
RADIAL HEAT FLOW MEASUREMENTS 

IN A HOLLOV; CYLINDER 

by 

ROBERT RAY LEVERETTE, B,S, in M.E, 

A THESIS 

IN 

MECHANICAL ENGINEERING 

Submitted to the Graduate Faculty 
of Texas Technological Collê ge 
in Partial Fulfillment of 
the Requirements for 

the Degree of 

MASTER OF SCIENCE IN MECHANICAL ENGINEERING 

Approved 

/ DireQ/Cor 

Accepted 

h of the Gr< Dean radua;^ School 

August, 190^ 



/vJo.42 

ACKNOV/LEDGEMENTS 

Appreciation is gratefully acknowledged to Dr. 

Monty E. Davenport for his direction of this report. 

I also wish to thank Mr. Carlos W. Coon for his helpful 

criticism. 

ii 



TABLE OF CONTENTS 

Page 

ACKNOWLEDGEMENTS ii 

LIST OF TABLES iv 

LIST OF FIGURES v 

LIST OF SYMBOLS vi 

I. INTRODUCTION 1 

II. THEORETICAL ANALYSIS . . . , 7 

III, EXPERIMENTAL SYSTEM 13 

Purpose 13 

Construction 13 

Experimental Procedures 17 

Uncertainty Analysis 20 

IV. DISCUSSION OF RESULTS 2 3 

Interpretation of Data 23 

Design Precautions 30 

V, CONCLUSION 32 

LIST OF REFERENCES 33 

APPENDIX 34 

I, One- and Two-Dimensional Solutions of the 
Radial Heat Flow in a Hollow Cylinder , , 35 

II. Calculation of the Uncertainty Intervals 
for the Results 51 

iii 



LIST OF TABLES 

Table Page 

1. List of Treasured Quantities, Their 
Magnitudes, and the Uncertainty 
Intervals 22 

2. Tabulation of Uncertainty Results 22 

3. Experimental Results 24 

iv 



LIST OF FIGURES 

Figure Pag^ 

1. Side Section of Cylinder Wall l\ 

2. Model for Theoretical Analysis 8 

3. Test Section m 

4. Schematic of Apparatus 16 

5. Free Convection in Test Section 26 

6. Per Cent Difference versus Heat Flow from 
Heating Element 28 



LIST OF SYMBOLS 

A Area, ft.^ 

C Thermal capacity of the material, 3TU/lb. °F 

D, Arbitrary constant 

E, Arbitrary constant 

I Modified Bessel Function of zero order of the first 

° kind 

K Thermal conductivity, BTU/hr.ft. °F 

K Modified Bessel Function of zero order of the second 

° kind 

L Length of cylinder, ft. 

P Arbitrary constant 

q Radial heat flow, BTU/hr. 
ql' Radial heat flow per unit area at the outside sur

face of the cylinder, BTU/hr.ft. 
qp Radial heat flov; per unit a^ea at the inside surface 

of the cylinder, BTU/hr.ft. 

qV Approximate radial heat flow per unit area at the 
outside surface of the cylinder, BTU/hr.ft.^ 

qlj Approximate radial heat flow per unit area at the 
inside surface of the cylinder, BTU/hr.ft.^ 

q" Calibration heat flow per unit area at position r-j, 
^3 BTU/hr.ft.2 ^ 

q'i Approximate radial heat flow per unit area at posi-
^ tion r^, BTU/hr.ft.2 

qj! Approximate radial heat flow per unit area at posi-
tion r̂ ,̂ BTU/hr. ft. 2 

q"» Heat source, BTU/hr.ft.-^ 

vi 



vii 

r Radial distance from center of cylinder, ft. 

r. Outside radius of cylinder, ft. 

rp Inside radius of cylinder, ft. 

r^ Radial distance to lower thermocouple position, ft. 

r^ Radial distance to upper thermocouple position, ft. 

^ r r^ - r^, ft. 

T Temperature, °F 

T^ Temperature at outside surface of cylinder, °F 

Tp Temperature at inside surface of cylinder, °F 

T- Temperature at position r^, °F 

Tj^ Temperature of cylinder at x = L, °F 

T Temperature of cylinder at x = 0, ®F 

/i T Temperature difference, °F 

U Arbitrary variable 

V Arbitrary variable 

W Uncertainty interval 

w Specific weight of the material, lb./ft.-' 

X Longitudinal distance along cylinder, ft. 

Z Arbitrary variable 

0 Time, seconds 



ABSTRACT 

An experimental and analytical investigation of a 

method of measuring the radial heat flov; through a hollow 

cylinder is presented. The two-dimensional, steady state, 

constant thermal conductivity solution for the temperature 

distribution in a hollow cylinder is derived; and a 

specific example is chosen for comparison with the one-

dimensional solution. The temperature difference between 

two radial positions within the cylinder wall is measured, 

and the radial heat flow is calculated by use of the one-

dimensional solution of the temperature distribution. The 

limits of the validity of the one-dimensional solution 

are discussed, and a probable percentage error incurred by 

the measuring technique is determined. 
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CHAPTER I 

INTRODUCTION 

Heat flow measurement has been accomplished in 

several different ways for many years. Each new method 

has arisen to meet the needs of a particular industrial 

application or a scientific research project; therefore, 

diversified use of existing methods is not always pos

sible. Probably the most widely used heat flow meter 

today is the one developed by de Jong and Marquenie [1]. 

