≤K

∣∣Hk
K

∣∣2 ≤ c2.

Define piecewise linear approximations

HK(t) = τH i+1
K + (1− τ)H i

K τ ∈ [0, 1]

MK(t) = τM i+1
K + (1− τ)M i

K τ ∈ [0, 1]

where t = (i− 1)h+ τ and i = 1, 2, ...K. Also define the constant piecewise approx-

imations H̃K(t) = H i+1
K (t) and ẽK(t) = ei+1

K (t) 0 ≤ i ≤ K − 1. With this notation,

Equations (5.3) and (5.4) gives∫ T

0

dHK

dt
φ(t)dt+

∫ T

0

dMK

dt
φ(t)dt = γ

∫ T

0

ẽKφ(t)dt ∀φ(t) ∈ L2[0, T ]. (5.18)
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Also,

H i
K −H i−1

K

h
=
dHK

dt
(5.19)

and

K∑
i=1

h

∣∣∣∣H i
K −H i−1

K

h

∣∣∣∣2 =
K∑
i=1

h

∣∣∣∣dHK

dt

∣∣∣∣2 =

∥∥∥∥dHK

dt

∥∥∥∥2

L2

.

Furthermore, maxK |Hk
K |2 = ‖HK‖2

L∞ . Then, from Equation (5.17), we have

1

2

∥∥∥∥dHK

dt

∥∥∥∥
L2

+
γβ

2

K∑
i=1

|H i −H i−1|2

2
+
γβ

2
‖HK‖2

L∞ ≤ c2.

Hence, ‖dHK/dt‖L2 , ‖HK‖2
L∞(0,T ), and

∑K
i=1 |H i − H i−1|2 are bounded for all h. In

addition, as K →∞, we have

‖HK − H̃K‖L2 =
T

3K

K∑
i=1

|H i −H i−1|2 → 0 (5.20)

since
∑K

i=1 |H i −H i−1|2 remains bounded. From Equation (5.3),

|eiK |2 ≤ |eiK + αϕ(eiK)|2 = |viK − βH i
K |2.

Using inequality |a+ b|2 ≤ (a+ b)2 + (a− b)2 = 2(a2 + b2) we get

|eiK |2 ≤ 2
[
|viK |2 + β2|H i

K |2
]

(5.21)

Since

viK =

∫ ih

(i−1)h

v(t)dt,

it follows that

|viK | ≤
∫ ih

(i−1)h

v2(t)dt = ‖v‖2
2 on [(i− 1)h, ih].

Then, on [(i− 1)h, ih],

‖ẽK‖2
∞ ≤ 2

[
‖v‖2

2 + β2‖H̃K‖2
∞

]
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As v ∈ L2[0, T ] and ‖H̃K‖∞ ≤ C2 for all K, we have ‖ẽK‖2
L∞[0,T ] ≤ C

Furthermore inequalities

‖ẽK‖2
L2(0,T ) =

K∑
i=1

h|eiK |2 ≤
K∑
i=1

2h|viK |2 +
K∑
i=1

2β2h|H i
K |2

≤
K∑
i=1

2h|viK |2 +
K∑
i=1

2β2h‖Hk‖2
L∞(0,T )

give

‖ẽK‖2
L2(0,T ) ≤ 2‖vK‖2

L2(0,T ) + 2β2‖HK‖2
L∞(0,T ) ≤ C2.

From Equation (5.18) and Holder inequality∣∣∣∣∫ T

0

dMK

dt
φdt

∣∣∣∣ ≤
∣∣∣∣∫ T

0

dHK

dt
φdt

∣∣∣∣+ ∣∣∣∣∫ T

0

ẽKφdt

∣∣∣∣
≤

∥∥∥∥dHK

dt

∥∥∥∥
L2[0,T ]

‖φ‖L2[0,T ] + hγ‖ẽK‖L2[0,T ]‖φ‖L2[0,T ]

≤ C3‖φ‖L2[0,T ] ∀φ ∈ L2[0, T ].

From H2, we also have

|MK | ≤ C + Cp‖HK‖L∞(0,T )

Hence, ‖MK‖L∞[0,T ] ≤ C4

In conclusion, there are functions H, H̃, and M such that, possibly after selecting

subsequences, as K →∞,

HK → H weakly star in H1[0, T ] ∩ L∞[0, T ] (5.22)

H̃K → H̃ weakly star in L∞[0, T ] (5.23)

MK → M weakly star in H1[0, T ] ∩ L∞[0, T ] (5.24)

ẽK → e weakly star in L2[0, T ] ∩ L∞[0, T ]. (5.25)

From (5.20), we see that H = H̃. Since ṽK → v in L2[0, T ], it follows that we

may pass the limit K →∞ in Equations (5.22) - (5.25) to obtain the desired result,
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(5.10)-(5.12) provided that the hysteresis equation (4.6) holds. Define on [0,T] the

functions

zK = Γ[HK , ψ−1] (5.26)

z = Γ[H,ψ−1] (5.27)

From Proposition 5.1, the compactness of the imbedding of H1[0, T ] in C[0, T ] yields

that HK → H, strongly in L2[0, T ]; in particular, HK → H in C[0, T ]. Thus, using

the continuity of Γ assumed in H2, we have zK → z in C[0, T ].

Consider another set of functions HK with same standard partition as HK such

that MK = [HK ; ψ−1]. Here MK is piecewise linear and HK . In Equation (5.26),

HK is piecewise linear and zK is not. Now from the continuity of Γ, For a given ε > 0

∃ δ > 0 such that

‖Hk −HK‖∞ < δ ⇒ ‖Mk − zK‖∞ < ε

which shows that MK − zK → 0 strongly in L2[0, T ]. Thus we have shown that

MK →M strongly in L2[0, T ] which concludes the proof.

To prove stability and uniqueness of the solution to system of equations (4.4)-

(4.6), we need the following proposition, the proof of which is found in Brokate and

Sprekels [59].

Proposition 5.1.3. (Hilpert’s Inequality) Consider the hysteresis operator Γ given

by

Γ[v;w−1](t) = q(Fr[v;w−1](t)), 0 ≤ tE,

with w−1 ∈ R, and where q ∈ W 1,∞
loc (R) is an increasing function. Suppose that v1,

v2 ∈ W 1,1[0, tE] and w−1,1, w−1,2 ∈ R are given, and let v = v2 − v1, w = w2 − w1,
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where wi = Γ[vi;w−1,i], i = 1, 2. Then

d

dt
w+(t) ≤ w′(t)H(v(t)), a.e. in [0, tE],

where w+ := max{w, 0}, Fr is the play operator with parameter r, and where H

denotes the Heaviside function.

The Preisach operators do not satisfy Hilpert’s Inequality since they do not have

a scalar memory. We define the Preisach memory, namely operators of the form

Γ[H;ψ−1], using

Γ[H;ψ−1](t) = Q(φ(t)) =

∫ ∞

0

q(r, φ(t, ν))dν(r) + w00, (5.28)

where ν is a nonnegative finite measure and

q(r, s) = 2

∫ s

0

ω(r, σ)dσ (5.29)

with w00 =
∫∞

0

∫ 0

−∞ ω(r, s)dsdr +
∫∞

0

∫∞
0
ω(r, s)dsdr. Here, ω ∈ L1

loc(R+ × R) is the

Preisach density function [59]. Integral (5.28) commutes with the time derivative

to which we can apply Hilpert’s Inequality. Next, we describe the time evolution

of Preisach memory curve. Given any initial memory curve ψ−1, we obtain a finite

sequence of functions ψi : R+ → R through the basic memory update

ψi(t, r) = Fr[H(·), ψi−1(r)]

where r ≥ 0, 0 ≤ i ≤ N and Fr is the play operator with parameter r [59]. First we

present the general stability result. In addition to H1 and H2, we need the following

hypotheses for the hysteresis operator Γ(·):

H3: The operator Γ maps H1(0, T ) into itself and ∃ c1 > 0, c0 ∈ L2(0, T ) such that∣∣Γ[H;ψ−1]′(t)
∣∣ ≤ C0 + C1|Ḣ(t)| ∀t ∈ [0, T ], H ∈ H1(0, T ). (5.30)
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H4: Γ[H;ψ−1] is a family of operators that is defined as in Equation (5.28), with q

given by (5.29). Both measure ν and density ω are non-negative and it holds that∫ ∞

0

sup
s∈R

ω(r, s)dν(r) <∞. (5.31)

In addition, the initial condition ψ−1 is measurable and satisfies, Rsupp ◦ ψ−1 ∈

L2(0, T ). Here, Rsupp(ψ) := sup{r|r ≥ 0, ψ(r) 6= 0}.

Now we prove stability of solution.

Theorem 5.1.2. (Stability) Let H1-H2 hold. Let H1(0), H2(0) ∈ R and v1, v2 ∈

L2[0, T ] ∩ L∞[0, T ]. Suppose that Γ(H,ψ−1) satisfies H3-H4. Then any two sets

(H1,M1, e1), (H2,M2, e2) of weak solutions of (4.4)-(4.6) satisfy

|H2 −H1|(t) + |M2 −M1|(t) ≤ |H2(0)−H1(0)|+
∫ ∞

0

|w2(r, 0)− w1(r, 0)|dν(r)

+

∫ t

0

|v2 − v1|dt

where wi(r, 0) = q (r,Fr[Hi;ψ−1(r)](0)), i = 1, 2

Proof. From Equation (4.4) and the variation form of Equation(4.5),

α[ϕ(e1)− ϕ(e2)] + β[H1 −H2] + [e1 − e2] = v1 − v2 (5.32)

∫ T

0

dH1

dt
φ(t)dt+

∫ T

0

dM1

dt
φ(t)dt = γ

∫ T

0

e1φ(t)dt (5.33)

∫ T

0

dH2

dt
φ(t)dt+

∫ T

0

dM2

dt
φ(t)dt = γ

∫ T

0

e2φ(t)dt, (5.34)

where φ ∈ L2[0, T ]. Set Ĥ = H1 − H2, M̂ = M1 − M2, and ê = e1 − e2, where

Mi(t) = Γ[Hi(t), ψ−1,i], i = 1, 2. Let Hε : R → R denote the regularized Heaviside
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function:

Hε(x) =


1 x ≥ ε

x/ε 0 ≤ x ≤ ε

0 x ≤ 0

Taking the difference of the variational Equations (5.33) and (5.34) yields∫ t

0

dĤ

dt
Hε(Ĥ)dt+

∫ t

0

dM̂

dt
Hε(Ĥ)dt = γ

∫ t

0

êHε(Ĥ)dt, (5.35)

where the function φ = Hε ◦ Ĥχ(0,t) = Hε(H1 − H2)χ(0,t), and where χ(0, t) is the

characteristic function over [0, t]. Applying Hilpert’s Inequality to the first integrand

in (5.35) we find that∫ t

0

dĤ

dt
Hε(Ĥ)dt ≥

∫ t

0

dĤ+

dt
dt = Ĥ+(t)− Ĥ+(0). (5.36)

Also from Hilpert’s Inequality, we get

dM̂

dt
Hε(Ĥ)dt =

∫ ∞

0

d

dt
[q (r,Fr[H2;ψ−1,2](t))− q(r,Fr[H1;ψ−1,1](t))]Hε(Ĥ)dν

≥
∫ ∞

0

d

dt
[q (r,Fr[H2;ψ−1,2](t))− q(r,Fr[H1;ψ−1,1](t))]+ dν. (5.37)

Thus, setting wi(r, t) = q
(
r,Fr[Hi;ψ−1,i(r)](t)

)
, i = 1, 2, we estimate the second

integral in (5.35):∫ t

0

dM̂

dt
Hε(Ĥ)dt ≥

∫ ∞

0

(w1(r, t)− w2(r, t))+dν(r)

−
∫ ∞

0

(w1(r, 0)− w2(r, 0))+dν(r). (5.38)

Since

|M̂ |(t) ≤
∫ ∞

0

|w1(r, t)− w2(r, t)|dν(r),
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we have

M̂+ =
1

2
[M̂ + |M̂ | ]

≤ 1

2

∫ ∞

0

(w1 − w2) +
1

2

∣∣∣∣∫ ∞

0

(w1 + w2)

∣∣∣∣
≤ 1

2

∫ ∞

0

[(w1 − w2) + |w1 − w2| ]

=
1

2

∫ ∞

0

(w1 − w2)+dν(r). (5.39)

we use Equations (5.35)- (5.39) to obtain

Ĥ+(t)− Ĥ+(0) + M̂+(t)

−
∫ ∞

0

(w1(r, 0)− w2(r, 0))+dν(r) ≤
∫ t

0

dĤ

dt
Hε(Ĥ)dt+

∫ t

0

dM̂

dt
Hε(Ĥ)dt

= γ

∫ t

0

êHε(Ĥ)dt. (5.40)

Since ĤHε(Ĥ) ≥ 0 and ê and ϕ(e1)−ϕ(e2) have same signs, Equation (5.32) implies

γ

∫ t

0

êHε(Ĥ)dt ≤ γ

∫ t

0

(v1 − v2)Hε(Ĥ)dt

Then from Equation (5.40)

(H1 −H2)+(t) + (M1 −M2)+(t) ≤ (H1(0)−H2(0))+

+

∫ ∞

0

(w1(r, 0)− w2(r, 0))+dν(r)

+

∫ t

0

γ(v1 − v2)Hε(Ĥ)dt (5.41)

By switching indices 1 and 2 in Equation (5.41) and adding the result to the Equation
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(5.41) we obtain

|H2 −H1|(t) + |M2 −M1|(t) ≤ |H2(0)−H1(0)|

+

∫ ∞

0

|w2(r, 0)− w1(r, 0)|dν(r)

+

∫ t

0

|v2 − v1|dt

Now that we have stability, we desire that the solution be unique for a given input

voltage. We use the Stability Theorem to prove uniqueness of (e,H,M)

Theorem 5.1.3. (Uniqueness) Under the same assumptions as the Stability Theorem,

Theorem 2, the weak solution of system of equations (4.4)-(4.6) is unique

Proof. Since the initial conditions are same, H2(0) − H1(0) = 0 and w2(r, 0) −

w1(r, 0) = 0. Also the input voltage is the same, thus the Stability Theorem gives,

|H2 −H1|+ |M2 −M1| ≤ 0. (5.42)

Since, both terms on the left hand side of Equation (5.42) are nonnegative, the two

terms must be zero. Hence, H2 = H1, and M2 = M1. Then from Equation (5.32)

e1 = e2

5.2 Global solution

The previous section established existence, stability and uniqueness of the system of

equations (4.4)-(4.7). Next we prove that (e(t), H(t), B(t)) is bounded for a bounded

v(t) and, hence, the above unique solution is global.

First, we rearrange the system of equations as follows. We define continuous

function θ(e) and operator P [H(·);ψ−1] such that θ(e) = e+αφ(e) and P [H(·);ϕ−1] =
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(I + Γ)[H(·);ϕ−1], where I is the identity operator. Furthermore, we use magnetic

flux density, B = H +M . Then the system can be rearranged:

θ(e) + βH = v (5.43)

Ḃ = γe (5.44)

B(·) = H + Γ[H(·);ϕ−1] = P [H(·);ϕ−1] (5.45)

H(0) = H0, B(0) = B0. (5.46)

Hysteresis in magnetic and smart actuators exhibits saturation. To incorporate

saturation in the model, we introduce the following hypothesis.

(H5): There exist real numbers C∗, C∗ > 0 such that −C∗ ≤ Q(ϕ) ≤ C∗ for all ϕ ∈

Ψ0. Furthermore, there exist ϕ∗, ϕ∗ ∈ Ψ0 such that Q(ϕ∗) = C∗ and Q(ϕ∗) = −C∗.

Lemma 5.2.1. Let H1 - H5 hold. Suppose v(t) is continuous and bounded for all

t ≥ 0. Let the initial conditions for H(t) and B(t) be H0 and B0, respectively. Then

there exists an interval [H∗, H
∗] such that if H(t) ∈ R \ [H∗, H

∗] for t ∈ [0, T ] then

|e(t)| ≤ |g(t)| on the same interval, where

g(t) = v(t)− β

[
γ

∫ t

0

λ(τ)g(τ)dτ +B0

]
,

and λ(·) is a continuous function on [0, T ] satisfying 0 < λ(t) ≤ 1.

Proof: From H4 there exists H̄∗ such that if H(t) > H̄∗ for some t ∈ [0, T ], then

B(t) = H(t)+C∗ and θ(e)(t) = v(t)−β
[
γ
∫ t

0
edτ +B0 − C∗

]
(from Equations (5.43)-

(5.45)). From the boundedness of v(t) and Equation (5.43), for any given δ > 0, there

exists an interval (Ĥ∗
δ ,∞) 3 H such that θ(e) < −δ. Then fromH1 and the definition

of θ(e), there exists ε1 > 0 such that e < −ε1. Let (H∗
δ ,∞) = (Ĥ∗

δ ,∞) ∩ (H̄∗,∞). If

H(t) ∈ (H∗
δ ,∞) then:

−ε1 > e(t) ≥ θ(e)(t) = v(t)− β

[
γ

∫ t

0

e dτ +B0 − C∗
]
≥ v(t)− β

[
γ

∫ t

0

e dτ +B0

]
.
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Similarly, there exists ε2 > 0 and an interval (−∞, H
δ∗) 3 H such that θ(e) > δ and

e > ε2. Then:

ε2 < e(t) ≤ θ(e)(t) = v(t)− β

[
γ

∫ t

0

e dτ +B0 + C∗

]
≤ v(t)− β

[
γ

∫ t

0

e dτ +B0

]
.

