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LIST OF SYL̂ IBOLS 

2 

B Angle formed by the line connecting two surfaces 
involved in radiant interchange and the normal 
to one of the surfaces, radians 

C Chord which subtends that part of the tube visible 
from the area dA,, ft. 

E Energy, Btu 

e Distance from probe to centerline of tube, ft. 
p 

e^ Black-body emissive power, Btu/ft - hr. 

F^ Shape factor (in general) 

P Shape factor (used with subscripts to denote a 
particular shape factor) 

F Factor based on the emissivities of the two surfaces 
involved in radiant interchange 

h Convection heat transfer coefficient, Btu/hr-ft -^R 
2 

i Radiation intensity, Btu/ft - hr. 

q Heat transfer, Btu/hr. 

R Radius, ft. 

r Distance between the surfaces involved in radiant 
interchange, ft. 

T Temperature, ̂ R 

X Axial displacement, ft. 

^x^ Length of a small section of the probe, ft. 

AXp Length of a small section of the tube, ft. 

€ Emissivity 

0 Angular displacement from the vertical diameter 
measured from the top, radians 

vi 
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or Boltzmann constant, 0.1714 x 10"® Btu/hr-ft^-°R^ 

^ Angle subtended by the segment of the tube surface 
which can be seen by the area dA. , radians 

XI Solid angle subtended by an area 



ABSTRACT 

Error in the measurement of gas temperatures due 

to radiation heat transfer to or from the temperature-

sensitive device is a problem often encountered. The 

problem has been attacked many different ways, some of 

them using analytical methods. However, a satisfactory 

analytical procedure for dealing with a general problem 

involving a surface which has a variable temperature 

has not been presented. This analysis provides such 

a method. It deals with the general class of problems 

concerning a cylindrical probe involved in radiant heat 

interchange with its cylindrical enclosure. This anal

ysis provides the data necessary to calculate the amount 

of radiant heat transfer to or from the probe at any 

location inside the tube and for any temperature 

distribution along the tube. 
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CHAPTER I 

INTRODUCTION 

General Statement of the Problem 

Many of the problems frequently encountered by the 

engineer or scientist are concerned with the flow of a 

fluid through a tube. In the investigation of a partic

ular problem, the experimenter is often faced with the 

problem of determining the temperature at points in 

the fluid. This temperature may be measured by placing 

a temperature probe in the fluid at the position where 

the temperature is desired. 

As in all experimental measurements, before using 

the data, the experimenter must analyze very carefully 

the measurement being made to determine precisely what 

the data represents. In the case of a temperature 

measurement, the data obtained from a simple temperature 

probe is simply the temperature of the jxinction, in the 

case of a thermocouple, or the bulb, in the case of a 

thermometer, as the probe is in thermal equilibrium 

with its environment. 

A probe located in an opaque fluid is in thermal 

equilibrium with the fluid which is flowing adjacent 

to the probe, so that the temperature of the probe is 

actually the temperature of the fluid at that point. 

1 



However, if the fluid is not opaque, as with a gas, 

the probe is also involved in a heat transfer by radi

ation to or from the gas and/or enclosure. In addition 

to the convection and radiation considerations, there 

is also some heat transfer by conduction away from 

the probe tip along the probe to the supports which 

would affect the equilibrium temperature. However, 

the magnitude of this conduction heat transfer is 

usually insignificant when compared to the heat transfer 

by radiation and convection [_4j. 

Consider the radiant heat interchange between the 

probe and the gas. Many of the common gases and gas 

mixtures; i. e.. Op, Np, Hp, and dry air have symmetri

cal molecules and are practically transparent to the 

thermal radiation: they neither emit nor absorb 

appreciable amounts of radiant energy at practical 

temperatures. Such gases and vapors as COp, HpO, SOp, 

CO, NH;,, hydrocarbons, and alcohols [_5] may contribute 

significantly to heat transfer. This discussion shall 

be limited to consideration of non-radiating gases. 

There remains the consideration of the radiant 

heat interchange between the probe and the enclosure. 

If the temperatures of the enclosure wall and the probe 

Numbers enclosed in the brackets refer to the 
corresponding entry in the LIST OF REFERENCES. 
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are different, this heat transfer may be quite significant. 

For a probe located in a transparent fluid flowing 

through a tube, the temperature indicated by the probe 

is the equilibrium temperature occurring when the probe 

is in theimal equilibrium with the gas flowing adjacent 

to the probe and with that part of the enclosure visible 

to the probe. The heat exchange by radiation with the 

enclosure is equal to the heat exchange by convection 

with the fluid. From this it can be seen that the 

equilibrium temperature of the probe will be between the 

temperature of the fluid at the probe location and the 

temperature of the enclosure. Therefore the temperature 

reading of the probe is in error, and the problem is, 

in general, to estimate this error in the temperature 

measiirement. 

Purpose of this Analysis 

After the experimenter has found that the tempera

ture readings are in error, he is presented the choice 

of three procedures. The first is that he may redesign 

the probe to minimize the error. This is most often 

accomplished by the installation of one or more radiation 

shields around the probe, which results in the probe's 

seeing an enclosure whose temperature is closer to the 

equilibrium temperature of the probe, causing the 

radiation heat transfer to be reduced. Various probes 



designed to minimize the radiation error are described 

in the literature |_2j . Another procedure is the empir

ical determination of the error. This method lends 

itself very well to specific cases, and the literature 

contains numerous solutions for special cases. The 

third alternative, and the procedure to be dealt with 

in this analysis, is to obtain an analytical prediction 

of the error. The general procedure is to set up a 

heat balance and solve the balance for the true 

temperature of the gas. 

