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ABSTRACT 

This study investigates the performance of the bootstrap when it is applied to 

structural equation models with ordered categorical variables. The study focuses on the 

parameter estimates, their standard errors and the coverage rates of the associated 

bootstrap confidence intervals. Structural equation models are used widely in man> 

disciplines and often the data analyzed involve ordered categorical variables. The 

performance of the bootstrap has been investigated through simulation, and it is also 

compared with the Maximum Likelihood estimator applied on both polychoric correlation 

matrices and Pearson's product moment correlation matrices. The bootstrap samples are 

generated randomly and transformed, so that they preserve the covariance structure of the 

model. Then the polychoric correlation matrix is computed and analyzed for each sample. 

The study involves three different models, and for each model different sample 

sizes have been analyzed. One of the models that has been analyzed is one that Muthen 

and Kaplan used in their research to investigate the performance of the Categorical 

Variable Methodology (CVM) estimator, so direct comparisons between the two methods 

have been made. The bootstrap compares well with the CVM estimator. 

The results of this research indicate that the bootstrap pro\ ides correct standard 

errors that are larger than the standard errors obtained from the Maximum Likelihood 

estimator when it is applied on the Pearson's product moment correlation matrices. The 

coverage rates of the bootstrap confidence intervals have also been investigated, using 

two methods: the percentile method and the bootstrap-t method. The results are not vcr\ 

encouraging, especiall> for the bootstrap-t method, since the coverage rates are in some 

cases far away from the prespecified confidence le\ el. The percentile method seems to 

perform better than the bootstrap-t method with regard to coverage rates, though it 

presents problems also. 

The performance of the bootstrap is affected b\ the sample size, the complexity of 

the model and the parameter values. Overall, the bootstrap performs rather adequateh 
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and could provide a valid alternative to other estimation methods for structural equation 

models if the researchers are cautious on its application. 
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CHAPTER I 

INTRODUCTION 

1.1 Purpose of the Study 

The purpose of this study is to investigate bootstrap estimates of various quantities 

for structural equation models. The quantities that will be investigated are: 

1. The parameters of the models. 

2. The standard errors of the parameters of the models. 

3. The associated bootstrap confidence intervals for tests of statistical 

significance for the parameters. 

4. The coverage rates for the above confidence intervals. 

Additionally, the performance of the bootstrap will be compared across other 

estimation techniques that are used routinely. The study will focus on models with 

ordered categorical variables, a situation that most researchers encounter frequently. 

1.2 Significance of the Studv 

The main focus of this study is to employ bootstrapping techniques on structural 

equation models with ordered categorical variables. Employment of the bootstrap on 

such models is believed to provide correct estimates of the parameters and their 

corresponding standard errors. 

Structural equation models have been increasingly used in various fields for the 

last two decades. The estimation methods available for the parameters and other aspects 

of the models usually fall into one of three categories: 

1. Easy and widely employed estimation methods (like Maximum Likelihood or 

Generalized Least Squares) that require rather strict assumptions about the data to be 

analyzed. 

2. More cumbersome and not so widely employed estimation methods that are 

targeted to specific kinds of data. 



3. Estimation methods that do not require specific assumptions about the data to 

be analyzed. 

As it will be discussed later, in the literature review chapter, all of the existing 

methods, to a greater or lesser extent, present problems, due to not meeting the particular 

assumptions about the data or, due to computational difficulties associated with the 

implementation of the estimation method or, due to limited availability of a particular 

estimator. Of course, there are also estimation methods that do not perform satisfactorih 

under any circumstances. The problems associated with estimators generally fall into one 

of the following categories: 

1. Incorrect parameter estimates. 

2. Incorrect standard errors of the parameter estimates. 

3. Incorrect goodness of fit tests for the model. 

The bootstrap is a relatively new technique that was developed by Bradle\ Efron 

in 1979. As a concept, it is very elegant yet simple; resample from the original sample at 

hand to form "resamples,'" on which to compute the parameter(s) of interest, then use 

these parameter estimates to construct sampling distributions for the actual parameters. 

The bootstrap has been shown to perform satisfactorih in various situations, e.g.. 

estimation of the mean, regression models, etc. The bootstrap has been tried with 

structural equation models. A comprehensi\ e review of the pertinent literature is 

provided in Chapter II. The resuUs have been generall\ promising, showing that 

bootstrapping can provide correct parameter estimates, standard errors of the parameters 

and also goodness of fit tests for the models. 

Nevertheless, the situations where the bootstrap has been tried in structural 

equation models are limited mostly to models with normal variables or c-contaminated 

normal variables or other continuous variables. In these situations, only a limited number 

of sample sizes have been tried, so essentially very little is known about the performance 

of the bootstrap when applied to small sample sizes. Moreover, there has been no study 

(to the best of my knowledge) that simulates the performance of the bootstrap, thus 

studying the coverage rates of confidence intervals for the parameters. 



Most of the time, the researcher is faced with ordered categorical variables. 

Traditional estimation methods for structural equation models with discrete variables 

(e.g., Maximum Likelihood) do not give reliable results. Other estimation methods have 

been developed for discrete variable situations. These methods (like Muthen's CVM 

estimator) produce satisfactory results, but they are cumbersome, computationally 

intensive, and not widely available. Moreover, they require large sample sizes. The 

bootstrap has also been applied to discrete variable situations but in a very limited fashion 

(e.g., analysis of covariance matrices, only one sample size). So, essentially, nothing is 

known about the performance of the bootstrap when ordered categorical variables are 

analyzed. This research will address issues that are deemed important in the scientific 

community and hopefully it will make interesting contributions in the field of structural 

equation modeling. Thus, the significance of the study can be summarized in the 

following points: 

1. This study will apply bootstrap to structural equation models w ith ordered 

categorical variables. 

2. Polychoric correlation matrices will be analyzed instead of covariance 

matrices. 

3. The bootstrap will be simulated, thus providing coverage rates for the 

confidence intervals for the parameters. This will allow for an evaluation of the 

reliability of the bootstrap. 
4. Various sample sizes will be used, thus making this a more comprehensivc 

study. 

Overall, the study hopes to both fill some existing gaps and introduce some 

improvements in the study of structural equation models. Chapter II is a re\ iew of the 

pertinent literature on structural equation models and the bootstrap. Chapter III provides 

a very detailed description of the study and the methodology employed, while the results 

are presented in Chapter IV. Chapter V discusses the contributions of the conducted 

research. 



CHAPTER II 

LITERATURE REVIEW 

2.1 Factor Analysis and Structural Equation Models 

Both Factor Analysis models (FA) and Structural Equation models (SEM) belong 

in a greater family of analyses known as covariance structure analysis. These anahses. as 

the name implies, try to represent the covariance structure (i.e., matrix) among variables 

of interest using a smaller number of variables than the original data set has. 

2.1.1 Factor Analysis 

The goal of factor analysis is to describe (and, to some extent, reproduce) the 

covariance matrix of p variables using a smaller number of underi>ing but unobser\able 

variables that are called factors. The initial developer of factor analysis is considered to 

be Spearman, although Pearson in 1901 had presented some work on principal axes, 

which is considered a predecessor to Speamian's 1904 work. The simplest model of 

factor analysis is the orthogonal factor model. The model can be described as follows. 

Suppose that we observe the ((p+q) x 1) data vector Z of p+q random variables. 

Z has mean vector |i and covariance matrix E. The factor model postulates that Z is 

linearly dependent upon a few unobservable random \ariables Fi. F:, Fm (m<p+q). called 

factors, as well as upon p+q additional sources of variation Si. c: £p+q, called errors. 

(Johnson and Wichem, 1992). The model in matrix notation can be expressed as: 

Z-|.i = L F + s. (2.1) 

A common categorization among factor anah sis models is the one between 

exploratory and confirmatory factor analysis models. Explorator>' factor anah sis (l^FA) 

does not involve the specification of a detailed model (like the one in equation 2.1) in 

advance. Also, the number of factors is not predetermined, all the observed \ariables are 

"loading'' on (i.e., are influenced by) all the factors, the errors are not correlated and the 

parameters are often unidentified (Bollen, 1989). 
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The major difference between EFA and confirmatory factor anal\ sis (CFA) is 

that, with CFA a model is specified in advance. This fact means that the researcher has 

specified before the analysis takes place, the number of factors and the factor loading 

pattern. In addition, some parameters may be set to zero, some measurement errors ma> 

be allowed to correlate and it is required that the parameters are identified. 

2.1.2 Measurement Models 

A measurement model is a structural model that specifies how latent unobserved 

variables connect to one or more observed variables (measures or indicators). In this 

sense, the measurement model is in reality a confirmatory factor anah sis model. The 

relationships specified by the measurement model can be expressed by an equation or a 

path diagram (Bollen, 1989). Generally, the variables (both observed and latent) are 

characterized as endogenous or exogenous. Endogenous variables are the dependent 

variables, whereas exogenous variables are the independent \ariables (Schumacker and 

Lomax, 1996). It must be noted that, the terms endogenous and exogenous are model 

specific. For example, an endogenous variable in one model may be an exogenous 

variable in another model; or a variable is considered exogenous in a model where in fact 

it is endogenous in reality (Bollen, 1989). Actually, this labeling is the major difference 

between CFA and measurement models. The measurement model can be expressed with 

the following set of equations in matrix form (Bollen. 1989): 

X = Ax5 + 6 (2.2) 

Y = Ajri + c. (2.3) 

where : r| is an (m x 1) vector of endogenous latent variables; 

5 is an (n X 1) vector of exogenous latent variables; 

Y is a (p X 1) vector of observed indicants of r|: 

X is a (q X 1) vector of observed indicants of ^; 

c is a (p X 1) vector of measurement errors for Y; 

6 is a (q X 1) vector of measurement errors for X; 

Â  is a (p X m) matrix of factor loadings relating 'N' to r| and 
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Ax is a (q x n) matrix of factor loadings relating X to 5. 

Additionally, the (p x p) covariance matrix of 8 is denoted by 6e and the (q x q) 

covariance matrix of 5 is denoted by Og . 

The assumptions of the model are: 

1. E(Ti) = E ( 0 = E(8)= E(6) =0. 

2. The measurement errors s and 6 are uncorrelated with each other and with the 

latent variables (both endogenous and exogenous). 

The covariance matrix of X, is then: 

Sx = AxO A ; + 65. (2.4) 

Proof 

XX' = (Ax5 + 6) (Ax 5 +8)' 

= (Ax 4 + 6) (4'A'x + 6') 

= Ax ̂  ?' A'x + Ax ̂  6' + 6 §'A'x + 5 5' 

Zx = E (X X ') = Ax E(^ ^') A'x + Ax E(^ 5') + E(5 ^')A'x + E(5 5') 

= AxO A', + 05, 

where <t> denotes the (n x n) covariance matrix of §. 

By the same reasoning, the covariance matrix of Y is then: 

Zv = AvKA'v+ e„ (2.5) 

where K denotes the (m x m) covariance matrix of r|. 

2.1.3 Structural Equation Models 

It is difficult to define a point in time that structural equation modeling appeared. 

A lot of people from different disciplines (econometrics, social sciences, etc.) have 

contributed pieces of what is today known as SEM. Sewall Wright (1918, 1921, 1934, 

1960) laid the foundation by inventing path analysis. For a long time, his work drew no 

attention. Around the same time (1950), Wold, an econometrician, developed efficient 

estimates for simultaneous linear equations. While factor analysis was around for many 



years, it was not until the late 60's and early 70's that some scientists put it all together 

(Joreskog, 1973; Keesling, 1972; Wiley, 1973). 

Carl Joreskog is considered by many researchers the "father" of SEM, mostly 

because of the SEM software LISREL that he developed (together with Sorbom). He also 

developed the Maximum Likelihood estimator for the estimation of the parameters of 

structural equation models, which was then followed by other estimators (GLS, ADF, 

WLS, etc.). Other computer programs for SEM started developing after 1985. when 

Bentler developed his EQS software. These include LISCOMP. AMOS, PROC CALIS 

in SAS etc. Today, SEM is enjoying high popularity as it is used in social sciences, 

econometrics, marketing, psychology, even medicine. In any case, it is a \ er\' interesting 

and versatile tool that helps researchers understand their data a bit better. 

The structural equation model is a continuation of the measurement model in the 

sense that the measurement equations are kept and, in addition, a set of structural 

equations that summarizes the relationships among the latent variables is introduced. 

These equations are sometimes referred to as the "structural equations" or the "causal 

model." Bollen (1989) disagrees with this practice because it can be misleading in the 

sense that it implies that the equations in the measurement model are not structural, which 

is incorrect. I fully agree with Bollen's point of view. 

2.1.3.1 The Model 

Using the notation that has been developed b\ Joreskog and Sorbom, the 

structural equation model (or LISREL model, as it is also known as from the popular 

software for SEM analysis developed by the above authors), can be expressed w ith the 

following set of equations in matrix form: 

Ti = B T i + r 5 + C, (--6) 

Y = Avn + 8 , (2.7) 

X = Ax^ + 5, (2.8) 

where: B is an (m x m) matrix of coefficients for the endogenous latent \ariablcs; 

r is an (m X n) matrix of coefficients for the exogenous latent variables: 

7 
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(̂  is an (m x 1) vector of errors of the latent variables. 

Additionally, the (m x m) covariance matrix of (̂  is denoted by 4 .̂ The other 

elements are as described in paragraph 2.1.2, because equations 2.7 and 2.8 are the 

measurement equations of the model. The equations are linear with respect to the 

parameters. 

The assumptions associated with equation 2.6 are: 

1. E® = 0. 

2. The errors of the latent variables in C, are uncorrelated with the exogenous 

latent variables in ^. 

A further assumption that is not stressed very much is that the error terms in C are 

supposed to be homoscedastic and not autocorrelated (Bollen. 1989). The above model is 

sometimes referred to as the "general structural equation model" because it encompasses 

all the other models (i.e., factor analysis models) that were presented earlier. 

Structural equation models test hypotheses of the form: 

Ho : E = E (0) vs. Ha : Z ^ Z (0), (2.9) 

where Z is the true population covariance matrix of the observed variables X and Y. and 

Z(0) is the covariance matrix implied by the model. It is obvious here that the researcher 

would like to "Accept" the null hypothesis. It will thus be useful to derive the implied 

covariance matrix of the model. In order to derive the implied covariance matrix, 1 will 

partition the original data matrix grouping together the endogenous Y variables and the 

exogenous X variables, thus defining the (k x (p+q)) data matrix Z'= [ Y', X' ]. Then: 

"Gov,,. (6) Covvx(e)' 

Gov XV (9) CoVxx(e)J 

Then, I just have to derive the partial matrices. 

Claim 1: Zv^ (0) = Ay (I - B)"' (F O F ' + ^ ) [(I - B)"'] ' Ay + 0,. 

Proof: U^ (Q) = E (Y Y') = E [(Ay ^ + 8 ) (ri' A^' + 8')] 

= AyE(Tir| ')A'y + 0e. 

E (r[ x]') can be calculated if a substitution for r\ is made. From equation 2.6 it is obvious 

that Ti = (I - B)-' (F ^ + Q, so: 

8 
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E(riii ') = E{(I -B)-^( r§ + Q ( r 5 + g ' [ ( I - B ) - V } 

= E{(I-B)-^(r^ + Q ( C ' + ? ' F ' ) [ ( I - B ) - V } 

= E {(I - B)-'(F 5 (;'+ c^c,' + r ^ 5 ' r ' + <; §'r ') i(i - B ) ' ] ' ) 

= (I - B)-' [E (F ̂  C') + E (F 5 ̂ ' r ') + E (? 4' r ') + E (̂  '̂)] [(I - B)'] ' 

= ( i -B)-^(ror ' + 4^)[(i-B)-V. 
Then the equation in Claim 1 follows readily. Here all the matrices are as defined 

previously. 

Claim 2: Z^^ (0) = Ay (I - B)'^ ( F O Ax ). 

Proof: Ẑ Tc (0) = E (Y X') = E [(Ay n + s ) (^' A'x + 5')] 

= E [(A^ Ti §' A'x) = Ay E (ri ^') A'x. 

Again substitution for T\ leads to: 

E (Ti §') = E [(I - B)-' (F ^ + Q ^'] 

= (I - B)-' E (F § 5' + (;§') = (I - B)-' F 0). 

Then the equation in Claim 2 follows readily. 

The covariance matrix Zxy (0) is simply the transpose of the covariance matrix 

Z\ X (0). The covariance matrix Zxx (0) has been derived in paragraph 2.1.2. 

Combining all the above partial matrices leads to the partitioned implied 

covariance matrix (Bollen, 1989): 

Z(0) = 
Z , , (0 ) Z , , (0 ) 

Z , , (0 ) Z , , (0 ) 

Av(i-B)"'(ror' + 4^)[(i-B)-']'A; +0^ A, ( i -B) -TOA'^ 
-1 A ^ o r ' [ ( i - B ) - ' ] ' A ; A^CDA'^ +0; 

(2.10) 

Given the actual data the sample covariance matrix can be constructed and 

partitioned as: 

S = (2.11) 

If it is assumed that Z (0) = S and the subsequent equations are solvable, the result will be 

the estimates 0 of the parameters of the model (Johnson and Wichem. 1992). 



2.1.3.2 Estimation and Related Concepts and Issues 

I will now proceed to discuss concepts and issues in estimating the parameters of 

a structural equation model. After a general discussion about identification issues and 

practical problems, I will present a selection of estimation procedures. 

2.1.3.2.1 Identification 

The goal of estimation is to obtain appropriate numerical \ alues for the unknown 

parameters of interest in the model. The subject of identification of the parameters is then 

of importance, because if the parameters are ill-identified this often means that the 

solutions obtained cannot be trusted, no matter how good the estimation method is. 

Identification, then, "...involves the study of conditions to obtain a unique solution for the 

parameters specified in the model" (Chou and Bentler. 1995. p. 39). 

The necessary condition for identification is that the number of free parameters, q. 

has to be smaller than or equal to the quantity k* = (p + q)(p + q + 1 )/2. where p+q is the 

number of variables. Then, k* is the number of the non-redundant elements of the 

covariance matrix. The sufficient condition for identification is that each and every free 

parameter is identified. This condition is often hard to e\ aluate especialh w ith large 

models. Computer programs check for this condition and indicate possible problems. 

When the number of the unknown free parameters is larger than the number of the 

linear equations then, the parameters (or the model) are said to be underidentified and 

additional restrictions are necessary for a valid solution. If the number of the unknown 

parameters is the same as the number of the linear equations, then the model is said to be 

just identified. In this case, unique parameter estimates can be obtained, but there are no 

degrees of freedom left upon which to test the model. 

When the number of the unknown parameters is smaller than the number of the 

linear equations, then the model is said to be overidentified. Although exact solutions for 

the parameters cannot be obtained in this case, if a criterion is defined then, an adequate 

solution can be obtained and the remaining degrees of freedom are \er\ useful for testing 

the model (usually with a test based on a J^ distribution) (Chou and Bentler, 1995). 
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2.1.3.2.2 Other Practical Problems 

One issue that can cause problems in the estimation of the parameters in a model 

is the existence of linear dependency among some observed variables. This often results 

in the covariance matrix not being positive definite. In order to estimate the parameters, 

as will be discussed in detail later, the inverse of the covariance matrix has to be 

computed. The problems with non-positive definite matrices is that they can be singular 

or result in completely wrong estimates (e.g., negative variances [also known as 

"Heywood cases"] or correlations outside the [-1, 1] interval, although these problems 

can appear even when the covariance matrix is positive definite) (Bollen, 1989). The 

problem of non-positive definite matrices can be remedied with careful selection of the 

observed variables, so as to avoid linear dependency among them (Chou and Bentler, 

1995). 

Another problem that can arise during estimation procedures is non-con\ ergence. 

Generally, all the estimation procedures rely on numerical methods, thus being iterative. 

Non-convergence occurs when the estimation "... is terminated (by the computer) because 

of the practical consideration of excessive computer time other than any statistical 

consideration" (Chou and Bentler, 1995, p. 42). At this point, the computer program 

reports some results which cannot be trusted. Non-convergence commonh occurs either 

because the starting values chosen for the iterati\ e procedure are poor or the model is 

misspecified. Generally, if the starting values are chosen appropriately this eliminates the 

problem. With model misspecification, however, the onh remedy is to respecif)' the 

model. 

2.1.3.2.3 Fitting Functions 

The meaning of good parameter estimates is that they are as close as possible to 

the true values of the parameters. Since the parameters are often unknown and 

unknowable, another measure of "goodness" has to be provided. Earlier, I discussed the 

partitioning of the covariance matrix and presented the set of hypotheses we usual h' test 

in structural equation modeling: Ho : Z = Z (0) vs. Ha : Z ;t Z (0). It is obvious that 

11 



if the model is correct (i.e., plausible, adequately reflects reality, etc.) the covariance 

matrix implied by the model, Z(0), will be equal to the population covariance matrix Z. 

The problem, of course, is that the population covariance matrix is unknown, so the 

sample covariance matrix S is used instead, as it is a consistent estimator of the true 

population covariance matrix. Then the quantity S - Z , (where Z is the implied by the 

model covariance matrix Z(0), where the vector 0 of the parameters has been replaced by 

0, the vector of the estimates of the parameters, i.e., Z = Z (0)), is an indicator of 

"closeness" between Z and S. The parameter estimation then is a procedure that tries to 

come up with a set of values 0 that minimize the difference S - Z . Unfortunately, the 

quantity S - Z is a matrix, a fact that makes it a bit difficult to define what a "small" 

difference is. Ideally, the researcher would like a scalar instead. This scalar then w ould 

be defined as the product of a fitting function that measures "closeness." 

There are a number of fitting functions (also called discrepanc}' functions), 

F(S, Z(0)) that can be used. All of them are based on the sample covariance matrix S and 

the implied covariance matrix Z(0) (Bollen, 1989). If the parameter estimates 0 are 

substituted in Z(0), then the value of the fitting function will be F(S,Z ). 

The fitting functions I will discuss here exhibit the following properties (Bollen, 

1989): 

1. F(S, Z(0)) is a scalar. 

2. F(S, Z(0)) cannot take negative values. 

3. F(S, Z(0)) = OifandonlyifZ(0) = S. 

4. F(S, Z(0)) is a continuous function of S and Z(0). 

Browne (1984) proved that if a fitting ftinction exhibits the above properties, then the 

estimates of the parameters that result from the minimization procedure are consistent 

estimators of the parameters. 

The fitting functions I will present are Maximum Likelihood (ML), Generalized 

Least Squares (GLS), and Asymptotic Distribution Free (ADF). Only the ML method will 
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be presented in detail because it is the basis upon which all the other estimators are 

derived and it is the most common method used. 

2.1.3.2.3.1 Maximum Likelihood (ML) Estimator. The basic assumption 

underiying ML is that the data matrix Z', where the vector (z'l) contains the combined 

data vector (y'l, x'i), where i=l,2,...n, are independently sampled from a multivariate 

normal distribution. If this is true, then the sample covariance matrix, S, follows a 

Wishart distribution (Anderson, 1984). 

The logarithm of the maximum likelihood function that is minimized has the 

form: 

FML = log |Z(0)| + tr[SZ-'(0)l - log | S | -(p + q). (2.11) 

I will not show how this function is derived, since it is well known. For a complete 

derivation the reader is referred to Bollen (1989. pp. 131-135) or Johnson and Wichem 

(1992, pp. 411-412, 448-449). Generally, FML is a rather complicated nonlinear function, 

so that it is not easy to find explicit solutions analytically and numerical methods must be 

used. ML estimators exhibit the following properties (West, Finch and Curran, 1995): 

1. ML estimators produce parameter estimates that are asymptotically unbiased; 

this means that the estimates derived (for large samples) are neither consistently lower 

nor consistently higher than the true population parameters. More formally this means 

that the expected value of the parameter estimates, E (0), converges to 0 as the sample 

size tends to infinity. 

2. ML estimators are asymptotically consistent; this means that as the sample 

size gets larger the parameter estimates converge in probability to the true parameter 

values. 

3. The ML estimators produce efficient estimates: this means that they ha\ e 

minimum variance. 

4. The distribution of an ML estimator is asymptoticalh normal. This last 

property is \'ery important because it means that if the standard errors of the parameters 

are known, then the ratio of the ML estimated parameter to its standard error will 
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approximate a standard normal distribution. This fact means that we can carry out tests 

of statistical significance for the parameters (Bollen. 1989). 

5. Related to the above property of asymptotic normality is the fact that 

likelihood ratio tests of the hypotheses Ho : Z = Z (0) versus Ha : Z ^ Z (0) have 

asymptotically chi-square distributions with [l/2(p + q)(p + q + 1) -1] degrees of freedom 

under Ho, where t is the number of free parameters estimated from the model. 

ML estimators are also (in most cases) scale invariant and scale free. This means 

that the values of the fit ftmction remain the same for any change of scale, and "...when 

the scale of one or more variables is changed, the ML estimates from the models with the 

transfomied and untransformed variables generally have a simple relationship" (Bollen. 

1989, p. 110). 

Another very important subject, at least for this research, is the issue of the 

standard errors of the parameters. Bollen (1989) shows that the asymptotic covariance 

matrix of the ML estimator of 0 is: 

f 2 ^ 
AGov (0) = 

d ¥ 
50 ao' 

(2.12) 

When we substitute the actual parameter estimates 0 for 0, the result is the matrix 

AGov (0 ) = A, which is the estimated asymptotic covariance matrix of the parameter 

estimates. The diagonal elements of A are the variances of the parameter estimates that 

can then be used for the tests of statistical significance of the parameters. 