Hence, if H(t) ∈ R \ [Hδ∗, H
∗
δ ], then |e(t)| > min{ε1, ε2} and |e(t)| ≤ |g(t)|, where

g(t) := v(t) − β
[
γ
∫ t

0
e dτ +B0

]
. Picking λ(t) such that ε < λ(t) ≤ 1, we get e(t) =

λ(t)g(t), where ε > 0. The continuity of λ(t) follows from Equation (5.43) and the

continuity of v(t) and H(t). 2

Theorem 5.2.1. Let H1−H5 hold. Suppose v(t) is continuous and bounded for all

t > 0. Then e(t) is bounded for all t > 0.

Proof: Let f(t) = v(t) − βB0. Then g(t) = f(t) − ν
∫ t

0
λ(τ)g(τ) dτ . The solution of

g(t) is given by g(t) = f(t)− ν
∫ t

0
λ(τ)f(τ)e−

R t
τ νλ(s) ds dτ . Hence

|g(t)| ≤ ‖f‖∞,[0,t] + ν‖f‖∞
∣∣∣∣∫ t

0

e−
R t

τ νλ(s) ds dτ

∣∣∣∣
≤ ‖f‖∞

[
1 + ν

∫ t

0

e−νε(t−τ)dτ

]
= |f‖∞

[
1 +

1− e−νεt

ε

]
<∞ for every ε > 0. (5.47)

Now, limε→0 |g(t)| ≤ ‖f‖∞ (1+ν t) which is still bounded on every bounded interval in

R+. Hence g(t) is bounded for every t ∈ R+. Then from Lemma 5.2.1, e(t) is bounded

even if H(t) ∈ R \ [H∗, H
∗] on some interval [0, T ]. But then H(t) is bounded from

Equation (5.43). From this we can conclude that e(t) and H(t) remain bounded for

all t. 2

5.3 Existence of a periodic solution

We show that, under periodic forcing, system (5.43)-(5.46) admits a periodic so-

lution. We first need invertibility of function θ.

65



Texas Tech University, Dinesh Ekanayake, August 2009

Lemma 5.3.1. Function θ−1 is well-defined and strictly monotone on R. Further-

more, it is Lipschitz continuous with Lipschitz constant less than or equal to 1.

Proof. Since θ(e) is continuous and strictly monotone on R, from Inverse Function

Theorem, the inverse function θ−1 is well defined. Let a = e1 + αϕ(e1) and b = e2 +

αϕ(e2). From the definition of θ, θ−1(a)− θ−1(b) = e1− e2. If e1 > e2, then from H1,

ϕ(e1)≥ ϕ(e2), which implies that 0 < e1−e2 ≤ e1−e2+α(ϕ(e1)−ϕ(e2)) = a−b. Hence

0 ≤ θ−1(a)− θ−1(b) ≤ a− b. Similarly, if e1 < e2, then 0 < θ−1(b)− θ−1(a) ≤ b− a.

Then we have |θ−1(a) − θ−1(b)| ≤ |a − b|, which proves the Lipschitz continuity of

θ−1.

Hilpert’s Inequality (Proposition 5.1.3) plays a key role in the proof of the asymp-

totic periodicity of the solution; however, we need a slightly different right hand side.

The Heaviside function H is defined by: H(v) = 1 if v > 0 and H(v) = 0 if v ≤ 0.

Given a continuous function v(·), define:

HRL(v)(t)
4
= lim

δ↘0
H(v(t+ δ)). (5.48)

The proof of the following proposition is exactly the same as for the Proposition 5.1.3.

Proposition 5.3.1. (Hilpert’s Inequality) Suppose that v1, v2 ∈ W 1,1(R+) and w−1,1,

w−1,2 ∈ IR. Consider ζi(t)(r) = Fr[vi;w−1,i](t)), i = 1, 2. Then for all nondecreasing

functions q ∈ W 1,∞
loc (R), functions, we have

d

dt
[q(ζ1)− q(ζ2)]+ (t) ≤

(
d

dt
(q(ζ1)− q(ζ2))(t)

)
HRL(v1 − v2)(t), (5.49)

where [q(ζ1)− q(ζ2)]+ := max{q(ζ1)− q(ζ2), 0} and HRL denotes the function defined

in (5.48).

66



Texas Tech University, Dinesh Ekanayake, August 2009

The “signum” function is defined by: sign(v) = −1 if v < 0, sign(v) = +1 if v > 0,

and sign(v) = 0 if v = 0. The Heaviside function and the signum function are related

by: sign(v) = H(v) −H(−v), v ∈ R. So, given a continuous function v(·), we can

define the modified “signum” function:

S(v)(t)
4
= lim

δ↘0
sign(v(t+ δ)) = HRL(v)(t)−HRL(−v)(t). (5.50)

Then we have the following lemma whose proof is almost obvious.

Lemma 5.3.2. Let u ∈ W 1,1(IR+). Then for almost every t ∈ IR+, we have: d
dt
|u|(t) =

du
dt

(t) S(u)(t).

It should be noted that the above lemma would not be correct if the signum

function was used instead of the S function. This was the original motivation to

define the S function and to modify Hilpert’s inequality as in Lemma 5.3.1. The

following lemma is used in the proof of the asymptotic periodicity of the solution in

the next section.

Lemma 5.3.3. Let u1, u2 ∈ W 1,1(R+) and ϕ−1,1, ϕ−1,2 ∈ Ψ0. Then

d

dt

(
|u1(t)− u2(t)|+

∫ ∞

0

|q(r,Fr[u1(·);ϕ−1,1])− q(r,Fr[u2(·);ϕ−1,2])|(t)dr
)

≤
(
d

dt
(P [u1(·);ϕ−1,1]− P [u2(·);ϕ−1,2])(t)

)
S(u1 − u2)(t). (5.51)

Proof. Suppose ζi(t)(r) = Fr[ui;ϕ−1,i](t)), i = 1, 2. By Lemma 5.3.2, we have for a.e.

t: (
d

dt
(P [u1(·);ϕ−1,1]− P [u2(·);ϕ−1,2])(t)

)
S(u1 − u2)(t)

=
d

dt
|u1 − u2|(t) +

(
d

dt

∫∞
0

[q(r, ζ1)− q(r, ζ2)](t) dr

)
S(u1 − u2)(t). (5.52)
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By Hilpert’s Inequality (Lemma 5.3.1), we have or i, j = 1, 2:

d

dt

∫ ∞

0

[q(r, ζi)− q(r, ζj)]+(t) drleq

(
d

dt

∫ ∞

0

[q(r, ζi)− q(r, ζj)](t) dr

)
HRL(ui − uj)(t).

(5.53)

Adding the two inequalities in (5.52), we get:

d

dt

∫ ∞

0

|q(r, ζ1)− q(r, ζ2)|(t) dr ≤
(
d

dt

∫ ∞

0

[q(r, ζ1)− q(r, ζ2)] dr

)
S(u1 − u2)(t).

(5.54)

Combining (5.52) and (5.54) we get the stated result.

Finally, we prove the asymptotic behavior of the solution for continuous and pe-

riodic voltage inputs.

Theorem 5.3.1. Let H1−H4 hold. Let v be bounded and continuous. Suppose there

exists a T such that v(t+T ) = v(t). Then there exists unique functions ê and Ĥ such

that

i. ê(t + T ) = ê(t) and Ĥ(t + T ) = Ĥ(t) for all t ≥ 0, with limt→∞ |e(t)− ê(t)| = 0

and limt→∞

∣∣∣H(t)− Ĥ(t)
∣∣∣ = 0.

ii. For every initial memory curve ψ−1 ∈ Ψ0, there exists ψ̂−1 ∈ Ψ0 depending only

on v and ψ−1, such that the solution satisfies limt→∞

∣∣∣B(t)− P [Ĥ(·), ψ̂−1](t)
∣∣∣ = 0.

Proof: Define the time-shifted quantities: vn(t)
4
= v(t + nT ), Hn(t)

4
= H(t + nT ),

Bn(t)
4
= B(t + nT ), and en(t)

4
= e(t + nT ) for any n ∈ IN. Also define time-shifted

memory curves: ϕn(t)(r)
4
= ϕ(t + nT )(r). Next, for any i, j ∈ IN with i 6= j, define

the non-negative definite function:

V ij(t) = |H i −Hj|(t) +

∫ ∞

0

∣∣q(r,Fr[H i;ϕi(0)])(t)− q(r,Fr[Hj;ϕj(0)](t)
∣∣ dr.
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From Lemma 5.3.3 and Equations (5.43)-(5.45),

d

dt
V ij(t) ≤

(
d

dt
(P [H i;ϕi(0)](t)− P [Hj;ϕj(0)](t))

)
S(H i −Hj)(t)

= γ
(
θ−1[vi − βH i](t)− θ−1[vj − βHj](t)

)
S(H i −Hj)(t). (5.55)

Note that if H i(t) < Hj(t) then v(t) − βH i(t) > v(t) − βHj(t). This implies

θ−1[vi − βH i] − θ−1[vj − βHj] > 0 by Theorem 5.1.1. Similarly, if H i(t) > Hj(t),

then θ−1[vi − βH i](t)− θ−1[vj − βHj](t) < 0. Thus, if H i(t) 6= Hj(t) for any t ∈ IR+

then V̇ ij(t) < 0. As V ij(t) is a monotone decreasing function that is bounded below,

V̇ ij(t) → 0 as t → ∞. Hence its upper bound must also satisfy: limt→∞ θ−1[vi −

βH i](t)−θ−1[vj−βHj](t) = 0. Then, by H1, limt→∞[vi−βH i−vj+βHj](t) = 0, i.e.

limt→∞[H i−Hj](t) = 0, uniformly in t. For any t ∈ IR+ define: Ĥ(t)
4
= lim

n→∞
Hn(t). It

is clear that the function Ĥ is well defined. This function has the property Ĥ(t+T ) =

Ĥ(t) by our proof above. If we define: ê
4
= θ−1(v − β Ĥ), then this function satisfies:

ê(t) = lim
n→∞

en(t). The uniqueness of Ĥ and ê follows from the uniqueness of the

solution.

To prove the second claim we will show that the sequence of memory curves

{ϕn(0)} converges to a single curve ψ̂−1 ∈ Ψ0. As this sequence forms a bounded,

equicontinuous set, the uniform convergence of a subsequence follows from the Arzela-

Ascoli theorem. We use Lemma 2.4.8 in [59] to show that the entire sequence is

convergent. At time t = nT, the memory curve is given by ϕn(0). If the input

H(τ) from [(n− 1)T, nT ] is re-applied to the operator Γ[ · ;ϕn(0)] during the interval

[nT, (n+1)T ], then the resulting memory curve at (n+1)T is again ϕn(0). Repeating

the above process on every interval [(n + p − 1)T, (n + p)T ], 1 ≤ p ≤ k with k ≥ 1,

the corresponding memory curve at (n + k)T is ϕn(0). Denote the applied input by

Hn−1
p,[0,T ]. We can compare the resulting memory curve with the one that is obtained
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by applying the function H(t) on [nT, (n+ k)T ]. By Lemma 2.4.8, of [59], we have:

‖ϕn+k(0)− ϕn(0)‖∞ ≤ max{‖H[nT,(n+k)T ] −Hn−1
p,[0,T ]‖∞, ‖ϕ

n(0)− ϕn(0)‖∞}

= max
1≤p≤k

‖Hn+p
[0,T ] −Hn−1

[0,T ]‖∞. (5.56)

By the uniform convergence of Hn on the interval [0, T ] to Ĥ, we see that, given any

ε > 0, we can pick an N such that for all n, m > N , we have: ‖ϕm(0)−ϕn(0)‖∞ < ε.

Hence, the sequence {ϕn} is Cauchy and it converges to a function ψ̂−1 ∈ Ψ0. We

have thus proved that Bn(t) converges to a function B̂(t) on [0, T ] which has the

initial memory curve ψ̂−1. 2
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Chapter VI

Robust control of saturating, non-monotone hysteretic systems

6.1 Introduction

Most hysteretic systems are non–monotone and saturating. In addition to hys-

teresis losses, these systems also exhibit frequency-dependent power losses that are

highly nonlinear. Magnetic and smart actuators are examples. These actuators ex-

hibit hysteresis, Ohmic, eddy current, and residual losses, where eddy current losses

and residual losses increase as frequency increases [25]. For some actuators these

losses become significant when the frequency of the excitation increases beyond just

10 Hz [26]. All these actuators exhibit saturation, and hence, outputs beyond some

limit can not be achieved. Due to the existence of eddy current and residual losses,

and, in some cases, strong magnetostriction (as for magnetostrictive actuators), the

input–output relationship of these actuators is not monotone. In this paper, we dis-

cuss how to develop a robust control for such systems. The controller is developed for

hysteretic systems having exogenous disturbances and parameter perturbations. We

demonstrate how to utilize both induced voltage and position feedback for precision

control of magnetic and smart actuators.

Control of hysteretic systems has received wide attention in recent years. The

main objective of existing controller designs is tracking control, that is, to force the

system output to follow a specific trajectory. Tracking control methods presented in

the literature include inverse compensation of hysteresis [8, 9, 27, 28, 29, 30], adaptive

control [10, 11, 12, 31, 32, 33], integral control [13, 34, 35], passivity–based control

of hysteresis [14, 15, 36], monotonicity-based control [37, 38, 39], and hybrid control,

most of which are model–dependent [40, 41, 42].
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The most common control method is to compensate hysteresis in the system by

incorporating the inverse of the hysteresis in the controller [8, 27, 28, 29, 30, 42]. Two

important requirements for these controllers are model accuracy and invertibility of

the hysteresis operator. Model errors induce errors in the output, reducing the overall

performance of the system. Saturating hysteresis operators can lead to system insta-

bility due to the lack of an inverse beyond a certain input level. Furthermore, the

approximated inverse technique is open loop and, therefore, errors in the inversion can

cause errors in tracking applications. Such controllers are unable to adapt for changes

in the operating conditions and they require greater implementation time due to the

complexity of the inverse algorithms. A notable example of inverse hysteresis com-

pensation was proposed by Tan and Baras [8], who developed a robust controller for

magnetostrictive actuators. Although the model includes most nonlinearities present

at low frequencies, their controller is ineffective for tracking problems at frequencies

above 150 Hz, mainly due to model errors at higher frequencies.

Integral, proportional, and derivative (PID) controllers [13, 34, 35], which are

derived from output error, have received much attention because of the simplicity

and availability of these modules. A key condition that aids the development of

these controllers is that hysteresis is piecewise monotonic. In [34], PID control of

second-order systems with hysteresis are studied, where hysteresis appears either in

forcing term or the damping term. They achieve asymptotic tracking for a constant

tracking signal. An example of integral control can be found in [35], where tracking of

constant signals are achieved with zero steady state error. In [13], asymptotic behavior

of an integral controller for a hysteretic system is studied in the presence of external

disturbances. PID controllers derived from the output are most appropriate when

the plant, that is, the system to be controlled, consists of only hysteresis nonlinearity
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(Figure 6.1). Some systems, including piezoelectric actuators and magnetic actuators

at low frequencies, can be model as such plants, and hence can utilize such controllers.

Figure 6.1: A plant with only hysteresis nonlinearity

However, for some systems, hysteresis does not appear at the input, but rather at

an internal state (Figure 6.2). Also in some cases, the system output is related to the

hysteresis via non–monotonic function (Figure 6.3). Examples include magnetostric-

tive actuators and magnetic actuators at high frequency levels. Then, PID controllers

derived only from output error are unable to achieve tracking and stability (Section

6.8).

Figure 6.2: A plant with nonlinear power losses

Figure 6.3: A non–monotone hysteretic system

Adaptive control is another a common method for controlling hysteretic systems.
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Some adaptive controllers are based on inverse hysteresis compensation. In [11], an

adaptive inverse is utilized for controlling piezoelectric actuators. Tao and Koko-

tovic [12] study an adaptive controller structure consisting of a linear feed-forward

component and a linear feedback component which incorporates an adaptive back-

lash inverse. Also, several adaptive control schemes have been developed without the

hysteresis inverse. A robust adaptive control scheme, which does not construct the

hysteresis inverse, is studied in [32] for backlash-like hysteresis, and in [33] for the

Prandtl–Ishlinskii model representation. A fuzzy universal function approximation

with adaptive control techniques is developed without constructing the hysteresis in-

verse in [86]. Although all these ensure global stability and tracking, they are only

applicable for non–saturating hysteresis operators without minor–loop closure be-

havior. In particular, these controllers are only suitable for a small portion of the

potential operating region of magnetic and smart actuators, for which hysteresis is

more complex and minor–loop closure behavior and saturation are exhibited.

There are several other control schemes utilized for hysteretic systems. The pas-

sivity of the hysteresis nonlinearly is used to establish velocity controllers in [15, 36].