From the example to follow it will be obvious that 

an analytical prediction of the error or the true gas 

temperatTire requires an evaluation of the radiant heat 

transfer. The heat transfer between two surfaces, each 

radiating toward the other, is given by 

q = cr F^ F^ A^ (T̂ "̂  - T^"^), (1.1) 

where q is the heat transfer and the term cT is the 

Boltzmann constant [ij . The term F^ is based on the 

emissivities of the two surfaces, and the term F^ is 

related to the geometry of the specific problem. A 

and T are the area and temperature with the subscripts 

1 and 2 referring to the radiating and absorbing sur

faces respectively. The shape factor F^, alternatively 

known.as the view factor, angle factor, configuration 

factor, or geometrical factor, represents the fraction 



5 

of the energy leaving one surface which is incident 

upon the other surface. 

The following simple example is presented to show 

a general procedure used to obtain an analytical 

prediction of the radiation error in a temperature 

measurement [_5j. 

A thermocouple (Figure 1.1) having an emissivity 

of 0.8 is used to measure the temperature of a trans

parent gas flowing in a large duct whose walls are at 

a temperature of 440°F. The temperature indicated by 

the thermocouple is 940^F. Taking the convective-heat-

transfer coefficient between the surface of the thermo

couple and the gas h to be 25 Btu/hr-ft -^R, the true 
c 

gas temperature may be estimated. 

The enclosure is assiimed to be a black body and to 

enclose the thermocouple completely; therefore F and 

F. are equal to £m fi^nd 1 respectively. The temperature 

of the thermocouple is below the gas temperature because 

heat is transferred by radiation to the wall. Under 

steady-state conditions, the rate of heat flow by 

radiation from the thermocouple junction to the wall 

equals the rate of heat flow by convection from the gas 

to the thermocouple. The heat balance may be written as 

q == h^ A^ (T^ - T^) - Ap 6^ 0- (T̂ *̂- - T^"^), (1.2) 

where A^ is the surface area of the probe; T̂ , is the 
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temperature of the thermocouple; T„ is the temperature 

of the gas; and T^ is the temperature of the wall. 

Substituting the data into equation (1.2), 

-1^ . 0.8 X 0.1714 [( if§0 )^ - ( |00 )^] ^ (,.3) 

or 

-4- = -4410 Btu/hr-ft^, (1.4) 

and the true gas temperature is 

T^ =-^ -»- T^ « ̂ i ^ -f 940 - 1116^F. Ans. (1.5) 
c '^ 

In the preceding example the determination of the 

shape factor presented no problem because the duct wall 

completely enclosed the probe and the wall temperature 

was constant. Since both these conditions often are 

not present, it is necessary that there be some way to 

determine the shape factor for configurations in which 

they do not hold. It is the purpose of this discussion 

to develop a procedure which enables the shape factor 

to be found for the case of a probe located inside a 

tube with a variable wall temperature. 



CHAPTER II 

GENERAL EQUATION FOR SHAPE FACTORS 

The shape factor has been defined as the fraction 

of the energy leaving one surface which is incident 

upon another surface. An expression for the shape 

factor may be derived from this definition. The deriva

tion may be found in several sources (for example, see 

Reference [6J) but will be included here because it 

provides certain important results to be used later. 

Consider the radiant heat interchange between 

two infinitesimal surfaces dA, and dAp which are sepa

rated by a distance r, as shown in Figure 2.1. If 

Bp is the angle formed by the normal to dAp and the 

connecting line r between the two elements, and if 

d/i is the solid angle subtended by dA^, then the energy 

leaving dA2 and arriving at dA-ĵ  is 

Assuming that the radiation is diffuse, which means 

equal distribution of radiant flux density in all 

directions, the radiation intensity at some angle B 

is related to the normal intensity î ,̂ by Lambert's 

cosine law for diffuse radiation, 

i^ =. i„ cos B; (2.2) 
ij n 

8 



dA. 

Figure 2.1. Shape factor notation. 
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and, in turn, i is related to the black-body emissive 

power e, and the emissivity € by 

i , 1^ • (2.3) 
n 7f 

Also, the solid angle dfimay be expressed as 

cos B, 
da = dA, — ^ 5 — , (2.4) 

"*• r'^ 

where B^ is the angle formed by the normal to the surface 

dA^ and the line connecting dA-, and dAp. This informa

tion may be substituted into equation (2.1) to obtain 

£2 ®t> ^̂ ^ ̂ 2 ^^^ ^1 
^%A2-dA^ = ^-^772 ^h ^^2- <2.5) 

Since the shape factor is the fraction of total output 

of dA2 which is incident on dA,, 

dE 
dAp-dA-, cos B̂  cos Bp 

dF^, ,, = 2—^^ 0/ = ^—5 dA, . (2.6) 
dA2-dA^ 62 %^^^2 7f^ 1 

Repeating this procedure, but considering the dif

fuse radiation leaving dA, and arriving at dAp, it can 

be shown that 

dAĵ  

^dA2-dA3^ ' dl^ ̂ ^dA^-dA2 ' ^̂ '"̂ ^ 

which is known as the reciprocity relation. 