This meter is made of spirals of constantan wire with a 

spiral diameter of 2.5 millimeters and a wire diameter of 

0.15 millimeters. The spirals are then passed through a 

galvanic copper bath and wound in the shape of a disk. 

The coppered spirals are finally imbedded in polyvenyl-

chloride. The copper-coated constantan forms a great 

number of thermocouples connected in series. The meter 

is placed on the surface to be investigated. The heat 

flow passes through the disk, and the temperature differ

ence between the surfaces of the disk is measured with 

the constantan-copper thermocouples. This temperature 

difference is then converted into heat flow. In order to 

Numbers in brackets refer to similarly numbered 
references in List of References at the end of the report. 



obtain reliable measurements, the meter must be very thin; 

and it must make good contact with the surface under in

vestigation. The construction and finishing of this disk 

must be such that the effect to be measured is only 

slightly influenced by the contact of the measuring disk 

against the object to be investigated, 

Hatfield [2] constructed a heat flow meter by 

using a metering disk made of tellurium-silver alloy. A 

coating of copper was applied to both sides of the disk. 

These copper coatings are connected by fine wires to a 

sensitive galvanometer. The disk is applied to the sur

face to be investigated. The passage of heat through the 

disk sets up a small temperature difference between its 

two sides. The voltage produced by this temperature dif

ference appears on the galvanometer as a deflection vihich 

can be converted to heat flow. The disk was designed for 

small heat flows, and the maximum temperature limit is 

300°F. 

All of the heat flow meters discussed in the lit

erature had one thing in common; i.e., they were self-

contained and completely separate from the object under 

investigation. This is desirable in instances where the 

object cannot be disfigured. However, in most scientific 

research projects the design of the instrumentation is 



paramount, and the undesirable limitations of a separate 

measuring disk can be eliminated. 

This report presents an investigation of another 

method of determining heat flov;. The radial heat flow in 

the wall of a hollow cylinder is calculated by measuring 

the temperature difference between two radial points 

within the wall. Figure 1 is an enlarged diagram of the 

locations of the thermocouples used to measure this tem

perature difference. The heat flov; is assumed to be a 

function of the radial dimension and the temperature dif

ference only; the simple one-dimensional relation is 

derived in Appendix I. Applying this solution, equation 

(59) of Appendix I, to Figure 1 gives 

q" = K(^ T)/r^ln(ri^/r^), (1) 

where r^ and r^ are the radial distances associated with 

the temperature difference. The problem is to show that 

this one-dimensional solution is a good approximation to 

the actual heat flow. This is accomplished in two ways. 

The first is a comparison of the exact solution of the 

partial differential equation to the one-dimensional 

solution with appropriate boundary conditions. The sec

ond is a verification of the analytical comparison by an 

experimental investigation. During this experiment a 

known heat flow is allowed to pass radially through the 



Fig. 1.—Side section of cylinder wall 



pipe, and the temperature difference at the points shown 

in Figure 1 is measured. Equation (1) is then used to 

calculate the heat flow per unit area, and this value is 

compared with the known value. An uncertainty analysis 

is also presented to point out the physical measurements 

that require the most accuracy and to show that this 

method is actually feasible. 

This method has several advantages over previous 

designs. The main advantage is that an attachment to the 

outer surface of the object under investigation is not 

necessary. This eliminates two possible sources of error 

in the measurement. One is the problem of assuring proper 

contact between the object and the measuring disk; another 

is the possibility of disturbing the fluid flow over the 

surface of the object. Another advantage of internal 

measurement is the fact that the simple, pure conduction 

equation expresses the heat flow directly; whereas, ex

ternal measurement must be corrected for convection 

errors. 

Of particular importance in many instances is the 

temperature range of the heat flow meter. The maximum 

temperature limit of the meters discussed in the litera

ture ranged from 70°F to 300°F. Relatively large heat 

flows could be measured in this range; however, it is 

more likely that large heat flows would necessarily be 



associated with high temperatures. The only temperature 

limiting factor of internal measurement is the material 

selected for the thermocouples. Thermocouple material is 

available for use at very high temperatures; therefore, 

in most cases, internal measurement has the advantage of 

operating up to the temperature limit of the object under 

investigation. 



CHAPTER II 

THEORETICAL ANALYSIS 

The experimental measurement of the radial heat 

flow is based on the one-dimensional, steady state heat 

conduction through the cylinder walls in the radial direc

tion. The accuracy of this solution can be examined by 

solving the partial differential equation for steady 

state heat conduction [3]. This equation is 

<) (K(^T) ̂  d (Kc)T) ̂  c) (K^T) ^ Q (2) 

where x, y, and z are rectangular coordinates. The model 

chosen is shown in Figure 2. Equation (2) can be simpli

fied by assuming that the thermal conductivity, K, is 

uniform; that is, K does not change as the temperature of 

the material changes. This assumption will not have an 

appreciable effect on the solution since the radial dis

tance between the locations of the thermocouples is very 

small; consequently, variation of temperature between 

these positions is small. The thermal conductivity of 

inconel is essentially a linear function of its tempera

ture [7]; therefore, a constant value of K can be obtained 

by averaging K over the appropriate temperature range of 
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Fig. 2.—Model for theoretical analysis 



the two radial positions within the cylinder walls. Using 

this constant value of K reduces equation (2) to 

Since the model is a cylinder, cylindrical coordinates 

are more convenient. Equation (3) in cylindrical coordi

nates is 

where x is now the longitudinal coordinate of the cylinder. 