Hysteretic systems with monotone input–output behavior are studied in [37, 38, 39].

A hybrid optimal controller derived from an off-line model–based controller and a

PI controller is employed in controlling a magnetostrictive actuator in [40]. In [42],

a feed-forward hysteresis compensator and a feedback PID controller are utilized to

control a piezoceramic actuator.

Most control schemes studied in literature have merits for certain hysteretic sys-

tems and control operations. Yet, they fall short of controlling linear magnetic and

smart actuators in a broad frequency range and in a complete actuator displacement

range. In particular, they are not suitable for non-monotone hysteretic systems that
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show minor–loop closure and saturation. In addition to complex hysteresis nonlin-

earities exhibited by these actuators, other nonlinearities are present, such as eddy

current and residual losses, which increase with the operating frequency. Further,

such nonlinearities prevent direct control of the input of the hysteresis operators. All

these actuators become saturated and some actuators relate the output of the hys-

teresis to the system output via a square map, such that the system is not monotone.

These behaviors limit the usefulness of conventional control schemes. Additionally,

difficulties modelling these actuators for a broad frequency range limit application of

model–based controllers.

Every system undergoes operating uncertainties. In the case of magnetic and

smart actuators, un-modelled constitutive physical phenomena, such as thermal and

acoustic losses and skin effects at high frequencies, introduce errors to the model.

Furthermore, these systems encounter exogenous disturbances. For example, in the

case of precision positioning, vibration is such a disturbance. In active vibration

control, non-suppressing frequency components act as disturbances. Also, parame-

ters arising in displacement dynamics are often uncertain because these parameters

are empirically evaluated. Hence, controller strategies should capable of producing

tracking control in the presence of operating uncertainties.

The goal of this paper is to investigate robust controller strategies for linear mag-

netic and smart actuator systems that include other nonlinearities and saturation

exhibited by these systems. However, this study is also applicable to any magnetic

system. Further, with certain modifications, this controller can be utilized in a wide

range of hysteretic systems, as we discuss in Section 10. Control is based on posi-

tion feedback as well as the induced voltage of the windings of these actuators. We

achieve stability and tracking in the presence of exogenous disturbances. We also
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analyze stability beyond saturation levels using the observation that the saturation

assists in stability, contrary to the destabilizing nature of saturation in most other

schemes. In this paper, our analysis is restricted to mathematical and simulation

results. Experimental results have not yet been obtained.

6.2 Linear Actuators

Electrically controlled linear actuators, an important class of hysteretic systems,

convert electrical energy into linear force and motion. These actuators include elec-

tromagnetic actuators and smart actuators, such as moving coil actuators (MCA),

moving iron controllable actuators (MICA), linear reluctance actuators, linear motors,

magnetostrictive actuators, magnetically controlled shape memory alloy actuators

(MSMA), and piezoelectric actuators. The demand for these actuators is increasing

rapidly as technology advances and more industrial applications are found. Applica-

tions of solenoid–based electromagnetic actuators are common, as they are used to

replace conventional hydraulics and mechanical systems such as fuel pumps, compres-

sor solenoids, fuel injectors, transmission control solenoids, speed-sensitive steering

system solenoids, and active suspension systems [87]. These applications do not re-

quire high precision control operations. However, in recent years, magnetic actuators

are increasingly utilized in high precision and high frequency applications. Moving

coil actuators are commonly used for precision positioning applications and capable

of producing up to 3mm strokes with 10N force [88]. The most common application is

the positioning of the read-and-write head of computer hard drives. Newly emerging

moving iron controllable actuators are capable of producing up to a 500N force and

5mm strokes in the frequency range 0-500Hz. These actuators are expected to be

used for high vibration generation, high power loud speakers, and active damping
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applications [72]. Linear reluctance actuators are widely used in applications that

require a specific high force and are capable of operating in harsh environments and

at elevated temperatures [89].

Applications of smart actuators are also emerging. Piezoelectric actuators have

well established applications such as: vibration control and noise cancellation systems

[1, 2]; ink-jet heads for printers, where thin-film piezoelectric elements are utilized to

fire ink droplets [20]; and atomic force microscopes and scanning tunnelling micro-

scopes, which employ converse piezoelectricity to keep the sensing needle close to the

probe [90]. Further, linear actuators based on magnetically controlled shape memory

alloy (MSMA) and magnetostrictive actuators are also emerging as promising technol-

ogy for precision control and vibration control applications [69]. MSMA actuators are

also used in proportional valves, linear motors, and pumps in the fields of medicine,

construction engineering, and robotics [91]. Magnetostrictive actuators are used in

the Next Generation Space Telescope (NGST) to align mirror segments and actively

control the radius of curvature for optimum optical performance [5]. A helicopter

rotor servoflap control, introduced in [24], enables control of the rotor blade flap by

a magnetostrictive actuator embedded in the blade itself. More recently, researchers

have investigated active vibration control using magnetostrictive actuators [92, 93].

Due to the increasing number of new applications, control of linear actuators is

receiving much attention, with the focus on producing fast and high precision op-

erations. For such operations, a controller must be capable of operating at high

frequencies while producing a wide range of output strokes. Typically, electromag-

netic actuators are driven by pulse-width-modulation with an appropriate duty cycle

derived through a position output feedback. Similarly, control of smart actuators is

also achieved using a position output feedback signal. Yet most of these actuators
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are unable to operate at high frequencies or with high precision. Incorporating in-

duced voltage in the controller improves controller operations by including actuator

dynamics related to the magnetic circuit.

Researchers have long been investigating the possibility of incorporating induced

voltage in control applications, particularly in sensor-less motor control applications

[94, 95, 96]. Recently efforts were made to use self-sensing controllers in magnetic

and smart actuators [97, 98, 99, 100]. Estimations of the induced voltage were used

to obtain position feedback of an electromagnetic actuator in [97], and of an active

magnetic bearing in [98]. In [99], a piezoelectric self–sensing actuator was used for

vibration control of smart structures. In magnetically controlled shape memory alloy

actuators, induced voltage in a secondary winding is used to obtain the magnetic flux

density of the actuators [100]. However, actuator displacement is related to magneti-

zation rather than magnetic flux density. Hence, knowledge of magnetic flux density

alone can only be used for control in a limited portion of the potential operation region

of such actuators. In this paper we demonstrate how to utilize both induced voltage

and position feedback for precision control of linear magnetic and smart actuators.

First, we obtain the general equations that govern these actuators.

6.2.1 Electric network model for linear actuators

Consider the linear actuator connected to a voltage input shown in Figure 6.4(a),

where the power transfers from the electrical domain to the magnetic domain and

then to the mechanical domain, which produces a linear motion of the actuator rod.
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Figure 6.4: Electric network model for a magnetic linear actuator

The corresponding electrical network model is shown in Figure 6.4(b). The model

consists of an ideal voltage source, V , a linear resistor, RL, a nonlinear resistor, RN ,

and a loss-less inductor L. The voltage source is assumed to be a known function of

time. The linear resistor accounts for the Ohmic losses in the winding of the device.

All linear actuators exhibit magnetic losses, including eddy current, hysteresis, and

residual losses (sometimes referred to as excess losses). Combined, these losses are

called core losses, and the nonlinear resistor in the model corresponds to core losses.

Voltage e stands for the induced voltage which opposes the magnetomotive force

generated by the changing flux linkage of the winding, assuming a lossless magnetic

circuit. From Faraday’s and Lenz’s laws, induced voltage e is proportional to the

rate of change of the flux linkage. Neglecting end effects and assuming a uniform

magnetic path, we conclude that e is proportional to the rate of change of magnetic

flux density, B. That is
dB

dt
= C0e for some constant C0. Since B = µ0(H +M),

d

dt
[H +M ] = C1e, (6.1)
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where C1 is a constant and H and M stand for average axial magnetic field and

magnetization, respectively. Note that C1 is proportional to 1/µ0 and hence, a very

large constant. For an ideal inductor, C1 = 1/[NAµ0], where N is the number of

turns in the windings and A is the cross section area of the magnetized media [25].

As it has been shown in literature, instantaneous core losses can be represented

as a function of the derivative of flux density and, hence, as a function of induced

voltage [81, 101, 102]. Thus, current through the nonlinear resistor can be expressed

as a function of e, that is ic = θ(e) for some function θ. Since classical eddy current

losses can be represented by a linear resistance, Reddy, θ(e) = θ1(e)+e/Reddy for some

function θ1. When the magnitude of the rate of change of flux density increases, both

eddy current losses and residual losses increase, as does induced voltage e. Hence,

θ(e) and θ1(e) are strictly monotone increasing functions of e. Magnetization current,

im, is proportional to the average axial magnetic field H of the coil, im = cH, where

c is a constant [103]. Applying Kirchhoff’s circuit laws to the model in Figure 6.4(b),

i = ic + im = θ(e) + cH (6.2)

v = e+Ric + cRH = θ̂(e) + βH, (6.3)

where β = cR and θ̂ = Rθ + 1. Further, for such system, M relates to H via a

rate–independent hysteresis operator such that M = Γ[H ; ψ−1](t).

6.2.2 Induced voltage measurements

For the purpose of control of linear actuators, we use induced voltage. Figure 6.5

shows two methods to measure induced voltage in realtime.
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Figure 6.5: Methods for measuring induced voltage

In Figure 6.5(a), an external circuit consists of a series resistor kR, and a non–

inverting operational amplifier is connected to the actuator. Resistor R is the lead

resistance of the actuator and 0 < k < 1 is a design parameter selected to reduce

power losses in the external circuit. Using Ohm’s and Kirchhoff’s circuit laws, one

can show that vout = v − (1 + k)Ri = e, which provides a technique to measure

induced voltage.

In Figure 6.5(b), a secondary winding is utilized to measure induced voltage. Since

both windings are linked to the same magnetic circuit, we get
e

e1
=

N

N1

. Hence, we

can measure the secondary winding voltage to obtain the induced voltage.

Motivated by hysteretic systems corresponding to linear actuators, and the capa-

bility of measuring induced voltage, we consider the following system.
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6.3 Hysteretic System

Here we consider hysteretic systems modelled by nonlinear functional differential

equations of the form

ẏ(t) + αy(t) = g(Γ[u ; ψ−1])(t) + ∆(t) (6.4)

d

dt
[u+ Γ[u ; ψ−1]](t) = γx(t) (6.5)

θ(x)(t) + βu(t) = û(t) (6.6)

y(0) = y0, u(0) = u0, (6.7)

where û(t) is the system input and y(t) is the output to be regulated. Functions x(t)

and u(t) represent two internal states, where x(t) is assumed to be measurable, that

is, y(t) and x(t) are both outputs. For any magnetic system, x(t) corresponds to the

induced voltage and can be measured in realtime, as already discussed. Function ∆(t)

represents external disturbances. Operator Γ[· ; ψ−1] is the hysteresis operator with

initial memory state ψ−1, which will be discussed shortly. Equation (6.5) is equivalent

to Faraday’s Law. If the system corresponds to a current control scheme, Equation

(6.6) represents Equation (6.2), while, if the system corresponds to a voltage control

scheme, Equation (6.6) represents Equation (6.3). Mapping g : R → R is locally

Lipschitz continuous and may be non–monotone. Further, α, β, and γ are positive

constants. Here, the system is assumed to be a first order system. However, as we

will show in Section 6.9, we can easily extend the results to higher order systems.

Previous studies of such systems were limited to Equation (6.4) with u as the

input and g as a monotone function. However, magnetic systems do not encounter

hysteresis in the input but, rather, at one of the internal states. These actuators

also experience nonlinear eddy current losses and excess losses, giving rise to the

need for a more complete model, such as in (6.4-6.7). Further, for some actuators,
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such as magnetostrictive actuators, g is a square function, which is non-monotone. If

θ(x) ≡ 0, then the above system is equal to the systems studied in other literature.

We assume hysteresis can be represented by an operator of Preisach type. In the

literature, Presach representation has been shown to be a well suited approximation

for magnetic and smart actuators [16, 17, 18, 19]. However, if a given hysteresis

operator is a saturating, piecewise monotonic, and Lipschitz continuous operator,

then, it is straightforward to see that all of our theorems still hold. We use the

operator of Preisach type defined in Definition 2.4.2 of Brokate and Sprekels [59].

Suppose Ψ0 is the space of admissible memory curves:

Ψ0 := {ψ | ψ : R+ → R, |ψ(r)− ψ(r̄)| ≤ |r − r̄| ∀r, r̄ ≥ 0, Rsupp(ψ) <∞} ,

where Rsupp(ψ) := sup{r | r ≥ 0, ψ(r) 6= 0}. Note that each memory curve, ψ ∈ Ψ0,

satisfies ψ(t)(r) = Fr[u](t), where Fr[u](t) is the play operator with parameter r

defined as follows. Suppose

fr(v, w) = max{v − r,min{v + r, w}}

SA = {(v0, . . . , vN) |N ≥ 1, (vi+1 − vi)(vi − vi−1) < 0, 0 < i < N}.

The generating function Fr,f : SA → R of the play operator is given inductively by

Fr,f (v0) = fr(v0, w−1)

Fr,f (v0, . . . , vN) = fr(vN ,Fr,f (v0, . . . , vN−1)).

Consider an input function u ∈ Mpm[0, T ] that is real valued on [0, T ] with a mono-

tonicity partition. The corresponding play operator Fr[u ;w−1] for an initial value

w−1 ∈ R is defined using the generating function as

Fr[u;w−1](t) = Fr,f [ut],
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where ut denotes the truncation of u at t defined by

ut =

 u(τ) for 0 ≤ τ ≤ t

u(t) for t < τ ≤ T

The hysteresis operator of Preisach type is defined in the following way. Suppose

mapping Q : Ψ0 → R and initial condition ψ−1 ∈ Ψ0 are given. Then the hysteresis

operator W generated by the functional

Wf [s ;ψ−1] := Q(Fr,f (s ;ψ−1)), s ∈ SA

is called the hysteresis operator of Preisach type associated with the output mapping

Q, where W [u ;ψ−1] = Wf [ut ;ψ−1]. The Preisach operator, Γ[u ;ψ−1](t), with the

initial memory curve ψ−1, is a special case of the operator of Preisach type and has

an output map Q : Ψ0 → R of the form:

Q(ψ) =

∫ ∞

0

q(r, ψ(r))dr + w00, where q(r, s) = 2

∫ s

0

ω(r, σ)dσ, (6.8)

with w00 =
∫∞

0

∫ 0

−∞ ω(r, s)dsdr +
∫∞

0

∫∞
0
ω(r, s)dsdr. Here, ω ∈ L1

loc(R+ × R) is the

Preisach density function.

6.4 Statement of the problem

The control objective is to design a controller such that the output y of the system

(6.4-6.7) approximately follows a specific trajectory, yd. To be precise, we have two

objectives:

1. For arbitrary ε > 0, we seek an output feedback strategy such that, for given

yd ∈ W 1,∞[0,∞), the tracking error r(t) = y(t) − yd(t) is ultimately bounded by ε

(that is,

lim supt→∞ |r(t)| < ε).

2. Further, we seek to show that the closed loop system is stable.
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To design a robust control to stabilize system (6.4-6.7), the following assumptions

are introduced.

(H1): The hysteresis operator Γ[· ;ψ−1] is continuous and piecewise monotone on

C[0, T ].

(H2): ‖Q(ψ1)−Q(ψ2)‖∞ ≤ C||ψ1 − ψ2||∞ ∀ ψ1, ψ2 ∈ Ψ0.

(H3): There exist real numbers Γsat1, Γsat2 > 0 such that −Γsat1 ≤ Q(ψ) ≤ Γsat2

for all ψ ∈ Ψ0. Furthermore, there exist ψ∗, ψ∗ ∈ Ψ0 such that for all ψ ≥ ψ∗,

Q(ψ) = Γsat2, and for all ψ ≤ ψ∗, Q(ψ) = −Γsat1.

(H4): θ(·) is continuous and strictly monotone increasing; θ(0) = 0; and there exists

a constant η1 > 0 such that θ(x)− η1x is monotone increasing for all x.

(H5) ∆ ∈ W 1,∞ with ‖∆‖W 1,∞ ≤ η2. The desired trajectory yd ∈ W 1,∞[0,∞)

satisfies ‖yd‖W 1,∞ = ‖ẏd‖∞ + α‖yd‖∞ ≤ A. We also require α > 0.

(H6): Function g : R → R is locally Lipschitz continuous on [−Γsat1,Γsat2].

There exists an interval π ⊂ [−Γsat1,Γsat2] such that g|π̄ is strictly mono-

tone and Lipschitz continuous with Lipschitz constant λ > 0. Further,

g(π) = g[−Γsat1,Γsat2], infs∈π g(s) < −A− 2η2 and sups∈π g(s) > A+ 2η2.

Hypothesis H1 is a typical condition which guarantees the thermodynamic consis-

tency of hysteresis operators. In particular, it reflects the fundamental energy dis-

sipation properties of hysteresis. Hypotheses H2 represents the Lipschitz continuity

and H3 represents the saturation property of hysteresis operators, the class of opera-

tors in this study. The next hypothesis, H4, describes the behavior of function θ. The

monotonicity represents the increase of power losses as the magnitude of x increases.