To determine the shape factor for radiation heat 

transfer between finite surfaces, one may integrate 

equation (2.6) over A, to obtain 
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/

COS B, cos Bp 

A, ^̂ JT ^h' (2.8) 

For the two surfaces A^ and dA2, the reciprocity 

relation is 

dAp 
^%-dA2 - -if ̂ dA2-A^- C2.9) 

Making this substitution into equation (2.8) yields 

-, rr cos B, cos B^ 
<^\-dA2 = AJJ A^ 7̂7 dAi dA2, (2.10) 

which may be integrated over Api 

T rr rr cos B, cos Bp 

VA2 = \JJ ^zJjh 7? ^^1 ̂ ^2- (2.11) 

The evaluation of equation (2.11) yields the shape 

factor for the radiant interchange between two finite 

surfaces. The reciprocity relation for these finite 

surfaces is 

^2 % - A i = ̂ 1 % - A 2 - (2-12) 

It should be noted that in the integration care 

must be taken that a direct view exists between the 

areas over which the integral is evaluated. Also, 

it is noted that equation (2.11) is general, having 

been derived from the definition of the shape factor 

with the lone assumption that the radiation is diffuse. 



CHAPTER III 

F0R11ULATI0N OF THE EQUATIONS 

Geometry Selection and Assumptions 

As stated previously, the specific purpose of this 

analysis is to produce a method for determining the 

shape factor for a probe inside a tube having a 

variable wall temperature. By considering equation (1.1), 

it is seen that the heat transfer equation for a body 

enclosed by a surface of variable temperature will have 

to be an integral equation. The total heat transfer is 

simply the sum of the heat transfers from small areas 

dA, , each given by equation (1.1). If the size of the 

small area is allowed to pass to the limit of zero 

and the sum taken over all the area A, , the integral 

equation results. 

where the quantities are the same as those defined for 

equation (1.1). It is then necessary to know the shape 

factor for a small part of the area A^. Since the 

variable temperature occurs on the wall of the tube, 

the desired result of this analysis should be the shape 

factor of a small part of the enclosure which may be 

used in integral equations such as equation (3.1)» The 

geometry chosen for consideration is shown in Figure 3-l« 

12 
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Tube Wall 

Gas Probe 

Flow 

Figure 3.1. Problem geometry 
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The figure represents a cylindrical probe with a blunt 

nose enclosed by a cylindrical tube. 

Most probes which are designed to measure the 

temperature of a flowing fluid are of two general types, 

as shown with dashed and dotted lines in Figure 3.1. If 

the probe is to be located near the exit of the tube, the 

probe may be supported outside the tube. On the other 

hand, if the probe is to be located away from the exit, 

the probe may be supported by the wall of the tube, with 

the tip of the probe bent at a right angle in order to 

align the tip with the flow of the fluid. In either case 

the chosen geometry represents the tip of the probe. 

For the remainder of this analysis the following 

conditions are assumed to be true; 

1. The radiation is diffuse. 

2. There is no conduction heat transfer to or 

from the probe. 

3. The probe is isothermal. 

4. The diameter of the probe is negligible when 

compared to the radius of the tube. 

5. The wall temperature of the tube is a function 

of axial position only. 

6. The probe may be moved but is always on the 

vertical diameter of the tube. This permits the deter

mination of a temperature profile which is a function 

of the radius. 
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Derivation of Equations 

p 
Cylinder 

The general equation for the shape factor for a 

surface A2 radiating to a surface A, has been shown 

to be 

\ ff ff cos B, cos Bp 
2̂-1= A^jj AJJ A^ :^ 2dA, dA2. (5.2) 

Consider the cylindrical section of the probe, 

which is simply a group of cylinders of differential 

length. The tube may be divided into another group of 

differential cylinders whose axis is parallel to that 

of the first group. Figure 3.2 shows one differential 

cylinder from each group. 

By introducing proper expressions for the areas 

into equation (3.2), it can be shown that the shape 

factor for the geometry of Figure 3.2 is given by 

R, Ax, rr cos B, cos Bo 
2̂-1 - - ^ ^ jj -^ ^^1 <̂ «2- (3.3) 

Recall that B, and B2 are the angles formed by n-j_ and 

r and by np and r respectively, where n^ and n2 are 

the normals to the surfaces A^ and A2» and r is the 

line connecting the areas. The quantities in equation 

(3.3) are those shown in Figure 3»2. The angles B̂ ^ 

^A more detailed description of this derivation is 
included in Appendix A. 
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Figure 3.2. Cylinder geometry, 
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and Bp and the line r must be evaluated in terms of the 

geometry of this problem. A detailed description of this 

evaluation is included in Appendix A. The following 

expressions result from the geometry: 

cos Bo 
r2 . R^ - x^ - e^ 

2 r R. 
(3.4) 

where x with no subscript is the axial distance between 

the two differential cylinders being considered; 

2 2 n, + r 
cos B, e 

where 

- [2R2 sin |( I Q^ - Qg 1 ̂ ] ̂  " 

2n^ r (3.5) 

n, a -e cos G, + R2 cos arc sin (• 
e sin 0-

R. 
and 

©, « arc cos 

2 2 2 
e"̂  - R2 - n^ 

2 e Ro 

(3.6) 

(3.7) 

and 

' • / 
x^ + R2^ -I- e^ - 2R2 e cos ©2 

T 
(3.8) 

Substituting equations (3-^) through (3.8) into 

equation (3.5) and integrating over the proper intervals 

gives the shape factor for the configuration of Figure 

3.2. Figure 3.2 shows that 0-ĵ  may take on all values 

between zero and 2Tf. However, once a value for 0̂^ has 

been selected, the fact that a direct view must exist 

between the areas between which there is a radiant 

interchange requires a limit on the value of 02. Consider 

Figure 3.3. The area A, can "see" only that area which 
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Figure 3*3. Determination of ©2 interval 
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is not hidden by the probe. By erecting a tangent to 

the surface A,, a chord is drawn which subtends the 

segment of the cylinder which can be seen by the area A, 

The length of the chord may be shown to be 

e cos 0 
"R 2 R2 cos arc sin ( == i ) (3.9) 
2 

and the angle ^ subtended by the chord may be evaluated by 

2 arc s i n ^ , 0 = 0j_ = ̂ , 

"^ --< ^ ^ C 7f . . (5.10) 
2rf- 2 arc sin 2^- 1 ̂  = ©1 - ̂ » 

to establish the limits of integration for ^2"' 