Temperature distributions on the outside surface 

and on the inside surface of the cylinder were arbitrarily 

chosen such that the temperatures were invariant around 

the cylinder at any position x and r. The temperature 

does not vary with the 0 coordinate under these condi

tions; therefore, equation (4) is reduced to 

To obtain a specific solution to equation (5), the follow

ing boundary conditions are imposed, 

(a) T(x = 0, r) = T^ 

(b) T(x = L, r) = T^ 
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(c) T(x, r = r^) = T^ + (T^ - T^) x/L + 

300 sin (TTX/L) 

(d) T(x, r = r^) = T + (T. - T^) x/L + 
c: O ij O 

280 Sin (TTx/L) 

The solution to equation (5), with the above bound

ary conditions, T as a function of x and r, is given in 

Appendix I, This temperature distribution is 

T = T^ + (T^ - TQ) X/L + 

sin (TTx/L) TD^ I^(Trr/L) + Ê ^ K^(-Trr/L)1 , 

The radial heat flow per unit area is given as 

q" = -K <̂  T 

A numerical solution for the heat flow at the outside and 

inside surfaces of the cylinder is obtained for both the 

exact and the approximate solutions (see Appendix I), 

The difference between these respective heat flows is the 

error caused by using a one-dimensional approximation. 

For the conditions of steady state heat conduction, con

stant thermal conductivity, constant temperatures around 

the cylinder, and the temperature distributions expressed 

by equations (6) and (7) in Appendix I, this error, ex

pressed as a percentage of the true value, is 0,9 per cent 
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at the inside surface of the cylinder and 0.7 per cent at 

the outside surface of the cylinder. 

The table of Bessel functions [5], used as a refer

ence, claimed an accuracy of 0.01 per cent. An IBM 1620 

computer was used to make all numerical calculations, ' 

which were carried to four decimal places. Therefore, 

equations (61) and (6^) of Appendix I should certainly 

predict the true error incurred by a one-dimensional solu

tion within plus or minus 0.1 per cent. Therefore, the 

analysis proves that the radial heat flow through a hollow 

cylinder, as represented by the mathematical model and 

under the conditions specified above, can be calculated 

with a one-dimensional solution to within 0.9 per cent 

plus or minus 0,1 per cent of the true value. 

The one-dimensional solution, however, may not 

always be a good estimate. As seen from equation (5), 

the one-dimensional radial equation is absolutely valid 

only when 

In other words, the one-dimensional solution is valid when 

the rate of change of the temperature gradient in the x 

direction is very small compared to the rate in the r di

rection. 
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A one-dimensional solution neglects the conditions 

at the ends of the cylinder. If the cylinder is short, 

the heat transfer at the ends will certainly affect the 

rate of change of the temperature gradient in the x di

rection throughout the cylinder such that it may no longer 

be small compared to that in the r direction. The cylin

der, then, must be sufficiently long in order to neglect 

the conditions at the end of the cylinder. In addition, 

the wall of the cylinder should be thin. The combination 

of a thin wall and a long cylinder would assure a very 

large rate of change of the temperature gradient in the 

radial direction compared to that in the x direction under 

ordinary circumstances. Large temperature gradients in 

the X direction could also be present if large variations 

in the surface temperature existed. The one-dimensional 

solution in this case would not give satisfactory results. 

In most practical situations involving cylinders, such as 

the heating or cooling of a fluid flowing through a pipe, 

the steady state temperature distributions are usually 

smooth curves. The slope of the temperature distribution 

curve cannot be predicted without specific knowledge of 

the boundary conditions and, in some cases, may be very 

steep. Therefore, in order to obtain good results from a 

one-dimensional approximation, the conditions of the prob

lem must insure a temperature distribution with a rela

tively constant axial gradient. 



CHAPTER III 

EXPERIMENTAL SYSTEM 

Purpose 

This experiment was performed to evaluate an inter

nal heat flow meter. The main areas of evaluation were 

three: 

1. The design and construction of the meter 

2. The operational procedures 

3. The ability to obtain satisfactory results 

Construction 

The experimental test section was a 1-1/2 inch 

diameter inconel cylinder six feet long. The cylinder 

was slotted at the exact center as shown in Figure 3, 

The distance between the bottoms of the slots was machined 

to an accuracy of 0,0005 inches. Bare alumel and chromel 

number 24 gauge wires v;ere used as thermocouple materials. 

An alumel wire and a chromel wire were spot welded indi

vidually to the inconel in the center of the lower slot 

such that the ends of the two wires were touching each 

other. This procedure was then repeated in the upper slot. 

The combination of these four wires and the inconel formed 

six thermocouple junctions which were used to determine 

13 
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the temperature difference between the welded junctions 

of the upper and lower slots. The slots were then filled 

v;ith Astroceram, a ceramic cement, to insulate the wires 

from each other and the inconel except at the welded posi

tions. Small ceramic insulators were threaded on the 

wires to insure proper insulation. 