2.1.3.2.3.2 GLS Estimator. The GLS fitting function can be expressed as (Bollen, 

1989): 

'GLS . 2 ; t r { [ ( S - Z ( 0 ) ) W - V } . (2.13) 

where W ' is a weight matrix. This estimator minimizes the weighted squared differences 

between S and Z(0). The question of interest here is the choice of the weight matrix. The 

weight matrix can be "...either a random matrix that converges in probabilit> to a positi\ e 

definite matrix or a positive definite matrix of constants" (Bollen, 1989. p. 113). Actually, 

the most common choice for W"' is S"V This choice for W* weights the squared 
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differences between S and Z(0) "...according to their variances and covariances with 

other elements" (West et al., 1995, p. 58). The basis for this choice relies on the 

following two assumptions about the elements of S: 

1. E ( Sij) = (Tij, that is, the expected value of the sample covariance between Zj 

and Zj is assumed to be equal to the corresponding population covariance or. in other 

words, that Sij is assumed to be an unbiased estimator ofay. 

2. The asymptotic distribution of the elements in the sample covariance matrix is 

assumed to be multivariate normal. This is a general assumption; in fact a sufficient 

condition for the assumption to hold is that "...the observations are independent and 

identically distributed and that the fourth-order moments of the observed variables Xj and 

yj exisf (Bollen, 1989, p. 114). The key to this assumption is that the asymptotic 

covariance is given by: 

AGov ( Sij, Sgh) = n'' (Gig Ggh + Gih ajg). (2.14) 

This is satisfied if the observed variables follow a multivariate normal distribution but it 

also holds for other distributions, as long as the kurtosis parameters are zero (Browne, 

1974). 

When some additional assumptions are satisfied, the GLS estimator has the same 

asymptotic properties as the ML estimator. The assumptions are (West et al., 1995): 

1. The sample size, n, is large. 

2. The observed variables are continuous. 

3. The measured variables follow a multivariate normal distribution. 

4. The model that is estimated is valid. 

2.1.3.2.3.3 The ADF Estimator. The ADF estimator was developed by Browne 

(1984), when he found that if appropriate quadratic forms are used as estimators then the 

results (parameter estimates, their standard errors and tests of model fit) were 

"...asymptotically insensitive to the distribution of the observations" (Browne, 1984, p. 

62). The fitting function that is minimized has the form: 

FADF = ( S - Z(0))' W ' ( S - Z(0)). (2.15) 
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where W* is an appropriately chosen weight matrix. Simply put, W is a consistent 

estimator of the covariance matrix of the elements in S, the sample covariance matrix. In 

other words, W contains second and fourth moments of Z. One assumption needed is that 

the observed variables Z, should have finite eighth moments (Browne, 1984). W* 

simplifies to S" in the case of multivariate normality of the observed variables. 

2.1.4 Evaluation of the Performance of the Estimators 

Extensive studies, (Anderson and Gerbing, 1984; Boomsma, 1986; Browne. 1974. 

1982, 1984; Chou et al., 1991; Chou and Bentler, 1995; Hu, Bentler and Kano, 1992; 

Joreskog and Goldberger, 1972; Muthen and Kaplan, 1985, 1992; Tanaka, 1984) to name 

a few, have been undertaken in order to evaluate the performance of the above discussed 

estimators. Results for ML and GLS estimators are plentiful while the ADF has not been 

evaluated to such a great extent. Because the results are similar for ML and GLS they 

will be presented together. The discussion will address specifically the estimators' 

performance in the case of coarsely categorized discrete variables, since they are the focus 

of this study, but their behavior in the case of non-normal continuous variables will be 

mentioned also. 

The main problem with all types of non-normal variables (either continuous or 

discrete) is that, the information contained in S or W"* or both, may be incorrect, because 

the variation of the observed non-normal variables may not be complete!} summarized b} 

the sample covariances and additional information from higher order moments may be 

needed. Since all the estimators presented here (and many more) are based on 

information in S and/or W'̂  to derive estimates, it follows that, in the case where the 

assumption of normality is violated, estimates based on S and/or W ' may be incorrect 

(Westetal., 1995). 
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2.1.4.1 Performance of ML and GLS Estimators 

The general consensus among researchers is, that the ML estimator seems to 

perform better than the GLS estimator. In the case of continuous non-normal \ariables. 

the following problems have been reported (West et al., 1995): 

1. The values of chi-square goodness-of fit test become too large when the data 

become increasingly non-normal (i.e., very large values of skewness and kurtosis). Even 

in the case of multivariate normality, y^ values are still too large when the sample size is 

small. 

2. Parameter estimates remain approximately unbiased even under severe non-

normality. 

3. The standard errors of the parameter estimates are substantialh' and severeh' 

(as much as 50%o) underestimated. This fact means that tests of statistical significance for 

the parameter estimates cannot be tmsted under non-normality. 

4. The distributions of the parameter estimates are not symmetric and are more 

likely to exhibit heavier left tails. 

In the case of discrete coarsely categorized variables, it has been shown (Bollen 

and Barb, 1981) that the Pearson correlation coefficient between two such variables (or, 

between a discrete variable and a continuous variable), is a negatively biased estimator of 

the true correlation between the variables. The problems that ML and GLS are exhibiting 

when they are used on discrete, coarsely categorized variables are (West et al., 1995; 

Muthen and Kaplan, 1985; Boomsma, 1986): 

1. Parameter estimates are slightly negatively biased. This is tme if the 

distribution of the ordered categorical variables is approximately normal (meaning 

symmetric and approximately bell shaped). The negative bias gets worse if the number of 

categories is small (generally less than 5) or when the variables exhibit a high degree of 

skewness (i.e., > 1) or when the variables are skewed in opposite directions (i.e., there is a 

"...differential degree of skewness across variables" [West et al., 1995, p. 64]). 

Moreover, the estimates of the error variances (the elements in 4 )̂ exhibit more negative 
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bias than factor loadings or the correlations between factors, especially on the cases 

discussed above. 

2. This may also lead the researcher to observe correlations between error 

variances. These correlations are generally spurious, reflecting only the same skewness 

pattem between the variables, rather than a substantial relationship. Spurious correlations 

among a set of error variances are often called a "difficulty factor." 

3. The standard error estimates of the parameters are substantially negatively 

biased, especially when the variables exhibit excessive and differential skewness. This 

obviously means that tests for the statistical significance of the parameters cannot be 

tmsted. 

On the contrary, the y^ goodness-of-fit test values obtained are considered 

acceptable when the variables are approximately normal in shape. The number of 

categories does not seem to influence the value of the y^ goodness of fit test much. But 

again, if the variables are skewed, particularly in opposite directions, then the chi-square 

values are positively biased. 

2.1.4.2 Performance of the ADF Estimator 

The use of the ADF estimator results in asymptotically unbiased estimates of 

parameters, their standard errors and X tests (Muthen and Kaplan, 1992), although some 

researchers (Browne, 1984; Chou et al., 1991; Tanaka, 1984; Bentler and Chou, 1995) 

report problems, mostly with biased parameter estimates. Nonetheless. Browne (1984), 

reports that the estimator gives satisfactory results in the case of a correlation stmcture 

analysis. It seems that the problems associated with the ADF estimator have their source 

at the choice of sample size. It has been routinely reported (West et al., 1995; Browne, 

1984; Chou et al., 1991; Tanaka, 1984; Bentler and Chou, 1995) that the estimator 

performs poorly with small or moderate sample sizes. Another serious limitation is that 

the ADF estimator is considered very computationally demanding even gixen the modern 

high speed computers (West et al., 1995). 
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2.1.5 Studies with Ordinal Data 

Although there are a lot of excellent, or, at the worst case, satisfactory estimators 

for stmctural equation models when the observed variables follow prespecified 

distributions, in practice the researchers very frequently are faced with ordered categorical 

variables, such as data obtained from questionnaires, etc. This kind of variable is often 

referred to as a Likert variable or Likert variable scale. 

As it was discussed eariier, the usual estimators have definite problems that can 

make the results obtained untmstworthy. Hence, the research community is constantly 

looking to find estimators or estimation techniques that can overcome the non-normality 

of the variables and produce satisfactory results. 

Since this study moves along these guidelines, it is imperative to review the 

relevant studies and identify gaps or problems that will provide the substance of this 

research. Most of the existing literature is dealing with factor analysis models which are 

simpler stmctural models and therefore easier to study, but the results obtained can be 

extended to more complicated models. 

In practice, a lot of times, the variables encountered by researchers may be 

continuous but they can only be observed in a dichotomous or pohlomous form. A ver}' 

common example of the above statement can be seen in a question frequently found in 

questionnaires: "What is your annual family income?" The variable for all practical 

considerations is continuous, yet its realization is often in 5-7 groups. Then, for example. 

1 can represent income between $0 and $ 10,000. 2 can represent income between 

$10,001 and $20,000, etc. In other cases the assumption of an underlying continuous 

variable may not make as much sense conceptually. For example, it is difficult to 

visualize an underlying continuous variable that represents gender (male or female). 

To formalize the presentation of the model, consider a measurement model: 

(Bollen, 1989; Muthen, 1984; Olsson, 1979; Muthen and Kaplan, 1985: Rigdon and 

Ferguson, 1991, etc.): 

X* = Ax5 + 8 (2.16) 

Y* = Ay-n + 8. (2.17) 
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Here, X* and Y* are continuous variables and the other elements are as defined 

previously. Actually, to simplify things even ftirther, let us consider only the equation 

2.16, omitting the subscript in Ax and keeping in mind that the results extend to equation 

2.17 also. In practice, the researchers do not observe X*, which may in fact be normally 

distributed, but instead, they observe X which is a categorical version of X* with C,, 

i=l,2,...,p, categories according to the following mle (very similar to the income example) 

(Muthen, 1984): 

' C„ if T,,e.<X,* 

Xi = 

C . - l , if T.^„_,<X.*<T._„ 

(2.18) 

I, if X,*<T., 

In the case of dichotomous variables, the mle is: 

fl if T.,<X, * 
^i = \ . r 19) 

[0 if Xi*<T,, "̂̂  ^ 

If this is the case, then generally X^X* and the model will not hold for the discrete X. 

that is: 

X ;̂  A^ + 8. (2.20) 

Also, the distribution of the X variables will generally be different from the distribution 

of the X* variables and AGov (sjj, Sgh) ^ AGov (s*ij, s*gh). The most severe 

consequence though is that the covariance structure hypothesis does not necessarih' hold 

for the discrete ordinal variables. This is because in general Z ^ Z*, so if we assume 

Z* = Z (0), then in general Z ?t Z (0). Consequently, S is no longer a consistent estimator 

of Z* so the parameter estimator based on S and any one of the above discussed fitting 

functions will likely be an inconsistent estimator of the tme parameters 0. Studies 

conducted (see paragraph 2.1.4.1), report problems of various magnitude with the use of 

S in the estimators. 
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To correct these problems, various researchers have undertaken extensi\ e research 

and have made significant contributions (Ritchie and Scott, 1918; Pearson and Pearson, 

1922; Boomsma, 1986; Bollen and Barb, 1981; Johnson and Creech, 1983; Olsson, 1979: 

Babakus, Ferguson and Joreskog, 1987; Muthen, 1984, 1989; Muthen and Kaplan, 1985, 

1992; Sik-Yum and Bentler, 1992; Poon, Lee and Bentler, 1990, a, b, c; Rigdon and 

Ferguson, 1991). The most important contributions seem to be the development of the 

polychoric correlation coefficient and the continuous/categorical variable methodology 

(CVM) estimator. 

2.1.5.1 The Polychoric Correlation Coefficient and Related Issues 

The polychoric correlation coefficient was introduced by Pearson as an altematix e 

to the usual Pearson's correlation coefficient, r, in cases where the variables of interest 

are continuous, but their realization (through measurement), is ordered categorical 

(Pearson and Pearson, 1922; Ritchie and Scott, 1918; Rigdon and Ferguson. 1991). 

Olsson (1979) is credited for developing a maximum likelihood estimator for the 

polychoric correlation coefficient. The polychoric correlation coefficient measures the 

correlation between the underlying continuous variables Xj* and Xj* and it is derived 

using the ordered categorical variables Xi and Xj. To begin, the researcher assumes that 

X* are multivariate normal so that the marginal distributions of the Xi*, i=1.2 p are 

normal. Without loss of generality the variables Xi* can be assumed standardized, so that 

they have a mean of zero and a standard deviation of 1. The thresholds li, can then be 

estimated using the formula: 

- = <^- ' (z^]-='-^ '̂ '̂ •̂ " 

where O"' (*) denotes the inverse of the standard normal distribution function and Nk is 

the number of cases in the k-th category. If we crosstabulate all the ordered categorical 

variables with each other, then for the (a x b) table of the \ariables Xa and Xb, the 

logarithmic likelihood function is (Olsson, 1979): 
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a b 

lnL = A + X Z N , J InTiij. (2.22) 
i=i j=i 

where: a, b are the number of categories for Xa and Xb, respectively, Nij is the frequenc\ 

of the observations in the i-th and j-th categories and A is a constant that does not affect 

the estimation. Then Hi are the thresholds for Xa, i=l,...,a and T2J are the thresholds for 

Xb , j=l,...,b. Since Xa* and Xb* are considered standard normal variables, xio = T20 = - oo 

and Tia = T2b = + 00. The definition of the TTIJ quantity is as follows: 

T̂ij = 02(Tii,Tij) - 02(Tii-i,T2j) - O2 (Hi, T2j-l) + ^2 {^U-U Tjyl), (2.23) 

where <D2 (*) denotes the bivariate normal distribution function with correlation p. The 

ML estimator is then solved (taking partial derivatives) for obtaining estimates of p and 

the thresholds. The method is computationally intensive and it requires numerical 

methods. The estimate for the parameter p, gives the polychoric correlation coefficient 

between Xa and Xb. 

Since this method is computationally intensive, an alternative method has been 

developed. This method works in two steps. In the first step, the thresholds iii and Xij are 

estimated, using the univariate marginal distributions of Xa and Xb, as in equation 2.21. 

Then we solve for p, conditionally upon the previousl\ derived threshold \ alues. The 

results of this less computationally demanding method compare well with the ones 

resuking from the full ML estimation (Olsson. 1979). 

With the above discussed method, we can estimate the correlation between e\er> 

pair of variables in X*. If the variables are both ordered categorical, then the correlation 

computed by the above method is called polychoric correlation. When the \ ariables are 

both dichotomous, then the correlation is called tetrachoric correlation. When one 

variable is ordinal and the other is continuous, then the correlation is called polyserial. If 

the variables in a pair are continuous, then the most appropriate measure is the Pearson's 

correlation. Polyserial and tetrachoric correlations are computed in an analogous 

procedure, like the one discussed above. It has to be noted that ""the poh choric 

correlation matrix is a consistent estimator of Z*, with which we can test the hypothesis 

that Z* = Z*(0)" (Bollen, 1989, p. 442: also see Olsson, 1979). Then, the covariance 
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matrix to be analyzed for obtaining parameter estimates and related quantities is Z *. 

whose elements are polychoric correlation coefficients. 

Analyzing the polychoric correlation matrix Z *, "...leads to consistent estimators 

of the parameters, 0..." (Bollen, 1989, p. 443). This is tme for all the estimators 

presented here (Rigdon and Ferguson, 1991; Muthen, 1984; Muthen and Kaplan, 1985) 

and some others not discussed here. On the other hand, standard errors of the parameters 

and chi-square tests are not correct if ML, GLS or ADF are employed. This led to the 

development of alternative estimators that utilize polychoric correlations, but also employ 

different fitting functions. 

Muthen (1984) proposed his CVM (Continuous/Categorical Variable 

Methodology) estimator. The fitting function that is minimized has the form: 

FcvM = [p -Z(0)] ' W ' [p -Z(0)]. (2.24) 

where: p is an l/2(p + q)(p + q + 1) vector that contains the polychoric, polyserial or 

Pearson's correlations "...for the non-redundant correlations between all pairs of X* and 

Y*" (Bollen, 1989, p. 443). W is a consistent estimator of the asymptotic covariance 

matrix of p . Derivation of W is very computationally intensive because it involves a 

very complicated function. Muthen's (1987) LISCOMP program provides the weight 

matrix. 

Lee, Poon and Bentler (1990 a,b) and Poon et al. (1990 a,b) are not in favor of 

Muthen's CVM estimator, because they claim that CVM is not an asymptoticall) efficient 

estimator and the chi-square test produced by the estimator does not have the properties 

of a likelihood ratio test statistic. For Lee et al. (1990 a,b) and Poon et al. (1990 a,b). the 

problem lies in the identification of the model. Thus, they propose a full simultaneous 

ML estimator. This estimator is very computationally intensive because it requires the 

estimation of thresholds, means and variances of the underhing continuous variables as 

well as the model parameters simultaneously. The model then is not identified. Lee et al. 

(1990 a,b) and Poon et al. (1990 a,b) propose two methods to solve the identification 

problem. Both methods involve imposing constraints on the thresholds and/or the 

variances in the model. Lee et al. (1990 a,b) and Poon et al. (1990 a,b) then claim that. 
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the proposed estimator is consistent and it follows an asymptotic multivariate normal 

distribution. 

Lee et al. (1990 a,b) and Poon et al. (1990 a,b) also propose an alternative three-

stage estimation procedure that has a certain resemblance to Muthen's methodology, the 

difference being that they provide a more technical and detailed estimation of the weight 

matrix. This estimation approach is also computationally intensive. Muthen's CVM 

approach seems to be more of a favorite among researchers although it has certain 

limitations (West et al., 1995): 

1. It is practically impossible to calculate the weight matrix with a large number 

of variables (e.g., > 25). 

2. The sample size requirements may be prohibitive. Generally, a sample size of 

500-1000 is required, depending on how complex the model is. 

2.2 The Bootstrap 

The classical methods generally require the researcher to impose certain 

unverifiable (and quite often, a priori, wrong) assumptions about the data to be analyzed, 

since most of the classic results rely on these assumptions. The assumptions most 

commonly involve the use of the normal distribution. When the data are assumed to 

follow the normal distribution, results about parameters of interest and their 

corresponding standard errors can be obtained (in most cases) readily. Howe\ er in most 

cases this assumption is not valid which makes the resulting parameters and related 

quantities unreliable. Nevertheless, experience has shown that normal theor> works quite 

well even when the normal distribution is only roughly approximated by the data, which 

is why statisticians use it and feel that the predictions obtained are reliable (Diaconis and 

Efron, 1983). 

The bootstrap and other methods (i.e., Jackknife. etc.) have, in a surprisingly big 

number of cases, proven successful in freeing the researcher from having to rely on 

assumptions about the distribution of the data. The bootstrap was developed b\ Efron 

(1979) as a tool to help alleviate the unreliability associated with the incorrect use of the 
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normal distribution and its applications. Bootstrap methods require only the sample data 

at hand. The idea behind the bootstrap is to resample data from the original sample at 

hand in order to constmct pseudodata on which the researcher can then calculate the 

estimator(s) of interest. Specifically, the theoretical distribution of an unobservable 

disturbance term (standard error of a parameter of interest) is approximated by the 

empirical distribution of an observable set of residuals. Measures of variability, 

confidence intervals, and even estimates of bias may then be calculated (Freedman and 

Peters, 1984). 

First a general overview of the method for the one-sample situation (which is the 

simplest case) will be presented, followed by an overview of how the bootstrap works in 

a regression setting and an overview of the method applied on factor analysis and 

structural equation models. 

2.2.1 One-Sample Situation 

Suppose that we observe a random sample of size n, derived from a completely 

unknown population that supposedly follows an unknown probability distribution F. 

Then, Xi = Xi, Xi ~ ind F, i=l,2,...,n. 

Then, X = (Xi, X2,..., Xn) and x = (xi, X2,..., Xn) are the random sample and its 

observations respectively. The problem that we wish to solve is: Given a specified 

random variable R (X, F), which possibly depends on both X and the unknown 

distribution F, we want to estimate the sampling distribution of R on the basis of the 

observed data x (Efron, 1979). The bootstrap method in the one-sample problem 

involves the following steps: 

1. Construct the sample probability distribution function F , putting mass (i.e., 

probability) l/n at each point xi, X2,..., Xp. 

2. With F fixed, draw a random sample with replacement, of size n from F . sa\' 

Xi* = Xi*, Xi* ~ ind F , i=l,2,...n. We call X* = (X,*, X2*,..., Xn*), x* = (x,*, xj* 

Xn*) the bootstrap sample and the observed bootstrap sample, respectiv ely. Compute 

R(X*, F) = R*. 
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3. Repeat the procedure in step 2 N times, where N is as many times as \ou can 

easily afford in terms of computer time. Then the population distribution of R (X, F), can 

be approximated by the sampling distribution of R* (X*, F). The distribution of the 

R* (X*, F), is also called the bootstrap distribution. 

The distribution of R*, which in theory can be calculated exactly once the data x 

are observed, is equal to the desired distribution of R if F=F (Efron, 1979). One 

important point here is how well the bootstrap distribution of R* approximates the 

distribution of R. It has been proven (Efron, 1979) that the success of the approximation 

depends on the form of R. 

Now, suppose that of interest is the standard error of the bootstrapped estimate of 

the parameter of interest p* = p(Xi, X2,..., Xn). The bootstrap estimate of the standard 

error is cr B (p) = {var* (p *)} '̂ ,̂ where var* (p *) indicates the variance of p * under the 

probability mechanism in the above mentioned steps 2 and 3, with F fixed at its observ ed 
A 

value, that is, F having mass l/n at each observ^ed Xi, (i=1.2,...n) (Efron, 1981). 

The standard errors can be used to provide confidence intervals for the parameter 

of interest. An example of a common approximation of the confidence interval is the 

interval [estimator ± 2 standard errors of the estimator]. Under certain conditions, such as 

the statistic being unbiased with a symmetric distribution, e.g., the normal distribution, 

the above interval is approximately a 95% confidence interval (Stine, 1989). The 

important element here is that the assumptions have to be satisfied regardless of the 

method we use to obtain the standard error (i.e., traditional or bootstrapping). 

Alternatively, a more direct approach in obtaining confidence intervals is to use 

the bootstrap distribution of the estimator. The idea is to use percentiles of the bootstrap 

distribution p *, using the formula 

G*(x) = Pr*(p* <x), (2.25) 

to determine the confidence interval. Then, for example, the 95% bootstrap percentile 

interval for p is the interval that contains the middle 95% of the N bootstrap estimates. 

We symbolize this interval as [G*''(0.025), G*''(0.975)], where G*'' (p) denotes the pth 
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quantile of the distribution of p*. Usually, G* is approximated by simulation and then it 

is estimated using GN* (x) = #{ p* "̂̂  < x}/N. Then, the approximated bootstrap interval 

is [GN*"V0.025), GN*"* (0.975)], the interval formed by the 2.5th and 97.5th percentiles of 

the N ordered bootstrap estimates p*^^\ p*^^\ ..., p* ^^ (Stine, 1989). 

2.2,2 Bootstrapping a Regression Model 

In the usual regression model, Y = (yi, y2, ...,yn)' is the (n x 1) vector of the 

responses, and the (n x k) matrix of regressors is X = (Xi, X2,..., Xn)', where the (k x 1) 

vector Xi denotes the regressors of the ith observation. The linear model can then be 

expressed as: 

Y = X p+ 8 . or, y, = Xi' p + 8 i, i=l,2 n, (2.26) 

where 8 denotes the (n x 1) vector of error terms that are uncorrelated and ha\ e mean 0 

and variance a . The (k x 1) vector p includes the unknown parameters, for which the 

ordinary least squares (OLS) estimator can be expressed as: 

P = (X'X)-' X'Y = p + (X'X)-' X' 8 . (2.27) 

Then, var (p ) = a (X'X)' . Because a is usually unknown, var( p) is then estimated 

by: 

var(p) = s'(X'X)-', (2.28) 

where ŝ  denotes "...the unbiased variance estimator provided by the residuals 

ei = yi-(Xi' P),i=l,2,...,n" (Stine, 1989, p. 253). 

s' = I (y, - Xi' p )̂  /(n-k) = Z Ci' /(n-k). (2.29) 

There are two methods for bootstrapping the preceding regression model. The 

choice of which to select depends on the regressors. If the regressors are fixed, like in the 

case of a designed experiment, then, the bootstrapping scheme must preserve that 

structure, i.e., each bootstrap sample should have the same regressors. On the other hand, 

some regression models (i.e., models that are built from survey data) ha\ e regressors that 

are as random, and the bootstrapping scheme should also reflect this variation. 
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2.2.2.1 Resampling with Random Regressors 

Bootstrapping a regression model with random regressors follows the strategy for 

the one-sample situation. The [(k + 1) x 1] vector Zi = (yi, Xi')' denotes the values 

associated with the ith observation. The researcher samples with replacement from the 

observations. But, in this case, the observations are the vectors (Zi,..., Zn) instead of a set 

of scalar values. The three steps of the random regressor bootrstrapping scheme are: 

1. Draw a bootstrap sample ( Zi* , Z2*,..., Zn* ) from the observations. Then, 

the elements of each vector Zi* are: Z,*= (y,* . Xi*')'. From these observations form the 

vector Y* = (yi* . y2* ,..., yn*)' and the matrix X* = (X,* , X2* ,..., Xn*)'. 

2. Calculate the parameter estimates from the bootstrap sample, using the OLS 

estimator formula: 

P* =(X*'X* )-'X*' Y*. (2.30) 

In a ver>̂  small sample, the matrix (X*' X*) might be non-positive definite and then a 

new sample must be drawn. 