0^ - f ^ 02 = ©1 + |. (3.11) 

Since the problem is symmetrical about the vertical 

diameter of the tube, equation (3.3) may be written as 

R.-^x, /^/ ©1+^ cos B, cos Bp 

''•' • ^jokk '' "' "' 
then the evaluation of equation (3-12) yields the shape 

factor for the differential cylinders of Figure 3.2. 

Disc^ 

For radiation considerations the blunt nose of the 

probe is simply a disc seeing a group of differential 

^A more detailed description of this derivation 
is included in Appendix B. 
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cylinders whose axis is perpendicular to the disc, as 

shown in Figure 3*^. Substituting the proper areas 

into equation (3.2) leads to the equation for the 

shape factor of the disc, 

R̂^ j ^ cos B^ cos B2 
^2-1 = — / o '? *®2' (3-13) 

where Bj^, B2, and r are the same quantities as defined 

for the cylinder analysis. Cos B2 and r are exactly the 

same as before and are given by the equations (3.4) and 

(3.8). Cos B^ can be shown to have a slightly different 

form: 
2 2 2 2 X - r - e - Rp + 2eRp cos 0^ 

cos B3_ = 2-j:-̂ E ^ ^ • (3.1^) 

With equations (3.^), (3.8), (3.13), and (3.14), the 

shape factor for the disc may be evaluated. 

Non-dimensionalization of the Equations 

In the interest of making this analysis as general 

as. possible, it would be advantageous to non-dimension-

alize the governing equations before a solution is sought. 

Probably the best quantity on which to non-dimensionalize 

the problem is the radius of the tube R2. The following 

substitutions are made in order to non-dimensionalize 

the governing equations: 
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Figure 3 . 4 . Disc geometry 
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R2 

R2 

R2 

R2 and 

21 x̂ "*" 

AX2'*" 

^ 1 ^ 

- 1 ^ 

AX.. 

4X2 

"1 
R2 

^1 

(3.15) 

Substituting these definitions into the governing 

equations, the equations for the cylinder become 

r+2 + 1 - x-"^ - e+2 
cos Bg = £ ^g^r ^— 5 (5.16) 

cos B^ = -i . i" . ^ ̂  ^ ^ ^ . (3.17) 
£1 n.. r 

where 

n̂"*" « -e"*" cos Q-. + cos arc sin (e"*" sin 0,) ; (3.18) 

r"*" « Jx^^ + 1 + e"̂ ^ - 2 e"*" cos 02 ; (3.19) 

0"'' = 2 cos [arc sin (e"*" cos 0̂ )1 ; (3.20) 

2 arc sin ^ , 0 ^ 0^ ^ |̂  

^ - V ,. ^ C3.21) 
2rr- 2 arc sin ^ , ^ ^ 0^ ^ /T; 

R, "̂  Z x. "̂  r / 1 2 cos B, cos Bp 

The area of the small cylinder which represents 

part of the probe is 

A^ = 2n'R^ ^x^. (3.23) 
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By defining a non-dimensional area, 

A. 
A / - -^, (3.24) 

^2 
equation (3.22) may be written as. 

^P 1 1 f^ f ^1"*^ ̂ os B. cos B^ 

For the disc, non-dimensionalization produces the 

following equations: 

x"*"2+ r'*'̂- e"̂ 2-l +2 0"̂  cos 0p 
cos B, = —-T ' (3.26) 

1 2 x"̂  r"̂  
and p 

Ri /^ cos B- cos Bo 

2̂-1 = W-Jo ^ ^®2- (3-27) 
The area of the disc is 

^1 " '^^i^- (5.28) 

Then, using equation (3.24), equation (3*2?) may be 

written as 

p^ T , /fr' cos BT COS B^ 

. 2 ^ 1 / 1 2^Q (5^29) 

Â ^ T^Jo r^ ^ 
The results of equations (3.25) aĴd (3.29) are 

"non-dimensionalized" shape factors. These shape 

factors, when multiplied by the proper non-dimensional 

area, give the shape factors for parts of the probe 

which, in turn, may be summed to give the over-all 

shape factor for the probe involved in a radiant exchange 
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of heat with a small cylinder located some distance x 

from the probe. Therefore the equations (3.25) and 

(3.29) give the shape factors to be used in radiant 

heat transfer rate equations such as equation (3.1). 



CHAPTER IV 

SOLUTION OF THE EQUATIONS 

Method of Solution 

Having derived the governing equations for the 

problem in the preceding chapter, the next step is to 

find some method of solving the equations. The equations 

are integral equations; and, since the objective of this 

analysis is to provide a general procedure which is 

applicable to the technically important class of radia

tion problems concerning cylindrical probes in cylindri

cal enclosures, a method of solution is desired which is 

capable of solving the equations for any such problem. 

Therefore the method of numerical integration is 

indicated. 

Of the various methods of numerical integration, 

Simpson's rule was selected as the method to be used L3J . 

The difficulty in using numerical procedures is the 

extremely large number of calculations necessary. How

ever, since the calculations are repetitive, the digital 

computer makes the use of such procedures practical. 