The test section was heated by a number 10 gauge 

nichrome wire 31 inches long. The nichrome wire was cen

tered both radially and longitudinally inside the inconel 

cylinder and was inserted into a 1/8 inch diameter ceramic 

tube 30 inches long for support. The ceramic tube was 

supported by two l/l6 inch thick inconel disks as shown 

in Figure 3, Nickel wires with ceramic insulators were 

used as power leads to the nichrome heating element in

side the inconel cylinder, and standard copper welding 

cable was used to the power supply. The power supply was 

a direct current arc v;elder rated at 200 amps and 40 volts 

with an adjustable output, A Weston ammeter and a V/eston 

voltmeter, each with an accuracy of +^ 1/2 per cent, were 

connected in the power circuit, as shown in Figure 4, to 

determine the circuit power. 

Insulated, number 22 gauge copper wire was connected 

to the thermocouples inside the ice junction and used as 

lead wire to the potentiometer. A Leeds and Northrup type 

K-3 potentiometer with a model 9834 null detector was used 



16 

u 
<D 
4J 
0 E o 

•H 

0 

o 

Fig, 4,—Schematic of apparatus 



17 

to measure the voltage produced in the thermocouple cir

cuits. The potentiometer has an accuracy of plus or minus 

0,5 micro-volts. 

Experimental Procedures 

Initially, minimum power was applied to the heating 

element in order to avoid large thermal shocks in the test 

section. The power v;as then set at the desired level. 

Since steady state heat flow was desired, the temperature 

of the inconel test section was allowed to stabilize be

fore data were recorded. This usually required from 1-1/2 

to 2 hours. During this time the null detector was al

lowed to warm up, and the ice junctions were checked for 

a constant 32°F. 

The normal procedures for measuring temperatures 

could not be followed since a direct temperature differ

ence was desired, and both the alumel and chromel wires 

were welded to the inconel. With this arrangement, six 

hot junctions were formed as follows: 

1. An alumel-inconel junction at position r^ 

2. An alumel-inconel junction at position r̂ , 

3. A chromel-inconel junction at position r^ 

4. A chromel-inconel junction at position r̂  

5. A chromel-alumel junction at position r,. 

6. A chromel-alumel junction at position r̂  
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To obtain the desired chromel-alumel voltage betv;een the 

positions r^ and r̂ ,̂ the voltage between alumel-inconel 

at ro and r^^ was measured and then the voltage between 

chromel-inconel at r,. and r̂. was measured. The voltages 

measured at each position were positive. This means that 

both alumel and chromel are thermoelectrically positive 

with respect to inconel. Therefore, the voltage of the 

chromel-alumel circuit between positions r_ and r̂ , is the 

difference between the two measured voltages. 

After obtaining steady state conditions in the test 

section, the following data were recorded: power circuit 

voltage, the power circuit current, the ice junction tem

perature, the voltage between the alumel-inconel junctions 

at positions r-, and r^, the voltage between the chromel-

inconel junctions at positions r^ and r̂ ,, and the voltage 

between the chromel-alumel junction at position r^ and 

the ice junction. 

The heat flow from the nichrome wire was calculated 

by using the recorded voltage and current of the circuit. 

To find the voltage drop across the heating element, the 

voltage drop across the lead wires must be subtracted from 

the voltage of the power circuit. The resistance of the 

nichrome wire and the resistance of the lead wires were 

known from the design specifications; therefore, the volt

age drop across the lead wires is 
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where I^ is the current in the circuit and R̂^ is the re

sistance of the lead wires. The voltage drop across the 

nichrome wire is 

V = V - V n c ^L* 

where V is the voltage of the circuit. The values of V c n 

and I were then used in equation (65) of Appendix II to 

calculate the heat flow from the heating element. The 

surface area used in all calculations was the surface area 

of the inconel cylinder bounded by the length of the heat

ing element, 31 inches, and the radius at r-., 0.828 inches. 

The chromel-alumel voltage between positions r^ and 

rh was determined as discussed above, and the actual tem

perature difference was calculated by using a conversion 

factor of 0.022 millivolts per **F for a chromel-alumel 

thermocouple. This conversion factor is constant over 

the temperature range of the experiment. This temperature 

difference was substituted into equation (67) of Appendix 

II for A T, and the heat flow was calculated. Note that 

the same surface area was used here as in the above cal

culations. The temperature at position r-, was obtained 

from a chromel-alumel thermocouple conversion chart for 

reference junctions at 32°F, This temperature was used 
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to find the thermal conductivity of the inconel cylinder 

for each solution. 

The heat flow from the nichrome heating element was 

then compared to the heat flow calculated with equation 

(67), A per cent difference was found by using 

Per Cent Difference = (q" - q" )(100)/q" . 
i C3 C3 

Data were recorded at seven different power inputs. Only 

31 per cent of the available power could be used during 

the experiment because the heating element reached its 

maximum temperature limit at this value. When more than 

one reading was recorded at a single power setting, a time 

interval of at least 15 minutes was allowed between read

ings. 

Uncertainty Analysis 

To determine the feasibility of obtaining useful 

data, an uncertainty analysis was necessary. The method 

employed is that of Kline and McClintock [6], The uncer

tainty presented here is a possible value of the error. 