3. Repeat steps 1 and 2 for b = I,.... N times, and use the resulting bootstrap 

estimates P *^'\ p *^^^,..., p *^^ to estimate measures of variability or construct 

confidence intervals. The bootstrap estimate of the covariance matrix of p is: 

.\' 

varN*(p*)=X db*db*'/(N-l). (2.31) 
h=\ 

where the vector of deviations is defined as: db* = p *̂ ^̂  - average(P **'̂ '). b=l,2.....N. 

The bootstrapping scheme of resampling the Zj, results in keeping the response >, 

of a given observation paired with the regressors Xi of that observation. 

2.2.2.2 Resampling with Fixed Regressors 

When bootstrapping a regression model with fixed regressors. the resampling 

scheme "...should preserve the stmcture of the design matrix" (Stine, 1989, pp. 254-255). 

For example, suppose that "...X defines a balanced two-way analysis of variance for an 

experiment or consists of polynomial time trends" (Stine, 1989. p. 255). If a random 
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bootstrapping scheme is used, then, X* would not likely preserve the structure of the 

model. "Most probably the ANOVA design would be unbalanced and the polynomial 

time trends would have gaps and clusters" (Stine, 1989, p. 255). In the case of regression 

models with fixed X, each sample has the same design. The bootstrap samples need to 

preserve and replicate this same characteristic. 

A bootstrapping scheme that preserves the stmcture of the model is not as 

straightforward as that for the random design and ".. .relies on regression residuals. It is, 

however, more computationally efficienf (Stine, 1989, p. 255). Essentially the same 

algorithm that has been described above is followed here also, but with a change in the 

first step, that defines how the bootstrap samples are generated. The computational 

advantage is revealed in the second step. The steps are: 

1. Resample from the residuals and then compute the bootstrap samples by 

adding resampled residuals to the least squares regression fit that resulted from the 

analysis of the original sample, holding the regression design fixed; that is, the bootstrap 

samples can be expressed as: 

Y* =X p + 8*, (2.32) 

where the (n x 1) vector 8 * = 8 i* , 82* ,.... 8n*. Each s i* represents a random draw 

from the n regression residuals. 

2. Obtain the least squares parameter estimates from the bootstrap sample: 

P * = (X' X)"' X' Y* = p + (X'X)-' X' 8 *. (2.33) 

Because (X' X)"' is the same for everv' P *^^\ only one matrix inverse needs to be 

calculated. As it can be seen from equation 2.33, Y* does not need to be formed at all. 

3. Steps 1 and 2 are repeated for b=l,...,N, and then step 3 of the previous 

bootstrap algorithm for the random regressors is followed. "In contrast to the random 

regressor model, this resampling approach generates Y* by adding samples of the 

residuals to the fitted equation X p rather than by resampling from the actual data" 

(Stine, 1989, p. 255). 
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By the above introduction of residuals in the resampling, some important issues 

are raised. The residuals are the product of the model imposed on the data, so their 

values will depend on the chosen model. The ideal situation would be to be able to 

sample from the tme population of the errors. But the tme population of errors is 

unknown, so the bootstrap scheme resamples the residuals of the fitted model. It should 

be noted though, that the least squares residuals obtained are different from the true 

errors. The case being that, even if the regression model is correct the residuals obtained 

are neither independent, nor identically distributed. The point is that then, the 

bootstrapping scheme involves sampling from a population of correlated heteroscedastic 

residuals. 

It should be noted though that, "The bootstrap succeeds in spite of these 

differences between residuals and true errors. The bootstrap vector e* consists of 

independent errors with constant variance, regardless of the properties of the residuals" 

(Stine, 1989, p. 256). As a matter of fact, bootstrapping from the residuals results in 

independent error terms that have variance (1 - k/n)'^^. 

As it is the case with the one-sample situation (e.g.. bootstrapping the mean), it is 

not necessary to use simulation in order to calculate the bootstrap variance of p in the 

fixed regressor model. Efron (1982) has shown that for the fixed regressor model the 
A, 

bootstrap variance of p is: 

var*(P*) = (1 -ky'n)s^(X'X)-' . (2.34) 

In fact, the bootstrap variance of any linear statistic, can be computed 

mathematically without using simulation (Stine, 1989). When the regressors are random 

though, P is no longer a linear statistic, because the weights of the linear combination 

vary with X. In this case, the only way to compute the bootstrap variance is b\ using 

simulation techniques. 

The above discussion is largely based on Stine (1989). The original bootstrapping 

technique for a regression model with fixed regressors is discussed anahticalh in Efron 

(1979). A complete study on bootstrapping a regression model (namclv the RDFOR 
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model) appears in Freedman and Peters (1984), followed with further studies on the same 

model (Freedman and Peters, 1984 a,b). In that study the authors show that the bootstrap 

produces more reliable estimates than the conventional asymptotic formula and they are 

less biased, which is a very significant finding due to the fact that the model encompasses 

a lag stmcture. 

Efron (1983) also introduced another method for evaluating the reliability of the 

bootstrap, which informally can be described as simulating the bootstrap. Freedman and 

Peters (1984) also used this method in their research. The method will be described in 

detail in paragraph 3.2. 

2.2.3 Bootstrapping a Correlation Coefficient 

A recent study conducted by Sievers (1996), investigated the performance of 

various bootstrap methods in the estimation of the Pearson's correlation coefficient. The 

study also investigated the coverage rates of the percentile bootstrap, bootstrap-t and 

bootstrap iterated percentile confidence intervals. 

Samples of size n = 19 were drawn from various continuous distributions. For 

each correlation p studied, the data were drawn in 2 random samples and transformed, so 

that, the correlation between the 2 variables X and Y was a pre-specified p. The 

bootstrap samples were drawn as pairs from the transformed data. Sievers (1996) reports 

that only the bootstrap iterated percentile method provides acceptable coverage rates for 

all the distributions and all the correlation values investigated. The author reports that the 

coverage rates provided by the percentile method are always lower than the prespecified 

confidence level of 90%o. The bootstrap-t coverage rates are lower than 90% in the cases 

of skewed distributions with large kurtosis, and higher than 90% in the cases of flat and 

symmetric distributions. The author reports that only in the case of bivariate normal 

distributions the bootstrap-t method produces almost precise (.902) coverage rates. 
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2.3 Bootstrapping a Covariance Stmcture Model 

2.3.1 Some Early Studies and Basic Results 

Application of the bootstrap on covariance stmcture models dates back to 1984 

and the work of Chatterjee, followed by others. This section will provide an overview of 

the steps already taken and will show that there are still a lot of aspects that have not been 

studied, some of which this research will try to address. Chatterjee (1984) was the first to 

point out that the bootstrap could offer a simple way out for obtaining estimates of factor 

loadings, errors, and their variances and covariances. 

Chatterjee (1984) uses the principal components method for illustrating his 

bootstrap results. The data he analyzed were taken from Johnson and Wichem (1982) 

and consist of a sample of size n=50 salespeople, evaluated on three measures of 

performance and 4 tests on different subjects. The goal is to identify and select the 

correct number of factors and establish the correct factor model, that is, Z = L L' + 4 .̂ 

This sampling scheme consists of N=300 random samples of size n=50, each drawn with 

replacement from the original sample of size n that he used. 

The author concludes that bootstrapping succeeds in selecting the most 

appropriate number of factors needed and identifying how v ariables load on the factors on 

a significance basis. He obtains estimates of the factor loadings and investigates the 

variance of the estimates. Chatterjee (1984) succeeds to show that the variances of the 

factor loadings are very important since, in some cases, some variables may appear to 

load significantly on more than one factor, but a careful examination of their standard 

errors and/or the distributions of the loadings may denote that one (or more) of the 

loadings is not, in fact, significant. The author concludes that a resampling scheme that 

involves N=300 replications provides stable variances for the estimates, although the 

variances seem stable enough even with fewer replications. He also concludes that for a 

more moderate sample size (e.g., n = 200), a bootstrap scheme with N=300 samples 

should perform adequately for most applications of this kind. Chatterjee (1984) claims 

that although the bootstrap is not without problems as long as the data collection process 
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is reasonably random and the sample size is moderate, bootstrapping should be expected 

to work well. 

A later article by Beran and Srivastava (1985) deals with the investigation of 

bootstrap tests and confidence regions for ftanctions of a covariance matrix, as well as 

eigenvalues and eigenvectors. Beran and Srivastava (1985) proved that under natural 

assumptions, the most important being that F, the population distribution ftinction of the 

data, has finite fourth moments, the nonparametric bootstrap distribution of the sample 

covariance matrix S converges to the population covariance matrix Z, as the sample size 

increases. This fact is basic to further analyses of bootstrap tests and confidence intervals 

conceming the population covariance matrix (Beran and Srivastava, 1985). 

Perhaps the most important finding of their study (for this research), is the 

modification of the bootstrapping scheme they propose for estimating the sampling 

distribution of the likelihood ratio test statistic. The original claim is that resampling 

from the original data provides biased estimates with larger variance. The modification 

they propose is to form a new data set: 

Yi= Z'^^ S-'̂ ^Xi, (2.35) 

where Xi are the original data, S'*̂ "̂  is a square root factorization of the sample covariance 

matrix and Z is a square root factorization of the model fitted covariance matrix. The 

researcher then samples from the modified data as usual (for details see paragraph 2.3.2 

on the work of Bollen and Stine, 1993). 

Then, one can prove the following (Beran and Srivastava, 1985): 

1. The covariance matrix of Yi is Z . The proof is presented later on, when the 

work of Bollen and Stine (1993) is discussed, because they use a very similar 

transformation themselves. 

2. The bootstrap distribution of the likelihood ratio test statistic T* obtained 

from the modified scheme converges asymptotically to the limiting sampling distribution 

of the true population likelihood ratio test statistic, T. 

Boomsma (1986) has studied an artificial oblique 2-factor stmctural equation 

model with the following characteristics: 
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1. The model is defined as: 

X = A F + 8, (2.36) 

where: X = (8 x n) matrix of observed variables, A = (8 x 2) matrix of loadings of the 

variables on the 2 factors, F = (2 x n) matrix of factors, and 8 = (8 x n) matrix of 

measurement errors. 

2. Under the usual assumptions (Bollen, 1989), the population covariance matrix 

of X, denoted by Z, has the form: 

Z = A O A' + 4 ,̂ (2.37) 

where: O is the (2 x 2) covariance matrix of the factors, and 4̂  is the (8 x 8) diagonal 

covariance matrix of the uniquenesses. 

The matrices are: 

A = 

"0.6 

0.6 

0.6 

0.6 

0 

0 

0 

_ 0 

0 " 

0 

0 

0 

0.8 

0.8 

0.8 

0.8 

, ^ = 
1 0.3 

0.3 I 

and 4̂  = I - diag (A O A') = diag [0.64, 0.64, 0.36, 0.36, 0.64, 0.64, 0.36, 0.36]. 

The author's objective was to estimate the 17 parameters of the model and their 

corresponding standard errors. For samples that came from a multivariate nomial 

distribution, (that is, X ~ Ng (0, Z)), he chose to analyze the correlation matrix for sample 

sizes of n=25, 50, 100 using N=300 bootstrap samples. The reason behind analyzing the 

correlation matrix instead of the covariance matrix was that hopefully the bootstrap 

would provide more robust estimators and more reliable confidence intervals, than the 

ones produced using maximum likelihood estimators. 

The author also analyzed covariance matrices for samples of size n=100 from 

discrete skewed distributions, with population covariance matrix Z, because he states 

that, for such non-nomiality. confidence internals are often too small and sampling 
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distributions of standardized parameters have too large a variance (Boomsma, 1986). For 

this case the author hoped to prove that resampling techniques will result in larger 

standard errors and confidence intervals. His results can be summarized as follows: 

1. There were serious problems of non-convergence with the samples of size 

n=25. 

2. In a lot of cases (especially with the samples of size n=50 and the non-normal 

samples) the estimates of the variances \\fi were negative. 

3. The bootstrap estimates of the parameters show êd no systematic improvement 

over the ML estimates in terms of the bias of the parameters. 

4. In terms of standard errors for the normal samples the bootstrap estimates 

proved to be smaller than their corresponding ML estimates, while for the non-normal 

samples the bootstrap estimates tended to be larger as was originally expected. The same, 

of course, holds tme for the corresponding confidence intervals (since they are directly 

associated with standard error estimates). 

5. Except for a small amount of bias, the empirical distribution of the 

standardized bootstrap estimates deviated only very slightly from the standard normal 

distribution. That is a fact that supports the theoretical expectations. 

2.3.2 Overview of the Work of Bollen and Stine 

Bollen and Stine (1990) have examined both direct effects (the influences of one 

variable on another without any mediator variables in between, the classical and easier 

example being a regression coefficient) and indirect ones (where the effect of one 

variable on another includes a mediator effect of one or more variables). The three 

models they examined are rather simple ones with the most complicated including 2 

exogenous and 3 endogenous variables. Their research indicates that consistently, the 

empirical distributions of the bootstrap estimates are asymmetric, with the asvmmetrv 

being more pronounced with small sample sizes. This finding, combined w ith the use of 

the normal and Student's-t distributions (which are symmetric), when one employs 

classical asymptotic theory results and tests, suggests that there is potential ground for 
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incorrect results. Specifically, confidence intervals that are based on classical methods 

are essentially symmetric, whilst bootstrap confidence intervals reflect the asymmetry of 

the distributions. 

Moreover, the authors investigated the impact of outliers on the estimates. 

Outliers can alter the symmetry of the empirical distribution even further, introducing 

peaks or heavy tails, which can affect the confidence intervals obtained. Bootstrap 

methods in such cases can help the researcher visualize the impact of outliers on the 

distributions of estimators. When the standard errors for the unstandardized direct effects 

are compared across ordinary least squares (OLS) and the bootstrap the authors found 

cases where the two are reasonably close and cases where the bootstrap standard errors 

are far lower than the corresponding OLS ones. On the other hand, when the authors 

examined the standardized standard errors for the standardized estimates of the direct 

effects, they conclude that the OLS method gives inaccurate standard errors, especially 

when the sample size is small. 

When investigating indirect effects the authors found that for small sample sizes 

the bootstrap standard errors were in one case smaller and in another case larger than the 

corresponding delta method, which is a method based on a large sample approximation, 

(for a detailed discussion about the Delta method see Bollen, 1989, pp. 390-391; Efron 

and Tibshirani. 1993, pp. 313-315; Hall, 1992, pp. 76-77) standard errors. In one other 

case with a sample size of n=173, the bootstrap standard errors and the empirical 

distributions were a lot closer to the results based on asymptotic theory and the delta 

method. 

The major finding on Bollen and Stine's (1990) research is that the sample size is 

of utmost importance. As they state: "... the bigger the sample the better the classical and 

delta methods work. But how large is sufficiently large? What should be done when 

only a small or moderate size sample is available?" (Bollen and Stine, 1990, p. 137). 

This research will try to address these issues and provide some guidelines and suggestions 

as to the appropriateness of the bootstrap as a reliable alternative. 

36 



In later research, Bollen and Stine (1993) investigate the behavior of the bootstrap 

when it is applied to goodness-of-fit measures in stmctural equation models. Although 

their work does not relate directly to this research, it will be discussed here because some 

of the points they make and some of the modifications they propose will be useful in my 

research. 

The authors begin their discussion presenting a very simple situation, a simple 

hypothesis test of the mean, where the naive application of the bootstrap obviously fails 

(for a discussion of other cases where the naive application of the bootstrap fails see. also, 

Efron and Tibshirani, 1993, p.81; Westfall and Young, 1993, pp.35-40). The authors 

begin by considering xi, X2,..., Xn, a sample from a normal distribution N (p, 1). When 

the goal is to test the null hypothesis Ho: p = 0, versus the alternative Ha: p ;t 0 then the Z 

test statistic is calculated as: 

X r- -
Z = - ^ - = V«* X / o . (2.38) 

/Vn 
Here Z is normally distributed with mean zero and variance 1 if the null 

hypothesis. Ho, is true. Then, 7? is distributed as chi-square with one degree of freedom 

and "...yields a test equivalent to the usual 2-sided Z test " (Bollen and Stine, 1993, p. 

113). Then, the null hypothesis is rejected when Z exceeds the critical value, given in 

tables, that corresponds to the (I-a) 100%) quantile of the chi-square distribution with one 

degree of freedom (df). In general, the chi-square distribution with 1 df is the basis for 

calculating the p-value that is associated with the observed test statistic. The bootstrap 

can be used here to evaluate the p-value of the above test. Like it has been discussed in 

earlier paragraphs one can resample from the sample at hand following the procedure: 

1. Resample (xi, X2,..., Xn) to obtain bootstrap samples (xi*, X2* Xn*). 
2. For each bootstrap sample, compute the mean of the sample, X*. Compute 

Z*^=N X * l 

Then, the bootstrapped quantities (z*^(i), z** (̂2),.... Z*^(N)), can be used to evaluate 

the significance of the test. But the above approach as Bollen and Stine (1993) 

demonstrate explicitly, is wrong and provides totally misleading results. The reason for 
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this behavior is that "...bootstrap resampling from the observations does not resemble 

sampling from a population in which the null hypothesis holds" (Bollen and Stine, 1993, 

p. 114). Under the simple, "naive" bootstrapping procedure described above, the mean of 

the bootstrap sample population is not zero (the claim of the null hypothesis). This 

results in the bootstrap values of the test statistic rejecting the null hypothesis more often 

than the pre-specified level of significance a. But in this case, one can modify the 

bootstrap plan slightly, so that the null hypothesis holds. The modified plan is as follow s: 

1. Center the data around the sample mean X. That is, form the set: 

{(X, - X ) , ( X 2 - X ) . . . . , ( X n - X ) } . 

2. Proceed as in steps 1-3 of the previous scheme. 

If the above plan is applied the bootstrap population mean is forced to be zero, so 

that the null hypothesis holds and the p-value that is estimated is true. The authors 

applied the above bootstrap scheme and report that it works very well as the bootstrap 

distribution comes very close to the true chi-square distribution. The above discussion is 

the basis on which the correct procedure for bootstrapping likelihood ratio test statistics is 

developed. 

The likelihood ratio test statistic is used widely in stmctural equation models to 

test the null hypothesis Ho: Z = Z(0), versus the alternative hypothesis Ha: Z -^ Z(0). 

where Z refers to the population covariance matrix (although the sample covariance 

matrix S is used instead of Z) and Z(0), is the covariance matrix which results from the 

model. In order to perform the above test the maximum likelihood fitting function must 

be evaluated: 

FML [S, Z(0)] = In | Z(0) | + tr [ S Z-'(0) ] - In | S | - p. (2.39) 

Here, p is the number of observed variables, S is the sample covariance matrix and 0 is 

the (t X I) vector of the free parameters in the model. The objective then is to select a 

vector of parameters 0 that minimizes the above function. The test statistic is then 

calculated using the minimum value of the function: 

T = (n - l )FML[S,Z(0) ] . (2.40) 
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The above test statistic is distributed as a non-central chi-square distribution with 

{[(p + 1) * p]/2 -1} degrees of freedom (where t is the number of the parameters to be 

estimated) and a non-centrality parameter k, if the variables do not exhibit excessive 

multivariate kurtosis. If one wants to evaluate the test statistic using bootstrapping, the 

"naive" resampling scheme would be: 

1. Resample the original data points with replacement forming xi*, X2*,..., Xn*. 

From this sample calculate the bootstrap sample covariance matrix S*. 

2. Fit the model under consideration to the bootstrap covariance matrix S* using 

the maximum likelihood fitting function FML [ S, Z(0*) ]. 

3. Compute the bootstrap test statistic T = (n - 1) FMÎ  [ S, Z(0 *) ] w ĥere 0 * is 

the value of 0* that minimizes the above likelihood function. 

4. Repeat the above procedure N times to obtain T*i, T*2 T*N. Then the test 

statistic T for the original sample would be compared to the bootstrap distribution of T* 

so that tests or standard significance can be carried out (Bollen and Stine, 1992). 

The above procedure, as it is demonstrated explicitly at Bollen and Stine's (1993) 

work, is not correct because the expected value of the bootstrap distribution of T* is 

larger than the expected value of T by a factor of df The variance of T* is also larger 

than that of T. Here again, the major mistake, when applying the naive bootstrap 

procedure discussed above, is that the null hypothesis does not hold in the bootstrap 

population. As with the previous example, one can, as Bollen and Stine (1993) 

demonstrate, to modify the bootstrap resampling scheme so that the null hvpothesis holds 

that is the bootstrap population from which the researcher resamples maintains the 

covariance stmcture which is specified by the null hypothesis. The idea is not as 

straightforward as the simple test for the mean, since it requires some matrix algebra. 

Nevertheless it is not very difficult as it is demonstrated in the following. 

One starts with the Y (n x p) data matrix of the centered observed variables. Then. 

S = Y' Y / (n - I) is the sample covariance matrix that corresponds to V. The idea of the 

square root of a matrix is useful here. Let M = M'̂ "^ M'^" to denote a s>nimetric square 
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root factorization of a positive definite matrix M, such as that given by Cholesky 

factorization. Then the matrix Z is formed, where: 

^ - Y S Z , (2.41) 

where Z = Z(0), is the estimated covariance matrix implied by the model. The 

modification is almost identical to the one suggested by Beran and Srivastava (1985), the 

only difference being that Beran and Srivastava use the original data matrix instead of the 

centered data matrix that Bollen and Stine use. The basic results obtained from the two 

studies are identical. 

Claim: The covariance matrix of Z is Z . 

Proof: 

Z' Z / (n - 1) = [(Y S-'̂ ' Z ' ' ' ) ' * (Y S-'̂ ' Z ''')] / (n - 1) 

= (£1/2^.-1/2 Y ' Y g - l / 2 f l / 2 ) / ( j ^ . | ) 

= i ' / 2 ^ - l / 2 s s - ' / 2 ; £ l / 2 

_ Y 1/2 ^-1/2 ^1/2 ^1/2 -̂1/2 y 1/2 

^ £1/2 g 1/2 ^ £_ 

The modified bootstrap procedure then consists of the following steps: 

1. Resample with replacement from the modified data Z, forming samples zi*, 

Z2*,..., ZN*. For this bootstrap sample calculate the sample covariance matrix S*M. 

2. Proceed as with steps 2-4 as they are described in the naive bootstrapping 

procedure above. 

Then the authors show that the bootstrap sampling distribution of the modified 

test statistic T*m exhibits the same behavior as the sampling distribution of the original 

test statistic T, when the null hypothesis is tme. The results are of course approximate, 

for two main reasons: 

1. T follows a chi-square distribution asymptotical 1\, while the non-centralitv' 

parameter expression (i.e., k = (n - 1) * FML [ Z, Z(0o) ], where 0o consists of the 

parameter set that minimizes FML [ Z, Z(0) ]), assumes that the distribution of the 

variables exhibits no excess kurtosis. This later condition a lot of times is violated. 
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because even if the sample comes from a multivariate normal distribution, a particular 

sample may still appear very non-normal with considerable kurtosis. 

2. The bootstrap distribution is a discrete distribution, while the original 

population distribution is generally continuous (Bollen and Stine, 1993). 

Despite the approximate nature of the results though, the modified bootstrapping 

produces reliable results as Bollen and Stine (1993) illustrate in their research. They hav e 

simulated a model that consists of one factor (latent variable) which is measured with 

eight indicator variables. The data were generated from normal distributions, with the 

sample size being n=150. The data were consistent with the null hypothesis Ho:Z = Z(0). 

When the "naive" bootstrap is applied the results are very misleading, with the sampling 

distribution not resembling at all the expected chi-square distribution with 20 df Both 

the modified bootstrap and the Monte Carlo simulation distributions resemble a lot more 

closely the chi-square distribution although both have lower peaks and more pronounced 

tails. The authors (Bollen and Stine, 1993) argue that these results are consistent with the 

findings that claim that the usual test statistic, when employed with small sample sizes, 

rejects the null hypothesis more often than the specified level of significance. 

The authors proceed to demonstrate how the modified bootstrap scheme can be 

used to compare the fit of nested models. The tests used for this procedure are called 

chi-square difference tests. Again the idea is to use a transformation of the data so that 

the null hypothesis holds in the bootstrap distribution. In this case the null hypothesis 

claims that the more restrictive model is the valid one and the less restrictiv e model is not 

required (Bollen and Stine, 1993). The modified bootstrap procedure in this case is the 

following: 

1. Transform the centered data, Y. to Z. as it has been described earlier, using the 

Z that was fitted under the more restrictive model. 

2. Fit both of the models considered to the same bootstrapped covariance matrix, 

forming the difference in the test statistic. 
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An example was used to illustrate the above described method. The results show 

that the bootstrap gives different p-values for the more restrictive models, but it still 

indicates that the less restrictive model is superior, which is the correct conclusion. 

The last point that the authors make is that when the modified bootstrap scheme is 

applied to fit indices, the resulting sampling distributions are very close to the 

distributions that would be expected if one would resample from a population in which 

the model in question is in fact valid, although the authors caution that the benefits are 

not very clear cut. 

Overall the authors feel that applying the modified bootstrap scheme that they 

propose, researchers can obtain more insight in to the behavior of the widely used test 

statistic when the data are not normal and/or the sample size available is small. 