Classical eddy current losses guarantee the existence of η1. As we have already seen in

Section 2, η1 = 1/Reddy for current control configuration, while η1 = 1 + R/Reddy for
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voltage control configuration. Hypothesis H5 describes the bounds for the external

disturbance and the desired trajectory. Due to saturation, desired trajectories beyond

some limit can not be achieved. Hypothesis H6 allows function g to be not one-to-

one. For example, in magnetostrictive actuators, g represents a squaring function.

In such case, two or more control signals can achieve the same output. Hypothesis

H6 guarantees that control operations can be restricted to one invertible region of g,

and that output trajectories can be achieved in that region. Figure 6.6 provides an

example of a function g that is not invertible for [−Γsat1,Γsat2].

Figure 6.6: An example of function g

However, g restricted to π = (a,Γsat2] or π = [−Γsat1, a) is invertible. The assumption

that π is an interval is merely for mathematical simplicity; π may also be a union of

non-empty disjoint intervals.

6.5 Preliminaries

In this section we introduce definitions and theorems needed to precisely formulate

the problem. First, we explicitly state notation and terminology. Define R+ := [0,∞).

Let I ⊂ R+ be a compact interval. We denote continuous and Sobolev spaces as

follows.
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C(I): Space of continuous functions on I

C1(I): Space of continuously differentiable functions on I

BC(I): Space of bounded continuous functions on I

Cm[I]: Space of monotone continuous functions on I

W 1,1(I): Space of absolutely continuous functions on I

W 1,∞(I): Space of Lipschitz continuous functions on I

W 2,∞(I): Space of twice differentiable bounded functions with locally absolutely con-

tinuous first derivatives and essentially bounded second derivatives.

We also employ the inverse function theorem to find the inverse of monotone

functions.

Theorem 6.5.1. (Inverse Function Theorem) If a function is continuous and strictly

monotone on an interval, then it has a single-valued inverse function, which is strictly

monotone and continuous on that interval.

We recall some established properties of hysteresis operators of Preisach type

necessary for further proofs.

Lemma 6.5.1. (Lemma 2.4.8, Brokate and Sprekels [59]) Suppose that u1, u2 ∈

C[0, T ] and ψ−1,1, ψ−1,2 ∈ Ψ0 are given, and let ψi(r) := Fr[ui;ψ−1,i], i = 1, 2. Then

it holds that

||ψ1(t)− ψ2(t)||∞ ≤ max

{
sup

0≤τ≤t
|u1(τ)− u2(τ)|, ||ψ−1,1 − ψ−1,2||∞

}
.

Moreover, for any u ∈ C[0, T ] and ψ−1 ∈ Ψ0 the memory evolution ψ(r, t) :=

Fr[u;ψ−1](t) satisfies

||ψ(t)− ψ(t′)||∞ ≤ sup
t′≤τ≤t

|u(τ)− u(τ ′)|, 0 ≤ t′ ≤ t ≤ T.

87



Texas Tech University, Dinesh Ekanayake, August 2009

Lemma 6.5.2. (Proposition 2.4.9, Brokate and Sprekels [59]) Let Γ denote a hys-

teresis operator of Preisach type associated with the output mapping Q : Ψ0 → R.

Suppose ψ1, ψ2 ∈ Ψ0. If, for some constant C > 0,

|Q(ψ1)−Q(ψ2)| ≤ C||ψ1 − ψ2||∞, (6.9)

then Γ is Lipschitz continuous on C[0, T ]×Ψ0, that is, whenever (ui, ψ−1,i) ∈ C[0, T ]×

Ψ0, i = 1, 2, then

||Γ[u1;ψ−1,1]− Γ[u2;ψ−1,2]||∞ ≤ C (max {||u1 − u2||∞, ||ψ−1,1 − ψ−1,2||∞}) .

Lemma 6.5.3. (Theorem 2.11.20, Brokate and Sprekels [59]) Let W [u ;ψ−1] be a

piecewise strictly monotone continuous Preisach operator with domain I = [a, b].

Suppose u(t) ∈ I for all t ∈ [0, T ]. Define X (·) on [0, b− a] as

XI(x) := inf {|W [u;ψ−1](T )−W [u : ψ−1](0)| : ψ−1 ∈ Ψ0, u ∈ Cm[0, T ], |u(T )− u(0)| = x}

If XI(x) ≥ γ̂x for all x > 0 and for some constant γ̂ > 0, then W : CI [0, T ] → C[0, T ]

is invertible and W−1 : CJ [0, T ] → CI [0, T ] is Lipschitz continuous, where CJ [0, T ] is

the image of CI [0, T ] under Γ.

Theorem 6.5.2. Suppose Γ[u;ψ1] is a Preisach operator generated by a nonnegative

bounded density function ω(r, s) with compact support, where ψ−1 ∈ Ψ0. Then the

following assertions hold:

(a) Γ[u;ψ−1] is Lipschitz continuous on C[0, T ].

(b) If u ∈ W 1,1[0, T ] then there exists C > 0 such that

∣∣Γ[u;ψ−1]′(t)
∣∣ ≤ C|u′(t)|.

(c) (I + Γ)[u;ψ−1] is invertible and (I + Γ)−1 is Lipschitz continuous on C[0, T ].
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Proof. Suppose (r, s) is in compact set S ∈ R+ ×R. Suppose sup(r,s)∈S r = r̄. Then,

from the definition of the Preisach operator, ω00 <∞, and for any two memory curves

ψ1, ψ2 ∈ Ψ0,

|Q(ψ1)−Q(ψ2)| =

∣∣∣∣∫ ∞

0

q(r, ψ1(r))− q(r, ψ2(r))dr

∣∣∣∣
= 2

∣∣∣∣∣
∫ ∞

0

[∫ ψ1(r)

0

ω(r, σ)dσ −
∫ ψ2(r)

0

ω(r, σ)dσ

]
dr

∣∣∣∣∣
≤ 2 r̄ sup

(r,s)∈R+×R
|ω(r, s)| ‖ψ1 − ψ2‖∞ ≤ C‖ψ1 − ψ2‖∞,

for some constant C. Hence, Equation (6.9) is satisfied and, by Lemma 6.5.2, the

hysteresis operator Γ[· ;ψ−1] is Lipschitz continuous.

For the next assertion, assume that u ∈ W 1,1[0, t]. Let ε > 0. Since u is absolutely

continuous, there exists some δ > 0 such that

∑
i∈I

|ti − t′i| < δ ⇒
∑
i∈I

|u(ti)− u(t′i)| < ε

for every finite collection {[t′i, ti]} of non-overlapping intervals of [0, T ]. Further, from

the Lipschitz continuity of Γ, we get

|Γ[u;ψ−1](t)− Γ[u;ψ−1](t
′)| ≤ C sup

t′≤τ≤t
|u(τ)− u(t′)| (6.10)

for all t, t′ ∈ [0, T ], where C is a positive constant. Choosing τi ∈ [t′i, ti] appropriately,

we can conclude from (6.10) that

∑
i∈I

|Γ[u;ψ−1](ti)− Γ[u;ψ−1](t
′
i)| ≤ C

∑
i∈I

|u(τi)− u(t′i)| ≤ Cε.

Then Γ[u;ψ−1] is absolutely continuous. Hence Γ have derivatives almost everywhere.

From Equation (6.10),

lim
t′→t

|Γ(u;ψ−1)(t)− Γ[u;ψ−1](t
′)|

|t− t′|
≤ C lim

t′→t
sup
t′<τ≤t

|u(τ)− u(t′)|
|t− t′|

.
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and hence, |Γ[u]′(t)| ≤ C|u′(t)|.

To prove the assertion (c), for x ∈ [0, 2ε],

XI(x) = inf {|(I + Γ)[u;ψ−1](T )− (I + Γ)[u;ψ−1](0)| : |u(T )− u(0)| = x}

= inf
ψ(r)∈Ψ0

∣∣∣∣∣2
∫ x/2

0

∫ ψ(r)+(x/2−r)

ψ(r)−(x/2−r)
ω(r, s)dsdr + x

∣∣∣∣∣
Since the density function and x are both positive, XI(x) ≥ x. Then, from Lemma

6.5.3, (I+Γ) is invertible and Lipschitz continuous, concluding the proof of assertion

From hypothesis H6 and the inverse function theorem, g|π is invertible such that

inverse is continuous and strictly monotone increasing. For further analysis, we as-

sume that the inverse of g in π (denoted g−1
π ) is Lipschitz continuous with Lipschitz

constant λ∗. However, if this is not the case, we can easily construct a linear inter-

polation approximation for g−1
π so that approximation is Lipschitz continuous. (See

Remark 6.5.1.)

Remark 6.5.1. Suppose f is a strictly increasing, continuous function on a compact

interval I. Let J = f(I). Then, for all ε > 0, there exists L > 0 and a strictly

monotone function h defined on J such that ‖f−1 − h‖∞ < ε and h is Lipschitz

continuous with Lipschitz constant L.

Proof. As f−1 is continuous, strictly monotone, and J is compact, there exists a uni-

form monotone partition P = {x1, · · · , xN} of width δ such that |f−1(x)−f−1(y)| < ε

if |x− y| < δ. Let yk = f−1(xk). Let h be a linear interpolation of {y1, · · · , yN}. Then

‖h− f−1‖∞ < ε, and L =
ε

δ
is the Lipschitz constant of h. To see this, consider two

points z1, z2 in J . If z1, z2 ∈ [xk, xk+1] for some k, then,

|h(z1)− h(z2)| =
|f−1(xk+1)− f−1(xk)|

δ
|z1 − z2| <

ε

δ
|z1 − z2|.
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If not, assume z2 > z1, z2 ∈ [xk, xk+1], and z1 ∈ [xm, xm+1] for some k > m. Then

from the triangle inequality

|h(z2)− h(z1)| ≤ |h(z2)− h(xk)|+ |h(xk)− h(xk−1)|

+ · · ·+ |h(xm+1)− h(z1)|

<
ε

δ
[ |z2 − xk|+ |xk − xk−1|+ · · ·+ |xm+1 − x| ] .

Since P is a monotone partition, we have |h(z2)− h(z1)| <
ε

δ
|z2 − z1|.

6.6 Feedback control

For hysteretic systems of the form of Equations (6.4) - (6.7), controllers derived

only from output error are insufficient, as we show in Section 6.8 . This is particu-

larly true if function g is not monotone or if function θ(x) is not sufficiently small.

Additionally, we desire to develop a controller independent of the model parameters.

Function θ, which corresponds to internal power losses, cannot be precisely deter-

mined. At most, we may obtain an approximation [7]. For any magnetic and smart

actuator system we can find an approximation for γ using manufacturer data [8].

However, α and β may be unknown. We derive the control signal from output error

feedback r = y − yd and from output feedback x. Let F (r, yd) be a control signal

derived from a proportional-integral (PI) or a proportional-derivative (PD) controller

having one of the following forms:

F1(r, yd) = b
{
g−1
π [ẏd + k̂Pyd]− u0 − Γ0

}
− (kI

∫ t

0

rdτ + kP r) (6.11)

F2(r, yd) = b
{
g−1
π [ẏd + k̂Pyd]− u0 − Γ0

}
− (kDṙ + kP r) (6.12)

F3(r, yd) = b
{
g−1
π [ẏd + k̂Pyd]− u0 − Γ0

}
, (6.13)
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where Γ0 = Γ[u ;ψ−1](0) and g−1
π is the inverse of function g restricted to the region

π, where it is monotone. The feedback control is given by

û = −k̃Px− k̃I

∫ t

0

xdτ + Fi(r, yd), i = 1, 2, 3 (6.14)

where k̃I > 0. k̃p need not be a negative feedback. As we will see in next section, we

only need θ(x) − kPx to be monotone increasing. It is necessary and sufficient that

kP ≥ −η1 for θ(x) − kPx to be monotone increasing due to Hypothesis H4. For the

current control configuration, kP = 0 is an appropriate value, and for voltage control

configuration, kP = 1 is an appropriate value. If Fi(r, yd) is given by Equation (6.11)

or (6.12), the corresponding block diagram is given by Figure 6.7(a).

Figure 6.7: (a)Block diagram with output error feedback (b)Block diagram without

output error feedback

If F (r, yd) is given by Equation (6.13), control is independent of the output to be

regulated, y, and can be represented in block diagram form, as in Figure 6.7(b).

For tracking, for any given ε > 0, we assume that the output feedback is derived

from a PD controller given by

F4(r, yd) = b

{
g−1
π

[
ẏd + αyd −

2η2(ṙ + αr)

|ṙ + αr|+ ε

]
− u0 − Γ0

}
− k̂D(ṙ + αr). (6.15)
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Output tracking is established for Equation (6.15). Further, show that there exists

an appropriate set of parameters kP , kI and kD such that, if tracking is achieved for

Equation (6.15), then it is also achieved for Equations (6.11) - (6.12). Additionally,

we show that for Equation (6.13), there exists a value ε0 > 0 such that the bound for

error cannot be reduced beyond ε0. Term

ζ(ṙ, r) :=
2η2(ṙ + αr)

|ṙ + αr|+ ε
, ∀ε > 0,

is a normalized component of the PD controller. Note that ζ(ṙ, r) preserves the the

sign of the PD controller while limiting |ζ(ṙ, r)| to 2η2, as shown in Figure 6.8.

Figure 6.8: Output of the function ζ(ṙ, r)

Equations (6.14) and (6.15) combined with system of equations (6.4-6.7) yields

the closed loop initial value problem:

θ(x) + βu = −k̃Px− k̃I
∫ t

0
x(τ)dτ + Fi(r, yd), i ∈ {1, 2, 3, 4} (6.16)

d

dt
[u+ Γ[u : ψ−1]] = γx (6.17)

ẏ + αy = g(Γ[u : ψ−1]) + ∆ (6.18)

u(0) = u0, Γ[u0, ψ−1] = Γ0, y(0) = y0. (6.19)

Equation (6.17) can be express in the integral form as

u+ Γ[u ;ψ−1] = γ

∫ t

0

xdτ + u0 + Γ0 := f(x).

93



Texas Tech University, Dinesh Ekanayake, August 2009

By invertibility of I + Γ, u = (I + Γ)−1f(x). Hence Γ[u ;ψ−1] can be rewritten in

terms of x as Γ [(I + Γ)−1f(x) ;ψ−1]. Next we need to show that the above system

possesses a solution such that y ∈ C[0,∞) is locally absolutely continuous and satisfies

the differential equation almost everywhere, with y(t)− yd(t) ultimately bounded by

ε (that is, for any given ε > 0, lim supt→∞ |y(t)− yd(t)| < ε). Further, all the states

remain bounded for all t ∈ [0,∞). The next section establishes existence, uniqueness

and stability of a solution to Equations (6.16)-(6.19). First, we rearrange the closed-

loop system as follows:

ẏ + αy = g (W [f(x) ;ψ−1]) + ∆ (6.20)

ϕ(x) + a

∫ t

0

x(τ)dτ = Fi(r, yd) + βW [f(x)]− β[u0 + Γ0], (6.21)

where,

ϕ(x) := k̃Px+ θ(x)

W [f(x) ;ψ−1] := Γ
[
(I + Γ)−1f(x) ;ψ−1

]
f(x) := u0 + Γ0 + γ

∫ t

0

xdτ

a := k̃I + βγ.

6.7 Existence and Stability results

Schauder’s fixed point theorem, plays a major role in the existence theorems.

Theorem 6.7.1. (Schauder Fixed Point Theorem) Let U be a closed convex subset

of a Banach space X. Suppose T : U → U is a completely continuous map. Then T

has a fixed point.

Complete continuity is defined as follows.
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Definition 6.7.1. Let X be normed linear space, and U be a nonempty closed subset

of X. Then T : U → X is completely continuous if it is compact and continuous in

X.

First, we determine the specific properties required of function ϕ(x).

Lemma 6.7.1. For each x ∈ R, the function ϕ := k̃Px+ θ(x), is strictly monotone,

where k̃P > −η1. Further, ϕ−1 is well–defined, strictly monotone, and Lipschitz

continuous with Lipschitz constant
1

kp + η1

.

Proof. Define θ̂(x) := θ(x)− η1x. From Hypothesis H4, θ̂(x) is monotone increasing.

Suppose x1 > x2. Then θ̂(x1)− θ̂(x2) ≥ 0 and

ϕ(x1)− ϕ(x2) = k̃Px1 + θ(x1)− k̃Px2 − θ(x2)

= k̃Px1 + η1x1 + θ̂(x1)− k̃Px2 − η1x2 − θ̂(x2)

≥ (k̃P + η1)(x1 − x2) > 0.

Hence, ϕ(x) is strictly monotone. From the Inverse Function Theorem, the inverse

function ϕ−1 is well–defined. Let a = ϕ(x1) and b = ϕ(x2). If x1 > x2,

a− b = ϕ(x1)− ϕ(x2) ≥ (k̃P + η1)(x1 − x2).

Hence,

0 < x1 − x2 = ϕ−1(a)− ϕ−1(b) ≤ 1

k̃P + η1

(a− b).

Similarly, if x1 < x2,

0 < ϕ−1(b)− ϕ−1(a) ≤ 1

k̃P + η1

(b− a).