It thus describes the lack of knowledge about the true 

value of the measured quantity. 

All of the measured quantities, their magnitudes, 

and the per cent uncertainty interval are listed in Table 

1. The magnitudes of the measured quantities listed in 

Table 1 are followed by an interval, W. This interval is 
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the believed uncertainty interval of the measured quantity 

based on certain odds. The odds listed in Table 1 are 20 

to 1, This means that the experimenter is willing to bet 

20 to 1 that the true value of the measured quantity lies 

within +_ V/ of the specified magnitude. With the values 

of Table 1, the uncertainty intervals for the results can 

be calculated. The specific calculations are shown in 

Appendix II. The uncertainty results are tabulated in 

Table 2. 



22 

TABLE 1 

LIST OF MEASURED QUANTITIES, THEIR MAGNITUDES, 
AND THE UNCERTAINTY INTERVAL 

Measured Quantity 

Current, amps. 

Voltage, volts 

Length of Heating 
Element, inches 

T, °P 

r^, inches 

K, BTU/hr.ft.«*P 

r, inches 

Magnitude W 
20 to 1 

60 + 1.5 

13 + 0.5 

31 + 0.03 

2 + 0.09 

0.828 + 0.01 

9 + 0.02 

9.09 + 0.0005 

Per Cent Uncertainty 
Interval 
20 to 1 

+ 2.5 

+ 3.84 

+ 0.096 

+ 4.50 

+ 1.22 

+ 2.22 . 

+ 0.555 

TABLE 2 

TABULATION OF UNCERTAINTY RESULTS 

t========= i:__::.zi: 

Results 

q" , BTU/hr.ft.^ 
°3 

q^, BTU/hr.ft,^ 

Per Cent Difference 

Per Cent Uncertainty 
Interval 20 to 1 

+ 4,7 

+ 5.3 

+ 7,1 



CHAPTER IV 

DISCUSSION OF RESULTS 

Interpretation of Data 

Table 3 is a list of data recorded during the ex

periment. Runs one through eight were recorded v;ith the 

initial thermocouple installation, and runs nine through 

seventeen were recorded with a second installation. The 

reason for the second construction will be discussed 

later. 

The average per cent difference between the heat 

flow from the heating element and the measured heat flow 

is about 9 per* cent. This is very good. The significance 

of such a small difference is even greater considering the 

magnitude of the heat flow. As seen in Table 3, the tem

perature difference measured ranged between 0,7 and 1.8°F. 

Since the heat flow is directly proportional to the tem

perature difference, it is easily seen that a change of 

only 0,01°F in the temperature difference changes the heat 

flow by about 1 per cent at these ranges. The per cent 

difference should decrease as the heat flow is increased. 

The temperature difference will be larger for the higher 

heat fluxes; thus, a very small change in temperature 

23 
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TABLE 3 

EXPERIMENTAL RESULTS 

Solution 
No, 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

Note: 

T3 - T ^ 

0,748 

0,714 

0.732 

1.019 

1.042 

1.160 

1.183 

1,639 

0,766 

0,747 

0,791 

1,347 

1,215 

1,254 

1.681 

1.701 

1.673 

T 
3 

op 

370 

370 

370 

452 

452 

534 

534 

675 

430 

430 

430 

560 

560 

560 

700 

700 

700 

K [ 7 ] 
BTU 

h r . f t . ° F 

9,94 

9,94 

9,94 

10,35 

10,35 

10,75 

10,75 

11,37 

10,25 

10,25 

10,25 

10 ,91 

10 ,91 

10 ,91 

11,62 

11,62 

11,62 

It 

^3 
BTU 

(1) 

hr,ft. 

1017 

971 

995 

1451 

1487 

1710 

1741 

2552 

1075 

1049 

1110 

2008 

1819 

1878 

2679 

2712 

2661 

q" (2) 
""3 
BTU 
hr,ft,^ 

934 

934 

934 

1337 

1337 

1598 

1598 

2385 

1015 

1015 

1015 

1675 

1675 

1675 

2439 

2439 

2439 

Per Cent 
Difference 

8,90 

3,96 

6,53 

8.33 

11.20 

7.02 

8.95 

6,99 

5 .91 

3,35 

9.36 

19.80 

8 .61 

12 .11 

9.85 

11.20 

9 .11 

(1) Values calculated from equation (65) 

(2) Values calculated from equation (67) 
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difference will not cause such a large change in the 

measured heat flov;. 

Further examination of the data reveals a most in

teresting situation. All of the measured heat flows are 

larger than the calculated heat flow from the heating 

element. Ordinarily, experimental data contain measured 

values both greater than and less than the known quantity. 

The data thus indicate that the assumption of constant 

heat flow around the cylinder is not correct. 

This is in fact the situation. The test section 

was positioned such that the cylinder was horizontal, and 

the heat flux meter was on the top of the cylinder. With 

the heating element centered in the test section, as shown 

in Figure 5, free convective currents developed and moved 

in the direction shown by the arrov;s in the figure. Thus, 

the air was heated as it passed the heating element. The 

energy was then transferred to the cooler surface at the 

top of the cylinder, and the cool air returned to the 

bottom of the cylinder. This free convection heat trans

fer increased the radial heat flow at the top of the 

cylinder considerably and caused an angularly dependent 

heat flow pattern around the cylinder. This situation 

was verified by rotating the test section 90 and 180 de

grees and calculating the radial heat flow on the side and 

on the bottom. The radial heat flow at these positions was 
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Fig. 5.—Free convection in test section 
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found to be smaller than the calculated heat flow from 

the heating element. 