2.3.3 Some Recent Studies 

The research of Ichikawa and Konishi (1995) is ver>' interesting and will be used a 

lot as one of the major references in this research. As such it will be extensively 

discussed here. Actually it is the first comprehensive study that investigates how robust 

the results of other research (most of which has been discussed here previoush) are to the 

violation of the multivariate normality assumption and examines how well the bootstrap 

works when the samples come from non-normal populations. Specifically, the authors 

performed a Monte Carlo simulation with which they investigated how bootstrap works 

in the estimation of the biases and variances of the maximum likelihood estimates in 

factor analysis. They also construct and compare two tvpes of bootstrap confidence 

intervals, one that is based on the bootstrap distribution of the studentized statistic, and 

another that is based on the bootstrap distribution of the non-studentized statistic. Thev 

have also investigated the bootstrap distribution of the normal theory likelihood ratio test 

statistic. 

The model that they use is an orthogonal 2-factor model and they are focusing in 

unrotated factor loadings and uniquenesses. They use two sample sizes, namelv n=l 50 
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and n=300 and three population distributions, one of which is a multivariate normal 

distribution. 

It is of great interest to take a look at the way they carried out their experiment as 

it is described in their research. The experiment consists of five steps that are going to be 

explained here. It has to be noted that the presentation relies heavily on Ichikawa and 

Konishi's (1995) own presentation. Before the details are presented, a discussion about 

some theoretical foundations will be useful. 

2.3.3.1 Bootstrap Estimates of Bias and Variability 

Let X = (Xi, X2, ..., Xn) be a random sample of size n from a population with an 
A A 

unknown distribution function F. Let 0 = 0 (X), be an estimator of 0. where 0 is a 

parameter or a function of parameters, which depends on F. In this case, 0 indicates the 

parameters (unstandardized and/or standardized) that need to be estimated in the factor 

analysis model. 

Measures of the statistical accuracy of 0 are the bias and the variance of the 

estimator. These measures are defined as: 
b(F) = EF(0 ) - 0, for the bias and (2.42) 

cr^{¥) = EF{ 0 - EF(0 )f . for the variance. (2.43) 

where EF( * ) indicates that we take expectations over the distribution F. Apph ing the 

basic idea of bootstrapping like it has been described extensively in the previous sections, 

we obtain a bootstrap sample X* = (Xi'^, X2*,.... Xn*). Then, 

b(Fn) = EFn(e*)-0 and (2.44) 

C7^(Fn) = E F n { e * - E F n ( e * ) } ' (2-45) 

are the bootstrap bias and variance, respectively, of 0 * = 0 (X*), where 0 * is an 

estimator based on a bootstrap sample, and Fn is the empirical distribution of F. The 

above defined bootstrap estimates of bias and variance are actually approximated by 

Monte Carlo simulation methods, that is. a large number of bootstrap samples, [X*( i) : 
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i-l,2,...,N} are generated from the empirical distribution Fn. The bias and variance of 0 * 

are then calculated on the bootstrap replications {0 *( i ) = 0 (X*( i)); i=l,2 N}. 

2.3.3.2 Bootstrap Confidence Intervals 

Let a be the asymptotic variance of 0, which is defined as: 

E{n^^'(0 -0 )}2=c7 ' +Op(n-^), (2.46) 

where p denotes the number of the parameters and Op( * ) denotes a term that converges 

in probability to zero at rate n"'. 

Let G , which is defined as <T^ = CT^ (X), be an estimator of cr^ that has the 

property: 

a^ = cr^ +Op(n"'̂ ^). (2.47) 

This is the case in maximum likelihood factor analysis when the variables follow a 

multivariate normal distribution. The problem of interest is to constmct an approximate 
A 

(I - a) 100% confidence interval for 0 using 0 and a. 

If we denote with K(u. F) the distribution function of the studentized test statistic Ts. that 

has the form: Ts = n'^^(0 - 0) / cr, then K(u, F) is defined by: 

K ( u , F ) = P r F { ^ ^ ^ ^ < u } (2.48) 

Then, K''(l - a, F) will be the 100(1 - a) quantile point of the distribution of Ts. Then 

the exact lower confidence bound 0s(ot), which is based on the distribution of Ts with 

Pr F {0 <0s(a)} = a, is given by: 

0s(a) = 0 - n"^a K\\ - a, ¥). (2.49) 

The exact lower confidence bound 0s(a) given by equation 2.49 is usually unknown. The 

bootstrap confidence intervals are constmcted by replacing the exact percentile points 

with their bootstrap estimates. As such the distribution function K(u, F) is estimated 

using the function: 

K(u,Fn) = PrFn{T*s<u}. (2.50) 
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where T*s is defined as T*s = n'^^(0 * - 0) / a *, and a *̂  is defined as a *' = a\X*). 

which is the estimate of cr based on a bootstrap sample X*. Then the 100(1 - a) 

quantile, that is, K''(l - a, Fn), is estimating the 100(1 - a) quantile, that is, K''(l - a, F). 

As a result, the bootstrap estimation of 0s(a), 0s (a), has the form: 

0s (a) =0 -n'^^ SK-\\-a,¥,). (2.51) 

The second bootstrap confidence interval studied, is not based on the studentized 

test statistic. The statistic T used has the form: 

T = n'^'(0 -0). (2.52) 

In order to constmct the confidence interval, consider H(u, F) to be the 

distribution function of T. H(u, F) is defined as: 

H(u, F) = PrF{ n''^(0 - 0) < u}. (2.53) 

Then, the 100(1 - a) quantile of H(u, F) is H''(l - a, F). As a consequence, the exact 

lower confidence bound 0T(a) that has the property Prp {0 < 0r(a)} = a, can be 

expressed as: 

0T(a) = 0 - n'^^ H-'(l - a, F). (2.54) 
A. 

Then, the bootstrap estimate of 0T(a), denoted by 0 T(ot) can be expressed as: 

0 T(a) = 0 - n-̂ ^̂  H-'(l - a, Fn). (2.55) 

A little manipulation of the above formula gives a more elegant result. The 
. , * A A 

bootstrap estimate of the T test statistic is T* = n (0 * - 0 ). If we denote the 

distribution function of T* / cj by J(u, Fn). then J' '(a. Fn) denotes the 100(a) quantile. 

Now, if we rewrite H(u, Fn), we get: 

— <-^ =J (u /a .Fn) . (2.56) 
(J orJ 

Then, H''(a, Fn) = a J"'(a, Fn). Substituting this result in equation 2.55 we get that: 

0 T(a) = 0 - n'^^ S- J-\\ - a, Fn). (2.57) 
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2.3.3.3 Ichikawa and Konishi's Study in Detail 

The experiment consists of the following 5 steps. 

1. The authors generated 1,000,000 repeated random samples of size n. w here n 

was either 150 or 300, from an 8-contaminated multivariate normal population that had 

covariance matrix Z = A A' + 4 ,̂ with given A and 4 .̂ This procedure was carried out in 

order to approximate the exact values of b(F), CT\¥), K''(a, F), and the percentile points 

of the normal theory likelihood ratio test statistic (n - 1) F( Z , S). The probability densit>' 

function of the 8-contaminated multivariate normal population, which is a subclass of 

elliptical distributions, has the form (Ichikawa and Konishi, 1995): 

( l - 8 ) N p ( p , V ) + 8Np(p ,vV) , (0<8<1), (2.58) 

where Np ( p, V) denotes the density function of a p-variate normal distribution with 

mean vector p and covariance matrix V. The covariance matrix of the 8-contaminated 

multivariate normal distribution is defined as: 

Z={ l+8 (v^ - l ) }V . (2.59) 

2. A random sample of size n=l 50 or n=300 was generated from the population 

that had the same structure as in Step 1. Then the factor analysis model w ith tw o factors 

was fit to the bootstrap sample X* = (Xi*, X2*...., Xn*). This process was repeated until 

N = 1,000 proper solutions were obtained. Then the bootstrap estimates of b(F), cr '(F). 

K''(a, Fn), and J"'(a, Fn) were calculated. 

3. The simulation in Step 2 was repeated R = 1,000 times (simulating the 

bootstrap) to obtain the means and standard deviations of b(F), cr^(F). K''(a, Fn). and 

J' '(a,Fn). 

4. A similar simulation as the one described in the above step 2. was conducted 

to obtain the percentile points of the bootstrap distribution of the normal theor> likelihood 

ratio test statistic. In order for the null hypothesis to hold in the bootstrap population 

(see, e.g., the work of Beran and Srivastava [1985] or Bollen and Stine [1993]), the 

bootstrap samples were drawn from the transformed sample Y, = Z " S' " X,, (1 < 1 < n), 

where Z = AA' + 4^. The process of re-sampling, fitting factor analysis model, and 
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calculation of bootstrap version of the test statistic was repeated until N = 1,000 proper 

solutions were obtained. 

5. The simulation in Step 4 was repeated R = 1,000 times in order to obtain the 

means and standard deviations of the percentile points. 

One of the interesting results the authors report is that improper solutions occur 

often, especially with small sample sizes (in their case n=150) and when the data were not 

transformed. In general the authors report that the bootstrap performed well even in cases 

where the distributions do not conform to multivariate normalitv'. The onh' problem the 

authors encountered was in the case of the unrotated loadings, probabh because they 

were not very well defined and their estimates were unstable (Ichikawa and Konishi, 

1995). 

The authors report that although the bootstrap seems promising in factor analysis, 

more research is needed. Specifically they propose that skewed population distributions 

and oblique factor models are used. The authors conclude by suggesting that caution 

should be exercised when the bootstrap samples present frequent improper solutions. 

2.3.3.4 Other Recent Studies 

Yung and Bentler's (1996) research can be considered as the most comprehensive 

and thorough review of the application of bootstrap covariance structure anah sis (that 1 

am aware of), but it also contains some original research on testing SEM models and 

estimating standard errors using the bootstrap. The main question thev' tackle is "Does 

the bootstrap work, and under what circumstances?" In order to help answer these 

questions, they used a confirmatorv factor analysis model with three latent v ariables 

(factors) and nine manifest variables. The population distribution of the data is 

considered to be a mixture of two multivariate normal distributions. Is has to be noted 

that the data are onh' sample data and the tme population is unknown. 

The appropriateness of the bootstrap estimates of the standard errors of the 

parameters was judged by comparing them to the standard errors obtained bv the so-
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called "ML-Robust" method (Bentler, 1989), that has proved to yield asvinptoticall) 

correct standard errors, even when multivariate normality does not hold. 

The authors applied two bootstrap methods: 

1. The completely non-parametric (i.e., "naive" or simple bootstrap). 

2. The bootstrap-Mo, which is the previously analytically described method 

introduced by Beran and Srivastava (1985) and slightly modified by Bollen and Stine 

(1993). This bootstrap method involves estimation of the sampling distribution of the test 

statistic under the null hypothesis by modifying the resampling space for bootstrapping. 

The authors also evaluated both the full-iteration bootstrap and the one-iteration 

bootstrap (Stine, 1989; Bollen and Stine, 1990, 1993). The one-iteration bootstrap, in 

brief, consists of obtaining the estimates for the parameters after just one iteration of the 

algorithm. The idea behind it is that the estimates obtained from the original sample are 

consistent, so if one uses consistent estimates as the initial values for the bootstrap 

samples, then the bootstrap estimates will be efficient. The results of their research are as 

follows: 

Bias Estimation. Both the full-iteration and the one-iteration bootstrap methods 

produced very small absolute biases. 

Standard Errors. The authors report problems with non-convergence and 

improper solutions. Their results are based only on the cases that presented no problems. 

The main results are: 

1. The authors claim that there is some weak ev idence that the estimated 

standard errors using bootstrapping techniques "would work adequatel)", ev en when the 

data do not follow a normal distribution. 

2. It seems that the full iteration bootstrap-Mo is the resampling technique of 

choice when it comes to covariance stmcture models, because it is based on a true null 

hypothesis. This fact is in line with the idea that the estimates of the standard errors 

obtained by traditional methods are model-driven. 
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"Naive" Bootstrap Versus the Parametric Bootstrap-Mo. The main points deriv ed 

out of this comparison are: 

1. Like Bollen and Stine (1993), the authors argue here that the parametric 

bootstrap is the only appropriate resampling scheme if the researcher wants to estimate 

the sampling distribution of the test statistic under the null hypothesis. 

2. The use of the "naive" bootstrap is acceptable in the case where the estimation 

of standard errors is the focus of the research. 

3. The "naive" bootstrap should be used for distribution-free and model-free 

situations while the parametric bootstrap should be used in distribution-free situations 

only. 

Full-Iteration Bootstrap Versus the One-iteration Bootstrap. The main points 

derived from this comparison are: 

1. When the estimation of standard errors is of interest the two methods give 

almost identical results. This may lead to a preference for the one-iteration bootstrap, as 

it involves less computational time and processing resources (assuming that computer 

time is a problem). 

2. When the estimation of the p-value for the test statistic is of interest, the 

results between the two methods were quite different. Specifically, the p-value obtained 

by the one-iteration method is almost double the one obtained by the full iteration 

method. Thus, the authors caution against the use of the one-iteration method, especiall} 

since they note that convergence is usually achieved by 3 or 4 iterations anvway, so that 

the full iteration method does not appear to pose significant disadvantages in terms of 

computer time and processing resources. It has to be noted though that both methods are 

more conservative in the estimation of the p-value than the classic asymptotic methods. 

Other Results. The authors also investigated testing of structural equation models 

that encompass both mean and covariance structures, using a slight modification of the 

bootstrap-Mo. The example they use shows that the p-value obtained b> the bootstrap is 

quite different than the p-value obtained by the usual Maximum Likelihood methods. 
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One more example showed that two slight modifications of the bootstrap-Mo 

method can help in calculating the power of the test statistic using an alternative model. 

The two methods used will not be discussed further here, but the results obtained show 

that one of the methods may work well, as the results resemble those obtained by the 

empirical methods. 

The authors conclude that further research is necessary in order to evaluate the 

precision of the estimates obtained by bootstrapping techniques. They feel that the 

estimation of the standard errors of the bootstrap estimates is an important domain that 

needs to be investigated further in the structural equation modeling field. 
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CHAPTER 111 

THE PROBLEM TO BE INVESTIGATED 

3.1 Outline of the Studv 

The goal of this research is to investigate the performance of the bootstrap for 

stmctural equation models with ordinal discrete variables. The performance of the 

bootstrap will be evaluated using the parameter estimates of the models and their standard 

errors. Then, confidence intervals will be constmcted to test the statistical significance of 

the parameters. Additionally, the performance of the bootstrap will be evaluated by 

simulation, which will allow for the determination of the coverage rates for the bootstrap 

confidence intervals. 

The study will include the following broad steps. A detailed explanation of the 

methodology to be followed will be given in section 3.3. 

1. For every model to be studied, the population covariance (actually, the 

correlation) matrix, Z, will be calculated, since the true values of the parameters are 

known. 

2. Data will be generated according to a multivariate normal distribution 

Np(0,Z), where p is the number of the observed variables in the model; various sample 

sizes will be used. 

3. The data will be discretized according to prespecified probability distribution 

functions and the polychoric correlation matrix will be calculated for each sample. 

4. Parameter estimates for the model w ill be obtained using both Maximum 

Likelihood estimates of the polychoric correlation and the Pearson's correlation matrices. 

Additionally, variability estimates and confidence intervals will be constmcted for these 

outer loop estimates. 

5. Bootstrap samples will be generated. Each sample will preserve the stmcture 

of the original sample; that is, it will have a covariance matrix Z . The number of the 

bootstrap samples to be generated will be N=1000. 
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6. The polychoric correlation coefficient matrix for each bootstrap sample will 

be calculated; then, parameter estimates will be calculated as with the original sample. 

7. The bootstrap parameter estimates will be analyzed, thus, providing standard 

errors for each parameter. 

8. Confidence intervals for the parameters will be constmcted using both the 

bootstrap-t method and the percentile method. 

9. The bootstrap procedure will be repeated for R times, thus simulating the 

bootstrap. This will allow for the determination of the coverage rate for the bootstrap, 

i.e., it will determine the percentage of times the bootstrap provides incorrect confidence 

intervals. Coverage rates will also be calculated for the outer loop confidence intervals. 

3.2 Justification of the Need for the Solution 

There is reasonable evidence from the literature that there is a justified need for 

this study and the subsequent results. The main reason why 1 chose to conduct this study 

is because I believe it will provide a valid alternative to the existing methods for inference 

in stmctural equation models with ordered categorical variables. In order that the need 

for this study and the results is fully justified and clear, it is important to first summarize 

the main points, (i.e., gaps and/or problems), that have been identified previously in the 

pertinent literature. 

1. Maximum Likelihood (ML) and Generalized Least Squares (GLS) estimators, 

when applied to Pearson's correlation matrices, lead, (to a greater or lesser degree), to 

biased parameter estimates and their corresponding standard errors, when the variables to 

be analyzed are ordered categorical ones. The bias is larger when the number of 

categories for each variable is small and when the variables exhibit large and differential 

skewness. 

2. The Asymptotically Distribution Free (ADF) estimator, that has been 

developed to supposedly provide correct estimates in cases of non-normality, has been 

shown to perform poorly in certain studies. Moreover, it is computationalh intensive and 

requires a large sample size for the estimates to be stable. 
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3. A better altemative to the ADF estimator is the continuous/categorical 

variable estimator (CVM) that has been developed specifically for the analysis of any 

combination of ordered categorical, dichotomous and continuous variables. The CVM 

estimator is essentially a weighted least squares estimator that utilizes the polychoric 

correlation matrix, instead of the covariance matrix. The estimator performs well, as 

previous studies have shown, but it is also very computationally intensive and requires 

large sample sizes (depending on the model size and complexity) to produce satisfactorv 

results. 

4. An estimator similar to CVM has been developed by P. Bentler and 

colleagues, to be used with combinations of ordered categorical, dichotomous and 

continuous variables. This estimator has not been tested extensiv eh through simulation 

studies, but in the limited context in which it has been tested, it has shown satisfactorv' 

results. It is also computationally intensive and requires large sample sizes. 

5. Analysis of the polychoric correlation coefficient matrix (as opposed to the 

analysis of the Pearson correlation matrix or the covariance matrix), using different 

estimators, produces asymptotically unbiased parameter estimates but biased standard 

errors (even in the case of large sample sizes). 

6. Analysis of the correlation matrix instead of the covariance matrix leads to 

biased parameter estimates as well as too large confidence intervals for the parameters, 

irrespective of the sample size. 

7. Non-convergence and improper solution problems occur more often v\hen 

polychoric correlation matrices are analyzed. The incidence of these problems is larger 

when the sample size is small, when the GLS estimator is used, and when the variables 

are highly skewed (Rigdon and Ferguson, 1991). 

8. Non-parametric bootstrap and parametric bootstrap techniques hav e been 

applied to stmctural equation model situations with mixed results. 

9. There is only one study that involves the analysis of ordinal categorical 

variables using the bootstrap, and that study involves only one model and a sample size of 
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n = 100. The technique employed is the completely nonparametric bootstrap. Also, only 

the covariance matrix was analyzed. The bootstrap showed promising results. 

10. All the other studies involving bootstrapping techniques were employed on 

continuous data. In these cases, the bootstrap parameter estimates showed little bias, 

while the standard errors for the parameters were satisfactory with moderate sample sizes. 

In all cases, the parametric bootstrap performs better and its use is more theoreticallv 

justified than the non-parametric bootstrap. 

11. Full-iteration bootstrap is preferred to one-iteration bootstrap. 

12. When the bootstrap is employed, there is an increased incidence of non-

convergence and improper solutions, especially when the sample size is small and the 

non-parametric bootstrap is used. 

13. Confidence intervals for the parameters of a structural equation model are not 

a very well studied topic. However, there is a notion that the bootstrap-t and bias 

corrected confidence intervals are more accurate than the percentile intervals. 

14. Essentially nothing is known about the coverage rate of the bootstrap-t 

confidence intervals, in stmctural equation models wdth ordered categorical v ariables. 

15. Very little is known on the subject of the required sample size for the 

bootstrap to perform well in stmctural equation models with ordered categorical 

variables. 

16. No bootstrap studies, to the best of my knowledge, have been conducted using 

polychoric correlation matrices and ordered categorical variables. 

3.3 Explanation of Methodolog\' 

To present the methodology in the most comprehensive wa>', this paragraph is 

separated into three sections. The first section discusses the models that have been used 

and the data generation process; the second presents the analysis of the original samples 

in each situation and the bootstrap scheme; the third section discusses how the results 

have been analyzed. 
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3.3.1 The Models 

Two basic models (with variations on the parameter values, distributions of the 

observed variables and the sample size) are going to be used in the analysis. Both models 

are simple confirmatory factor analysis models, but the results can be extended to more 

complicated models. For both models, the stmcture Z (X*) of the underiying continuous 

response variables is of interest. Here, of course, the realization of X* is X, where X(p x n) 

is the data matrix of the ordered categorical X variables. In the general case, when a 

particular covariance stmcture is tme for the X* model, this does not mean that it holds 

for the X model also, so generally Z (X*) ^ Z (X). The models are defined as: 

X* = AF +8. (3.1) 

The first model to be studied is taken from Muthen and Kaplan (1985). It 

involves an one-factor model with 4 observed X variables. The variables are 

dichotomous, with a 25/75 percent split, so, for each of the X variables the skewness 

is -2.68 and the kurtosis is -1.4483. The population covariance matrix of X is then: 

Z (X*) = A A' + 4 .̂ (3.2) 

A = 

The matrices are: 

"0.7" 

0.7 

0.7 

_0.7_ 

, 4̂  = I - diag(A A') = 

".51 

0 

0 

_ 0 

0 

.51 

0 

0 

0 

0 

.51 

0 

0" 

0 

0 

.51_ 

, Z (X*) = 

" 1 

.49 

.49 

.49 

.49 

1 

.49 

.49 

.49 

.49 

1 

.49 

.49 

.49 

.49 

1 

For this model, three sample sizes have been tried, and the subsequent models are 

identified as IF-1000, 1 F-200 and lF-50. 

For the IF-1000 model, the sample size is n=1000, the number of bootstrap 

samples is N=1000, and the bootstrap has been simulated R=25 times. For the 1 F-200 

model, the sample size is n=200, the number of bootstrap samples is N=1000. and the 

bootstrap has been simulated R=1000 times. For the lF-50 model, the sample size is 

n=50, the number of bootstrap samples is N=1000, and the bootstrap has been simulated 

R= 100 times. 
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The second model to be studied is an oblique 2-factor model with 6 observed 

variables. The X variables are 3-point Likert scales. Variables XI and X4 have a 

10/30/60 percent split, that is, their skewness value is -0.994 and their kurtosis value is 

-0.2222. Variables X2 and X5 have a 60/30/10 percent split, that is, their skewness value 

is 0.994 and their kurtosis value is -0.2222. Variables X3 and X6 have a 25/50/25 

percent split, that is, their skewness value is 0 and their kurtosis value is - 1 . Two 

variations of this model have been studied. The population covariance matrix of X* for 

both models is: 

Z (X*) = A <D A' + 4 .̂ 

The matrices for the first variation, denoted as 2FI, are: 

(3.3) 

A = 

0.6 

0.6 

0.6 

0 

0 

0 

0 

0 

0 

0.9 

0.9 

0.9_ 

, 0) = 
' I 

0.5 

0.5" 

I _ , 4̂  = 

"0.64 

0 

0 

0 

0 

0 

0 

0.64 

0 

0 

0 

0 

0 

0 

0.64 

0 

0 

0 

0 

0 

0 

0.19 

0 

0 

0 

0 

0 

0 

0.19 

0 

0 

0 

0 

0 

0 

0.19 

Z (X*) = 

1 0.36 0.36 0.27 0.27 0.27 

0.36 I 0.36 0.27 0.27 0.27 

0.36 0.36 1 0.27 0.27 0.27 

0.27 0.27 0.27 I 0.81 0.81 

0.27 0.27 0.27 0.81 1 0.81 

0.27 0.27 0.27 0.81 0.81 1 

For the 2F1 model, three sample sizes have been tried and the subsequent models 

are identified as 2F1-200, 2F1-50 and 2FI-500. For the 2FI-200 model, the sample size 

is n=200, the number of bootstrap samples is N=1000, and the bootstrap has been 

simulated R=1000 times. For the 2F1-50 model, the sample size is n=50, the number of 

bootstrap samples is N=1000, and the bootstrap has been simulated R=100 times. For the 

2F1-500 model, the sample size is n=500, the number of bootstrap samples is N=1000, 

and the bootstrap has been simulated R=100 times. 

The matrices for the second variation, denoted as 2F2, are: 
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A = 

"0.2 0 " 

0.2 0 

0.2 0 

0 0.5 

0 0.5 

0 0.5 

, ^ = 
~ I 0.5" 

0.5 I , ^ = 

0.96 

0 

0 

0 

0 

0 

0 

0.96 

0 

0 

0 

0 

0 

0 

0.96 

0 

0 

0 

0 

0 

0 

0.75 

0 

0 

0 

0 

0 

0 

0.75 

0 

0 

0 

0 

0 

0 

0.75 

Z (X*) = 

1 0.04 0.04 0.05 0.05 0.05 

0.04 1 0.04 0.05 0.05 0.05 

0.04 0.04 1 0.05 0.05 0.05 

0.05 0.05 0.05 1 0.25 0.25 

0.05 0.05 0.05 0.25 I 0.25 

0.05 0.05 0.05 0.25 0.25 1 

For the 2F2 model, two sample sizes have been tried and the subsequent models 

are identified as 2F2-200 and 2F2-500. For the 2F2-200 model, the sample size is n=200, 

the number of bootstrap samples is N=1000, and the bootstrap has been simulated R=100 

times. For the 2F2-500 model, the sample size is n=500, the number of bootstrap 

samples is N=1000, and the bootstrap has been simulated R=100 times. 