Even though the digital computer was to be used, some 

time would still be required to accumulate a significant 

amount of data. Therefore the equations were programmed 

25 
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to make use of the fastest computer locally available, 

the IBM 1620 Model II, and the compilation procedure 

that yields the object program which requires the least 

amount of computer time, PDQ FORTRAN. 

Presentation of Results 

With the method of solution described above, 

equations (3.25) and (3.29) were solved for various 

values of the eccentricity e"*" and the distance x**". The 

results of the calculations for the cylinder and for the 

disc are shown in the accompanying graphs. The data are 

shown two ways: the shape factor is plotted (1) as a 

function of axial position for various eccentricities 

and (2) as a function of the eccentricity for various 

values of axial position. The first form of presentation 

was chosen because the graphs of the shape factor as a 

funtion of axial position offer a better mental concept 

of the behavior of the shape factor. Also, the data 

will more likely be used for a constant value of the 

eccentricity, and the first type of graph gives a contin

uous curve for the shape factor for a fixed value of 

the eccentricity. However, if the data for very many 

values of the eccentricity are shown on one graph, the 

graph can become difficult to read. Using the second 

form of presenting the data, a large amount of data may 

"be shown on one graph with much more clarity. The shape 
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factor for any axial position and.eccentricity may be 

determined from either type of graph. The particular 

problem for which the graphs are used will determine 

which of the two types is more useful. 

Discussion of Results 

There are some observations that should be mentioned 

concerning the data as shown in Figures 4.1 through 4.4. 

When the eccentricity becomes very large, two things 

happen. In Figure 4.3 the values of the shape factor for 

small x"*" become quite large, and in Figure 4,4 the curves 

for small values of x"*" are very close together, resulting 

in some confusion in reading the graph. When studying 

the data for high eccentricity, it should be kept in mind 

that the probe diameter was assumed to be negligible. As 

the eccentricity increases, i. e. as the probe approaches 

the wall, the diameter of the probe becomes more signif

icant in comparison to the distance involved- One would 

expect the data for high eccentricity to have larger 

errors than that for lower values. However, recalling 

that the primary application of this analysis is to cal

culate the radiation heat transfer to a probe in a gas 

stream, it should be noted that, when the probe is near 

the wall, the temperature of the gas is near the temper

ature of the wall. For this situation there will be 

little heat transfer because of the small temperature 
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cLifference between the probe and its enclosure. 

Since the disc on the front of the probe is 

perpendicular to the axis of the tube, all of the curves 

in Figure 4.2 must go to zero at x"*" = 0. This is the 

primary reason that this graph becomes difficult to read; 

the data can be read much more easily in Figure 4.4. The 

shape factor rises from zero, for x"*" = 0, to a maximum, 

for x"*" = 0.707, and then decreases as x"*" increases, 

approaching a constant value for large x"*". The cuirves 

for x**" less than 0.707 have a maximum value at some 

eccentricity other than e"̂ - 0. Figure 4.4 also shows 

that, for a given value of e"*", there is an x"*" less than 

0.707 which gives the maximum value for the shape factor. 

As would be expected, the effect of varying the 

eccentricity becomes negligible as x"*" becomes large. 

For the disc, the shape factor, correct to the fourth 

decimal place, is the same for all values of x"*" greater 

than ten. For the cylinder, this point occurs at x"̂  = 5. 

Illustrative Example 

In order to demonstrate the use of the method 

made possible by this analysis, an illustrative example 

will be presented. 

Consider a probe 0.02 inches in diameter and 0.1 

inches long, with an emmissivity of 0.71 inside a tube 

1,0 foot in diameter (considered to be a black body). 
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Probes of similar description and size are commercially 

available. The axial temperature distribution is a ramp 

function, symmetrical about the probe and rising from 

llOO^F at a point one foot from the probe to 1600°F at 

a point even with the probe. If the probe indicates 

that the temperature is SOO^F at a point 3.O inches 

from the center of the tube, the problem is to determine 

the rate of radiation heat transfer to the probe. 

The temperature T of the tube wall as a function 

of X, the distance from the probe, with upstream as the 

positive X direction, may be written as 

T^ « 2060 - 500(|x|), (4.1) 

where x is in feet and T„, is in degrees Rankine. The 
w 

rate equation for radiation heat transfer is 

1 = "' ̂ e/^A ( C - ̂ p'') ̂ \' C'-̂ ) 

where 

q = heat transfer, 

CT = Boltzmann constant, 

F = a term based on the emissivities of the two 
e 

surfaces which in this case is the 

emissivity of the probe, 

dA».» differential element of the wall surface area 

which may be expressed as 2n'R2<ix, 

T^* temperature of the element cLÂ » 
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T « temperature of the probe, 

and F.a shape factor to be obtained from the graphs. 

For this problem the shape factor from the graphs may 

be used even though the graphs are based on consideration 

of two differential cylinders because the probe length is 

small enough to be considered infinitesimal. 