Therefore,

|ϕ−1(b)− ϕ−1(a)| ≤ 1

k̃P + η1

|b− a|,

which proves the Lipschitz continuity of ϕ−1.
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To establish the existence of a solution for the closed-loop system, we need to

show that there exists (x, y) ∈ C[0,∞) × C[0,∞) satisfying Equations (6.20) and

(6.21). First we show that, for any given y ∈ BC[0,∞), there exists x ∈ C[0,∞)

satisfying Equations (6.20) and (6.21). Using these results, next we show that there

exists a contraction mapping on C[0, T ] such that the corresponding fixed point solves

Equations (6.20) and (6.21). Assume y ∈ C1[0,∞). Using r = y− yd and integrating

Equation (6.20), we obtain

r(t) + α

∫ t

0

r(τ)dτ = y(0)− yd(t)

+

∫ t

0

[g(W [f(x) ;ψ−1])(τ) + ∆(τ)− αyd(τ)] dτ. (6.22)

Rearranging Equations (6.20) - (6.22):

for F (r, yd) = F1(r, yd),

ϕ(x) + a

∫ t

0

xdτ = G1(yd, x) +

(
kI
α
− kP

)
y

−kI
α

∫ t

0

[g(W [f(x) ;ψ−1]) + ∆− αyd] dτ, (6.23)

for F (r, yd) = F2(r, yd)

ϕ(x) + a

∫ t

0

xdτ = G2(yd, x) + (kDα− kP )y, (6.24)

and for F (r, yd) = Fi(r, yd), i = 3, 4,

ϕ(x) + a

∫ t

0

xdτ = Gi(yd, x), (6.25)
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where

G1(yd, x) := b
{
g−1
π (ẏd + k̂pyd)− u0 − Γ0

}
+ βW [f(x) ;ψ−1]

−β(u0 + Γ0) + kPyd −
kI
α
y(0)

G2(yd, x) := b
{
g−1
π (ẏd + k̂pyd)− u0 − Γ0

}
+ βW [f(x) ;ψ−1]− β(u0 + Γ0)

+kDẏd + kPyd − kD[g(W [f(x) ;ψ−1]) + ∆]

G3(yd, x) := b
{
g−1
π (ẏd + k̂pyd)− u0 − Γ0

}
+ βW [f(x) ;ψ−1]− β(u0 + Γ0)

G4(yd, x) := bg−1
π

(
ẏd + αyd −

2η2(g(W [f(x) ;ψ−1]]) + ∆− ẏd − αyd)

|g(W [f(x) ;ψ−1]) + ∆− ẏd − αyd|+ ε

)
−bu0 − bΓ0 + βW [f(x) ;ψ−1]− β(u0 + Γ0)

−k̂D[g(W [f(x) ;ψ−1]) + ∆].

As we will see, asymptotic tracking of the system is achieved when k̂P , kP/kD, and

kI/kP all converge to parameter α. Note that if kP/kD = kI/kP = α, then Equations

(6.23)- (6.25) do not depend on y. Next we establish the local Lipschitz continuity of

Gi(yd, x) with respect to x for i = 1, 2, 3, 4.

Lemma 6.7.2.

W [f(x) ;ψ−1] and ζ(x) :=
2η2 (g(W [f(x) ;ψ−1]) + ∆− ẏd − αyd)

|g(W [f(x) ;ψ−1]) + ∆− ẏd − αyd|+ ε

are locally Lipschitz continuous with respect to x, that is whenever (xi, ψ−1,i) ∈

C[0, T ]×Ψ0, i = 1, 2, then

‖W [f(x1) ;ψ−1,1]−W [f(x2) ;ψ−1,2]‖∞ ≤ C(max {DT‖x1 − x2‖∞, ‖ψ−1,1 − ψ−1,2‖∞} ,
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and

‖ζ(x1)− ζ(x2)‖∞ ≤ C(max {ET‖x1 − x2‖∞, ‖ψ−1,1 − ψ−1,2‖∞} ,

for some positive constants C,D,E

Proof. From Lemma 6.5.2,

‖W [f(x1) ;ψ−1,1]−W [f(x1) ;ψ−1,2]‖∞

≤ C(max{‖[I + Γ]−1f(x1)− [I + Γ]−1f(x2)‖∞, ‖ψ−1,1 − ψ−1,2‖∞}.

Since [I + Γ]−1 is Lipschitz continuous, there exist positive constant C1 such that

‖[I + Γ]−1f(x1)− [I + Γ]−1f(x2)‖∞ ≤ C1‖f(x1)− f(x2)‖∞

= C1γ sup
t∈[0,T ]

∣∣∣∣∫ t

0

(x1 − x2)dτ

∣∣∣∣
≤ C1γ sup

t∈[0,T ]

∣∣∣∣∫ t

0

|x1 − x2|dτ
∣∣∣∣

≤ C1γ sup
t∈[0,T ]

‖x1 − x2‖∞t

≤ C1γT‖x1 − x2‖∞,

which conclude the Lipschitz continuity of W [f(x) ;ψ−1,1] . Next consider

ζ(h) =
2η2h

h+ ε
.

Note that

lim
h→0+

ζ̇(h) =
2η2

ε
= lim

h→0−
ζ̇(h).

Hence, ζ(h) is differentiable with respect to h and

|ζ̇(h)| < 2η2ε

(|h|+ ε)2
<

2η2

ε
.

Then

|ζ(h1)− ζ(h2)| <
2η2

ε
|h1 − h2|,
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Hence,

‖ζ(x1)− ζ(x2)‖∞ = sup
t∈[0,T ]

|ζ(x1)(t)− ζ(x2)(t)|

≤ sup
t∈[0,T ]

2η2

ε
|g(W [f(x1)])− g(W [f(x2)])|

≤ 2η2λ

ε
sup
t∈[0,T ]

|W [f(x1)]−W [f(x2)]|

=
2η2λ

ε
‖W [f(x1)]−W [f(x2)]‖∞ .

Since g and W are both locally Lipschitz continuous,

‖ζ(x1)− ζ(x2)‖∞ ≤ C(max {ET‖x1 − x2‖∞, ‖ψ−1,1 − ψ−1,2‖∞} ,

for some constants C,E > 0.

To establish the existence of a solution for the system of Equations (6.20)- (6.21),

we need the following two Lemmas. We prove the existence of a solution for Equations

(6.23) through (6.25) for a given y.

Lemma 6.7.3. Suppose hypotheses H1-H5 hold. For given yd ∈ W 1,∞[0, T ], y ∈

C[0, T ], and ψ−1 ∈ Ψ0, there exists a solution x ∈ C[0, T ] for Equations (6.23),

(6.24) and (6.25).

Proof. From the hypotheses, yd, ẏd, W [f(x)], g−1
π (W [f(x)]), and ∆ are bounded.

Therefore, there exist a bound Mi such that |Gi(yd, x)| < Mi for all t ∈ [0,∞),

i = 1, 2, 3, 4. Further, From Lemma 6.7.2, since ψ−1 ∈ Ψ0 is given, when ever x1, x2 ∈

C[0, T ], ‖Gi(yd, x1) − Gi(yd, x2)‖∞ ≤ L‖x1 − x2‖∞ for some positive constant L.

Define z = ϕ(x). From Lemma 6.7.1, ϕ−1 is well defined and Lipschitz continuous.

Note that C[0, T ] is convex and a Banach space under the norm

‖x‖∞ = sup
t∈[0,T ]

|x(t)|.
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We prove the lemma for Equation (6.24) and note that the proofs for Equations (6.23)

and (6.25) are similar. Define the operator R2 by

R2z(t) := G2

(
yd, ϕ

−1(z)
)
− a

∫ t

0

ϕ−1(z)dτ + (kDα− kP )y,

Claim 1 : R2 : C[0, T ] → C[0, T ].

To see this, consider t1, t2 ∈ [0, T ] such that t2 ≥ t1:

|R2z(t1)−R2z(t2)| ≤
∣∣G2

(
yd, ϕ

−1(z)
)
(t1)−G2

(
yd, ϕ

−1(z)
)
(t2)
∣∣

+|a|
∣∣∣∣∫ t2

t1

ϕ−1(z)dτ

∣∣∣∣+ |kDα− kP ||y(t1)− y(t2)|.

By Lipschitz continuity of G2(yd, x) in the x variable, and the Lipschitz continuity of

ϕ−1,

|R2z(t1)−R2z(t2)| ≤ C sup
τ∈[t1,t2]

|z(τ)− z(t1)|+ |a|

∣∣∣∣∣ sup
τ∈[t1,t2]

ϕ−1(z)(τ)

∣∣∣∣∣
∣∣∣∣∫ t2

t1

dτ

∣∣∣∣
+|kDα− kP ||y(t1)− y(t2)|,

for some positive constant C. From the given hypothesis, y ∈ C[0, T ]. From the

continuity of z(t), |R2z(t1)−R2z(t2)| ≤ C1|t1 − t2| → 0 as t1 → t2, where C1 is a

positive constant, concluding the claim.

Claim 2 : R2 : C[0, T ] → C[0, T ] is continuous.

Consider a sequence {zn} ⊂ C[0, T ] such that zn → z in C[0, T ]. Then, by a similar

argument to that in the proof of Claim 1,

‖R2zn −R2z‖∞ ≤
∥∥G2

(
yd, ϕ

−1(zn)
)
−G2

(
yd, ϕ

−1(z)
)∥∥
∞

+ |a| sup
t∈[0,T ]

∣∣∣∣∫ t

0

ϕ−1(zn)dτ −
∫ t

0

ϕ−1(z)dτ

∣∣∣∣
≤ C‖zn − z‖∞ + |a| sup

t∈[0,T ]

∫ t

0

∣∣ϕ−1(zn)− ϕ−1(z)
∣∣ dτ.
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Since ϕ−1 is continuous, ϕ−1(zn) → ϕ−1(z) as zn → z. Then zn → z, R2zn → R2z for

all t ∈ [0, T ], which concludes the proof that R2 is continuous.

Claim 3 : R2 : C[0, T ] → C[0, T ] is completely continuous.

Let S be a bounded set in C[0, T ]; that is, there exists a constant C0 such that

supt∈[0,T ] |z(t)| ≤ C0 for all z ∈ S. We need R2S to be relatively compact. Since,

ϕ−1(0) = 0, from Lemma 6.7.1,

‖ϕ−1(z)‖∞ = sup
t∈[0,T ]

|ϕ−1(z)(t)− ϕ−1(0)(t)|

< sup
t∈[0,T ]

1

kp + η1

|z(t)− 0| = C0

kp + η1

.

For all z ∈ S,

|R2z(t)| ≤ sup
z∈S

|G2(yd, ϕ
−1(z))|+ sup

z∈S

∣∣∣∣a∫ t

0

ϕ−1(z)dτ

∣∣∣∣+ |kDα− kP ||y(t)|

≤ M2 +
|a|TC0

kp + η1

+ |kDα− kP |‖y‖∞.

Then R2S is uniformly bounded. Using an argument similar to that in the proof of

Claim 1, we see that R2S is equicontinuous. Then from the Arzela-Ascoli theorem,

R2S is relatively compact.

Proof of the Lemma:

Since R2z(t) is complete continuous, it follows from the Schauder Fixed Point The-

orem, that we have a fixed point in C[0, T ] for the equation z = R2z(t). A similar

argument can be used to establish the existence of a solution for Equations (6.23)

and (6.25). Since z = ϕ(x) and ϕ−1(z) is Lipschitz continuous and strictly monotone

increasing, there exists a solution x ∈ C[0, T ] satisfying Equation (6.23) - (6.25).
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Lemma 6.7.3 concludes the existence of a local solution for x(t) ∈ C[0, T ]. The

next lemma establishes global existence of a solution for a given y. We follow [106]

and the existence principle discussed by Lee and O’Regan [104].

Lemma 6.7.4. Suppose hypotheses H1-H5 hold. Let yd ∈ W 1,∞[0,∞), y ∈ BC[0,∞)

and ψ−1 ∈ Ψ0 be given. Then there exists a solution x ∈ C[0,∞) for Equations (6.23),

(6.24), and (6.25).

Proof. We prove this lemma for Equation (6.24). Equation (6.25) is the special case

kP/kD = α, and we address Equation (6.23) in Remark 6.7.1. Consider the sequence

of functions {zn} given by

zn = G2

(
yd, ϕ

−1(zn)
)
− a

∫ t

0

ϕ−1(zn)dτ + (kDα− kp)y, t ∈ [0, tn], (6.26)

where 0 < t1 < t2 < · · · < tn < · · · with tn →∞ as n→∞. Suppose {ψn(t)} are the

corresponding memory evolutions of hysteresis operator W with respect to the input

sequence for the hysteresis operator {(I + Γ)−1f(ϕ−1(zn))} at each t ∈ [0, tn], where

ψ−1 = ψn(0) for all n is fixed. From Lemma 6.7.3, Equation (6.26) has a solution

z ∈ C[0, tn] for each n. However, the solutions may not be identical. Hence, even

though ψn(0) = ψ−1 for all n, ψn(t) need not be same for each n.

Claim 1 : For each j = 1, 2, 3, ..., the sequence {zn}n≥j is uniformly bounded on [0, tj].

As we have already seen in Lemma 6.7.3, |G2(yd, ϕ
−1(zn))| < M2. Since y is

bounded from the lemma hypotheses, there exist M such that |(kDα − kP )y| < M .

We show that {zn} is uniformly bounded. Notice that zn(0) < M2 + M . We claim

that |zn| < 2M2 + 2M for all n. Assume, by contradiction, that this is not the case.

Then there exists a t∗ ∈ [0,∞) such that |zn(t∗)| ≥ 2M2 + 2M . Consider the case

where zn(t
∗) ≥ 2M2 + 2M . Suppose zn(t) > 0 for all t ∈ [0, t∗]. Since ϕ−1(0) = 0 and
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ϕ−1 is strictly monotone increasing, ϕ−1(zn) > 0. Then,

2M2 + 2M < zn(t
∗) = G2

(
yd, ϕ

−1(zn)
)
− a

∫ t∗

0

ϕ−1(zn) + (kDα− kP )y(t∗)

≤ M2 +M − a1 < M2 +M

for some constant a1 > 0, which is a contradiction. Therefore, there exists a t0 < t∗

such that zn(t0) ≤ 0. Because of the continuity of zn(t), there exists a t ∈ [t0, t
∗]

such that zn(t) = 0. Without loss of generality, assume zn(t0) = 0 and zn(t) > 0 for

t ∈ (t0, t
∗]. Subsequently,

2M2 + 2M ≤ zn(t
∗)− zn(t0)

= G2

(
yd, ϕ

−1(zn)
)
(t∗)− a

∫ t∗

0

ϕ−1(zn)dτ + (kDα− kP )y(t∗)

−G2

(
yd, ϕ

−1(zn)
)
(t0) + a

∫ t0

0

ϕ−1(zn)dτ − (kDα− kP )y(t0)

≤ 2M2 + 2M − a

∫ t∗

t0

ϕ−1(zn)dτ

≤ 2M2 + 2M − a2 < 2M2 + 2M

for some a2 > 0. This is a contradiction, which implies zn(t
∗) < 2M2 + 2M . By a

similar argument, we can show that zn(t) > −2M2 +2M , concluding the proof of the

claim.

Claim 2 : For each j = 1, 2, 3, ..., the sequence {zn}n≥j is equicontinuous on [0, tj].

Fix t, t′ ∈ [0, tj] with t < t′. Then

|zn(t)− zn(t
′)| ≤

∣∣G2

(
ϕ−1(zn(t))

)
−G2

(
ϕ−1(zn(t

′))
)∣∣

+a

∫ t′

t

∣∣ϕ−1(zn)
∣∣ dτ+ | [kDα− kP ][y(t′)− y(t)] | .

Since yd, ẏd, x,∆ ∈ C[0, tn] for each n, then G2(yd, ϕ
−1(zn)) ∈ C[0, tn]. Also, from the

hypotheses of the lemma, ∆ ∈ BC[0,∞), y ∈ C[0, tn] for all n, and from Claim 1,
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|ϕ−1(zn)| < (2M2 + 2M)/(kp + η1) . Then we have |zn(t) − zn(t
′)| → 0 as t → t′ in

[0, tj], and hence, for each j = 1, 2, 3, ..., the sequence {zj}n≥j is equicontinuous on

[0, tj].

From the Arzela-Ascoli Theorem, there exists a subsequence N1 ⊂ N+ and a

function ẑ1 ∈ C[0, t1] such that zn → ẑ1 in C[0, t1] as n → ∞ in N1. Define N∗
1 =

N1 \ {1}. A similar argument yields a subsequence N2 of N∗
1 and a function ẑ2 ∈

C[0, t2] such that zn → ẑ2 in C[0, t2] as n → ∞ in N2, where N2 ⊆ N1. Hence, by

induction, we can obtain sequences {Nk} and {ẑk} such that N1 ⊇ N2 ⊇ · · ·Nk ⊇ · · ·

and zn → ẑk uniformly on [0, tk] as n → ∞ in Nk, where ẑk ∈ C[0, tk]. Further,

ẑk = ẑj on [0, tj] for j ≤ k. To show that Preisach memory curves {ψ̂k(t)} satisfy

ψ̂k(t) = ψ̂j(t) for all t ∈ [0, tj], consider two memory curves ψM1(t) and ψM2(t) such

that M1,M2 ∈ Nj. From Lemma 6.5.1,

‖ ψM1(t)− ψM2(t) ‖∞ ≤

max
{
‖(I + Γ)−1f(ϕ−1(zM1))− (I + Γ)−1f(ϕ−1(zM2))‖∞, ‖ψ−1 − ψ−1‖∞

}
.