It has to be noted that the covariance matrices, Z(X*), calculated above are in 

reality correlation matrices, since the parameters are completely standardized. 

The data generating process is identical for all models. First, a matrix Y(n x p) of 

np standard normal variables is generated; here n is the sample size. Second, the 

modified data matrix X*(n xp) = Y Z'̂ ^ is generated, where Z'̂ ^ is a square root 

factorization of the covariance matrix Z(X*) for each model. Then, using the previously 

specified frequencies (percent splits), the elements in X* are discretized, thus forming the 
A 

data matrix X(n x p)- Finally, the polychoric correlation matrix of X, Z(X*) is computed. 

The polychoric correlation matrix is constructed from the pairwise polychoric 

correlations. The polychoric correlations computed are ".. .the maximum likelihood 

estimates of the product moment correlation between the [underlying] normal variables, 

estimating thresholds from the observed table frequencies" (SAS Institute Inc., 1997. 

p. 230). Since the polychoric correlations are computed pairwise, different thresholds are 
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used for each pair of variables. This, of course, is not as efficient a method, as the one 

that estimates all the thresholds and polychoric correlations simultaneously, w hich Lee. 

Poon and Bentler (1990) propose, but it is the only readily available method in SAS®, and 

the development of a separate algorithm, to compute all the elements of the polychoric 

correlation matrix simultaneously, is out of the scope of this research. Both the Pearson's 

correlation matrix and the polychoric correlation matrix will be analyzed. 

3.3.2 Data Analysis and the Bootstrapping Scheme 

Each model will be analyzed using the Maximum Likelihood estimator. The 

Maximum Likelihood estimator has been chosen because it is the most widely used 

estimator in stmctural equation models. The bootstrapping scheme involves the 

following steps that are going to be followed for every model. 

1. N random samples of size n will be drawn from a multivariate standard 

normal distribution, Np(0,1). Each sample will be denoted by YB. 

2. Each bootstrap sample YB will be transformed to X*B = YB Z '̂ ,̂ where 
.A A, A. ^ 

Z = AA' + 4^, the estimated covariance matrix from the original sample X. The data 

X*B will be discretized, thus forming the data matrix XB- The data are going to be 

discretized using the estimated thresholds x j = O'* X ~ ^ • as these have been 

estimated from the original sample. The polychoric correlation matrices Z 3 (X*B) \\ ill be 

computed for each bootstrap sample XB, i=l,...,N. 

3. Each bootstrap sample will be analyzed and parameter estimates X^^ will be 

obtained. 

4. Some of the solutions obtained will be improper or non-convergent. The 

improper or non-convergent solutions will not be used (since the} cannot be trusted), but 

they will be reported, as it is customary in the literature. 
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5. New "original" samples, Y of size n will be drawn according to the "original" 

data generating process described in paragraph 3.1. These samples will be used for the 

simulation of the bootstrap. 

6. The above steps will be repeated until the bootstrap has been simulated for R 

times. 

The above described bootstrapping scheme preserves the covariance stmcture of 

the original sample, that is, every bootstrap sample is taken from a population with 
A. ^ 

covariance matrix Z . The bootstrap parameter estimates X^ will be analyzed so that 

standard errors for them will be obtained, and confidence intervals for the parameters will 

be constructed. To show that the above bootstrapping scheme is expected to perform 

satisfactorily, suppose that of interest is the estimation of the standard error of a 

parameter (factor loading), X\ (the logic can be applied to all the parameters). Then, the 
A 

Standard error of X^ is Si(Z, TI,...TJ,...,TK), that is, the standard error is a function of the 

population covariance matrix Z, and the true, population thresholds TI,...,TJ....,TK. where 
Ti,...,Tj,...,XK are all of the tme thresholds for all p variables. Thus, if Z and xi XJ,...,XK 

were known, Si would be readily obtained by simulation (since an analytic evaluation of Si 
A 

is impossible): generate many samples, calculate A,, for each sample, then calculate the 
A 

Standard deviation for all X^ s. This standard deviation is a consistent estimate of Si(Z, 

XI,...XJ,...,XK), since, as the simulation size increases, the standard deviation of the 

simulated loading estimates converges to Si(Z, XI,...XJ,...,XK). However, in the present 

situation, Z and XI,...,XJ,...,XK are not known. The bootstrap method estimates Si(Z, 

XI,...XJ,...,XK) as Si(Z (X*),x 1,..., XK). Since the above described bootstrapping scheme 

preserves the characteristics and the stmcture of the model, it will be able to provide an 

estimate of the quantity Si(Z, XI,...XJ,....XK), because Z (X*) andxj are consistent estimators 
A 

of Z and Xj. This is true, as the polychoric correlation matrix Z (X*) is a consistent 

estimator of Z, and x j is a consistent estimator of Xj, since the proportions observed in 

each category converge to the population proportions by the law of large numbers, so the 
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inverse normal cumulative density functions evaluated at those proportions must also 

converge to the population inverse normal cumulative density functions. 

3.3.3 Analysis of the Results 

The above described bootstrap scheme has two loops. The inner loop includes 

steps 1-4 as they have been described in paragraph 3.3.2, while the outer loop includes 

steps 1-4 repeated for R times. The analysis of the results obtained in the inner loop will 

be described in detail. This analysis will be repeated for each one of the N inner loops. 

The analysis involves the following steps: 

1. Each bootstrap sample XB will result in bootstrap estimates for the parameters, 
A 

XQ. The means of the parameters estimates, X, will be computed. These means will be 

used to obtain bias estimates for the bootstrap parameter estimates. 

2. The bootstrap standard errors, d B, of the parameter estimates will be obtained 

by calculating the variance of the bootstrap estimates and taking the square root of it. 

3. Confidence intervals for the parameters will be computed using two methods: 

the percentile method and the bootstrap-t method. The confidence level that has been 

selected is (l-a)l00%=90%. 

The percentile method involves arranging the bootstrap parameter estimates from 

smallest to largest. Then the a/2 quantile value and the (l-a/2) quantile value are going 

to determine the lower and upper limits, respectively, of the (I-a) percentile confidence 

intervals of the parameters. 

The bootstrap-t method is a little more complicated but it has been described in 

detail in paragraph 2.3.3.2, when the work of Ichikawa and Konishi (1995) is discussed. 

For a very detailed discussion on the subject see Hall (1992, pp. 11-17, 306-311). In a 
A A A 

simple way, the "standardized" quantities Ts = (?LB - X)l G*B. where X are the 

polychoric parameter estimates from the original sample,(meaning, they are the parameter 

estimates that result from the analysis of the polychoric correlation matrices) and d *B are 

the standard errors of the bootstrap parameter estimates, (as they hav e been estimated 
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from the ML estimator), are first calculated and ordered. Then the limits of the 

(I-a) 100%) bootstrap-t confidence intervals for the parameters are given by: 

X - a Ts(l-a/2) < ;̂  < X- a Ts(a/2), (3.4) 

where Ts(a/2) and Ts( l-a/2) are the (a/2) and (l-a/2) quantiles, respectively, of the 

sampling distribution of Ts, and d are the estimated standard errors of the outer loop 

polychoric parameter estimates. 

When the outer loops have been concluded, R outer loop parameter estimates will 

have been derived from the outer loop polychoric and Pearson's correlation matrices that 

have been analyzed. These outer loop parameter estimates, denoted as X p for the 

Pearson's correlation matrices analysis, and as X for the polychoric correlation matrices 

analysis, will also be analyzed further, to provide the means of the parameter estimates, 

which will be used to calculate bias estimates. The standard deviations of the outer loop 

parameter estimates will also be calculated, together with the means of the estimated 

standard errors. These two measures of variability will be compared with each other and 

with the bootstrap standard errors. 

Also, when the outer loops have been concluded, R bootstrap confidence intervals 

for the parameters will have been constmcted. This will allow for investigation of the 

coverage rates of the bootstrap confidence intervals. The coverage rate is determined as 

the percentage of confidence intervals that do contain the true value of the parameter. 

This percentage, if the bootstrap performs well should be very close to (I - a) 100%. 

A ftirther point of interest is the comparison of the bootstrap coverage rates with 

the coverage rates that can be calculated from the conventional confidence intervals for 

the parameters. These confidence intervals have been constmcted using the outer loop 

parameter estimates and the corresponding estimated standard errors. So, for ever>' outer 

loop parameter estimate (whether it has been obtained by anah zing the Pearson's 

correlation or the polychoric correlation matrix) a (1 - a) 100% confidence interval has 

been constmcted: 

X - d Z(l-a/2) < X < X - a Z(a/2), (3.4) 
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A 

where X and d denote the outer loop parameter estimates and their corresponding 

estimated standard errors (whether polychoric or Pearson's correlation matrices have been 

used). From these confidence intervals, we obtain the coverage rates that w ill be 

compared to the bootstrap coverage rates. 
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CHAPTER IV 

RESULTS 

The resuhs will be presented according to the following: 

1. Discussion of improper solutions, missing values and other problems. 

2. Coverage rates for all the models. 

3. Bias estimates for all the models. 

4. Variability estimates for all the models. 

5. Comparison of the lF-1000 model results with the research of Muthen and 

Kaplan. 

6. Further analysis of the 2F1 -200 model results. 

4.1 Improper Solutions, Missing Values and 
Non-Positive Definite Matrices 

There were cases, both in the inner and the outer loop, that were not analyzed 

further due to improper solutions and/or missing values. The term improper solutions, as 

it is used in this research, encompasses cases in which the analysis of the correlation 

matrix (Pearson's or polychoric) resulted in either negative error variances and/or absolute 

correlation values greater than I, or non-convergence. The term missing values refers to 

the cases that resulted in a polychoric correlation matrix with one or more missing values, 

i.e., polychoric correlations that could not be computed. Additionally, some computed 

polychoric correlation matrices had one or more zero or negative eigenvalues, i.e., they 

were non-positive definite. These cases were rectified resulting in correlation matrices 

with all positive eigenvalues. The remedial measures taken for these cases include the 

following steps: 

1. The correlation matrix Z(X*) is spectrally decomposed according to: 

Z(X*) = P A P ' , (4.1) 
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where P(pxp) is a matrix with the normalized eigenvectors of Z(X*) as columns and A(pxp) 

is the diagonal matrix of eigenvalues of Z(X*). Here also, p, denotes the number of X 

variables. 

2. All the diagonal elements of A that are less than or equal to zero are 

substituted with 0.1. The resuhing diagonal matrix is denoted as AR. 

3. The matrix ZR = P AR P ' is computed, which is a positive definite matrix, but 

not necessarily a correlation matrix. 

4. The matrix ZR is made into a positive definite correlation matrix, ZPD, using 

the formula: 

ZPD = ( V V Z R ( V ' ^ Y , (4.2) 

where (V'̂ )̂"' is the inverse of the square root matrix (V'̂ )̂ and (V'̂ )̂ is the square root 

matrix of the diagonal of ZR (Johnson and Wichem, 1992). Then, the matrix ZPD is used 

in the analysis. 

There are many approaches to the subject of non-positive definite matrices. 

Bentler and Jamshidian (1994), discuss a method that essentially obtains the parameters 

of the stmctural equation model, under the constraint that, the eigenvalues of the factor 

covariance matrix are non-negative. Wothke (1993), discusses additional remedial 

measures, including the general technique used in this study. 

The mean number of cases of missing polychorics, eigenvalue corrections and 

improper solutions for the bootstrap samples (inner loops), for all the models is presented 

in Table 4.1. Table 4.1 also includes the mean number of bootstrap samples analyzed and 

the frequency breakdown of the solutions that were not analyzed. 
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Table 4.1: Mean number of bootstrap samples analyzed (NOBS), missing polychoric 
correlations (MISS), eigenvalue corrections (EIGEN) and improper solutions 
(IMPR.), and their % frequencies for the N=1000 bootstrap samples for each 
model. 

MODEL 
lF-1000 
lF-200 
lF-50 
2F1-200 
2F1-500 
2F1-50 
2F2-200 
2F2-500 

NOBS 
1000 

944.00 
481.05 
856.43 
992.37 
273.80 
431.56 
639.34 

MISS 
0 
0 

86.35 
25.12 
0.03 

317.80 
0 
0 

EIGEN 
0.00 
0.01 

109.11 
1.34 

0 
204.50 
0.00 
0.00 

IMPR. 
0 

56.01 
432.60 
118.45 
7.60 

408.40 
568.44 
360.66 

%MISS 
0 
0 

8.64 
2.51 

0 
31.78 

0 
0 

VoEIGEN 
0 
0 

11.94 
0.14 

0 
29.98 

0 
0 

%IMPR. 
0 

5.60 
47.35 
12.15 
0.76 
59.87 
56.84 
36.07 

The results of Table 4.1 are very interesting. It is obvious that the number of 

cases retained depends on the sample size n, the complexity of the model and the values 

of the parameters. The larger the sample size, n, the smaller the number of problematic 

cases is; less complex models also present fewer problems. The 2F1 models behaved 

generally better than the 2F2 models and this can be attributed to the parameter values. 

In terms of the problematic cases' breakdown, it is apparent that improper 

solutions pose the biggest problems, followed by missing polychoric correlations. The 

missing polychoric correlations are really a problem only with the sample size of 50. 

Improper solution occurrence seems to be influenced by a combination of sample size and 

model complexity, but also by the parameter values. 

These results might be a little discouraging, since researchers routinely analyze 

complex models with small sample sizes but, as it will be discussed later, the bootstrap 

produces good results in terms of bias, standard errors and coverage rates, even when the 

number of improper solutions is relatively high. On the other hand, for the bootstrap to 

be able to be implemented it is important that the polychoric correlation matrix of the 

original sample has no missing values and that the original sample does not result in 

either an improper solution, or non-convergence. If the sample size is small, the 

researcher has an increased probability of one of these problematic cases occurring. The 
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magnitude of this problem is better understood by looking at Table 4.2, which presents 

the prevalence of problematic cases on the polychoric correlation outer loops. 

Table 4.2: Number of missing polychoric correlations (MISS), eigenvalue corrections 
(EIGEN), improper solutions (IMPR.), cases analyzed to obtain R outer loops 
(NOBS), and their %> frequencies for each model. 

MODEL 
IF-IOOO 
lF-200 
lF-50 
2F1-200 
2F1-500 
2F1-50 
2F2-200 
2r2-500 

R 
25 

1000 
100 
1000 
100 
100 
100 
100 

NOBS 
25 

1007 
153 
1015 
100 
255 
270 
148 

MISS 
0 
0 
3 
2 
0 
77 
0 
0 

EIGEN 
0 
0 
3 
0 
0 
39 
0 
0 

IMPR. 
0 
7 
50 
13 
0 
78 
170 
48 

%MISS 
0 
0 

1.96 
0.20 

0 
30.20 

0 
0 

VoEIGEN 
0 
0 
2 
0 
0 

21.91 
0 
0 

%IMPR. 
0 

0.70 
33.33 
1.28 

0 
43.82 
62.96 
32.43 

Improper solutions seem to be the prevalent problem in this case. Again, the 

small sample sizes present a bigger problem, together with certain parameter values, i.e., 

the parameter values for the 2F2 models. Missing values do not seem to be a problem, 

except in these cases that there is a combination of small sample sizes and more complex 

models. The parameter values do not seem to influence the incidence of missing 

polychoric correlations. Eigenvalue corrections follow the same pattem also. 

Occurrence of missing polychoric correlations and improper solutions in the 

original sample, that the researcher has at hand, will of course prohibit the use of the 

bootstrap. Thus, the researcher has to be very careful to gather enough data, depending 

on the complexity of the model he/she is considering, to keep the probability of a 

problematic case occurring to a minimum. 

4.2 Coverage Rates 

For all the models the coverage rates for the 90%o confidence intervals are of 

interest. The percentage of the confidence intervals that include the tme parameter values 

is the coverage rate investigated. A percentage close to 90%) is an indication that the 

method used for the constmction of the particular confidence interval works well. 
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4.2.1 Coverage Rates for the IF-1000 Model 

The coverage rates for both the percentile bootstrap method and the bootstrap-t 

method are presented in Table 4.3. 

Table 4.3: Coverage rates for the 90%o bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the IF-1000 model. 

Percentile 
Bootstrap-t 

XI 
0.84 
0.84 

X2 
0.84 
0.88 

X3 
0.88 
0.88 

X4 
0.88 
0.84 

As can be seen in the above Table, the coverage rates for both methods are the 

same except for the coverage rates for the parameter X2, where the coverage rate for the 

percentile method is smaller than the coverage rate for the bootstrap-t method and the 

parameter X4, where the coverage rate for the percentile method is larger than the 

coverage rate for the bootstrap-t method. Although only 25 confidence intervals have 

been investigated, the coverage rates are reasonably close to 90%). 

The coverage rates for the polychoric correlation outer loop confidence intervals 

can be seen in Table 4.4. 

Table 4.4: Coverage rates for the 90%) polychoric correlation (outer loops) confidence 
intervals for the IF-1000 model. 

Coverage rate 
XI 

0.72 
X2 

0.72 
A,3 
0.8 

X4 
0.6 

It is obvious that the coverage rates are lower than 90%), which, when combined 

with the fact that the sample size is large, (n = 1000), may indicate a problem in the 

coverage. However, since R is only 25, definite conclusions are inappropriate. 

The coverage rates for the Pearson's correlation outer loop confidence intervals 

are presented in Table 4.5. 
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Table 4.5: Coverage rates for the 90%) Pearson's correlation (outer loops) confidence 
intervals for the IF-1000 model. 

Coverage rate 
XI 

0 
X2 
0 

X3 
0 

X4 
0.08 

The results are discouraging, in the sense that a lot of researchers use Pearson's 

correlation matrix analysis in stmctural equation models and here it is demonstrated that 

the coverage rates are almost zero, at least for this particular model setting. 

4.2.2 Coverage Rates for the 1 F-200 Model 

The coverage rates for both the percentile bootstrap method and the bootstrap-t 

method can be seen in Table 4.6. 

Table 4.6: Coverage rates for the 90%) bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the 1 F-200 model. 

Percentile 
Bootstrap-t 

XI 
0.890 
0.876 

X2 
0.907 
0.881 

X3 
0.885 
0.862 

X4 
0.887 
0.864 

The percentile method seems to perform satisfactorily, but the bootstrap-t method 

seems to produce coverage rates lower than 90%). Although the differences are not 

extraordinarily large, the fact that the results are based on 1000 confidence intervals is not 

very encouraging for the accuracy of the bootstrap-t method. 

The coverage rates for the polychoric correlation outer loop confidence intervals 

are presented in Table 4.7. 

Table 4.7: Coverage rates for the 90%) polychoric correlation (outer loops) confidence 
intervals for the 1 F-200 model. 

Coverage rate 
XI 

0.735 
X2 

0.743 
X3 

0.72 
X.4 

0.722 

The coverage rates are consistently lower than 90%) and very similar across all the 

parameters. 
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The coverage rates for the Pearson's correlation outer loop confidence intervals 

are presented in Table 4.8. 

Table 4.8: Coverage rates for the 90%) Pearson's correlation (outer loops) confidence 
intervals for the 1 F-200 model. 

Coverage rate 
XI 

0.435 
X2 

0.480 
X3 

0.509 
X4 

0.457 

The coverage rates are a lot lower than 90%) and they are lower than their 

corresponding coverage rates for the polychoric correlation case. 

4.2.3 Coverage Rates for the lF-50 Model 

The coverage rates for the percentile bootstrap method and the bootstrap-t method 

can be seen in Table 4.9. 

Table 4.9: Coverage rates for the 90%) bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the lF-50 model. 

Percentile 
Bootstrap-t 

>il 

0.88 
0.67 

X2 
0.93 
0.73 

X3 
0.91 
0.72 

X4 
0.97 
0.77 

For the percentile method, the coverage rates are overall reasonably close to the 

90%o level (except for the X4 parameter), despite the large percentage of discarded 

samples. Unfortunately, the bootstrap-t coverage rates are all substantially lower than 

90%. 

The coverage rates for the polychoric correlation outer loop confidence intervals 

can be seen in Table 4.10. 

Table 4.10: Coverage rates for the 90%) polychoric correlation (outer loops) confidence 
intervals for the lF-50 model. 

Coverage rate 
XI 

0.72 
X2 

0.78 
A.3 

0.75 
>i4 

0.82 

69 



As it can be seen in the above Table the coverage rates are all lower than 90%), but 

they are closer to 90%> than the corresponding bootstrap-t coverage rates. 

The coverage rates for the Pearson's correlation outer loop confidence intervals 

can be seen in Table 4.11. 

Table 4.11: Coverage rates for the 90%) Pearson's correlation (outer loops) confidence 
intervals for the lF-50 model. 

Coverage rate 
XI 

0.81 
X2 

0.84 
A3 

0.83 
X4 

0.80 

The coverage rates are lower than 90%), but, in this case they are overall higher 

(except for X4), than their corresponding coverage rates for the polychoric correlations 

confidence intervals. 

4.2.4 Coverage Rates for the 2F1-200 Model 

The coverage rates for the percentile bootstrap and for the bootstrap-t confidence 

intervals can be seen in Table 4.12. 

Table 4.12: Coverage rates for the 90%) bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the 2F1-200 model. 

Percentile 
Bootstrap-t 

> . ! 

0.887 
0.882 

X2 
0.902 
0.890 

X3 
0.897 
0.880 

X4 
0.899 
0.811 

X,5 
0.909 
0.835 

X6 
0.904 

0.844 

(P 
0.888 

0.898 

The percentile method coverage rates are all very close to 90%). The bootstrap-t 

method seems to perform satisfactorily for the parameters XI-X3 and (p, that have values 

0.6 and 0.5 respectively, but produces lower than 90%) coverage rates for the parameters 

X4-X6 that have a value of 0.9. 

The coverage rates for the polychoric correlation outer loop confidence intervals 

are presented in Table 4.13. 
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Table 4.13: Coverage rates for the 90%) polychoric correlation (outer loops) confidence 
intervals for the 2F1-200 model. 

Coverage rate 
X\ 

0.787 
X2 

0.811 
A,3 

0.838 
X4 

0.97 
X5 

0.979 

X6 
0.98 

JL 
0.766 

The coverage rates are lower than 90%) for the parameters X\-X3 and for the factor 

correlation (p, while they are higher than 90%© for the parameters >.4-A,6. These 

differences can be attributed to the values of the parameters. Indeed, parameters >.1-A,3 

have a tme value of 0.6 and cp has a value of 0.5, while parameters X4-A.6 have a value of 

0.9. 

The coverage rates for the Pearson's correlation outer loop confidence intervals 

can be seen in Table 4.14. 

Table 4.14: Coverage rates for the 90%) Pearson's correlation (outer loops) confidence 
intervals for the 2F1-200 model. 

Coverage rate 
X,l 

0.728 
X2 

0.739 
X3 

0.875 

X4 
0.006 

A,5 
0.002 

X6 
0.989 

cp 
0.870 

The results of Table 4.14 are very interesting. The coverage rates for the 

parameters X\ and X2 are lower than 90%o, but the coverage rate for X3, which has the 

same value as X\ and X2, is reasonably close to 90%). This can be explained by the 

distribution of the variable X3, which is symmetric, while the distributions of variables 

XI and X2 are skewed. The coverage rates for X4 and X5 are extremely lower than 90%), 

almost zero, while the coverage rate for X6 is higher than 90%). Here again the difference 

can be attributed to the distribution of the underiying variables. The difference in the 

magnitude of the coverage rates between X\-X3 and M->.6 can also be explained by the 

difference in the respective parameter values. The coverage rate for the correlation (p is 

slightly lower than 90%. 
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4.2.5 Coverage Rates for the 2F1-500 Model 

The coverage rates for the percentile bootstrap and for the bootstrap-t method are 

presented in Table 4.15. 

Table 4.15: Coverage rates for the 90% bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the 2F1-500 model. 

Percentile 
Bootstrap-t 

A.1 
0.87 

0.88 

X2 

0.92 

0.93 

X3 

0.91 

0.92 

A.4 

0.86 

0.87 

?i5 
0.89 

0.88 

X6 

0.92 

0.93 

<P 
0.9 

0.91 

The coverage rates for the percentile bootstrap method are all reasonably close to 

90%o. On the other hand, the coverage rates for the bootstrap-t method, although they are 

reasonably close to 90%) also, are all (except for X5), larger than their corresponding 

percentile coverage rates. 

The coverage rates for the polychoric correlation outer loop confidence intervals 

can be seen in Table 4.16. 

Table 4.16: Coverage rates for the 90% polychoric correlation (outer loops) confidence 
intervals for the 2F1-500 model. 

Coverage rate 
A,l 

0.82 

X2 

0.88 
X3 

0.88 

X4 

0.95 
xs 

0.96 
X6 

1.00 
cp 

0.82 

The coverage rates for the parameters >.l->.3 are lower than 90%), although the 

coverage rate for X2 and X3 is very close to 90%. The coverage rates for the parameters 

>.4->t6 are all higher than 90%) and again this can be attributed to the large value of the 

parameters >.4->,6. The coverage rate for the correlation (p is lower than 90%). 

The coverage rates for the Pearson's correlation outer loop confidence intervals 

are presented in Table 4.17. 

Table 4.17: Coverage rates for the 90% Pearson's correlafion (outer loops) confidence 
intervals for the 2F1-500 model. 