Figure 6 is a plot of the per cent difference versus 

the calculated heat flow from the heating element. Some 

scatter is noted in the data for constant input pov;er 

values. This can be attributed to a combination of both 

uncertainty and slight changes in the free convection 

heat transfer pattern. However, the spread is only 5.5 

per cent for the worst case at 1675 BTU/hr ft^. This is 

less than the uncertainty interval of +_ 7 per cent. 

The significance of this plot is that the average 

per cent difference is increasing slightly as the input 

heat flow is increased. Theoretically, with constant heat 

flow around the cylinder, the per cent difference should 

decrease as the heat flow is increased. This would be 

true since the temperature difference would be larger and 

a small error in measurement would not result in as large 

an error in the calculated heat flow. In the present 

case, as the input power is increased, the temperature of 

the heating element is increased which causes an increase 

in the heat transfer at the top of the cylinder due to 

free convection. The fact that the per cent difference 

is increasing slightly with increased input power substan

tiates the presence of free convection heat transfer at 

the top of the cylinder and its effect on the heat flow 

pattern. With this in mind, it is impossible to determine 
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an accurate percentage error of the measured radial heat 

flow since this error is concealed by the increased heat 

flow due to free convection. Hov;ever, the average per

centage difference is only 9 per cent without considering 

free convection and is always larger than the heat flow 

from the heating element. The data strongly indicate 

that this method of measuring radial heat flow is accu

rate, with a percentage error probably no greater than 

that indicated by the uncertainty analysis. 

The results are especially significant when compared 

to performing an energy balance on a system. In many re

search investigations that require a heated cylinder, the 

cylinder is heated by passing a direct current through it. 

Usually a fluid is flowing through the cylinder, and the 

heat flow to the fluid must be determined. A number of 

thermocouples are placed in the insulation surrounding 

the cylinder. V/ith these thermocouples, the temperature 

distributions within the insulation can be determined, 

and the heat loss can be calculated from calibration data. 

An energy balance is then applied to the system. For 

steady state conditions, the outflow energy minus the in

flow energy must equal zero. The balance equation is 

solved for the heat transfer to the fluid, since it is 

the only unknown quantity. By using internal heat flow 

meters, the above investigation could be performed by 
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heating the cylinder from some external source and meas

uring the radial heat flow through the cylinder directly. 

Design Precautions 

As stated earlier, the heat flow meter had to be 

reconstructed. Extreme fluctions in the measured tem

perature difference occurred after the data of run number 

eight were recorded. By experimentation the trouble was 

traced to the area of the heat flow meter, that is, the 

slot in the test section where the thermocouples are 

welded to the pipe. Visual inspection revealed cracks in 

the ceramic cement, but investigation of the thermocouples 

was impossible due to the cement and the fact that each 

thermocouple was v;elded to the pipe. As the ceramic 

cement was being removed, it was found to be slightly in

consistent in hardness. The thermocouples still appeared 

to be welded to the pipe; however, the presence of the 

cement precluded a complete examination. The new meter 

was constructed similar to the preceding one except that 

the ceramic cement was applied in two layers instead of 

just one. The first layer was very thin and was just 

enough to coat the surface of the slot. This layer was 

allowed to dry, and then the second layer was applied 

carefully to avoid overlapping the edges of the slot as 

in the previous construction. The experiment was resumed, 

and the data were found to be acceptable. 
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At the conclusion of the experiment, the meter ap

peared to be deteriorating again. The exact cause of the 

problem cannot be explained at this time. The probable 

cause is a change in the thermal characteristics of the 

ceramic cement after several temperature cycles and large 

thermal shocks. The solution to this problem appears to 

be multiple layer application of the ceramic cement in 

the slot. Experimentation showed that a very thin coat 

of the cement" dried much harder and appeared to be more 

homogeneous in structure. 



CHAPTER V 

CONCLUSION 

The theoretical analysis of the radial heat flow in 

a hollow cylinder with steady state heat conduction, con

stant thermal conductivity, constant temperatures around 

the cylinder, and the temperature distributions expressed 

by equations (6) and (7) of Appendix I, showed that the 

radial heat flow can be calculated by a one-dimensional 

solution with an accuracy of + 0.8 per cent. The results 

of the experimental investigation were not completely con

clusive. It was found that free convection heat transfer 

inside the cylinder changed the anticipated constant heat 

flow pattern around the cylinder to an angularly dependent 

pattern with the higher heat flow at the top of the cylin

der. It was impossible to determine an accurate percent

age error of the measured radial heat flow, since this 

error was concealed by the increased heat flow due to free 

convection. The data recorded showed only slight scatter, 

and in no case was the scatter greater than the uncer

tainty interval. The results indicated that the method 

investigated will measure the radial heat flow in a hollow 

cylinder to within +^5.5 per cent. 
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APPENDIX I: ONE- AND TWO-DIMENSIONAL SOLUTIONS OF THE 
RADIAL HEAT FLOW IN A HOLLOW CYLINDER 

Two-Dimensional Solution 

The heat conduction equation to be solved is 

^^T . 1 ^T ^^T _ ^ ,̂ x 

To complete the description of the mathematical model, 

the following boundary conditions are imposed: 

(a) T(x = 0, r) = T^ 

(b) T(x = L, r) = T^ 

(c) T(x, r = r^) = f^(x) 

(d) T(x, r = r^) = f2(x) 

where f^(x) = T^ + (T^ - T^)x/L + 300 sin(-7rx/L), 

and f^(x) = T^ + (T, - T^)x/L + 280 sin(7rx/L), 
d O LI U 

The notation T(x = 0, r) = T^ indicates that the tempera

ture equals T at the position where x = 0 and r is 

arbitrary. 