The problem may be divided into two parts, the disc 

and the cylinder. The rate equation for one differential 

section of the tube may be written in two parts as follows; 

<̂l(disc) "27rR2<^€FA(disc)(C-^p'')<i^' (̂ •3) 

^^(cylinder)= ^^^z'^^^ACcjlXnier)^^''- '^p'')^^- Ĉ -'̂ ) 

To determine the rate of radiant heat transfer, equation 

(4.3), evaluated for the disc, and equation (4.4), 

evaluated for each of the differential cylinders which 

make up the tube, must be added. A study of Fig\ire 4.3 

shows that for values of x"*" greater than one the shape 

factor is very small (less than 0.01) for cylindrical 

probes. Fig\ire 4.4 shows that the shape factor becomes 

small for x"̂  greater than five for the disc. Thus the 

equations (4.3) and (4.4) must be evaluated for values 

of x"*" ranging from +6.0 inches to -6.0 inches and from 

+30 inches to 0 respectively. Since, for the cylinder, 

the problem is symmetrical about x**" = 0, the interval 

+6.0 inches to 0 may be used for the cylinder and the 
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result doubled. A numerical procedure was used to 

evaluate equations (4.3) and (4.4). The results are 

listed in Table 4.1. For these evaluations the 

differential cylinders were considered to be two inches 

long. The differential heat transfers in Table 4.1 

may be added to give the value of the radiant heat 

transfer: 

q - 0.6289 Btu/hr. (4.5) 

This quantity may then be used in a heat balance to 

determine the true gas temperature or probe error, 

provided that the solution for the convection heat 

transfer is available. 
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Table 4.1. Evaluation of Radiation Heat Transfer 

Cylinder 

1.00 
0.67 
0.33 
0.00 

Disc 

5.00 
4.67 
4.33 
4.00 
3.67 
5.33 
3.00 
2.67 
2.35 
2.00 
1.67 
1.55 
1.00 
0.67 
0.33 
0.00 

2-1 

0.014 
0.028 
0.062 
0.098 

2.44x10 
4.87 
10.8 
17.1 

-6 

0.012 
0.015 
0.018 
0.022 
0.024 
0.026 
0.028 
0.034 
0.0^^4 
0.051 
0.068 
0.082 
0.096 
0.111 
0.092 
0.000 

1.05x10 ^ 
1.51 
1.52 
1.92 
2.09 
2.27 
2.44 
2.96 
5.86 
4 .45 
5.94 
7.15 
8.20 
9.68 
8.02 
0.00 

T. 
w 

("R) 

1810 
1894 
1977 
2060 

810 
894 
977 
1060 
1144 
1227 
1510 
1594 
1477 
1560 
1644 
1727 
1810 
1894 
1977 
2060 

dq 

0.0066 
0.0209 
0.0866 
0.1688 

-.0014 
-.0016 
-.0016 
-.0015 
-.0011 
-.0005 
0.0006 
0.0025 
0.0054 
0.0096 
0.0185 
0.0297 
0.0444 
0.0647 
0.0640 
0.0000 



CHAPTER V 

CONCLUSION 

In conclusion it should be stated that, in the 

consideration of the radiation error for probes in gas 

streams, this analysis provides only part of the solution. 

For instance, there remains the solution of the convec

tion problem which might be very difficult, depending 

on how much is known about the gas. Also the factor F 
6 

in equation (5*1) must be evaluated. However, the 

results of this analysis are not restricted to the 

consideration of probe errors. The procedures presented 

here are applicable to many other problems where radia

tion heat transfer is involved. 

The geometry considered is quite simple, but the 

method could be applied to other geometrical configura

tions as well. For instance, the analysis could be 

used to evaluate the shape factor for a sphere inside 

a tube, or a non-cylindrical duct could be considered, 

or any of the assumptions listed in Chapter III could 

be relaxed. The ideal situation would be to have a 

catalog of solutions for different geometries. The 

ex5>erimenter could then choose those parts which most 

closely represented the problem. For instance, if 

the probe is cylindrical with a hemispherical nose-

piece, the experimenter could simply begin with the 
57 
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shape factor for a hemisphere, add the shape factor for 

a cylinder, and obtain the shape factor for the probe. 

In this manner the shape factors for a few simple 

geometries could be used to obtain the shape factors 

for more complicated configurations. ' In any case, the 

general procedure used would be the same as that shown 

here. 

In the illustrative example discussed in Chapter IV, 

the probe length was assumed to be negligible. In order 

to examine the range of validity of this assumption, 

some calculations were made for a tube diameter of 

1.5 inches and a probe length of 6.1 inch. Comparison 

was made between the shape factor obtained by considering 

the probe length to be (1) negligible and (2) made up 

of small cylinders each 0-01 inch long. The data for 

the first case was about fifteen percent higher than 

for the second. This would indicate that lengths which 

SLre greater than one-tenth of the radius of the tube 

should not be neglected. 

The contribution of this analysis is that it shows 

an analytical method for dealing with the problem of a 

variable temperature surface in radiation problems. 

It provides a detailed solution of the problem for a 

small-diameter probe located inside a tube, the wall 

temperature of which varies with axial position. The 

graphs in Figures 4.1 through 4.4 provide the data 
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necessary to determine the shape factor for any similar 

geometry. The graphs make possible the solution of 

many problems without the necessity of making the 

involved calculations encountered in determining 

shape factors. There are no new concepts or theoret

ical innovations involved. The theory on which this 

analysis is based has been \mderstood for some time, 

but the necessity of using numerical procedures in 

evaluating the integral equations has made such a 

treatment impractical. But, as in many other fields 

since the advent of the digital computer, a task 

that was almost impossible because of the large amount 

of computation involved could now be attempted with 

a realistic hope of completion. 

file:///mderstood
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B. Derivation of Equations for the Disc 
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APPENDIX A: DERIVATION OF EQUATIONS FOR THE CYLINDER 

The general equation for the shape factor for the 

surface A2 radiating to the sxirface A, has been shown 

to be 
-1 ff" ff cos B. cos Bo 

"2-̂  - -zj) AJJ A, —V7 ''^ ''^' ^'-'^ 
Considering the cylinders shqwn in Figure 3.2, 

differential elements of the surface areas are 

dAĵ  * ̂ 1 ̂ ®i ̂ ^1 

and (A-2) 

dA2 « R2 cLQp ^^2» 

where 0 is the angular displacement from the vertical 

measured clockwise from the top of the tube as an 

observer looks upstream from the probe; R is the radius; 

and X is the displacement along the axis of the tube. 