Coverage rate 
XI 

0.38 
X2 

0.42 
A,3 

0.84 

A.4 

0.00 
A,5 

0.00 
A,6 

0.98 
iL 

0.89 
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There is a large discrepancy between the coverage rates for the parameters X\-X2 

and the coverage rate for the parameter A,3. This discrepancy can be attributed to the 

difference in the distributions of the underiying variables. The coverage rates for 

parameters A.4 and A.5 are zero, while the coverage rate for A-6 approaches 1. The 

coverage rate for (p is only slightly lower than 90%). 

4.2.6 Coverage Rates for the 2F1-50 Model 

The coverage rates for both the percentile bootstrap and the bootstrap-t methods 

can be seen in Table 4.18. 

Table 4.18: Coverage rates for the 90%) bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the 2F1-50 model. 

Percentile 
Bootstrap-t 

A,l 
0.89 
0.7 

X2 
0.93 

0.75 

X3 
0.93 

0.81 

A,4 

0.99 

0.75 

A,5 
0.98 

0.79 

A,6 

0.98 
0.67 

cp 
0.9 
0.88 

The percentile method coverage rates for A,l-A,3 and (p, are reasonably close to 

90%), while the coverage rates for the rest of the parameters are substantially larger than 

90%o. The coverage rates for the bootstrap-t method are substantially smaller than 90%) 

except for the parameter (p, where the coverage rate is close to 90%). It is obvious that 

these results are not satisfactory, (especially for the bootstrap-t method); this can be 

attributed partly to the small sample size. 

The coverage rates for the polychoric correlation outer loop confidence intervals 

are presented in Table 4.19. 

Table 4.19: Coverage rates for the 90%) polychoric correlation (outer loops) confidence 
intervals for the 2F1-50 model. 

Coverage rate 

A,l 
0.81 

A,2 
0.78 

>.3 
0.91 

A.4 
0.99 

XS 
0.98 

X6 
1 

cp 
0.76 
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The coverage rates for the parameters >tl, ;i2 and (p are lower than 90%, while the 

coverage rates for the parameters A.4-X6 are very much higher than 90%. The coverage 

rate for the parameter A,3 is close to 90%). 

The coverage rates for the Pearson's correlation outer loop confidence intervals 

can be seen in Table 4.20. 

Table 4.20: Coverage rates for the 90%) Pearson's correlation (outer loops) confidence 
intervals for the 2F1 -50 model. 

Coverage rate 
XI 

0.884 
X2 

0.895 
>-3 

0.968 
A.4 

0.684 
A.5 

0.768 
A.6 

1.000 
cp 

0.842 

The coverage rates for this case are based on 95 observations (because of more 

improper solutions; possibly due to the small sample size). The coverage rates for the 

parameters A.1 and A,2 are all very close to 90%), while the coverage rates for A4, >.5 and cp 

are lower than 90%), and the coverage rates for A.3 and A.6 are higher than 90%o. 

4.2.7 Coverage Rates for the 2F2-200 Model 

The coverage rates for both the percentile and the bootstrap-t method can be seen 

in Table 4.21. 

Table 4.21: Coverage rates for the 90%) bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the 2F2-200 model. 

Percentile 
Bootstrap-t 

A,l 
0.86 

0.63 

A-2 
0.9 

0.69 

A,3 
0.94 

0.6 

A,4 
0.93 

0.81 

A,5 
0.93 

0.74 

A,6 

0.95 

0.78 

cp 
0.95 

0.61 

The bootstrap-t method produces coverage rates that are all substantially lower 

than 90%). The percentile method produces coverage rates that are generally higher than 

90%), except for the parameter A.1, for which the coverage rate is lower than 90%), and the 

parameter A.2 for which the coverage rate is exactly 90%). 

Table 4.22 presents the coverage rates for the polychoric correlation outer loop 

confidence intervals. 
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Table 4.22: Coverage rates for the 90%) polychoric correlation (outer loops) confidence 
intervals for the 2F2-200 model. 

Coverage rate 
A.1 

0.76 
A,2 

0.62 
A,3 

0.65 

X4 

0.76 
A.5 
0.8 

X6 
0.8 

cp 
0.69 

All the coverage rates presented in the above Table are lower than 90%), although 

they are generally higher than the corresponding coverage rates produced by the 

bootstrap-t method. 

The coverage rates for the Pearson's correlation outer loop confidence intervals 

can be seen in Table 4.23. 

Table 4.23: Coverage rates for the 90%) Pearson's correlation (outer loops) confidence 
intervals for the 2F2-200 model. 

Coverage rate 
A,l 

0.897 
X2 

0.784 
X3 

0.794 
X4 

0.845 

A,5 
0.835 

X6 
0.907 

cp 
0.763 

The coverage rates computed are based on 97 confidence intervals. The coverage 

rates for X\ and X6 are very close to 90%), while the rest of the coverage rates are lower 

than 90%). It has to be noted though, that the coverage rates here are larger than the 

corresponding coverage rates of Table 4.22. 

4.2.8 Coverage Rates for the 2F2-500 Model 

The coverage rates for both the percentile method and the bootstrap-t method are 

presented in table 4.24. 

Table 4.24: Coverage rates for the 90%) bootstrap confidence intervals (percentile method 
and bootstrap-t method) for the 2F2-500 model. 

Percentile 
Bootstrap-t 

A,l 
0.94 

0.68 

A,2 
0.94 

0.73 

A,3 
0.93 

0.76 

X4 
0.93 

0.85 

X5 
0.94 

0.92 

X6 
0.9 

0.86 

9 
0.9 

0.67 

The coverage rates computed with the bootstrap-t method are all lower than 90'Jo, 

especially for the parameters XI-A3 and (p, while the coverage rate for the parameter A5 is 
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slightly higher than 90%). The coverage rates computed v^th the percentile bootstrap 

method are higher than 90%) for the parameters A.l->.5, while they are exactly 90%o for the 

parameters A,5 and cp. 

The coverage rates for the outer loop polychoric correlation confidence intervals 

can be seen in Table 4.25. 

Table 4.25: Coverage rates for the 90%) polychoric correlation (outer loops) confidence 
intervals for the 2F2-500 model. 

Coverage rate 
XI 

0.78 
A,2 

0.71 
A.3 

0.73 
A.4 

0.75 
A,5 

0.88 
X6 

0.79 
cp 

0.76 

All the coverage rates in the above Table are lower than 90%). 

The coverage rates for the Pearson's correlation outer loop confidence intervals 

are presented in Table 4.26. 

Table 4.26: Coverage rates for the 90%) Pearson's correlation (outer loops) confidence 
intervals for the 2F2-500 model. 

Coverage rate 
XI 

0.888 
A,2 

0.796 
A,3 

0.857 

A,4 
0.724 

A<5 
0.633 

A.6 
0.827 

cp 
0.857 

The coverage rates in the above Table are based on 98 confidence intervals. The 

coverage rates for X\ is reasonably close to 90%), while the rest of the coverage rates are 

lower than 90%), although they are generally higher than their corresponding coverage 

rates of Table 4.25. 

4.3 Estimation of Bias 

The bootstrap estimates of bias are defined as: 

BL\S1=E*(A.*-A.), (4.3) 
A ^ 

where A, * denote the bootstrap parameter estimates and A. denote the corresponding 

outer loop estimates using polychoric correlations. The estimates for all the models can 

be seen in Table 4.27. Since not all the models have the same number of parameters, the 

entries of Table 4.27 correspond to the appropriate parameter estimates for each model. 
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Table 4.27: Bootstrap estimates of bias (BIASl) for all the models. 

Model 
lF-1000 
lF-200 
lF-50 

2F1-200 
2F1-500 
2F1-50 
2F2-200 
2F2-500 

A.1 
-0.00024 
-0.00157 
0.00713 
0.00324 
0.00124 
0.00519 
0.05477 
0.04019 

A,2 
-0.00009 
-0.00222 
-0.01110 
0.00266 
0.00152 
-0.00993 
0.02051 
0.00342 

A<3 
-0.00015 
-0.00221 
-0.01609 
-0.00158 
0.00012 
-0.00995 
0.04497 
0.01712 

X4 
-0.00055 
-0.00175 
-0.01231 
0.00075 
0.00089 
-0.01283 
0.01136 
0.00572 

X5 

0.00113 
0.00087 
-0.00991 
-0.00175 
0.00619 

X6 

0.00114 
0.00033 
-0.00527 
0.00408 
0.00146 

cp 

-0.00410 
-0.00235 
0.00791 
0.01733 
-0.06047 

It is apparent, from the results of Table 4.27, that, maximum likelihood works 

very well. The bootstrap estimates of bias are all very small with no obvious negative or 

positive tendency. The bias estimates are slightly larger for the smaller sample sizes, 

especially for the more complex models. There are more problems, however, with the 

2F2 models, where it can be seen that the bias estimates for the parameters A,l-A3, 

(especially ?il), and cp are substantial. This can be attributed to the values of the 

parameters. Generally, the bias estimates for the parameters with the highest values are 

the smallest. The distribution of the underlying X variables does not seem to affect the 

bootstrap estimates of bias. 

Two more bias estimates have been investigated. The first is the bias estimate of 

the outer loop parameter estimates using polychoric correlation matrices. These estimates 

are defined as: 

BL\S2 = E( i -? i ) , (4.4) 

where A, are the tme parameters, which, in this research, are known. The other bias 

estimate is the one of the outer loop parameter estimates using Pearson's correlation 

matrices. These estimates are defined as: 

BL\S3 = E(A.p -X), (4.5) 

where X^ denote the outer loop Pearson's correlation parameter estimates. The results 

for these estimates can be found in Tables 4.28 and 4.29, respectively. 
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Table 4.28: Bias estimates of the polychoric correlation (outer loops) parameter estimates 
(BIAS2), for all the models. 

Model 

lF-1000 
lF-200 
lF-50 

2F1-200 
2F1-500 
2F1-50 

2F2-200 
2F2-500 

A.1 
-0.01351 

-0.00660 

0.01717 

0.00959 

0.00020 

0.02452 

0.09143 

0.04586 

X2 
0.00304 

-0.00096 

0.00203 

0.00856 

0.00054 

0.01123 

-0.06938 

-0.02001 

A,3 

0.00526 

0.00543 

0.02291 

-0.00205 

0.00296 

0.00290 

-0.07306 

-0.04605 

A.4 

0.00237 

-0.00390 

0.00597 

-0.00005 

0.00000 

-0.01112 

0.01524 

0.00035 

A.5 

0.00090 

0.00053 

-0.02021 

0.02045 

-0.01607 

A.6 

0.00032 

0.00059 

0.00523 

-0.00788 

0.00669 

cp 

-0.00527 

-0.00955 

-0.01909 

-0.23283 

-0.09793 

The use of the polychoric correlation matrix produces encouraging results. The 

parameter estimates are very close to the tme values. Again, the smaller sample sizes 

present a little more problem, as do the estimates for the 2F2 models. For these models 

the most discouraging resuhs are for the parameter estimates of cp, which are substantially 

underestimated. Again, the problem here can be attributed to the choice of the parameter 

values that possibly was not the best, considering the values of the factor loading for 

these models. 

Table 4.29: Bias estimates of the Pearson's correlation (outer loops) parameter estimates, 
(BL\S3), for all the models. 

Model 

lF-1000 
lF-200 
lF-50 

2F1-200 
2F1-500 
2F1-50 

2F2-200 

2F2-500 

X\ 
-0.16370 

-0.15531 

-0.12426 

-0.10194 

-0.10810 

-0.10294 

0.04589 

0.00801 

A.2 

-0.14869 

-0.14990 

-0.53035 

-0.10302 

-0.10856 

-0.09694 

-0.08243 

-0.04340 

X3 
-0.14689 

-0.14433 

-0.13908 

-0.05277 

-0.04856 

-0.04581 

-0.07185 

-0.05258 

X4 
-0.14945 

-0.15249 

-0.53107 

-0.19322 

-0.19356 

-0.19476 

-0.08858 

-0.08753 

XS 

-0.19203 

-0.19413 

-0.19830 

-0.07633 

-0.10610 

A.6 

-0.02234 

-0.01967 

-0.03137 

-0.03557 

-0.03219 

cp 

-0.00551 

-0.01590 

0.00137 

-0.20038 

-0.08113 

On the other hand, as it can be seen from the results of Table 4.29, the bias 

estimates for the Pearson's correlation parameter estimates are discouraging. Like it has 

been discussed previously, in the literature review section, the use of the Pearson's 

correlation matrix in the analysis of stmctural equation models produces biased parameter 
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estimates. This is the case observed here also. Almost all the parameter estimates are 

negatively biased. The sample size does not seem to affect the estimates substantially, 

nor does the complexity of the model. On the other hand, the actual values of the 

parameters seem to affect bias. Indeed, the parameters with the smallest values are the 

ones that exhibit smaller bias. Of the large parameters investigated, the ones with skewed 

underlying X variables appear to be a lot more biased than the ones with symmetric 

underlying X variables. 

4.4 Variability Estimates 

For each model two sets of variability estimates have been considered. The first 

one, denoted as standard error (st. error), is simply the mean value of all the estimated 

standard errors for each parameter. The other one, denoted as standard deviation (st. 

deviation), is the empirical standard deviation of the parameter estimates. The mean 

standard deviation of the bootstrap parameter estimates is considered an estimate of the 

"tme" standard errors of the parameters. As it has been discussed in the methodology 

section, an analytic evaluation of the tme standard errors is impossible. The closest 

estimate that can be derived is the standard deviation of a large number of parameter 

estimates. 

All the variability estimates have been computed for the outer loop polychoric 

correlation parameter estimates, (denoted as polychoric standard errors and polychoric 

standard deviations respectively), and the outer loop Pearson's correlation parameter 

estimates, (denoted as Pearson standard errors and Pearson standard deviations 

respectively). Only the mean standard deviations have been computed for the bootstrap 

parameter estimates, denoted as bootstrap standard errors. 

The bootstrap variability estimates can be seen in Table 4.30, the variability 

estimates for the polychoric correlation parameter estimates can be seen in Table 4.31 and 

the variability estimates for the Pearson's correlation parameter estimates are presented in 

Table 4.32. 
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Table 4.30: Bootstrap variability estimates (bootstrap st. errors) for all the models. 

Model 
lF-1000 
lF-200 
lF-50 

2F1-200 
2F1-500 
2F1-50 
2F2-200 
2F2-500 

A.1 
0.050373 
0.099258 
0.143911 
0.107653 
0.065675 
0.177531 
0.196623 
0.172468 

A.2 
0.051793 
0.097076 
0.16251 
0.100421 
0.065366 
0.23444 
0.293739 
0.229818 

A.3 
0.044695 
0.098934 
0.158545 
0.098407 
0.062808 
0.225012 
0.283004 
0.215817 

A.4 
0.05767 
0.101625 
0.136799 
0.038734 
0.026264 
0.068636 
0.149057 
0.104436 

A.5 

0.036365 
0.026357 
0.070456 
0.163652 
0.102324 

A.6 

0.034788 
0.024052 
0.060389 
0.154485 
0.102192 

cp 

0.101249 
0.06141 
0.23101 
0.360659 
0.283694 

Looking at the results of Table 4.30, it is obvious that the smaller sample sizes 

result in higher variability. With the exception of the 2F2 models, the complexity of the 

model does not seem to affect the magnitude of the estimates. The parameter values on 

the other hand seem to affect them. Indeed, as the tme value of the parameters increases 

the estimates of variability decrease. 

Table 4.31: Variability estimates for the outer loop polychoric correlation parameter 
estimates (polychoric st. errors and polychoric st. deviations), for all the 
models. 

Model 
lF-1000 
lF-1000 
1 F-200 
lF-200 
lF-50 
lF-50 

2F1-200 
2F1-200 
2F1-500 
2F1-500 
2F1-50 
2F1-50 
2F2-200 
2F2-200 
2F2-500 
2F2-500 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

A<1 
0.03133 
0.05030 
0.06941 
0.10190 
0.13433 
0.18403 
0.08340 
0.10970 
0.05312 
0.06051 
0.17382 
0.20319 
0.21876 
0.25358 
1.63784 
0.19966 

A,2 
0.03118 
0.05152 
0.06936 
0.10025 
0.13494 
0.19054 
0.08349 
0.10325 
0.05304 
0.06041 
0.16609 
0.21513 
0.17701 
0.34390 
0.16663 
0.24089 

A.3 
0.03119 
0.04477 
0.06920 
0.10226 
0.13409 
0.18222 
0.08333 
0.10120 
0.05320 
0.06232 
0.17478 
0.18667 
0.20561 
0.34376 
0.14076 
0.23793 

A,4 
0.03118 
0.05764 
0.06935 
0.10451 
0.13611 
0.16254 
0.05603 
0.04285 
0.03541 
0.04311 
0.11409 
0.06470 
0.11306 
0.16257 
0.07257 
0.09727 

XS 

0.05600 
0.04002 
0.03541 
0.04313 
0.11470 
0.06739 
0.11884 
0.16307 
0.07105 
0.08253 

A,6 

0.05605 
0.03836 
0.03542 
0.04185 
0.11292 
0.06462 
0.11190 
0.14910 
0.07273 
0.10155 

cp 

0.07480 
0.10186 
0.04839 
0.05953 
0.14559 
0.20774 
0.27363 
0.46170 
0.26816 
0.31302 
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Table 4.32: Variability estimates for the outer loop Pearson's correlation parameter 
estimates (Pearson st. errors and Pearson st. deviations), for all the models. 

Model 
lF-1000 
lF-1000 
lF-200 
lF-200 
lF-50 
lF-50 

2F1-200 
2F1-200 
2F1-500 
2F1-500 
2F1-50 
2F1-50 
2F2-200 
2F2-200 
2F2-500 
2F2-500 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

St. Error 

St. Deviation 

A.1 
0.03905 

0.04549 

0.08702 

0.09198 

0.58155 

0.16776 

0.09525 

0.08916 

0.06481 

0.05249 

0.19879 

0.15672 

0.22572 

0.19912 

1.39217 

0.16052 

A.2 

0.03915 

0.04751 

0.08722 

0.09038 

0.17000 

0.02801 

0.09533 

0.08413 

0.05917 

0.05008 

0.19131 

0.18097 

0.18212 

0.25368 
0.18411 

0.19381 

A.3 

0.03920 

0.04113 

0.08724 

0.09278 

0.55700 

0.16599 

0.09751 

0.09071 

0.05904 

0.05309 

0.20506 

0.15676 
0.23204 

0.30549 

0.46917 

0.24801 

A,4 

0.03912 

0.05237 

0.08709 

0.09449 

0.17015 

0.02209 

0.06823 

0.03740 

0.03034 

0.02602 

0.13791 

0.07015 

0.12832 

0.12284 

0.08429 

0.07945 

A.5 

0.06822 

0.03531 

0.02686 

0.02401 

0.13813 

0.06822 
0.13822 

0.13238 

0.08153 

0.06503 

A.6 

0.06620 

0.03961 

0.02247 

0.02292 

0.13450 

0.06988 

0.14117 

0.14115 

0.09120 

0.09057 

cp 

0.09299 
0.10088 
0.06291 
0.06363 
0.18662 
0.21105 
0.37505 
0.47651 
0.33243 
0.29813 

Upon examining the results of Table 4.31, it is apparent that the standard 

deviation estimates are larger than the corresponding standard error estimates, except for 

the parameters M-X6 for the 2F1-200 and 2F1-50 models, where the pattem is reversed. 

Again, both variability estimates seem to be affected by the sample size. 

The results of Table 4.32 present a mixed picture. For the 2F1 models as well as 

for the lF-50 model, almost all the standard errors are larger than the standard deviations, 

while for the 1 F-200 and the IF-1000 models the opposite is tme. For the estimates of 

the 2F2 models the results are mixed. For some parameters the standard errors are larger 

than the corresponding standard deviations, for others they are smaller. The results are 

not consistent for the two models, i.e., while the standard error for the A.3 parameter for 

the 2F2-500 model is larger than the standard deviation, the opposite is tme for the same 

parameter for the 2F2-500 model. 

In order to facilitate further analysis for the variability estimates across the 

different methods used, the results have been grouped by model in the Tables 4.33-4.40 
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that follow. Again, it has to be noted that the means o f the empirical standard deviations 

o f the bootstrap parameter estimates are considered the closest estimate of the "tme" 

standard error o f the parameters, so all the variability estimates are compared to them. 

Table 4.33: Variability estimates for the lF-1000 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

A.1 
0.05037 
0.03133 
0.05030 
0.03905 
0.04549 

A.2 
0.05179 
0.03118 
0.05152 
0.03915 
0.04751 

A.3 
0.04469 
0.03119 
0.04477 
0.03920 
0.04113 

A.4 
0.05767 
0.03118 
0.05764 
0.03912 
0.05237 

Table 4.34: Variability estimates for the 1 F-200 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

A.1 
0.09926 
0.06941 
0.10190 
0.08702 
0.09198 

A.2 
0.09708 
0.06936 
0.10025 
0.08722 
0.09038 

A.3 
0.09893 
0.06920 
0.10226 
0.08724 
0.09278 

A,4 
0.10162 
0.06935 
0.10451 
0.08709 
0.09449 

Table 4.35: Variability estimates for the lF-50 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

A,l 
0.14391 
0.13433 
0.18403 
0.58155 
0.16776 

A.2 
0.16251 
0.13494 
0.19054 
0.17000 
0.02801 

A.3 
0.15855 
0.13409 
0.18222 
0.55700 
0.16599 

A,4 
0.13680 
0.13611 
0.16254 
0.17015 
0.02209 

Table 4.36: Variability estimates for the 2F1-200 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

XI 
0.10765 
0.08340 
0.10970 
0.09525 
0.08916 

A.2 
0.10042 
0.08349 
0.10325 
0.09533 
0.08413 

A.3 
0.09841 
0.08333 
0.10120 
0.09751 
0.09071 

A-4 
0.03873 
0.05603 
0.04285 
0.06823 
0.03740 

A.5 
0.03637 
0.05600 
0.04002 
0.06822 
0.03531 

X6 
0.03479 
0.05605 
0.03836 
0.06620 
0.03961 

cp 
0 . 1 0 1 2 5 
0.07480 
0.10186 
0.09299 
0.10088 
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Table 4.37: Variability estimates for the 2F1-500 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

>.l 

0.06567 

0.05312 

0.06051 

0.06481 

0.05249 

A.2 

0.06537 

0.05304 

0.06041 

0.05917 

0.05008 

A.3 

0.06281 

0.05320 

0.06232 

0.05904 

0.05309 

A.4 

0.02626 

0.03541 

0.04311 

0.03034 

0.02602 

A.5 

0.02636 

0.03541 

0.04313 

0.02686 

0.02401 

A.6 

0.02405 

0.03542 

0.04185 

0.02247 

0.02292 

cp 
0.06141 

0.04839 

0.05953 

0.06291 

0.06363 

Table 4.38: Variability estimates for the 2F1-50 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

A.1 

0.17753 

0.17382 

0.20319 

0.19879 

0.15672 

A.2 
0.23444 

0.16609 

0.21513 

0.19131 

0.18097 

A.3 
0.22501 

0.17478 

0.18667 

0.20506 

0.15676 

A.4 
0.06864 

0.11409 

0.06470 

0.13791 

0.07015 

A.5 
0.07046 

0.11470 

0.06739 

0.13813 
0.06822 

A.6 
0.06039 

0.11292 
0.06462 

0.13450 

0.06988 

cp 
0.23101 

0.14559 

0.20774 

0.18662 

0.21105 

Table 4.39: Variability estimates for the 2F2-200 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

?il 
0.19662 

0.21876 

0.25358 

0.22572 

0.19912 

X2 
0.29374 

0.17701 

0.34390 

0.18212 

0.25368 

A.3 
0.28300 

0.20561 

0.34376 

0.23204 

0.30549 

X4 
0.14906 

0.11306 

0.16257 

0.12832 
0.12284 

A.5 
0.16365 
0.11884 

0.16307 

0.13822 

0.13238 

A.6 
0.15448 

0.11190 

0.14910 

0.14117 

0.14115 

cp 
0.36066 

0.27363 

0.46170 

0.37505 

0.47651 

Table 4.40: Variability estimates for the 2F2-500 model. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

A.1 
0.17247 

1.63784 

0.19966 

1.39217 

0.16052 

A,2 
0.22982 

0.16663 

0.24089 

0.18411 

0.19381 

A.3 
0.21582 

0.14076 

0.23793 

0.46917 

0.24801 

X4 
0.10444 

0.07257 

0.09727 

0.08429 

0.07945 

A.5 
0.10232 

0.07105 

0.08253 

0.08153 

0.06503 

A.6 
0.10219 

0.07273 

0.10155 

0.09120 

0.09057 

cp 
0.28369 

0.26816 

0.31302 

0.33243 

0.29813 

For model IF-1000 the empirical standard deviations of the bootstrap parameter 

estimates are the closest to the polychoric standard deviations. Both the polychoric 

standard errors and the two variability estimators for the Pearson's correlations parameter 
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estimates are negatively biased for almost all the estimates. The same comments apply to 

model 1 F-200, although in this case the polychoric standard deviations are not as close to 

the bootstrap standard errors as they are for the IF-1000 model. 

For the lF-50 model there are no estimates that could be considered reasonably 

close to the bootstrap standard errors. The polychoric standard errors are negatively 

biased, while the other variability estimates are positively biased, except for the empirical 

standard deviations of the Pearson's correlation parameter estimates for A.2 and A.4, which 

are highly negatively biased. 