The temperature distributions, f^(x) and f2(x), are 

typical of many practical applications. The experimental 

temperature distribution was very similar except at the 

ends of the cylinder. The experimental distribution 

appeared to approximate a sine curve with equal 

35 
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temperatures at the ends of the cylinder. Equal tempera

tures at the ends of the cylinder were not chosen for the 

theoretical analysis to insure that the system was not 

symmetrical about the center of the cylinder; therefore, 

the results are not restricted to symmetrical temperature 

distributions. In many applications of fluid flow through 

cylinders, the fluid is heated by heat sources on the 

outside of the cylinder. The temperature of the fluid 

will increase as it flows through the heated section. 

The fluid temperature will reach a maximum value, and 

then begin to decrease slightly as it leaves the heated 

section. Under ordinary circumstances, the exit tempera

ture at the end of the cylinder is much larger than the 

entrance temperature. This is essentially the type of 

temperature distribution chosen for the theoretical 

analysis. 

In order to solve equation (5), boundary conditions 

(a) and (b) must be made homogeneous. In order to make 

boundary condition (a) homogeneous let 

Z = T - T^, (8) 

and substitute into equation (5); 

TT^ ^ a^ a x2 °- ^̂^ 
The new boundary conditions become: 

(e) Z(x = 0, r) = 0 

(f) Z(x = L, r) = T^ - T^ 
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(g) Z(x, r = r^) = f3_(x) - T^ 

(h) Z(x, r = r^) = f2(x) - T^. 

In order to make boundary condition (f) homogeneous let 

Z = U(x,r) + V(x), (10) 

where U is a function of x and r, and V is a function of 

X only. Now substitute equation (10) into equation (9), 

Equation (11) can be simplified by letting 

a X 

Equation (12) is an ordinary differential equation since 

V is a function of x only. Therefore, integrating equa

tion (12) twice gives 

V = C^x + C2, (13) 

where C, and Cp are constants of integration and can be 

determined from boundary conditions (e) and (f). Bound

ary condition (e) requires that Z be equal to zero at 

x = 0 and r = r; then equation (10) becomes 

0 = U(0,r) + V(0). (14) 

If we let U(0,r) = 0 then V(0) must be zero to satisfy 

equation (14). Therefore, a boundary condition for equa

tion (13) is 
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V(0) =0. (15) 

Substituting equation (15) into equation (13), 

0 = C^(0) + C2; 

or C2 = 0; 

t hen V = C^x. (16) 

Boundary c o n d i t i o n ( f ) r e q u i r e s Z = T , - T a t x = L and 
•LI O 

r = r; now equation (10) becomes 

T^ - T^ = U(L,r) + V(L). (17) 

If we let U(L,r) = 0 then V(L) must be equal to T̂  - T 
L O 

to satisfy equation (17), Therefore, a boundary condi

tion for equation (I6) is 

V(L) = Tĵ  - T^, (18) 

Substituting equation (18) into equation (16), 

T T or C, = L - -"O , 

•^ L 

The complete solution for V(x) is 

V = (T^ - TQ) X/L, (19) 

Equation (11) may now be examined for a solution of 

U(x,r), The new equation is 

and the new boundary conditions imposed during the solu

tion of V(x) are 
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(i) U(0,r) = 0 

(j) U(L,r) = 0 

U(x,r^) = Z(x,r^) - V(x); 

or from boundary condition (g) and equation (19), 

U(x,r^) = f^(x) - TQ - (T^ - T^)x/L, 

But f^(x) = T^ = (T^ - T^)x/L + 300 sin (TTx/L); 

therefore, 

(k) U(x,r^) = 300 sin (TTX/L), 

U(x,r2) = Z(x,r2) - V(x); 

or from boundary condition (h) and equation (19), 

U(x,r2) = f2(x) - T^ - (\ - T^)x/L, 

But f2(x) = T^ + (Tĵ  - T^)x/L + 280 sin (TTX/L); 

therefore, 

(m) U(x,r2) = 280 sin (TTX/L), 

Equation (20) can be solved by assuming a product solu

tion in the form, 

U(x,r) = H(r) G(x), (21) 

v/here H(r) is a function of r only and G(x) is a function 

of x only. Substituting equation (21) into equation (20), 

G d̂ H . G dH H d^ . Q. , 

1 d̂ H . 1 dH ̂  1 d ^ , .^_ 
i T ^ ^ H F d r - - G^^2 (23) 
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Since equation (23) requires an arbitrary function of r 

to equal an arbitrary function of x, then both functions 

must equal the same constant. 