The subscripts 1 and 2 refer to the probe and tube 

respectively. Substituting these areas into equation 

(A-1) yields 

cos Bn cos Bp 
i — ^ ^ R, d0^dXj^R2d02dX2, ( A - 3 ) 
7T r 

which may be rewritten as 

RT^O /?77̂  COS B-, cos Bp 
2̂-1 = -Tpfjjjj ^ ^'1 ^ 1 "̂ 2̂ «̂ -2- (A-M 

The cylinders being considered are of differential 

1ength; therefore, 

42 
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R^R^AXTAX;, fr COS B, cos Bp 
2̂-1° ^ \ ^ jj ^7 d̂6,d62. (A-5) 

Where AX., and AX2 are the lengths of the cylinders. 

Since the area A2 is 

A2 = 2 R2'n' AX2, (A-6) 

equation (A-5) reduces to 

cos B, cos Bp 
— \ i-^ ^ d0^ d02. (A-7) 

Recall that B^ is the angle formed by the normal to A-, 

and the line r which connects A-, and A2, and B2 is the 

angle between r and the normal to A2. Before equation 

(A-7) may be solved, cos B, , cos B2, and r must be 

evaluated in terms of the geometry of the problem, as 

shown in Figure 5*2. 

Since the line e is perpendicular to the center 

line of the tube, the length of the line connecting 

the probe to the center of the tube at the distance x is 

•L^ - P^TT^. (A-8) 
Then, since B2 is included in the triangle formed by 

the line L̂ ,̂ R21 and r, the law of cosines gives 

r^ . R2^ - x^ - e^ 
cos B2 = 2 r R2 ' ^̂ ""̂ ^ 

Consider a plane, perpendicular to the axis of the 

tube, which passes through the probe, as shown in 

Figure A.l. The law of sines requires that 
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Figure A . l . Determination of 0-,, 
5 



R. 
sin (TT- 0-,) "* sin y \ ' 

which may be solved for the angle >\ as follows: 

^5 

(A-10) 

n = arc sin 
e sin (ir- Q^) 

(A-11) 

From the law of cosines, the normal n^ to the surface 

Aĵ  is given by 

n̂ ^ := e cos (Tf- 0^) + R^ COS V\, (A-12) 

and from equation (A-11), 

n^ = e cos(77'-03^) "*" ^2 cos 
/e sin(7r-0T)' 

arc sin! ••• .(A-15) 

The functions of the angle (TT- 0^) may be rewritten 

in terms of the angle 0-, : 

'e sin 0. 
n, = -e cos 0-] + Rp cos arc sin R. (A-14) 

Let the point of intersection between n, and the 

tube wall be p^. The point p̂ ^ lies on the surface of 

the tube at some angular displacement 0,. from the verti

cal, which by the cosine law is 

0- B arc cos 

2 2 2" 
^ + R2 - 11^ 

_ 2 e R. (A-15) 

Referring to Figure 5.2, a line, parallel to the 

tube axis, passing through p^, intersects the plane 

perpendicular to the tube axis at the distance x. Let 

this point of intersection be Pp. Then the line 

which connects P2 to the area dA2 subtends an angle 
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equal to the absolute value of the difference between 

0, and 0o. The length of this line is given by 

L2 = 2 R2 sin |(105 - ©2l^* (A-16) 

Now Bn is an included angle in the triangle formed by 

L2, n,, and r. Then, by the law of cosines, 

n.^ + r^ - x^-^Rp sin i(|0,-0ol)l^ 
cos B^ = -i ^ n̂ ^ r ' ^ ^ • (A-17) 

To determine the length of r, the line connecting 

dA^ and dA2, consider a line parallel to the tube axis 

which passes through the probe. This line intersects 

a plane perpendicular to the axis at the distance x. 

Let this point of intersection be p^. Then the distance 

from Pjr to the area dA2 is 

L^ » /R2^ + e"̂  - 2 R2 e cos 02 . (A-18) 

The line L^ completes a right triangle whose other side 

is the line from the probe to p, of length x and whose 

hypotenuse is r. Then, 

r = /x^ -H R2^ + e"̂  - 2 R2 e cos 02 . (A-19) 

Now the solution of equation (A-7) is possible, 

if the values of the limits on the integrals are known. 

As was mentioned previously, great care must be exer

cised to ascertain that the areas over which the 

integration is carried out have a direct view of one 

another. From Figure 5.2, it can .be seen that 0. may 
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take on all values between zero and 27X Since the 

problem is symmetrical about the vertical diameter, the 

integration will be carried out over the interval 

0 = 0, « 7/; and the integral will be multiplied by two. 
« 

However, once a value of 0-, is selected, the probe 

obscures some of the tube, so that an area dA-. located 

at Q^ can see only that segment of the tube subtended 

by the chord erected tangent to the area dA, as shown 

in Figure 5-5. The angle ̂  subtended by the chord C 

may be calculated after the length of the chord has 

been determined. Since the assumption has been made 

that the diameter of the probe is insignificant, the 

chord intersects the vertical diameter at a point e dis

tant from the center. Connecting the ends of the chord 

with the center of the tube forms two triangles. Con

sider the triangle to the right of the verdical diameter 

in the figure. The lengths of two of the sides and the 

size of the angle opposite one of those sides are known; 

therefore, the law of sines may be used to evaluate the 

angle P opposite the other known side; 

re sin ( J - 0^)" 