From the definition of f(x),

‖f(ϕ−1(zM1))− f(ϕ−1(zM2))‖∞ ≤ γ max
t∈[0,tj ]

∫ t

0

|ϕ−1(zM1)− ϕ−1(zM2)|dτ.

Since zn is Cauchy for n ∈ Ni and ϕ−1 is continuous, for any ε > 0, we can pick N̂

such that for all n,m > N̂ , we have ‖ψM1(t) − ψM2(t)‖∞ < ε. Hence, the sequence

ψn(t) is Cauchy for n ∈ Nj and it converges to a function ψ̂j(t) for t ∈ [0, tj]. This

argument is true for all j ≤ k and, since Nk ⊆ Nj, ψ̂k(t) = ψ̂j(t) for all t ∈ [0, tj].

Next, we show that ẑk satisfies Equation (6.26). Since ϕ−1 is bounded, from the
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Dominant Convergence Theorem,

lim
n→∞

f(ϕ−1(zn)) = lim
n→∞

{
u0 + Γ0 + γ

∫ t

0

ϕ−1(zn)dτ

}
f(ϕ−1(ẑk)) = u0 + Γ0 + γ

∫ t

0

ϕ−1(ẑk)dτ,

for n ∈ Nk. Since initial memory curves are the same, from Lemma 6.5.2,W [f(ϕ−1(zn))]

converges to W [f(ϕ−1(ẑk))]. Therefore, if n ∈ Nk, then

lim
n→∞

G2

(
yd, ϕ

−1(zn)
)

= G2

(
ydϕ

−1(ẑk)
)
.

From Equation (6.26),

ẑk = lim
n→∞

zn = lim
n→∞

{
G2

(
yd, ϕ

−1(zn)
)
− a

∫ t

0

ϕ−1(zn)dτ,+(kDα− kP )y

}
= G2

(
yd, ϕ

−1(ẑk)
)
− a

∫ t

0

ϕ−1(ẑk)dτ + (kDα− kP )y (6.27)

for all t ∈ [0, tk]. Here, we have constructed a sequence such that each function ẑk

satisfies ẑk|t∈[0,tk−1] = ẑk−1|t∈[0,tk−1]. Define a function ẑ : [0,∞) → R by ẑ(t) = ẑk(t)

on [0, tk] for all k. Taking the limit of Equation (6.27) as k →∞,

ẑ = G2

(
yd, ϕ

−1(ẑ)
)
− a

∫ t

0

ϕ−1(ẑ)dτ + (kDα− kP )y, t ∈ [0,∞). (6.28)

Hence, x = ϕ−1(ẑ) ∈ C[0,∞) is the global solution of Equation (6.30).

A similar approach can be used to prove the global existence of a solution for

Equation (6.23), provided that y ∈ BC[0,∞). The following remarks establish the

corresponding bound for x in the case of Equation (6.23).

Remark 6.7.1. Let conditions in Lemma 6.7.4 be satisfied. Suppose

|G1(yd, x)| < M1, kp|g(W [f(x)]) + ∆− αyd| < L1,

∣∣∣∣(kIα − kP

)
y

]
≤ L2.
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Then the solution x ∈ C[0, tn] of Equation (6.23) is bounded by
2M1 + 2L2

k̃P + η1

+
L1

a
for

each n.

Proof. Assume the lemma does not hold. Then there exists a t1 ∈ [0,∞) such that

|x(t1)| ≥
2M1 + 2L2

k̃P + η1

+
L1

a
. Consider the case x(t1) ≥

2M1 + 2L2

k̃P + η1

+
L1

a
. From Lemma

6.7.1, ϕ(x)(t1) > (k̃P + η1)x > 2M1 + 2L2 +
L1(k̃P + η1)

a
. Suppose x(t) >

L1

a
for all

t ∈ [0, t1]. Then,

2M1 + 2L2 +
L1(k̃P + η1)

a
< ϕ(x)(t1) = −

∫ t1

0

[
ax+

kI
α

(g(W [f(x)]) + ∆− αyd)

]
dτ

+ G1 (yd, x) +

(
kI
α
− kP

)
y ≤M1L2

which is a contradiction. Therefore, there exists a t0 < t1 such that x(t0) ≤
L1

a
.

Because x(t) is continuous, we can assume, without loss of generality, that x(t0) =
L1

a

and x(t) >
L1

a
for t ∈ (t0, t1]. Then from Lemma 6.7.1,

ϕ(x)(t1)− ϕ(x)(t0) > (k̃P + η1)(x(t1)− x(t0)) > 2M1 + 2L2,

and hence,

2M1 + 2L2 ≤ ϕ(x)(t1)− ϕ(x)(t0)

= G1(yd, x)(t1)−G1(yd, x)(t0) +

(
kI
α
− kP

)
(y(t1)− y(t0))

−
∫ t1

t0

[
ax+

kI
α

(g(W [f(x)]) + ∆− αyd)

]
dτ

≤ 2M1 + 2L2 − a2 < 2M1 + 2L2

for some a2 > 0. This is a contradiction. By a similar argument, we can show that

x(t) > −2M1 + 2L2

kp + η1

− L1

a
, concluding the proof.
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Next we establish the existence of a unique solution for the hysteretic system given

by Equations (6.20) and (6.21). Note that it is equivalent to solve Equation (6.20)

combined with Equations (6.23)-(6.25). We establish the results for Equation (6.20)

and (6.24). It is straightforward to extend the results for Equations (6.23)-(6.25).

Theorem 6.7.2. Suppose Hypotheses H1-H5 hold. Let yd ∈ W 1,∞[0, T ], y(0) = y0,

ψ−1 ∈ Ψ0 be given. Then the system given by

ẏ + αy = g (W [f(x)]) + ∆ (6.29)

ϕ(x) + a

∫ t

0

xdτ = G2(yd, x) + (kDα− kP )y (6.30)

has a unique solution (x, y) ∈ C[0, T ]×W 1,∞[0, T ].

Proof. Consider the mapping,

x = ϕ−1

[
G2(yd, x) + (kDα− kP )y − a

∫ t

0

xdτ

]
. (6.31)

Lemma 6.7.3 established the existence of a solution for x ∈ C[0, T ] given y ∈ C[0, T ]

for Equation (6.31). Suppose ρ > 0 such that [0, ρ] is a sufficiently small interval.

Let y1, y2 ∈ C[0, T ] and x1, x2 ∈ C[0, T ] be two corresponding solutions satisfying

Equation (6.31). Then

‖x1 − x2‖∞ ≤ sup
t∈[0,ρ]

∣∣∣∣ϕ−1

[
G2(yd, x1) + (kDα− kP )y1 − a

∫ t

0

x1dτ

]
−ϕ−1

[
G2(yd, x2) + (kDα− kP )y2 − a

∫ t

0

x2dτ

]∣∣∣∣ .
Since ϕ−1 is Lipschitz continuous with Lipschitz constant

1

k̃P + η1

,

‖x1 − x2‖∞ ≤ 1

k̃P + η1

‖G2(yd, x1)−G2(yd, x2)‖∞ +
|kDα− kP |
k̃P + η1

‖y1 − y2‖∞

+
|a|

k̃P + η1

sup
t∈[0,ρ]

∣∣∣∣∫ ρ

0

x1dτ −
∫ ρ

0

x2dτ

∣∣∣∣ . (6.32)

107



Texas Tech University, Dinesh Ekanayake, August 2009

From the definition of G2(yd, x),

‖G2(yd, x1)−G2(yd, x2)‖∞ ≤ |β − λkD| ‖W [f(x1) ;ψ−1,1]−W [f(x2) ;ψ−1,2]‖∞ .

Since ψ−1,1 = ψ−1,2 = ψ−1, from Lemma 6.5.2,

‖G2(yd, x1)−G2(yd, x2)‖∞ ≤ C|β − λkD| ‖f(x1)− f(x2)‖∞

= C|β − λkD| sup
t∈[0,ρ]

∣∣∣∣∫ ρ

0

(x1 − x2)dτ

∣∣∣∣ .
Hence, from Equation (6.32), there exist a3 and a4 such that

‖x1 − x2‖∞ ≤ a3‖y1 − y2‖∞ + a4 sup
t∈[0,ρ]

∣∣∣∣∫ ρ

0

(x1 − x2)dτ

∣∣∣∣
≤ a3‖y1 − y2‖∞ + a4ρ‖x1 − x2‖∞.

Choosing ρ sufficiently small,

‖x1 − x2‖∞ ≤ a3

1− a4ρ
‖y1 − y2‖∞. (6.33)

Consider the space Ωρ defined by Ωρ := {y ∈ C[0, ρ] | y(0) = y0} equipped with the

metric,

(y1, y2) → µρ(y1, y2) := max
t∈[0,ρ]

|y1 − y2|

where y1, y2 ∈ Ωp. Ωρ is a complete metric space. Define operator Tρ by

Tρ(y)(t) := y0 +

∫ t

0

[gW [f(x)] + ∆− αy] ds, t ∈ [0, ρ]. (6.34)

Consider the metric

µρ [Tρ(y1), Tρ(y2)] = sup
t∈[0,ρ]

∣∣∣∣∫ t

0

[gW [f(x1)] + ∆− αy1] ds−
∫ t

0

[gW [f(x2)] + ∆− αy2] ds

∣∣∣∣ .
Since g and W are Lipschitz continuous and ∆ is bounded,

µρ [Tρ(y1), Tρ(y2)] ≤ sup
t∈[0,ρ]

C4

∣∣∣∣∣
∫ t

0

(
a5 sup

s∈[0,t]

∫ s

0

|x1 − x2|dτ + k|y1 − y2|

)
ds

∣∣∣∣∣
≤ C4 sup

t∈[0,ρ]

(∫ t

0

ρ a5‖x1 − x2‖∞ + k‖y1 − y2‖∞ds
)

≤ ρ2C4a5‖x1 − x2‖∞ + ρkC4‖y1 − y2‖∞
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for some positive constants C4 and a5. From Equation (6.33), there exists C5 > 0

such that

µρ [Tρ(y1), Tρ(y2)] ≤ ‖y1 − y2‖∞.

Picking ρ sufficiently small, it follows that Tρ : Ωρ → Ωρ is a contraction. From the

contraction mapping theorem, Tρ has a unique fixed point in Ωρ. Also, y ∈ W 1,∞[0, ρ]

by Equation (6.34) and from Equation (6.33) x(t) has a unique solution in C[0, ρ].

Next we establish the existence of a unique bounded global solution.

Theorem 6.7.3. Suppose α > 0. Then system (6.29)-(6.30) posses a unique global

solution (x, y) ∈ BC[0,∞)×W 1,∞[0,∞).

Proof. We first prove that y is bounded. From Equation (6.29),

deαty

dt
= eαtg(W [f(x)]) + eαt∆,

and hence,

y = e−αt
[∫ t

0

eατg(W [f(x)])(τ) + eατ∆(τ)dτ + y0

]
.

Since W is saturating and ||∆|| ≤ η2,

|y(t)| ≤ e−αt
∫ t

0

a3e
ατdτ + e−αt|y0|

for some constant a3. Hence, |y| ≤ a3/α − a3e
−αt/α + e−αt|y0| ≤ a3/α + |y0| for all

t ∈ [0,∞) and y is uniformly bounded on [0, T ] for all T ≥ 0. From ODE theory, we

can extend the solution given in Theorem 6.7.2, to t ∈ [0,∞). Since y ∈ W 1,∞[0,∞),

x also has a global solution in BC[0,∞) and the corresponding bounds are given in

Lemma 6.7.4 and Remark 6.7.1.

Theorem 6.7.3 establishes the stability of the closed loop system.
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6.8 Tracking

In this section, we show that the control signal given by Equation (6.14), with

appropriate values of b, kD, kP , kI , k̃P , k̃I and k̂P , achieves output tracking. We

first establish the results for Equation (6.14) combined with Equation (6.15). Then

we derive conditions for kP , kI , kD and k̂P such that, for given desired output yd ∈

W 2,∞[0,∞), the output error can be made arbitrary small. That is, for any ε > 0,

there exist kP , kI , kD and k̂P such that lim supt→∞ |y − yd| ≤ ε.

If g is not invertible, the domain of g must be constrained to a region π, as stated in

Hypothesis H6. Since the hysteresis operator Γ is saturating, the image of Γ[u ;ψ−1]

is in [−Γsat1,Γsat2]. Combined with the Lipschitz continuity of g, g(Γ[u ;ψ−1]) is

also bounded for all u ∈ C[0, T ]. We pick a relative open interval π in [−Γsat1,Γsat2]

such that gπ, the function g constrained to π, satisfies g(π) = g[−Γsat1,Γsat2] and

π = (a,Γsat2] (Figure 6.9).

Figure 6.9: Invertible regions for different functions g

To achieve tracking the controller need to force the system to operate in region π.
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As the hysteresis operator saturates and a PI controller is employed, it is important

to ensure that integrator wind-up does not occur. Hence, to achieve tracking, the

controller must be able to force the control point into the chosen region. Further,

if the operating point is in π, it should remain in π. Lemma 6.8.1 establishes that

the generalized controller discussed here is capable of maintaining an operating point

in π. We fix function g and corresponding set π for the subsequent analysis. For

Lemma 6.8.1, we assume g is given as in Figure 6.9, with π = (a,Γsat2]. For example,

g(v) = c1v + c2v
2 is used as the function g for magnetostrictive actuators, where

c1, c2 > 0.

Lemma 6.8.1. Suppose Hypotheses H5 − H6 hold and g is given as in Figure 6.9

with π = (a,Γsat2]. Consider the control signal given by

û = −k̃Px− k̃I

∫ t

0

xdτ + F4(r, yd), (6.35)

where

F4(r, yd) = b

{
g−1
π

[
ẏd + αyd −

2η2(ṙ + αr)

|ṙ + αr|+ ε

]
− u0 − Γ0

}
− k̂D(ṙ + αr). (6.36)

Suppose the control parameters satisfy

k̃P > −η1, b =
k̃I
γ
,

b

k̂D
>
g(−Γsat1)− g(a)

a+ Γsat1
, and b, k̂D, k̃I > 0.

Suppose at t0 ∈ [0,∞), Γ[u ;ψ−1](t0) ∈ [−Γsat1,Γsat2 ]\π. If

b

{
g−1
π

[
ẏd + αyd −

2η2(ṙ + αr)

|ṙ + αr|+ ε

]
− a

}
> (β + b)u∗,

then there exists t1 ∈ [t0,∞) such that Γ[u ;ψ−1](t) ∈ π for all t ∈ [t1,∞), where

u∗(t) := max{u(t) ∈ C[0, T ] | Γ[u ;ψ−1](t) ∈ [−Γsat1,Γsat2 ]\π}.
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Proof. For all our analysis, we utilize the fact the functions given in Equations (6.16)-

(6.19) are continuous. We shall show that for all u ∈ C[0, T ] such that Γ[u ;ψ−1](T ) ∈

πc, x(T ) > 0. Then from Equation (6.17) and from Hypothesis H1, Γ[u ;ψ−1] is

strictly increasing (even when Γ[u ;ψ−1](t) = a), until Γ[u ;ψ−1] ∈ π. Hence, there

exists t1 ∈ [t0,∞) such that Γ[u ;ψ−1](t) ∈ π for all t ∈ [t1,∞).

Suppose Γ[u ;ψ−1](t) ∈ [−Γsat1, a]. To show that x(t) > 0, from Equation (6.18),

ẏ(t)− ẏd(t) + α(y − yd)(t) = g (Γ[u ;ψ−1](t)) + ∆(t)− ẏd(t)− αyd(t)

ṙ(t) + αr(t) = g(Γ[u ;ψ−1])(t) + ∆(t)− (ẏd + αyd) (t), (6.37)

where r = y − yd. Combining Equation (6.16) with the integral form of Equation

(6.17),

ϕ(x)(t) +

(
β +

k̃I
γ

)
u(t) = F (r, yd)(t) +

k̃I [u0 + Γ0]

γ
(t)− k̃IΓ[u ;ψ−1]

γ
(t). (6.38)

From Hypothesis H5,∣∣∣∣ẏd + αyd −
2η2 (ṙ + αr)

|ṙ + αr|+ ε

∣∣∣∣ < |ẏd + αyd|+ 2η2 < A+ 2η2.

Then from Hypothesis H6,

ẏd + αyd −
2η2 (ṙ + αr)

|ṙ + αr|+ ε
∈ g[−Γsat,Γsat].