For the 2F1-200 model, the polychoric empirical standard deviations are overall 

reasonably close to the "tme", bootstrap, standard errors, although they exhibit a small 

positive bias for all the parameters. The empirical standard deviations of the Pearson's 

correlation parameter estimates are reasonably close (in fact, they are closer than the 

polychoric standard deviations) to the bootstrap standard errors for the X4 and X5 

parameters, but they are substantially positively biased for the parameter X6 and 

negatively biased for the rest of the parameters. The Pearson's standard errors appear to 

be negatively biased for the parameters >L1-A.3 and 9, while they are positively biased for 

the other parameters. 

For the 2F1-500 model, there are really no variability estimators that are 

consistently the closest to the bootstrap standard errors, although some estimates for some 

parameters exhibit a very small bias. The same is tme for the 2F2-200 model. 

For the 2F2-500 model, the polychoric standard deviations are overall the closest 

to the bootstrap standard errors. Nonetheless, for some parameters they exhibit some 

bias. For some parameters, the Pearson's standard deviations also exhibit only small 

biases. Both the polychoric and the Pearson's standard errors are mostly negatively 

biased. 
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4.5 Comparison of the IF-IQOO Model Results with 
the Research of Muthen and Kaplan 

As it has been discussed earlier in this research, Muthen and Kaplan (1985) have 

conducted a study to evaluate the performance of the CVM and other estimators. The 

IF-1000 model studied here is the same they use on one of their cases, so it is of great 

interest to directly compare the results. Their CVM results will be compared to the 

bootstrap estimates of this research. Muthen and Kaplan use the estimated standard error 

from a random sample of n = 10,000 as a measure of the "tme" standard error. This 

research uses the mean standard deviation of the bootstrap parameter estimates as an 

estimator of the "tme" standard error. Table 4.41 summarizes the resuhs of the 

comparisons among the bootstrap, the CVM estimator and the use of the polychoric 

correlation matrix. 

Table 4.41: Comparison of bias and variability estimates among the bootstrap, CVM and 
polychoric correlation estimators for the IF-1000 model. 

Estimate 
Bias for A.1 
Bias for A.2 
Bias for X3 
Bias for A.4 
St. error for A, 1 
St. deviation for A.1 
St. error for A.2 
St. deviation for A.2 
St. error for X3 
St. deviation for A.3 
St. error for A.4 
St. deviation for A.4 

CVM 
0 

0.005 
-0.006 
0.011 

-

-

0.065 (0.066) 
0.060 

0.064 (0.063) 
0.055 

0.064 (0.066) 
0.055 

Bootstrap 
0.000 
0.000 
0.000 
-0.001 
0.050 

-

0.052 
-

0.045 
-

0.058 
-

Polychorics 
-0.014 
0.003 
0.005 
0.002 
0.031 
0.050 
0.031 
0.052 
0.031 
0.045 
0.031 
0.058 

In the above Table 4.41, the entries in parentheses are the "tme" standard errors 

that Muthen and Kaplan report. 

The bootstrap estimates of bias are the smallest, while the estimates of bias when 

the polychoric correlation matrix is used have the same magnitude with the CVM 

estimates of bias. On the other hand, all the variability estimates of this research are 
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smaller than the ones reported by Muthen and Kaplan. The CVM estimator is more 

efficient than the methods used in this research, so one would expect that the standard 

error estimates computed here would be larger than the ones from Muthen and Kaplan's 

research. Since the number of replications is small (R = 25), the differences could be 

attributed to sample variation. 

4.6 Further Analysis of the 2F1-200 Model 

Since some of the 2F1-200 model replication included only a small number of 

bootstrap samples, (mostly due to improper solutions), it was decided that a further 

analysis of the results be undertaken. For this analysis the results have been sorted 

according to the number of bootstrap samples in each outer loop and estimates of bias and 

variability, along with coverage rates have been calculated. The cutoff point has been 

selected as n = 750, because this was the point that the number of bootstrap samples 

started having a higher frequency, as it can be seen in Figure 4.1. 
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Figure 4.1: Histogram of the number of bootstrap samples retained in each outer loop. 

The bias estimates are defined as before, and they can be seen in Table 4.42 for 

the group of "small" bootstrap samples and in Table 4.43 for the group of "large" 
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samples. It has to be noted that, the arithmetic mean of bootstrap samples for the "small" 

group is N = 641.01, and the mean for the "large" group is N = 898.08. Also, the "small" 

group includes 162 observations, while the "large" group includes 838 observations. 

Table 4.42: Bias estimates for the group of "small" bootstrap samples. 

BIASl 
BIAS2 
BIAS3 

A.1 
0.00234 

0.00251 

-0.10617 

A.2 

0.00151 

0.01151 

-0.10314 

A.3 

-0.00331 

-0.00630 

-0.05555 

A.4 

-0.00178 

0.01833 

-0.18425 

A.5 
0.00001 

0.01458 

-0.18863 

A.6 
0.00219 

-0.00260 

-0.01804 

cp 
-0.00193 

-0.02205 

-0.01565 

Table 4.43: Bias estimates for the group of "large" bootstrap samples. 

BIASl 
BIAS2 
BIAS3 

XI 
0.00342 

0.01096 

-0.10113 

A.2 

0.00289 

0.00799 

-0.10300 

A.3 
-0.00124 

-0.00123 

-0.05223 

A.4 
0.00124 

-0.00360 

-0.19496 

A.5 

0.00135 
-0.00174 

-0.19269 

A.6 
0.00094 

0.00088 

-0.02318 

cp 
-0.00452 

-0.00203 

-0.00355 

The bootstrap estimates of bias, (BIASl), are very small for both groups and no 

significant variation pattem can be detected between the two groups. The bias estimates 

for the polychoric correlations, (BIAS2), are larger for most of the parameters of the 

"small" group, while for the Pearson's correlation bias estimates, (BIAS3), the estimates 

for the parameters ?il-A.3 and cp are larger for the "small" group and the estimates for the 

parameters ?i4->.6 are larger for the "large" group. The differences, however, are small. 

The measures of variability for the two groups can be seen in table 4.44 for the 

"small" group and in table 4.45 for the "large" group. 

Table 4.44: Variability estimates for the group of "small" bootstrap samples. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

A.1 
0.12751 

0.08430 

0.13344 

0.09641 

0.10819 

A.2 
0.11152 

0.08444 

0.11986 

0.09641 

0.09635 

A.3 

0.11278 

0.08449 

0.12118 

0.09885 

0.10529 

A.4 

0.05049 

0.05486 

0.05997 

0.06769 

0.04766 

A.5 

0.04182 

0.05505 

0.05061 

0.06778 

0.04283 

>.6 
0.04799 

0.05572 

0.05658 

0.06553 

0.05093 

cp 
0.09972 

0.07442 

0.10017 

0.09305 

0.09813 
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Table 4.45: Variability estimates for the group of "large" bootstrap samples. 

Bootstrap st. error 

Polychoric st. error 

Polychoric st. deviation 

Pearson st. error 

Pearson st. deviation 

A.1 

0.10339 

0.08323 

0.10453 

0.09503 

0.08504 

X2 

0.09820 

0.08331 

0.09979 

0.09512 

0.08163 

X3 
0.09541 

0.08311 

0.09692 

0.09725 

0.08768 

X4 

0.03525 

0.05626 

0.03771 

0.06834 

0.03484 

A.5 

0.03472 

0.05619 

0.03709 

0.06831 

0.03365 

A.6 

0.03163 

0.05611 

0.03374 

0.06633 

0.03700 

cp 
0.10136 

0.07488 

0.10192 

0.09298 

0.10134 

The bootstrap standard errors for the "small" group tend to be larger for all the 

parameters, except 9, than their corresponding bootstrap standard errors for the "large' 

group. Both the polychoric and the Pearson's correlation standard deviation of the 

estimates are larger for the "small" group than their corresponding estimates for the 

"large" group. At the same time, both the polychoric and the Pearson's correlation 

standard errors for the "small" group tend to be larger for the parameters X\-X3, while 

they are smaller for the rest of the parameters. 

The coverage rates are presented in Table 4.46, for the "small" group, and in 

Table 4.47 for the "large" group. 

Table 4.46: Coverage rates for the group of "small" bootstrap samples. 

Percentile 
Bootstrap-t 
Polychorics 
Pearson's 

A.1 
0.796 

0.784 

0.698 

0.667 

A,2 

0.870 

0.846 

0.765 

0.716 

A,3 
0.852 

0.815 

0.759 

0.821 

A.4 
0.617 

0.444 

0.877 

0.031 

A.5 
0.747 

0.593 

0.938 

0.012 

A.6 
0.698 

0.593 

0.901 

0.969 

cp 
0.901 

0.901 

0.759 

0.870 

Table 4.47: Coverage rates for the group of "large" bootstrap samples. 

Percentile 
Bootstrap-t 
Polychorics 
Pearson's 

?.l 
0.905 

0.992 

0.804 

0.740 

A.2 

0.908 

0.994 

0.820 

0.743 

A.3 
0.906 

0.988 

0.853 

0.885 

A.4 

0.953 

0.998 

0.988 

0.001 

A.5 
0.940 

0.998 

0.987 

0.000 

X6 
0.944 

0.998 

0.995 

0.993 

cp 
0.885 

0.988 

0.767 

0.870 

The coverage rates for all the parameters, for both the percentile and the 

bootstrap-t methods, are the lower in the "small" group than the corresponding coverage 
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rates in the "large" group. The difference is a lot more pronounced for parameters >.4-A.6. 

While the percentile bootstrap coverage rates for the "large" group are very close to 90%) 

for the parameters A.1-A.3 and cp, they are significantly higher than 90%) for parameters ^4-

A,6. Also, the bootstrap-t coverage rates in the "large" group are all a lot higher than 90%). 

These differences may imply that the percentile bootstrap method, when employed with 

larger values of the parameters, and the bootstrap-t method, in general, are not very 

reliable. 

The coverage rates for the polychoric correlation outer loop confidence intervals 

for the "small" group are all lower than the corresponding coverage rates for the "large" 

group. This is not the case for the coverage rates of the Pearson's correlation confidence 

intervals. In this case, the coverage rates for the "small" group are smaller than the ones 

for the "large" group for parameters X4 and >.5, larger for parameters X\-X3 and X6. and 

equal for the cp parameter. 
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CHAPTER V 

CONCLUDING REMARKS 

5.1 Summary ofContributions and Results 

The contributions that this study has been expected to make have been mentioned 

in various instances throughout the previous chapters. However it is important to present 

some concluding remarks that link and summarize the contributions that were expected 

and the results that were obtained. 

1. This research (to the best of my knowledge) is the first study to investigate the 

performance of the bootstrap in stmctural equation models with ordinal discrete variables, 

making use of the polychoric correlation matrix instead of the Pearson's correlation 

matrix or the covariance matrix for the variables. This is considered very important, 

because, although researchers are routinely faced with discrete ordinal variables, the 

estimation methods that are available for such variables in a stmctural equation modeling 

framework are, either rather cumbersome and require large sample sizes to provide 

satisfactory results, or, provide incorrect estimates for the parameters and their standard 

errors. As the results indicate, application of the Maximum Likelihood estimator on 

polychoric correlation matrices provides correct parameter estimates, with very small 

bias. The results vary according to the sample size used and the complexity of the model. 

/Mother factor that affects the estimates of bias is the model's correlation or covariance 

matrix. The correlation matrix of the 2F2 models is very close to being non-positive 

definite, and this has affected the bias estimates. 

2. The data that was analyzed was generated according to known data generating 

processes. One of the models that have been investigated has been used by Muthen and 

Kaplan (1985) in evaluating the performance of the CVM estimator (that has been 

developed to be used in situations with ordinal discrete variables). The use of models 

with known parameters has the advantage that the parameter estimates obtained can be 

readily compared against the tme parameter values. The use of Muthen and Kaplan's 

model has the added benefit of allowing direct comparisons between the two methods 
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(CVM and bootstrap), although Muthen and Kaplan (1985) use only a very large sample 

size (n = 1000), and only 25 replications. The bootstrap compares favorably to the CVM 

estimator, in terms of bias estimates. The Maximum Likelihood estimator applied to the 

polychoric correlation matrix also compares favorably to the CVM estimator. 

3. The use of known models does not provide us with any direct knowledge of 

the standard errors of the parameter estimates. These can be provided through the various 

estimation methods, but most of the methods provide incorrect standard errors. The mean 

standard deviation of the bootstrap parameter estimates has been used as an estimate of 

the "tme" standard errors for each one of the parameters. These bootstrap standard errors 

have been compared with the standard errors provided by the other estimation methods to 

investigate the magnitude of their bias. Indeed, the bootstrap standard errors seem to be 

larger than all the other standard errors computed. The standard deviations of the 

polychoric correlation parameter estimates are generally very close to the bootstrap 

standard errors, while the standard deviations of the Pearson's correlation parameter 

estimates were only slightly negatively biased for some parameters, more for others. The 

standard errors that resulted from the application of the Maximum Likelihood estimator 

on either the polychoric or the Pearson's correlation matrix were generally negatively 

biased. In the case of Muthen and Kaplan's model, since the CVM estimator is believed 

to provide correct standard error estimates, the standard errors that the authors report have 

been directly compared with the bootstrap standard errors of this study, as well as, with 

the standard deviations and standard errors of the polychoric correlations parameter 

estimates. All the variability estimates were negatively biased compared with Muthen 

and Kaplan's research. Again, since the number of replications is only 25, we cannot 

draw strict conclusions. 

4. Various confidence intervals for the parameters have been obtained. The 

bootstrap confidence intervals have been constmcted using 2 methods: the bootstrap-t 

method and the percentile method. Confidence intervals have also been constmcted for 

the outer loop parameters. A major issue that this study has investigated is the coverage 

rate of the confidence intervals for the parameters. There has been no other studv of the 

91 



coverage rates for stmctural equation models with discrete variables. The coverage rates 

for the bootstrap confidence intervals have been obtained through simulation of the 

bootstrap. The bootstrap has indeed performed adequately; that is, the coverage rates 

obtained are close to the prespecified 90%) confidence level. The bootstrap-t method 

tends to perform worse, (on average), than the percentile method. The polychoric and 

Pearson's correlation coverage rates seem to perform poorly and they are influenced by 

the distributions of the underlying variables. 

5. The last, but by no means the least, contribution that this study has made is 

that the performance of the bootstrap in stmctural equation models with discrete variables 

has been investigated across different sample sizes, estimation methods, and distributions 

of the variables. 

5.2 Concluding Remarks 

Overall, I expect that this study has contributed to and has enhanced the current 

knowledge on the performance and reliability of the bootstrap when it is applied to SEM 

situations. Although SEM is becoming increasingly popular and its use has spread across 

many diverse fields, the scientific community lacks easy procedures for reliable 

estimation of the parameters and their standard errors, especially in discrete ordinal 

variable situations. This study shows that the bootstrap performs adequately enough. 

Although the bootstrap is not a panacea for all kinds of problems, it is a vast 

improvement over the standard practices (i.e.. Maximum Likelihood estimation) that are 

routinely used. The bootstrap has performed adequately even when the underlying 

variables are skewed in opposite directions, and despite the fact that the number of 

categories for each variable was small. The bootstrap is affected by the sample size and 

the complexity of the model, and that can be an issue, since a lot of studies can only 

afford a small sample size. The bootstrap is also somewhat affected by the parameter 

values. This could be an issue with sociological or psychological studies that routinely 

deal with smaller parameter values. Nonetheless, even in these situations the bootstrap 

performs better than the standard practice procedures. The performance of the bootstrap 
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in this study might have been influenced by the computation of the polychoric correlation 

matrices. The polychoric correlations were computed pairwise, using different cutpoints 

for each pair of variables and this might have influenced the estimates. Perhaps, the 

bootstrap would have performed better, if all of the elements in the polychoric correlation 

matrices were computed simultaneously. 

A somewhat discouraging, but unexpected, outcome has been the coverage rate of 

the bootstrap-t confidence intervals. Since the coverage error for bootstrap-t confidence 

intervals is of order n"̂  and the coverage error for percentile bootstrap confidence 

intervals is of order n" , when the correct standard errors are used in the calculations, one 

would expect the bootstrap-t confidence intervals to exhibit better coverage than the 

percentile bootstrap confidence intervals. However, there have been reports that the 

bootstrap-t confidence intervals do not always provide the correct coverage. This has 

been attributed to the incorrect choice of the standard errors used in the computations of 

the standardized quantities Ts. This is the problem observed here also. It is believed that 

the employment of a nested bootstrap, to provide the standard errors for the standardized 

quantities Ts. will remedy this problem. The cost of course will be in terms of computer 

time, which can be substantial, especially in a simulation study like this one. 

I will not argue that there are not any estimators available that perform better, but 

those estimators are not without problems either. Although the bootstrap is not readily 

available as a technique (i.e., one has to program it individually for each model), it is a 

relatively easy procedure to use. I believe that the bootstrap could indeed be considered a 

valid altemative, if one is cautious on hs application. 
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The SAS® code that follows refers to the 1 F-200 model and takes as input the 

parameter values, the distribution of the X variables (expressed as frequencies) and the 

number of requested replications and bootstrap samples. The researcher has to modify 

some parts of the program, to allow for different models. The program then can output 

the means and estimated standard errors of the bootstrap estimates, as well as the 

parameter estimates and their associated standard errors for the outer loop iterations. The 

program can also output the Studentized quantiles, the upper and lower bounds of all the 

confidence intervals that have been calculated, the coverage rates of the confidence 

intervals and their error bounds. The program requires the availability of the followdng 

SAS® modules: SAS/BASE®, SAS/STAT® and SAS/IML®. 

options pagesize=500 nonotes ls=76; 
proc datasets nolist; 
delete plainout zouter atlast final counter countl; 
mn; 

%)let n =200; 
%let nboot=50; 
%)let chunks=20; 
%)letsimout=100; 
%letlamdal=0.7; 
PROC IML; /* GIVES A START VALUE TO THE NEGATIVE 
EIGENVALUE*/ 
EIGENOUT={0}; /*COUNTER FOR THE OUTER LOOP POL. MATRDC*/ 
STORE EIGENOUT; 
QUIT; 
/* PART I - MODEL SPECIFICATION 2factor population values*/ 
%)macro outer; 
PROC IML; 
n=&n; 
seq={l 2}; 
bigseq=j(n,l,l)*seq; 
EIGINNER={0}; 

lamda ={&lamdal, &lamdal, &lamdal, &lamdal}; 
a=lamda*lamda'; 
psi= 1(4) - diag(a); 
sigma=a+psi; 

*print sigma; 
Shalf = root(sigma); /* Up to this point it is the "hard" input*/ 
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X = rannor(j(n,4,0)); /*create matrix X with random normal values. 
This is the "original" sample */ 

/* PART 2 - CREATE MODIFIED DATA Y=X* SHALF AND DISCRETIZE IT */ 

y = X*SHALF;/*OK!!!!*/ 
corry = corr(y); 
diff = corry - sigma; 
* print corry sigma psi; 
* print diff; 
* print sigma; 

PROB={.25 .25 .25 .25}; /* user defined frequencies*/ 

CRIT=PROBIT(PROB); /*CRITICAL POINTS FROM NORMAL FOR 
DISCRETIZATION */ 

*PRINT CRIT; 

dISCRETE=j(n,4,0); 
props =j(4,2,0); 
do j=l to 4; 
y i = y [ j ] ; 
dO = (yl < CRit[l,J]*j(n,l,l)); /* DOES ESfVERSE DISCRETIZATION*/ 

dISCRETE[,j] = j(n,l,2) - dO; /* DOES THE CORRECT DISCRETIZATION*/ 
disctemp = discrete[,j]*j(l,2,l); 
check = (disctemp=bigseq); 

propsjj,] = check[+,]/n; 
end; 

*print y; 
•print dISCRETE; 
*print props; 
create ORIG from discrete; 

append from discrete; 

frequen=j(l,4,0); 
prop=props'; 
frequen[l,J=prop[l,]; 

freq= choose(frequen=0,0.00001 ,frequen); 
freq2=choose(freq=l, 0.99999,freq); 

tauhat=PR0BIT(freq2); /*These are the normal scores that correspond to 
the tauhats for the discrefization of the bootstrap samples*/ 
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* print props prop frequen freq freq2 tauhat; 
store Shalf tauhat EIGINNER; 
quit; 

data original; 
set orig(rename=(coll=yl col2=y2 col3=y3 col4=y4 )); 

/* PART 3 - CLEAN DATA SETS with estimafions EVERY TIME THE PROGRAM 
RUNS*/ 
/* obtain estimations for plain correlation matrices*/ 

PROC DATASETS NOLIST; 
DELETE lisal finest; 
RUN; 
proc calls noprint data=original outest=plain; 
varYl-Y4; 
lineqs 
Yl=zpl F l + E p l , 
Y2=zp2Fl +Ep2, 
Y3=zp3Fl4-Ep3, 
Y4=zp4Fl +Ep4; 
std 
EP1-EP4=EZP1-EZP4, 
Fl= 1.; 
Bounds 
EZpl-EZp4>=0.; 
run; 

data plain 1; set plain; 
drop _NAME_ _RHS_ _ITER_; 

if _TYPE_ ne "FARMS" and _TYPE_ ne "STDERR" then delete; 
mn; 

data stepl; set plain 1; 
if_TYPE_= "FARMS"; 
mn; 

datastep2; set plain 1; 
stdzpl=zpl; stdzp2=zp2; stdzp3=zp3; stdzp4=zp4; 

drop zpl zp2 zp3 zp4 ezpl ezp2 ezp3 ezp4 ; 
if_TYPE_ = "STDERR"; 
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mn; 

datastep3; 
merge stepl step2; 
run; 

data plain2; set step3; 
ifEzpl<=Oor Ezp2<=0or Ezp3<=0 or Ezp4<=0then 
delete; 

run; 

data plain3; set plain2; 
drop _TYPE_ EZPl EZP2 EZP3 EZP4 ; 
lowzpl = zpl - 1.645*stdzpl; hizpl=zpl + 1.645 * stdzpl; 
lowzp2 = zp2 - 1.645*stdzp2; hizp2= zp2 + 1.645 * stdzp2; 
lowzp3 = zp3 - 1.645*stdzp3; hizp3= zp3 + 1.645 * stdzp3; 
lowzp4 = zp4 - 1.645*stdzp4; hizp4= zp4 + 1.645 * stdzp4; 

run; 

PROC DATASETS NOLIST; 
DELETE plain plain I stepl step2 step3 plain2 
RUN; 
*proc print data=plain3; 
*title "data set plain3"; 
*mn; 

/*PART 4 - COMPUTE POLYCHORIC CORRELATION MATRDC, CHECK FOR 
NEGATIVE EIGENVALUES AND RIDGE THEM; PRODUCE POSITIVE DEFESIITE 
POLYCHORIC CORRELATION MATRDC*/ 

proc sort data=original out=sorted; 
by Yl y2 y3 y4 ; 

mn; 

* proc print data=sorted; 
*mn; 

/* all this up to PROC IML computes the polychorics 1 by 1 and appends them 
to 6 data sets (each data set is a column of the pol. corr matrix) */ 

proc datasets nolist; 
delete pmatrix poly original; 
mn; 
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proc freq data=sorted noprint ; 
tables yl*y2/noprint PLCORRconverge=.0001 ; 
output out=poly PLCORR; 
mn; 

PROC APPEND base=pmatrix Data=poly; 
mn; 
proc freq data=sorted noprint; 
tables yl*y3/ noprint PLCORR converge=.0001; 
output out=poly PLCORR; 
mn; 
PROC APPEND base=pmatrix Data==poly; 
mn; 

proc freq data=sorted noprint; 
tables yl *y4/ noprint PLCORR converge=.0001 ; 
output out=poly PLCORR; 
mn; 
PROC APPEND base=pmatrix Data=poly; 
mn; 

proc freq data=sorted noprint; 
tables y2*y3/ noprint PLCORR converge=.0001 ; 
output out=poly PLCORR; 
run; 
PROC APPEND base=pmatrix Data=poly; 
mn; 

proc freq data=sorted noprint; 
tables y2*y4/ noprint PLCORR converge=.0001 ; 
output out=poly PLCORR; 
mn; 
PROC APPEND base=pmatrix Data=poly; 
mn; 

proc freq data=sorted noprint; 
tables y3*y4/ noprint PLCORR converge=.0001 ; 
output out=poly PLCORR; 
run; 
PROC APPEND base=pmatrix Data=poly; 
run; 

data chekpoly; set pmatrix; 
if _PLCORR_="." then chekout=l; 
else chekout=0; 
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mn; 

proc univariate noprint data=chekpoly; 
var chekout; 
output out=chek sum=chekl 
run; 

data chek2; set chek; 
call symput("chekl", chekl); 
mn; 

%)macro checked; /*this is just to assure that there are no missing 
polychorics for the outer loop*/ 

proc IML; 
use chekpoly; 
read all var{_PLCORR_} into corr; 

polychor=J(4,4,l); 
indx=0; 

do i=l to 3; 

doj=i+l to 4; 
indx = indx+l; 
polychor[i,j]=corr[indx]; 
polychor[j ,i]=corr[indx]; 

end; 
end; 

*print polychor; 

/* this part checks for negative eigenvalues for the polychoric correlation 
matrix and ridges the eigenvalues so that all of them are >0 */ 
call eigen(value,vector,polychor); 
x=choose(value<=0, 0.1 ,value); 
ridged=diag(x); 

* print value x ridged; 
corrpoly=vector*ridged*vectof; /*CORRPOLY IS A POSITIVE DEFINITE 