^ = arc sin ^ . (A-20) 

The application of the law of cosines determines the 

length of the third side of the triangle, which is that 

portion of the chord to the right of the vertical 

diameter: 
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C^ = e cos(^0-j ) + R2 cos arc sini 
'e sin(% -0T 5̂  

. (A-21) 

Following the same procedure, it can be shown that 

that portion of the chord to the left of the vertical 

diameter is given by 

C-, = e cosC? "••0-, ) + R2 cos 
/e sin(5'+0,)N 

arc sin[ g . (A-22) 

The functions of the angles (% - 0-, ) and (% + 0, ) 

may be replaced by functions of 0^, giving 

cos 0. 
C « e sin Q^ + Ro cos 
r L d. 

and 

C^ - -e sin 0-, + R2 cos 

arc SI R, 
(A-25) 

/e cos 0A 
arc sinf -

. R̂  
(A-24) 

Then the length of the chord is 
/e cos 0-

C = 2 R2 cos arc s in. 
\ «2 

(A-25) 

Now the angle subtended, by tlie chord may be calculated: 

lx̂'= 2 arc sin 2R~' (A-26) 

The angle ^ from equation (A-26) will always be less 

than 180°. A study of Figure 5*5 shows that when Q^ 

is greater than 90°, equation (A-26) yields that segment 

of the tube which cannot be seen by the differential 

area dA^, Therefore the segment, denoted by the angle ^, 

which can be seen in Figure 5.5, is given by 
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2 arc sin ̂ ^ i 0 = 0-ĵ  = ̂ , 

^ = ^ ' ^ (A-27) 
2]r - 2 arc sin ^ , ^ £ Q^ ^ Tf. 

With the size of the interval for 02 established, 

the interval must now be located. If in Figure 5.5 a 

radius R2 is drawn perpendicular to the chord C, that 

radius bisects the chord and the angle 5̂ , and the 

intersection of the radius and the tube wall will 

locate the center of the interval. Since this radius 

and n^ are both perpendicular to the chord, the angle 

between the radius and the vertical diameter is 0-. . 

The mid-point of the interval for 02 is the point where 

0p is the same as 0^. Thus the interval for 02 is 

0̂  - I ̂  02 - ©1 -̂  f • ^̂ '̂ ^̂  

Now equation (A-7) is ready to be evaluated: 

R, AX-, /^ / O T +^ cos B, cos Bp 
Fo . = - i - ^ / / i. ^ ^©1 d®2- (̂ -29) 

(Recall the change in the limits of integration for 0̂ .) 



APPENDIX B: DERIVATION OF EQUATIONS FOR THE DISC 

Beginning with the general shape factor equation, 

1 //̂  ff cos B-, cos B^ 

and considering the configuration shown in Figure 5.4, 

an expression for the shape factor of the disc may be 

derived. The area A-, is the area of the disc, the 

diameter of which has been assumed to be negligibly 

small. Therefore the quantities cos B^, cos Bp, and 

r, defined just as they were for the consideration of 

the cylinder, are constant over the surface Â ,̂ and 

equation (B-1) may be written as 

AT (f cos BT COS B^ 

'^-^-^JJA, —T^-^"2- '^'' 
Substituting the differential area, 

dA2 = R2 ̂ ^2 ^^2' (B-5) 

into equation (B-2) yields 

AT R O /"/" cos B, cos Bp 

^2-1 Tf A2 Jj 7 2 2 

Here again the interval for X2 is just the length AX2 

of the differential cylinder: 

AT RO ^XO f cos B, cos Bp 

2̂-1 = -W^ j -^ ^^2- (B-5) 

For this configuration 02 varies from zero to 21\ 

because the disc can see all of the differential 

50 
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cylinder. These limits of integration may be changed to 

zero and 17̂  if the integral is then multiplied by two, 

since the problem is symmetrical about the vertical 

diameter of the tube. Making this change and inserting 

the expressions for the areas into equation (B-5), the 

following equation results: 

R.2 (rr cos B. cos Bp 

^2-1= -JT jo ^2 ^^^' ^^^^ 

The quantities cos B2 and r, which have the same defini

tion as before, also have the same mathematical form 

as derived for the cylinder and are given by 

p2 , R 2 . ̂ 2 _ ̂ 2 

°°« ̂ 2 2VR^ (2-7) 
and 

r = /x^ + R2^ + e^ - 2 R2 e cos 02*. (B-8) 

Equations (B-7) and (B-8) are derived in detail in 

Appendix A. 

Cos B-, , however, will have a different form because 

B-, is now fonned by the normal to a disc, rather than 

by the normal to a cylinder, and r. Referring to 

Figure 5.4, it can be seen that the normal to the disc 

is the same length as the distance x, and the normal 

intersects the plane, perpendicular to the tube axis 

at the distance x, at a point to be called p^. The 

distance Lc from the point p^ to the differential area 
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dA2 is, by the law of cosines, 

L^ « /e^ + Rg^ - 2 e R2 cos 02 . (B-9) 

The line Lc, the normal to the disc, and r form a 

triangle which includes the angle B^; and the law of 

cosines leads to 
2 2 2 2 r + X - e - Rp + 2 Rp e cos 0p 

cos B^ = T T i r ' ^^-^0) 

With equations (B-7), (B-8), and (B-10), equation (B-6) 

may now be evaluated to give the shape factor for 

the disc. 