Hence, there exists p1 ∈ π such that

g−1
π

(
ẏd + αyd −

2η2 (ṙ + αr)

|ṙ + αr|+ ε

)
= p1 ∈ π,

which corresponds to point P1 = (p1, g(p1)) in Figure 6.10.
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Figure 6.10: Controller behavior outside the region π

From Equation (6.36),

F4(r, yd)

b
(t) + u0 + Γ0 +

k̂D(ṙ + αr)

b
(t) = p1(t). (6.39)

Since b =
k̃I
γ

, combining Equations (6.38) and (6.39), we get

ϕ(x)(t) + (β + b)u(t) = bp1(t)− k̂D(ṙ + αr)(t)− bΓ[u ;ψ−1](t). (6.40)

A corresponding point on the graph is given by P2 = (Γ[u ;ψ−1], g(Γ[u ;ψ−1])). As

ϕ(x) is strictly monotone and ϕ(0) = 0, it is sufficient to prove ϕ(x) > 0, in order to

show x(t) > 0.

Case 1 ṙ + αr ≤ 0

From Equation (6.40), ϕ(x) + (β + b)u = b(p1 − Γ[u ;ψ−1]) + k̂D|ṙ + αr|. As p1 −

Γ[u ;ψ−1] > p1 − a > (β + b)u (see Figure 6.10), we have ϕ(x) > k̂D|ṙ + αr| > 0.

Case 2 ṙ + αr > 0
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Suppose l1 and l2 are segments connecting point (a, g(a)) to points (−Γsat1, g(−Γsat1))

and P2, respectively (see Figure 6.10). Notice that the slope of line l1 is more negative

than that of l2 and satisfies

g(Γ[u ;ψ−1])(t)− g(a)

a− Γ[u ;ψ−1](t)
<
g(−Γsat1)− g(a)

a+ Γsat1
<

b

k̂D
.

Hence,

k̂Dg(Γ[u ;ψ−1])(t)− k̂Dg(a) < ba− bΓ[u ;ψ−1](t). (6.41)

Substitute for ṙ + αr in Equations (6.40) from (6.37) and ,

ϕ(x)(t) + (β + b)u(t) = bp1(t)− k̂D[g(Γ[u ;ψ−1])(t) + ∆(t)− (ẏd + αyd) (t)]− bΓ[u ;ψ−1](t).

Using Equation (6.41) we get,

ϕ(x)(t) + (β + b)u(t) > bp1(t)− ba+ k̂D(ẏd + αyd −∆)(t)− k̂Dg(a).

From Hypothesis H6, ẏd + αyd − ∆ > g(a). Also (p1 > a) (Figure 6.10). Hence

ϕ(x)(t) + (β + b)u(t) > 0, which implies that ϕ(x)(t) > 0. Consequently, x(t) > 0

We have shown that if Γ[u ;ψ−1](t) ∈ [−Γsat1, a] then x > 0. Therefore, Γ[u ;ψ−1]

is strictly increasing until Γ[u ;ψ−1] ∈ π.

For magnetostrictive actuators, the value for
b

k̂D
is 0.000053, as calculated based

on [6]. Next we will show that if Γ[u ;ψ−1] ∈ π, then the system achieve tracking.

First we observe the following properties of control configurations.

Remark 6.8.1. If the feedback control is derived from only the output error, then,

irrespective of the value of k̂D (negative or positive), there exists an interval π̂ such

that, if Γ[u ;ψ−1] ∈ π̂, then the controller cannot achieve tracking.
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Proof. If there is no feedback from the output x, then b = 0 and hence, the conditions

in Lemma 6.8.1 cannot be satisfied.

Theorem 6.8.1. Suppose Hypotheses H1−H6 hold and Fi(r, yd) is given by Equation

(6.36). If b = k̃I/γ and g−1
π is Lipschitz continuous, then for any given ε > 0, there

exists k̂D0 such that, if k̂D > k̂D0 then lim supt→∞ |r(t)| ≤ ε, where r(t) = y − yd.

Proof. In light of Lemma 6.8.1, we may assume Γ[u ;ψ−1] ∈ π. Further, from Hypoth-

esis H6, gπ is strictly monotone increasing and Lipschitz continuous with Lipschitz

constant λ, and g−1
π is strictly monotone increasing. Again for the analysis, we utilize

the fact that functions given in Equations (6.16)-(6.19) are continuous.

Claim 1:

If ṙ + αr > ε, then Γ[u ;ψ−1] > g−1
π (ẏd + αyd − η2) +

ε

λ
. (6.42)

If ṙ + αr < −ε, then Γ[u ;ψ−1] < g−1
π (ẏd + αyd + η2)−

ε

λ
. (6.43)

To prove Claim 1, first assume ṙ+αr > ε. Then ṙ+αr+ ẏd+αyd−∆ > ẏd+αyd−∆.

Since g−1
π is monotone increasing

g−1
π (ṙ + αr + ẏd + αyd −∆) > g−1

π (ẏd + αyd −∆).

gπ is also monotone increasing and Lipschitz continuous, and hence,

gπ(g
−1
π (ṙ + αr + ẏd + αyd −∆))− gπ(g

−1
π (ẏd + αyd −∆))

< λ[g−1
π (ṙ + αr + ẏd + αyd −∆)− g−1

π (ẏd + αyd −∆)].

That is

ṙ + αr

λ
< g−1

π (ṙ + αr + ẏd + αyd −∆)− g−1
π (ẏd + αyd −∆).
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Using ṙ + αr > ε and ‖∆‖∞ < η2,

g−1
π (ṙ+αr + ẏd + αyd −∆)− g−1

π (ẏd + αyd − η2)

> g−1
π (ṙ + αr + ẏd + αyd −∆)− g−1

π (ẏd + αyd −∆) >
ε

λ
.

Note that, from Equation (6.37),

Γ[u ;ψ−1] = g−1
π (ṙ + αr + ẏd + αyd −∆).

Therefore,

Γ[u ;ψ−1]] > g−1
π (ẏd + αyd − η2) +

ε

λ
.

By a similar argument for ṙ + αr < −ε,

Γ[u ;ψ−1] < g−1
π (ẏd + αyd + η2)−

ε

λ
,

which proves the claim.

Claim 2:

If ṙ + αr > ε, then

ϕ(x) + (β + b)u < −bε
λ
− k̂Dε.

If ṙ + αr < −ε, then

ϕ(x) + (β + b)u >
bε

λ
+ k̂Dε.

From Equation (6.38) with k̃I/γ = b,

ϕ(x) + (β + b)u = F4(r, yd) + b[u0 + Γ0]− bΓ[u ;ψ−1]. (6.44)
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Suppose ṙ + αr > ε. Then η2 <
2η2(ṙ + αr)

|ṙ + αr|+ ε
and hence

g−1
π (ẏd + αyd − η2) > g−1

π

(
ẏd + αyd −

2η2(ṙ + αr)

|ṙ + αr|+ ε

)
=

F4(r, yd)

b
+ u0 + Γ0 +

k̂D
b

(ṙ + αr)

>
F4(r, yd)

b
+ u0 + Γ0 +

k̂Dε

b
.

However, from Equation (6.42),

Γ[u ;ψ−1] >
ε

λ
+
F4(y, yd)

b
+ u0 + Γ0 +

k̂Dε

b
, (6.45)

and combined with Equation (6.44),

ϕ(x) + (β + b)u < −bε
λ
− k̂Dε.

Similarly, for the case ṙ + αr < −ε,

ϕ(x) + (β + b)u >
bε

λ
+ k̂Dε,

which concludes the proof of Claim 2.

Claim 3:

There exists k̂D0 such that, if k̂D > k̂D0, lim supt→∞ |ṙ + αr| < ε.

To prove Claim 3, suppose ṙ + αr > ε. From Claim 2,

ϕ(x) + (β + b)u < −bε
λ
− k̂Dε.

Then there exists k̂D0 sufficiently large such that

ϕ(x) < −bε
λ
− k̂D0ε− (β + b)u∗ < −δ,
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where u∗ = min{u | Γ[u ;ψ−1] ∈ π} and δ is a positive constant. Since ϕ(x) is strictly

monotone increasing and ϕ(0) = 0, x(t) is also negative for all t such that ṙ+αr > ε.

From Equation (6.17),

d

dt
{u+ Γ[u ;ψ−1]} = γx < 0. (6.46)

But Γ is piecewise monotone increasing and hence u̇ < 0. Then Γ[u;ψ−1](t) is strictly

decreasing at t. From a similar argument, we can show that Γ[u ;ψ−1] is strictly

increasing for ṙ + αr < −ε and k̂D > k̂D0.

For the case where ṙ + αr > ε, we desire that g(Γ[u ;ψ−1]) + ∆ − (ẏd + αyd)

decreases at time t. For that, we should be able to control u such that g(Γ[u ;ψ−1])(t)

decrease faster than ∆(t)− (ẏd + αyd) (t). Since x(t) is negative, from the definition

of ϕ(x), ϕ(x)− θ̂(x) = (η1 + k̃P )x < 0 and

x =
ϕ(x)− θ̂(x)

η1 + k̃P
<
−δ − θ̂(x)

η1 + k̃P
.

Since both
dΓ

dt
and

du

dt
are negative, from Theorem 6.5.2, C

du

dt
<
dΓ

dt
. From Equation

(6.46),

(C + 1)
du

dt
<
du

dt
+
dΓ

dt
< γx < γ

−δ − θ̂(x)

η1 + k̃P
.

Hence, u̇ < − γ(δ + θ̂(x))

(1 + C)(k̃P + η1)
.

Consider the time interval ∆t such that ṙ(t) + αr(t) > ε for all t ∈ ∆t. From

Equation (6.37),

d

dt
(ṙ + αr) = lim

∆t→0

g (Γ[u;ψ−1]) (t+ ∆t)− g (Γ[u;ψ−1]) (t)

∆t
+
d

dt
(∆− ẏd + αyd) .

Since Γ is strictly decreasing for all t ∈ ∆t,

g(Γ[u;ψ−1])(t+ ∆t) < g(Γ[u;ψ−1])(t).
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From the strictly monotone properties and the Lipschitz continuity of g−1
π , we have

g−1
π (g(Γ[u;ψ−1])) (t)− g−1

π (g(Γ[u;ψ−1])) (t+ ∆t)

< λ∗ {g(Γ[u;ψ−1])(t)− g(Γ[u;ψ−1])(t+ ∆t)} .

Hence,

g(Γ[u;ψ−1])(t+ ∆t)− g(Γ[u;ψ−1])(t) <
Γ[u;ψ−1](t+ ∆t)− Γ[u;ψ−1](t)

λ∗
.

Therefore,

d

dt
(ṙ + αr) <

Γ′[u;ψ−1](t)

λ∗
+
d

dt
[∆− ẏd + αyd].

From Hypothesis H5,

∣∣∣∣ ddt [∆− ẏd + αyd]

∣∣∣∣ < B for some constant B. Then

d

dt
(ṙ + αr) <

Γ′[u;ψ−1](t)

λ∗
+B.

Since u̇ does not depend on the values of r, ṙ, yd, ẏd, ∆, or Γ[u;ψ−1], we may pick

an appropriate k̃p > −η1 and δ such that Γ′[u;ψ−1](t) < −Bλ∗. Then ṙ(t) + αr(t)

is strictly decreasing. From a similar argument for the case ṙ + αr < −ε we can

conclude the proof of Claim 3.

To complete the proof, since α > 0, if lim supt→∞ |ṙ+αr| < ε, then lim supt→∞ |r| <

ε/α.

It is important to emphasize here that, for any passive system, α cannot be neg-

ative. Otherwise, for zero forcing such that ẏ − |α|y = 0, (ẏ, y) = (0, 0) is a unstable

equilibrium. Theorem 6.8.1 established tracking for F (r, yd) = F4(r, yd). To prove

tracking for Fi(r, yd), i = 1, 2, 3, we show that F (r, yd) can be replaced by any Fi(r, yd),

i = 1, 2, 3.
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Remark 6.8.2. Suppose F (r, yd) = Fi(r, yd), i = 1, 2, 3, in the hypotheses of Theorem

6.8.1.

1. There exist k̂P , kP , kD, and kI such that

(a) if ṙ + αr > ε, then F4(r, yd) > Fi(r, yd), i = 1, 2.

(b) if ṙ + αr < −ε, then F4(r, yd) < Fi(r, yd), i = 1, 2.

(c) the output error of the closed loop system (6.16)- (6.19) satisfies lim supt→∞ |ṙ+

αr| ≤ ε for i = 1, 4.

2. If F (r, yd) = F3(r, yd), then there exists ε0 > 0 and b0 > 0 such that, if b > b0,

lim supt→∞ |ṙ + αr| ≤ ε0.

Proof. Suppose ṙ + αr > ε. Then

F4(r, yd)− F1(r, yd) = kI

∫ t

0

rdτ + kP r − k̂D(ṙ + αr)

+b

{
g−1
π

[
ẏd + αyd −

2η2(ṙ + αr)

|ṙ + αr|+ ε

]
− g−1

π

[
ẏd + k̂pyd

]}
= kP

[∫ t

0

(
ṙ +

kI
kP
r

)
dτ + r(0)

]
− k̂D(ṙ + αr)

+b

{
g−1
π

[
ẏd + αyd −

2η2(ṙ + αr)

|ṙ + αr|+ ε

]
− g−1

π

[
ẏd + k̂pyd

]}
.

If
kI
kP

and k̂P both converge to α, then there exists t0 ∈ [0,∞) such that if t > t0,

F4(r, yd)− F1(r, yd) > 0. Also,

F4(r, yd)− F2(r, yd) = kDṙ + kP r − k̂D(ṙ + αr)

+b

{
g−1
π

[
ẏd + αyd −

2η2(ṙ + αr)

|ṙ + αr|+ ε

]
− g−1

π

[
ẏd + k̂pyd

]}
.

If
kP
kD

and k̂P both converge to α, then there exists kD > k̂D such that F4(r, yd) −

F2(r, yd) > 0. A similar argument holds for the case when ṙ + αr < −ε, which

concludes the proof of assertions 1(a) and 1(b). Therefore, we can replace F4(r, yd)
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in Equation (6.45) of Theorem 6.8.1 by Fi(r, yd), i = 1, 2, which completes the proof

of assertion 1(c). Note that, for PI control configuration if t < t0, then |ṙ + αr| can

increase; hence the controller can cause the system to overshoot the target trajectory.

For assertion 2, assume F (r, yd) = F3(r, yd). Suppose the Lipschitz continuity of g−1
π

is λ∗. Then g−1
π (ẏd + αyd − η2) > g−1

π (ẏd + αyd) − λ∗η2 and g−1
π (ẏd + αyd + η2) <

g−1
π (ẏd + αyd) + λ∗η2. From a similar analysis to that in Theorem 6.8.1 Claim 2:

if ṙ + αr > ε, then

ϕ(x) + (β + b)u < − b
λ

[ε− λ∗η2],

and if ṙ + αr < −ε, then

ϕ(x) + (β + b)u >
b

λ
[ε− λ∗η2].

From an argument similar to that in Theorem 6.8.1 Claim 3, there exists ε0 > 0 and

b0 > 0 such that if b > b0 lim supt→∞ |ṙ + αr| ≤ ε0.

6.9 Examples

In this section, we show simulation results for hysteretic systems controlled by

the strategies derived here within. We compare the performance of the controller

discussed in Equations (6.12) and (6.14) given by

û = −k̃px− k̃I

∫ t

0

xdτ − kP r − kI

∫ t

0

rdτ + bg−1
π [ẏd + k̂Pyd], (6.47)

with the conventional output PI controller

û = −kP r − kI

∫ t

0

rdτ.

The controller described in Equation (6.47) requires six parameters: kP , kI , k̃P , k̃I ,

k̂P , and b. As we saw in Theorem 6.8.1, for magnetic systems, k̃I and b are related
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to one another: k̃I = bγ. Parameter γ can be approximated by 1/[NAµ0], where N

is the number of turns in the actuator winding, A is the cross section area of the

magnetic path, and µ0 is the permeability of air [25]. An appropriate value for k̃p can

be found using eddy current losses. As discussed in Section 2, if eddy current losses

are unknown, we may pick k̃P = 0 for the current control configuration and k̃P = 1

for the voltage control configuration. As we have seen in the tracking section, for

optimal tracking, k̂P = kI/kP = α. Hence, we only need to obtain the optimal set for

parameters b, kP , and kI . We solve the following optimization problem. We find the

optimal parameter values for b, kP , and kI by minimizing the cost function J = ‖r‖2

(a least square minimization problem), while the controller parameters satisfy the

constraints k̃I = bγ, k̃p > −η1, and k̂P = kI/kP , where r is the tracking error. Due to

hysteresis nonlinearity, we use numerical optimization to minimize the cost function.

By setting b = 0 and applying a series of sinusoidal inputs, we obtain optimal values

for kP and kI . Likewise, we increase b by small steps until we obtain the minimum

value of J .

6.9.1 Nonmagnetic hysteresis systems

Suppose θ(x) is identically zero. Then, the system (6.4-6.7) reduces to Equation

(6.4) with initial conditions. Most systems discussed in literature are variations of

Equation (6.4). Note that Equation (6.5) need not hold since the output does not

have any relation to state x(t). Thus, the system can be any hysteretic system and is

not restricted to magnetic systems. The following analysis shows that the feedback

signal, Equation (6.47), with k̃P = k̃I = b = 0, can achieve the desired tracking. The
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corresponding system is described by

ẏ + αy = g(Γ[u : ψ−1]) + ∆

y(0) = y0, u(0) = u0, Γ[u0 : ψ−1] = Γ0,

with feedback control strategy

u = −kpr − kI

∫
r. (6.48)

Note that the control signal is a special case of Equation (6.14) with k̃P = k̃I = b = 0.