MATRIX not necessarily a correlation matrix*/ 

vhalf=j(4,4,0); 
vminhalf=j (4,4,0); 
/* Now, if there is a negative eigenvalue corrpoly is not a correlation 
matrix The following makes corrpoly into a correlation matrix*/ 

LOAD EIGENOUT; 
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if min(value)<=0 then 
do; 

vhalf=half(diag(corrpoly)); 
vminhalf=inv(vhalf); 
corrpoly=vminhalf* corrpoly * vminhalf; 
EIGENOUT=EIGENOUT+ 1; 

end; 

np={&n &n &n &n}; /*THIS JUST PUTS THE SAMPLE SIZE ESf THE DATA FOR 
CALIS*/ 

npoly = np//corrpoly; 

PRINT EIGENOUT; 
create out from npoly; 
append from npoly; 

STORE EIGENOUT; 
quit; 

/*THIS MAKES THE DATA SET POLYDAT A TYPE = CORR DATA SET TO 
USE AS INPUT WITH CALIS*/ 

data polydat(type=corr rename=(coll=yl col2=Y2 col3=Y3 col4=Y4 )); 
set out; 
_type_='corr'; 
if_n_=l then_type_='N'; 
if _n_=2 then _name_-Yl'; 
if_n_=3 then _name_='Y2'; 
if _n_=4 then _name_='Y3'; 
if _n_=5 then _name_='Y4'; 

mn; 

/* PART 5 - PROC CALIS AND BOOTSTRAPPING */ 

proc calls noprint data=POLYDAT(TYPE=CORR) outest=lisa; 
varYl-Y4; 
lineqs 
Yl = z l o u t F l + E l , 
Y2 = z2outFl +E2, 
Y3 = z3outFl +E3, 
Y4 = z4outFl +E4; 
std 
E1-E4 = EPS1-EPS4, 
Fl = l . ; 
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Bounds 
EPS1-EPS4>=0.; 
mn; 

/* I only retain the parameter estimates from the original PROC CALIS and 
try to compute SIGMAHAT to use for the formulation of the boostrap samples*/ 

DATA LISAl; SET LISA; 
drop name r̂hs iter_; 
IF _TYPE_ ne "FARMS" and _TYPE_ ne "STDERR" then delete; 
mn; 

data out 1; set lisal; 
if_type_="PARMS"; 
run; 

*proc print; 
*mn; 

dataout2; set hsal; 
stzlout=zlout; stz2out=z2out; stz3out=z3out; stz4out=z4out; 
drop zlout z2out z3out z4out epsl eps2 eps3 eps4 ; 
if _TYPE_="STDERR"; run; 

*proc print; 
*run; 

data outer; 
merge outl out2; 
drop _type_; 
mn; 

data finoutl; set outer; 
if epsl<=0 or eps2<=0 or eps3<=0 or eps4<=0 then 

do; 
errcode=l; 

end; 
else do; 

errcode=0; 
end; 

lowzlout= zlout - 1.645*stzlout; hizlout= zlout + 1.645 * stzlout; 
lowz2out= z2out - 1.645*stz2out; hiz2out= z2out + 1.645 * stz2out; 
lowz3out= z3out - 1.645*stz3out; hiz3out= z3out + 1.645 * stz3out; 
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lowz4out= z4out - 1.645*stz4out; hiz4out= z4out + 1.645 * stz4out; 

call symput("errcode", errcode); 
mn; 

PROC DATASETS NOLIST; 
DELETE lisa lisal outl out2 outer ; 
RUN; 

%)macro inner; /*This is the macro of the inner loop*/ 
/*It only runs if the value of errcode is 0*/ 

proc append base= plainout data=plain3; 
mn; 

proc append base=zouter data=finoutl; 
mn; '? 

data finout2; set finoutl; 
call symput("zlout", zlout); 
call symput("z2out", z2out); 
call symput("z3out", z3out); 
call symput("z4out", z4out); 
call symputC'stzlout", stzlout); 
call symput("stz2out", stz2out); 
call symput("stz3out", stz3out); 
call symput("stz4out", stz4out); 
run; 

PROC IML; 
USE finoutl; 
READ ALL VAR {Zlout} INTO LI; 
READ ALL VAR {Z2out} ESfTO L2; 
READ ALL VAR {Z3out} INTO L3; 

READ ALL VAR {Z4out} ESfTO L4 
READ ALL VAR {EPSl} INTO El 
READ ALL VAR {EPS2} INTO E2 
READ ALL VAR {EPS3} INTO E3 
READ ALL VAR {EPS4} ESfTO E4 

al={0}; 
bl={l}; 
/*FORMULATE LAMDAHAT*/ 
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L11=INSERT(L1,L2,2); 
L12=E^SERT(L11,L3,3); 
LAMDAHAT=INSERT(L12,L4,4); 

/*FORMULATE PSIHAT*/ 
E11=EV1SERT(E1,E2,0,2); 
E12=INSERT(E11,E3,0,3); 
E13=EVJSERT(E 12,E4,0,4); 

PSIHAT=DIAG(E13); 

sigmahat=(lamdahat*lamdahaf)+psihat; 
halfhat=half(sigmahat); 
store halfhat; 
*PRINT LAMDAHAT PHIHAT PSIHAT; 
quit; 

/*begin main inner loop*/ 
%)macro chunky; /*do the inner calculafions and data generation in chunks*/ 

proc IML; 
NBOOT=&NBOOT; 
n=&n; 
load halfhat tauhat; 
DO i=l to nboot; 

X=rannor(j(n,4,0)); 
Y=X*halfliat; 
dis=j(n,4,0); 

doj=l to 4; 

yi==y[j]; 
dO=(yl <tauhat[l j]*j(n,l,l)); /* DOES EWERSE DISCRETIZATION*/ 

dis[j] = j(n,l,2) - dO; /* DOES THE CORRECT DISCRETIZATION */ 

/*SOS HERE*/ discrete= dis|[j(n,l,i); 
END; 

ifi=l then disbig=discrete; 
else 
disbig=disbig//discrete; 
end; 
CREATE BIGDIS FROM DISBIG; 
APPEND FROM DISBIG; 
QUIT; 
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DATA BIGsort; 
SET BIGdis(RENAME=(COLl=Yl COL2=Y2 COL3=Y3 COL4=Y4 C0L5=NB)); 

proc sort data=BIGSORT out=BIG; /*big is a sorted dataset*/ 
b y N B Y l y 2 y 3 y 4 ; 
mn; 

proc datasets nolist; 
delete pml-PM6 poly 1-POLY6 bigpol bigdis bigsort; 
mn; 

proc freq data=BIG noprint; 
BYNB; 

tables yl*y2 / noprint PLCORR converge=.0001 ; 
output out=polyl PLCORR; 
mn; 

PROC APPEND base=pml Data=polyl; 
run; 

DATAPolcoll; 
SETPml; 
KEEP _PLCORR_; 
RUN; 

proc freq data=BIG noprint; 
BYNB; 

tables y 1 *y3 / noprint PLCORR converge=.0001 ; 
output out=poly2 PLCORR; 
mn; 

PROC APPEND base=pm2 Data=poly2; 
mn; 

DATA Polcol2; 
SET Pm2; 
KEEP _PLCORR_; 
RUN; 

proc freq data=BIG noprint; 
BYNB; 

tables y 1 *y4 / noprint PLCORR converge=.0001 ; 
output out=poly3 PLCORR; 
mn; 

PROC APPEND base=pm3 Data=poly3; 
mn; 
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DATAPolcoB; 
SET Pm3; 
KEEP _PLCORR_; 
RUN; 

proc freq data=BIG noprint; 
BYNB; 

tables y2*y3 / noprint PLCORR converge=.0001 ; 
output out=poly4 PLCORR; 
run; 

PROC APPEND base=pm4 Data=poly4; 
run; 

DATA Polcol4; 
SET Pm4; 
KEEP _PLCORR_; 
RUN; 

proc freq data=BIG noprint; 
BYNB; 

tables y2*y4 / noprint PLCORR converge=.0001 ; 
output out=poly5 PLCORR; 
run; 

PROC APPEND base=pm5 Data=poly5; 
mn; 

DATA Polcol5; 
SET Pm5; 
KEEP _PLCORR_; 
RUN; 

proc freq data=BIG noprint; 
BYNB; 

tables y3*y4 / noprint PLCORR converge=.0001 ; 
output out=poly6 PLCORR; 
mn; 

PROC APPEND base=pm6 Data=poly6; 
run; 

DATA Polcol6; 
SET Pm6; 
KEEP _PLCORR_; 
RUN; 
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DATA BIGPOL; 
MERGE POLCOLl (RENAME=(_PLC0RR_=Y12)) 

POLCOL2 (RENAME=CPLC0RR_=Y13)) 
POLCOL3 (RENAME=(_PLC0RR_=Y14)) 
P0LC0L4 (RENAME=(_PLCORR_=Y23)) 
P0LC0L5 (RENAME=(_PLCORR_=Y24)) 
P0LC0L6 (RENAME=(_PLCORR_=Y34)); 

if Y12="." or Y13="." or Y14="." or Y23="." or 
Y24="."orY34="."then 
delete; 

else do; 
error=0; 
end; 
call symput("error",error); 
RUN; 

data bigpol 1; set bigpol; 
nnew=_n_; 
call symput("nnew",nnew); 
run; 

PROC DATASETS NOLIST; 
DELETE pml-pm6 polyl-poly6 polcoll-polcol6 big bigpol; 
RUN; 

proc univariate data=bigpoll noprint; 
var nnew; 
output out=nnewdata nobs=nnewl; 
run; 

proc append data=nnewdata base=counter; 
mn; 

/*It counts how many cases of missing polychorics I have for every chunk*/ 
%)macro minner; /* Checks for negative eigenvalues, ridges them, processes 
polychorics into a big matrix*/ 
proc iml; /* gets estimates and appends them to data set FINAL*/ 
n=&n; 
nbootnew=&nnew; 
use bigpol 1; 

read all var {Y12 Y13 Y14 Y23 Y24 Y34} 
into bigmat; 
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bigpoly=J(4,4,l); 
DO iboot=l to nbootnew; 

ind=0; 
do i=l to 3; 

doj=i+l to 4; 
ind=ind+l; 
bigpoly[i,j]=bigmat[iboot, ind]; 
bigpoly[j,i]=bigmat[iboot, ind]; 

end; 
end; 

* print bigmat; 
calleigen(value,vector,bigpoly); 

x=choose(value<=0, 0.1 ,value); 
ridged=diag(x); 
* print value x ridged; 

LOAD EIGinnER; 
/* Now, if there is a negative eigenvalue bigpoly is not a correlation matrix 
The following makes bigpoly into a correlation matrix*/ 

if min(value)<=0 then 
do; 

bigpoly=vector*ridged*vector^; /*bigPOLY IS A POSITIVE 
DEFINITE MATRIX not necessarily a correlation matrix*/ 

vhalf=half(diag(bigpoly)); 
vminhalf=inv(vhalf); 
bigpoly=vminhalf*bigpoly*vminhalf; 
EIGinnER= EIGinnER +1; 

end; 
STORE EIGinnER; 
np={&n &n &n &n}; /*THIS JUST PUTS THE SAMPLE SIZE ÊJ THE 

DATA FOR CALIS*/ 
nbigpoly = np//bigpoly; 

/*SOS HERE*/ nbigpoly=nbigpoly|[j(4+l,l,iboot); 

if iboot=l then polybig = nbigpoly; 
else polybig=polybig//nbigpoly; 
END; 

print eiginner; /*How many neg. eigenvalue correcfions I do for every CHUNK*/ 
•print polybig; 
create inner from polybig; 
append from polybig; 
quh; 
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/•THIS MAKES THE DATA SET innerdat A TYPE = CORR DATA SET TO USE 
AS ESfPUT WITH CALIS*/ 

data innerdat(type=corr rename=(coll=yl col2=Y2 col3=Y3 col4=Y4)); 
set inner; 
_type_='corr'; 
if mod(_n_,5) =1 then _type_ ='N'; 
if mod(_n_,5) =2 then _name_='Yr; 
if mod(_n_,5) =3 then _name_='Y2'; 
if mod(_n_,5) =4 then _name_='Y3'; 
if mod(_n_,5) =0 then _name_='Y4'; 

run; 

PROC DATASETS NOLIST; 
DELETE inner; 
RUN; 

proc calls noprint data=innerDAT(TYPE=CORR) outest=estim; 
by cob; 
varYl-Y4; 
lineqs 
Y l = z l F l + E l , 
Y2 = z 2 F l + E 2 , 
Y3 = z3Fl +E3, 
Y4 = z4Fl +E4; 
std 
E1-E4 = EPS1-EPS4, 
Fl = l . ; 
Bounds 
EPS1-EPS4>=0.; 
mn; 
/* I only retain the parameter estimates from PROC CALIS */ 

DATA rawest; SET estim; /*PUT SOMETHEMG TO CAPTURE ESTIMATION 
PROBLEMS 
AND NON-CORVEGENCE*/ 
drop _name_ _rhs_ _iter_; 
IF _TYPE_ ne "FARMS" and _TYPE_ ne "STDERR" then delete; 
mn; 

data finest 1; set rawest; 
if_type_="PARMS"; 
mn; 
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•proc print; •run; 

data finest2; set rawest; 
col6=col5;stdzl=zl; stdz2=z2; stdz3=z3; stdz4=z4; 
drop col5 zl-z4 cor epsl-eps4; 

if _TYPE_=" STDERR"; 
run; 
•proc print; 
•run; 

data finest; 
merge finest 1 finest2; 
mn; 

data finalest; set finest; 
if epsl<=0 or eps2<=0 or eps3<=0 or eps4<=0 then 

delete; 
run; 

data final 1; set finalest; 
drop epsl-eps4 col6 col5 _TYPE_; 
mn; 

data final2; set final 1; 
Tl=(zl-&zlout)/stdzl;T2=(z2-&z2out)/stdz2;T3=(z3-&z3out)/stdz3; 
T4=(z4-&z4out)/stdz4; 
mn; 

proc append data=final2 base=final; 
run; 

PROC DATASETS NOLIST; 
DELETE estim rawest finest 1 finest2 finest finalest semifin final 1 
final2 ; 
RUN; 

%)mend minner; 
%)mend chunky; 
%)mend inner; 

%)macro result; 
proc univariate noprint data=counter; 
var nnewl; output out=countl 
sum=count2 mn; 
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proc print data=countl; 
var count2; 
run; 

proc univariate noprint data=final; 
var zl z2 z3 z4 tl t213 t4 ; 
output out=univin n=nobs 
mean= meanzl meanz2 meanz3 meanz4 
p5=zlp5 z2p5 z3p5 z4p5 

tlp5 t2p5 t3p5 t4p5 
p95=zlp95 z2p95 z3p95 z4p95 

tlp95 t2p95 t3p95 t4p95 
std= stzl stz2 stz3 stz4 
mn; 

data almost; set univin; 

/• "correct" CI with sb=MLsterror of bootstrap estimates •/ 
MLlowzl= &zlout - (&stzlout^tlp95); 
MLhizl= &zlout - (&stzlout^tlp5); 

MLlowz2= &z2out - (&stz2out^t2p95); 
MLhiz2= &z2out - (&stz2out^t2p5); 

MLlowz3= &z3out - (&stz3out^t3p95); 
MLhiz3= &z3out - (&stz3out^t3p5); 

MLlowz4= &z4out - (&stz4out^t4p95); 
MLhiz4= &z4out - (&stz4out^t4p5); 
mn; 

proc append base=atlast data=almost; 
run; 

PROC DATASETS NOLIST; 
DELETE almost univin final counter countl ; 
RUN; 

%)mend result; 
%)mend checked; 
%)mend outer; 

%)macro times; 
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%locaI 1; 
%dol=l %to&simout; 
%)Outer 
%)macro loop; 

%if &chekl=0 %then %do; 
%)checked 

%if&errcode=0 %then%)do; 

%)inner 
%local k; 
%do k=l %to &chunks; 
%chunky 

%if &error=0 %then %do; 
%omiimer 
%end; 

%)end; 
%end; 

%)else %)do; %)goto exit; 
%end; 

%)result 
%)goto exit; 

%)end; 
%)else %)goto exit; 
%)exit: %mend loop; 

%loop 
%end; 

/• All the estimates, descriptives, C.I.s for the inner loop, outer 
polychorics and outer plain^/ 

proc print data=atlast; 
title "data set atlast - parameter estimates and st.errors"; 
var nobs meanzl stzl 
meanz2 stz2 
meanz3 stz3 
meanz4 stz4; 
mn; 

proc print data=atlast; 
fitle " t- quanfiles"; 
vartlp5t2p5t3p5t4p5 

tlp95t2p95t3p95 t4p95 ; 
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mn; 

proc print data=atlast; 
title "data set atlast - inner loop Confidence intervals"; 
var nobs zlp5 zlp95 MLlowzl MLhizl 

z2p5 z2p95 MLlowz2 MLhiz2 
z3p5z3p95 MLlowz3 MLhiz3 
z4p5 z4p95 MLlowz4 MLhiz4 ; 

run; 

proc print data=zouter; 
title "data set zouter with parameter estimates only"; 
var zlout stzlout 
z2out stz2out 
z3out stz3out 
z4out stz4out 

mn; 

proc print data=zouter; 
title "data set zouter with conf, intervals only"; 
var lowz 1 out hiz 1 out 
lowz2out hiz2out 
lowz3out hiz3out 
lowz4out hiz4out; 
run; 

proc univariate noprint data=zouter; 
var zlout z2out z3out z4out; 
output out=bootoutl 
n=nobsout mean=mzlout mz2out mz3out mz4out 
std=szlout sz2out sz3out sz4out 
mn; 

data zouter2; set bootoutl; 
call symput ("nobsout", nobsout); 
mn; 

proc print data=zouter2; 
title "descriptives for outer loop estimates- polychorics"; 
var mz I out szlout 
mz2out sz2out 
mz3out sz3out 
mz4out sz4out; 

run; 
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proc print data=plainout; 
fitle "outer loop estimates with plain cor. matrices "; 
var zpl stdzpl 
zp2 stdzp2 
zp3 stdzp3 
zp4 stdzp4 ; 
mn; 
proc print data=plainout; 
fitle "outer loop conf intervals with plain cor. matrices "; 
var lowzpl hizpl 
lowzp2 hizp2 
lowzp3 hizp3 
lowzp4 hizp4; 

mn; 

proc univariate noprint data=plainout; 
var zpl zp2 zp3 zp4; 
output out=bootout2 
n=nobs mean=mpzlout mpz2out mpz3out mpz4out 
std= spzlout spz2out spz3out spz4out 
mn; 

proc print data=bootout2; 
title " descriptives for estimates of the dataset plainout"; 
var mpz 1 out spz 1 out 
mpz2out spz2out 
mpz3out spz3out 
mpz4out spz4out; 

mn; 

/•coverage rates for everything^/ 
data cover; set atlast; 
/ • zl • / 

if &lamdal>=zlp5 AND &lamdal<=zlp95 then pl=l; 
else pi =0; 
if&lamdal>=MLlowzl AND &lamdal<=MLhizl thenMLl=l; 
else ML 1=0; 

/• z2^/ 
if &lamdal>=z2p5 AND &lamdal<=z2p95 then p2=l; 

else p2=0; 
if &lamdal>=MLlowz2 AND &lamdal<=MLhiz2 then ML2=1; 
else ML2=0; 

/•z3^/ 
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if &lamdal>=z3p5 AND &lamdal<=z3p95 then p3=l; 
else p3=0; 
if &lamdal>=MLlowz3 AND &lamdal<=MLhiz3 then ML3=1: 
else ML3=0; 

/•z4^/ 

if &lamdal>=z4p5 AND &lamdal<=z4p95 then p4=l; 
else p4=0; 

if &lamdal>=MLlowz4 AND &lamdal<=MLhiz4 then ML4=1: 
else ML4=0; 

mn; 

data cover2; set cover; 
keep pi p2 p3 p4 mil ml2 ml3 ml4; 
mn; 

data coverror; set atlast; 
/ • z l • / 

if &lamda Kz 1 p5 then Ic 11=1; 
else lcll=0; 

if &lamdal>zlp95 then ucl 1=1; 
else ucl 1=0; 
if&lamdaKMLlowzl thenlMLl=l; 
else IML 1=0; 
if&lamdal>MLhizl thenuMLl=l; 
else uMLl=0; 

/• z2^/ 
if «felamdal<z2p5 then lc21=l; 

else lc21=0; 
if «felamdal>z2p95 then uc21=l; 

else uc21=0; 
if «felamdal<MLlowz2 then IML2=1; 
else IML2=0; 
if &lamdal>MLhiz2 then uML2=l; 
else uML2=0; 

/•z3^/ 
if &lamdal<z3p5 then lc31=l; 
else lc31=0; 
if &lamdal>z3p95 then uc31=l; 
else uc31=0; 
if &lamdal<MLlowz3 then 1ML3=1; 
else IML3=0; 
if &lamdal>MLhiz3 then uML3=l; 
else uML3=0; 
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/•z4^/ 
if &lamdal<z4p5 then lc41=l; 
else lc41=0; 
if &lamda2>z4p95 then uc41=l; 
else uc41=0; 
if (felamda 1 <MLlowz4 then IML4= 1; 
else 1ML4=0; 
if &lamdal>MLhiz4 then uML4=l; 
else uML4=0; 

run; 

proc univariate noprint data=cover2; 
var pi p2 p3 p4 mil ml2 ml3 ml4; 
output out=cover3 sum=sumpl sump2 sump3 
sump4 summll summl2 summl3 summl4 
mn; 

proc univariate noprint data=coverror; 
var Icl 1 lc21 lc31 lc41 Imll lml2 lml3 lml4 ucl 1 uc21 uc31 uc41 umll uml2 uml3 
uml4; 
output out=bnderr sum=slcl 1 slc21 slc31 slc41 slmll slml2 slml3 slml4 
sucl I suc21 suc31 suc41 sumll suml2 suml3 suml4 
mn; 

•proc print data=cover2; 
•title "coverage rates for the inner loop RAW DATA"; 
•mn; 

proc print data=cover3; 
title "coverage rates for inner loop SUMS PERCENTILE"; 
var sumpl sump2 sump3 sump4 ; 
mn; 

proc print data=cover3; 
title "cov. rates for inner loop SUMS s.e.= ML errors"; 
var summll summl2 summl3 summl4 ; 
mn; 

proc print data=bnderr; 
title" coverage of error bounds low percenfile"; 
var sic 11 slc21 slc31 slc41 ; 
run; 

proc print data=bnderr; 
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title " error bounds LOW ML"; 
var slmll slml2 slml3 slml4 ; 
run; 

proc print data=bnderr; 
title "error bounds UPPER PERCENTILE"; 
var sue 11 suc21 suc31 suc41 ; 
run; 

proc print data=bnderr; 
title " error bounds UPPER ML"; 
var sumll suml2 suml3 suml4 ; 
mn; 

data covout; set zouter; 
if lowzlout <=&lamdal<= hiz lout then cl3=l; 
else cl3=0; 
if lowz2out <=&lamdal<= hiz2out then c23=l; 

else c23=0; 
if lowz3out <=&lamdal<= hiz3out then c33=l; 
else c33=0; 
if lowz4out <=&lamdal<= hiz4out then c43=l; 
else c43=0; 

run; 

data covout2; set covout; 
keepcl3 c23 c33 c43 ; 
run; 

PROC DATASETS NOLIST; 
DELETE covout; 
RUN; 

proc univariate noprint data=covout2; 
varcl3c23 c33 c43 ; 
output out=covout3 sum=sumcl3 sumc23 sumc33 sumc43 
mn; 

data coverout; set covout3; 
cov 13 = sumcl3 /&nobsout; 
cov23 = sumc23 /&nobsout; 
cov33 = sumc33 /&nobsout; 
cov43 = sumc43 /&nobsout; 
run; 
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proc print data=covout3; 
title "coverage rates for the outer loop -polychorics SUMS"; 
run; 

PROC DATASETS NOLIST; 
DELETE covout2 covout3 ; 
RUN; 

proc print data=coverout; 
tifie "coverage rates for the outer loop -polychorics"; 
mn; 

data pcovout; set plainout; 
if lowzpl <=&lamdal<= hizpl then c 14=1; 
else cl4=0; 
if lowzp2<=&lamdal<= hizp2 then c24=l; 

else c24=0; 
if lowzp3 <=&lamdal<= hizp3 then c34=l; 
else c34=0; 
if lowzp4 <=&lamdal<= hizp4 then c44=l; 
else c44=0; 

mn; 

PROC DATASETS NOLIST; 
DELETE plainout bootout2 ; 
RUN; 

data pcovout2; set pcovout; 
keepcl4c24 c34 c44 ; 
mn; 

PROC DATASETS NOLIST; 
DELETE pcovout; 
RUN; 

proc univariate noprint data=pcovout2; 
varcl4c24 c34 c44 ; 

output out=pcovout3 sum=sumcl4 sumc24 sumc34 sumc44 

mn; 

data pcover; set pcovout3; 
cov 14 = sumcl4 /&nobsout; 
cov24 = sumc24 /&nobsout; 
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cov34 = sumc34 /&nobsout; 
cov44 = sumc44 /&nobsout; 
mn; 

proc print data=pcovout3; 
title "coverage rates for the outer loop -plain correlations SUMS RAW 
DATA"; 
mn; 

PROC DATASETS NOLIST; 
DELETE pcovout2 pcovout3 ; 
RUN; 

proc print data=pcover; 
title "coverage rates for the outer loop -plain correlations"; 
mn; 

%mend times; 
%times 
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