Hence, from the existence and uniqueness theorems in Section 6.7, we can conclude

the existence of unique solution to the system. We only need to show that Theorem

6.8.1 is satisfied. Assume g is monotonic. Suppose r > ε. From Equation (6.48),

u̇ = −kP ṙ − kIr = −kP
(
ṙ +

kI
kP
r

)
< −kP

(
ṙ +

kI
kP
ε

)
.

If
kI
kP
ε > −ṙ, then u̇ < 0, and hence, from the monotonic properties of Γ, Γ is

decreasing. By picking kI/kP sufficiently large we can force g(Γ[u]) to decrease as

rapidly as necessary. Consequently, from an argument similar to the proof of Claim

3 of Theorem 6.8.1, tracking follows.

For simulations, we consider an example with α = 1 and external disturbance given

by ∆ = 0.1 sin(5000πt). Simulations were performed by representing hysteresis with

the play-like operator discussed in [105]. We obtain optimal values for proportional

gain, kp = 25.5, and integral gain, kI = 102. Figure 6.11 shows simulation results for

trajectory tracking.
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Figure 6.11: Simulation results for trajectory tracking of non–magnetic hysteretic

systems

The tracking signal is obtained by taking the product of two sinusoidal inputs with

frequencies 250Hz and 50Hz. The corresponding relative error is 1.2%.

6.9.2 Magnetic system with a large magnetostriction coefficient

For this example, we consider a saturating magnetic system with a large mag-

netostrictive coefficient and with negligible eddy current and excess losses. Hence,

function g can be represented by a square function and θ(x) = 0. We assume α = 1,

g(z) = 2(z)2 − 11000, and ∆ = 0. We consider tracking a 500Hz sinusoidal signal.
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Since the largest possible negative value of the forcing term is −11000, the largest pos-

sible signal with a 500Hz frequency that the system can track is about 3.6 units. We

set the tracking signal to 3.6 sin(1000πt). Next, we compare the controller given by

Equation (6.47) to the output PI control. For the given tracking signal, we optimize

the parameter values so that the error is minimized. The corresponding parameters

for the output PI control are kP = 4.71 and kI = 220, while, for the controller given

by Equation (6.47), they are b = 0.018, kP = 10.48, and kI = 2850. Note that

constraints k̂P = α, kI = b and kP = 0 yield the remaining parameter values. The

corresponding simulation results are shown in Figure 6.12.
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Figure 6.12: Trajectory tracking for a magnetic system with a large magnetostriction

coefficient: (a) control based on Equation (6.47), (b) output PI control.

Figure 6.12 (a) gives the tracking error for control based on Equation (6.47),

which never exceeds 3.33%. Figure 6.12 (b) gives the tracking error for PI control,

which approaches 8.33%. We note that, even though the control gains kP = 4.71 and

kI = 220 produce the minimum tracking error, they are also the limiting values for

stability. For the case where kP = 4.72, the controller is no longer stable and the

hysteresis output becomes saturated, as shown in Figure 6.13. However, for control

signal (6.47), stability is not affected by increasing the value of kP , even while other

parameters remain the same, although error increases slightly (see Figure 6.14).
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Figure 6.13: Hysteresis output for the magnetic system with a large magnetostriction

coefficient with output PI control proportional gain kp = 4.72

Figure 6.14: Hysteresis output for the magnetic system with a large magnetostriction

coefficient for controller signal (6.47) with kp = 15
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6.9.3 Control of second order hysteretic systems

In Section 6.8, we derived an appropriate tracking control for first order hysteretic

systems. However, most hysteretic systems are second order, given by

ÿ + 2ξω0ẏ + ω2
0y = g(Γ[u : ψ−1]) + ∆,

where ω0 = 2πf0 is the resonant frequency of the second order system, ξ > 0 is the

damping frequency. To prove stability, we can represent the system in the following

manner. Suppose y1(t) = µy(t) + ẏ(t). Then we can find α such that

ẏ1 + αy1 = ÿ + 2ξω0ẏ + ω2
0y.

α can be complex, however, if the real part of α, Re(α) > 0, all the theorems in

Section 6.7, are trivially satisfied. To show that Re(α) > 0,

ẏ1 + αy1 = ÿ + µẏ + αẏ + αµy

= ÿ + 2ξω0ẏ + ω2
0y.

Then µ+ α = 2ψω0 and µα = ω2
0. Suppose α 6= 0. Then

α+
ω2

0

α
= 2ξω0

α2 − 2ξω0α+ ω2
0 = 0

α =
2ξω0 ±

√
4ξ2ω2

0 − 4ω2
0

2

α = ξω0 ± ω0

√
ξ2 − 1.

Therefore, Re(α) is positive.

If the system is under-damped, µ is a complex number. Hence, for tracking, we

cannot use the above representation. For such cases, we can represent the system
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as a first order system with an appropriate state space representation. Suppose the

system is given by

ÿ + 2ξω0ẏ + ω2
0y = g(Γ[u : ψ−1]) + ∆ (6.49)

d

dt
[u+ Γ[u : ψ−1]] = γx (6.50)

θ(x) + βu = û (6.51)

y(0) = y0, u(0) = u0. (6.52)

Define

Y =

 y

ẏ

 and Û =

 0

û

 .
Then system (6.49)–(6.52) can be represented in vector form as

dY

dt
+

 0 −1

ω2
0 2ξω0

Y =

 0

g(Γ[u;ψ−1]) + ∆


d

dt

 0

u+ Γ[u : ψ−1]

 = γ

 0

x


 0

θ(x)

+

 0

βu

 =

 0

û


Y (0) = Y0, u(0) = u0.

The corresponding control signal is

Û = −k̃PX − k̃I

∫ t

0

Xdτ + F (R, Yd),
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where

F (R, Yd) = b

g−1
π

Ẏd +

 0 −1

k̂P1 k̂P2

Yd
−

 −kP r(0)/b

u0 + Γ0


−kPR− kP

 0 −1

kI1 kI2

∫ t

0

Rdτ,

and

X =

 0

x

 , R =

 r

ṙ

 , Yd =

 yd

ẏd

 ,
with integration defined componentwise. It is easy to see that F (R, Yd) consists of

a PID control of output error r and a PD control of the desired signal Yd. All the

theorems in the tracking section can be extended for this new system.

6.9.4 Moving iron controllable actuator

In this example we consider a linear magnetic actuator connected to a second

order system. The corresponding hysteretic system is given by

θ(e) + βH = i (6.53)

Ḣ + Ṁ = γe (6.54)

M(·) = Γ[H(·);ψ0] (6.55)

ÿ + 2ξω0ẏ + ω2
0y = νM + ∆, (6.56)

where β, γ, ν > 0 are positive constants. The other parameters represent the re-

spective quantities described in Section 2. We assume the second order system is an

under-damping system such that ξ = 0.8 with natural frequency f0 = 500Hz. In this

example, we compare the performance of control (6.47) with the output PI controller,

assuming that only the output feedback is available.
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For the simulations, we mimic the characteristics of the moving iron controllable

actuator MICA40− 3 manufactured by Cedrat Technologies. Data is available from

the manufacturer [72]. The maximum stroke of the actuator is y = ±3mm while

producing ±40N continuous force. The manufacturer does not, however, provide

magnetization properties or core losses data. We assume that the hysteresis oper-

ator can be described by the Preisach operator shown in Figure 6.20. Saturation

magnetization is assumed to be 7.6× 105A/m.

Figure 6.15: Priesach density function for the moving iron controllable actuator

Suppose eddy current losses can be represented by a 1kΩ resistor and the residual

losses are negligible. Then θ(e) = e/1000. The output disturbance is assumed to be

1% of the working force and is modelled by a sinusoidal waveform with 2.5kHz and

0.2N magnitude. A tracking signal is generated using several frequency components,

where the largest frequency component is 200Hz. Since the working frequency is high

enough and close to the resonant frequency, the system may become unstable due to

oscillations. Again, we optimize the controller gains for both controllers. For control

signal (6.47), the optimized gains are kP = 9000, kI = 22000, and b = 250. For the
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PI controller, they are kP = 2900, kI = 13000. The corresponding simulation results

are given in Figure 6.16.

Figure 6.16: Trajectory tracking for the moving iron actuator: (a) control based on

Equation (6.47), (b) output PI control

Figures 6.16(a) gives the tracking error for control based on Equation (6.47).

Figure 6.12(b) gives the tracking error for PI control, which is about six times greater

than the error from control based on Equation (6.47).
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We also investigate instability. For control signal (6.47), kp can be increased

beyond 12000, while for the PI controller, instability occurs at kp = 2930. The

corresponding signals are shown in Figure 6.17.

Figure 6.17: Tracking behavior for the PI control with kp = 2930 for the moving iron

controllable actuator

6.9.5 Magnetostrictive actuator system

In this example we consider a magnetostrictive actuator system. The correspond-

ing hysteretic system describing an actuator connected to a mechanical system is

133



Texas Tech University, Dinesh Ekanayake, August 2009

given by [7]:

θ(e) + βH = i (6.57)

Ḣ + Ṁ = γe (6.58)

M(·) = Γ[H(·);ψ0] (6.59)

H(0) = H0, M(0) = M0, (6.60)

where i is the input current and e is the induced emf. H and M represent the

average magnetic field and magnetization in the magnetostrictive actuator rod, re-

spectively. H0 and M0 are corresponding initial conditions, which are nonzero even

for a non-excited actuator due to the presence of a permanent magnet. Similar to the

moving iron actuator, a classical Preisach operator is employed to represent the rate-

independent hysteresis, where Γ[· ;ψ0] is the hysteresis operator and ψ0 is the initial

memory curve. An approximation of the function θ(e), θm(e), is given by [106]:

θm(e) =
R

Rclassical

e+R sign(e(t))
N∑
i=1

|e(t)|νi

Ci
.

The displacement dynamics of the actuator are given by [78]:

m̄ ÿ + c̄ ẏ + k̄ y = bM2 − Fext, (6.61)

where y is the displacement of the actuator tip, Fext is the force due to an external

mechanical system, and m̄, c̄, and k̄ are positive constants. Let y0 be the initial strain

due to the permanent magnet. The following figure describes the displacement curve

with respect to the magnetic field for a magnetostrictive actuator, where H0 and

y0 describe the magnetic field due to the permanent magnet and the initial strain,

respectively. It is clear from the figure that the displacement with respect to y0 is

bi-directional.
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Figure 6.18: Magnetic field verses displacement curves for a magnetic actuator

Define x = y − y0, where x is the displacement with respect to the initial strain.

Then

m̄ ẍ+ c̄ ẋ+ k̄ x = bM2 − Fext − k̄ y0. (6.62)

Note that, in the non-excited state, M = M0, x = 0, ẋ = 0 and ẍ = 0, which implies

bM2
0 = k̄y0. The external force is given by Fext = mextẍ + cextẋ + kextx + ∆(x, t),

where mext, cext and kext are known constants and ∆ is an exogenous disturbance.

Fext is shown in Figure 6.19.

Figure 6.19: Magnetostrictive actuator connected to an external mechanical system

Combining Equation (6.62) with Fext, we obtain

mẍ+ c ẋ+ k x = bM2 + ∆− bM2
0 , (6.63)

where m = m̄+mext, c = c̄+cext and k = k̄+kext. Finally, we can rearrange Equation
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(6.63) as

ÿ + 2ξω0ẏ + ω2
0y = g(M) + ∆,

where g(M) :=
bM2 − bM2

0

m
. For simulation purposes, we use data from a AA−050H

series Terfenol-D actuator manufactured by Etrema. The maximum displacement

of the actuator is ±25µm. The following parameters are available from the man-

ufacturer: the number of turns of the winding N = 1300, the cross section area

of the actuator rod A = 2.83 × 10−5m2, the magnetic field due to the perme-

ant magnet H0 = 1.23 × 104A/m, and β = 1.54 × 104. From these data we can

find γ using γ = µ0NA. We also have an approximation for the function θ(e),

θm(e) = 0.0076e + 0.0005e5/6 + 0.0011e2/3 + 0.0068e0.5 [7]. We use the Preisach rep-

resentation given in Figure 6.20 for hysteresis. Data is obtained from [6].

Figure 6.20: (a) Magnetic field verses magnetization curves for the magnetostric-

tive actuator (b) Magnetic field verses displacement curves for the magnetostrictive

actuator

The second order system is assumed to be an under-damping system with ξ = 0.8

and natural frequency f0 = 1800Hz. Output disturbance is modelled by a sinu-
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soidal waveform 4 sin(5000πt). The tracking signal is generated using the sum of

three sinusoidal waveforms: 5 × 10−6 sin(1400πt), 4 × 10−6 sin(200πt + π/8), and

3 × 10−6 sin(500πt + π/3). Again, we optimize the controller gains for the control

signal (6.47). The optimized gains are kp = 1.3 × 105, kI = 3 × 107, and b = 20.

The corresponding simulation results are given in Figure 6.21, where the maximum

relative error does not exceed 7.5%.

Figure 6.21: Trajectory tracking for the magnetostrictive actuator

6.9.6 Sensor-less control

We also investigate the possibility of controlling magnetic and smart actuators

using a feedback signal only from induced voltage, as in Equation (6.13). Remark
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6.8.2 shows that there exists a value ε0 > 0 such that the bound for error cannot be

reduced beyond ε0. We have seen in simulations that ε0 becomes significant when

the frequency is above 100Hz for both magnetostrictive and moving iron actuators.

However, below 100Hz, ε0 is sufficiently small such that the relative error does not

exceed 25%. The corresponding simulation results are shown in the figures below.

Figure 6.22: Sensorless control for a magnetostrictive actuator
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Figure 6.23: Sensorless control for a moving iron actuator
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Chapter VII

Summary

In this thesis, we accomplish two objectives. First, we analyzed the broadband

frequency model given in [7, 25] for magnetostrictive actuators, proved the existence

of a unique global solution for the model, and determined the asymptotic behavior of

the model for periodic inputs. Second, we developed a robust controller for saturating,

non-monotone hysteretic systems with nonlinear frequency-dependent power losses.

Additionally, a new family of hysteresis operators which satisfy wiping–out properties

was introduced.

In Chapter III, we considered a play-like hysteresis operator defined by an nth order

rate–independent differential system. We investigated the properties of the operator

for n = 1 and n = 2, and showed that the “backlash-like” operator defined by Su,

Stepanenko, Svoboda and Leung (SSSL) is the special case n = 1 for our operator.

We showed that the SSSL operator is the only operator that does not satisfy the

wiping–out property. The generalized play operator for n = 2 satisfies what we call

the first order wiping–out property. Generalized play operators have the additional

benefit that the robust, non-inversion type, adaptive controller constructed by the

aforementioned authors is also applicable to this operator without change.

In Chapter IV, we summarized the low dimensional model for magnetostriction,

proposed in [7, 25], that describes the physical phenomena which are most prominent

in the frequency range 0−1kHz. In particular, we discussed how to model eddy current

and residual losses in the magnetized core and eddy current losses in the winding.

Most of the previous approaches were based on empirical classifications of material

properties of the core with the assumption that all the series losses can be represented
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by a constant Ohmic resistance in the winding. However, such a representation is not

sufficient at high frequencies due to the existence of frequency–dependent nonlinear

eddy current and residual losses. It is important to note that the model discussed in

[7, 25] can be easily modified to model any magnetic actuator.

In Chapter V, we conducted an analytical study of the low dimensional model

discussed in Chapter IV. We established the existence of a unique global solution for

voltage inputs in L2[0, T ] ∩ C[0, T ]. Then we proved that the solution of the system

is asymptotically periodic for bounded, continuous and periodic voltage inputs. This

analysis confirms the experimental observation that, for continuous, periodic voltage

inputs and constant loading, the displacement of the tip of a magnetostrictive actuator

is asymptotically a periodic function (see [26, 6]). These results are crucial for the

validity of the parameter identification methodology developed for the model in [7, 25].

The remainder of this thesis focuses on our primary objective: robust control

of saturating, non-monotone hysteretic systems with nonlinear frequency-dependent

power losses. Although this study is applicable to any magnetic system, our moti-

vation was to develop robust controller strategies for magnetic and smart actuator

systems, since they exhibit complex saturating hysteresis and other nonlinearities,

such as eddy current and residual losses, which increase with the operating frequency.

With certain modifications, our controller can be utilized in a wide range of hysteretic

systems. The controller, given in Chapter VI, is based on feedback derived from the

induced voltage of the windings of these actuators as well as position feedback. We

prove stability. We first establish the global existence of a unique solution for the

closed–loop system (well–possedness), and then we showed that the system remain

bounded for t ∈ [0,∞). Next, we proved tracking. For a given trajectory yd and

any ε > 0, the tracking error r(t) = y(t) − yd(t) is ultimately bounded by ε (that
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is, lim supt→∞ |r(t)| < ε). We further investigated the sensorless control of these ac-

tuators and showed that there exists a value ε0 > 0 such that the bound for error

cannot be reduced beyond ε0. Finally, simulations for different actuator systems af-

firm the superiority of the controller developed here compared to conventional control

methods.
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