Therefore, 

1 d^H . 1 dH 2 , , , 
H ^ "• HF dF = P » (24) 

and 

- 1 d^G 2 ,^^, 
^ — 2 " " P * (25) 

dx"̂  
2 

where p is a constant to be determined. 
Transposing equation (25) to standard form, 

2 
^ = Gp2 = 0. , (26) 
dx*̂  

The solution to equation (26) is elementary and may be 

written as 

G = A sin px + B cos px, (27) 

where A and B are arbitrary constants. 

Boundary condition (i) requires U to be zero when x = 0 

and r = r. Substituting this condition into equation (21) 

gives 

0 = H(r) G(0). (28) 

Since H(r) is any arbitrary function of r, equation 

(28) can only be satisfied if 

G(0) = 0. (29) 
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Substituting equation (29) into equation (27), 

0 = A sin p(0) + B cos p(0); 

or B = 0. 

Therefore, equation (20) reduces to 

G = A sin px. (30) 

Boundary condition (j) requires that U = 0 when x = L 

and r = r. 

Substituting this condition into equation (30) gives 

0 = A sin pL. (31) 

If A were zero, the solution would be trivial. Therefore, 

to satisfy equation (31), 

sin pL = 0; 

or pL = nTT ; v;here n = 1, 2, 3, *'* 

then p = nTT/L. (32) 

Equation (30) then is actually a sum of n terms; there

fore, 

G = y A„ sin(nTTx/L). (33) 
n -̂— n 
Transposing equation (24) into standard form, 

£ H + i ^ - p2H = 0. (34) 
^2 r dr ^ 
dr 

Equation (34) is a modified Bessel equation of zero order, 

and the solution is given as 

G = D lo(pr) + E K^(pr), (35) 
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where D and E are arbitrary constants, and I (pr) and 

K^(pr) are the Modified Bessel Functions of zero order, 

of the first and second kind respectively, of argument 

(pr). Substituting the values of p from equation (32) 

into equation (35) gives 

t>0 

I 
[̂n ^o^^"^^/^^ "̂  \ K^(nTrr/L)] . (36) 

Therefore, equation (21) becomes 

U(x,r) = ^sin(nTrx/L) b I^(nTrr/L) + 

^n ^^(nTTr/L)] . (37) 

Substituting boundary condition (k) into equation (37) 

gives 

300 sin(7rx/L) = ̂  sin(nTr x/L) b I^(nTrr^/L) + 

E^ KQ(nTrr^/L)] . (38) 

The expression in the brackets is now a constant since a 

particular value of r has been selected. In addition, 

equating the arguments of the sine functions on both sides 

of the equation and solving for n: 

TTx/L = nTT x/L; 

n = 1. (39) 
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Therefore, it is seen that the boundary conditions re

strict the summation to the first term. Equation (38) 

can now be reduced to 

30 0 s in(Trx/L) = sin(Trx/L) [ D ^ 1^(71 r^/L) + 

^1 ^o("'^^l/^^] • (^°^ 

The constants D, and E, may be evaluated by equating 

coefficients of the sine functions: 

300 = D^ I^(TTr^/L) + E^ K^(Trr^/L). (41) 

S u b s t i t u t i n g boundary condit ion (e) in to equation (37) 

gives 

^ r 
280 s in(7rx/L) = ^ s i n ( n T r x / L ) [D^ I^(nTrr2/L) + 

/ 

E^ K^(nTrr2/L)] . (42) 

But from equation (39), n = 1, and equating coefficients 

of the sine functions in equation (42), 

280 = D^ I^(TTr2/L) + E.̂^ K^(-Trr2/L). (43) 

Equations (41) and (43) can be solved simultaneously to 

obtain values for D, and E^. Therefore, the solution for 

U(x,r) is 
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U ( x , r ) • = s i n ( T r x / L ) D^ I ^ ( 7 r r / L ) + 

^1 KQC^^T/DJ . (44) 

S u b s t i t u t i n g e q u a t i o n s (19) and (44) i n t o equa t ion ( 1 0 ) , 

Z = s i n ( T r x / L ) ^1 ^ o ^ ^ ^ / ^ ^ •*• ^1 ^o^'^^/'^^ 

i\ - T )̂x/L; (45) 

and from equa t i on ( 8 ) , 

T - T^ = s i n (T rx /L ) D^ I ^ ( T r r / L ) + E^ K^(-7rr/L) 

+ (T^ - T^)x/L. (46) 

By assigning appropriate values to the parameters 

of equation (46), a numerical solution can be obtained. 

Let 

2 o 

L = 6 feet 

K = 10.58 B.T.U., ft/hour, ff, °F 

T = 0 °F o 
Tj = 400 **F 

LI 

r^ = .9167/12 feet 

r2 = ,6875/12 feet 

Equation (41) may now be written as 

300 = D̂  Î C-rrC.9167/12]) ^ E^ K^(Tr[.9167/12]); 

300 = D̂  Io(-0^^ ^ ̂ 1 ^o^-^^^- (47) 
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Equation (43) may be written as 

280 = D^ Î (Tr [.6875/12]) ̂  E^ K^dr [ .6875/12]); 
6 [ 5 

280 = D^ Io(-03) + Ê ^ K^(.03), (48) 

From the table of Modified Bessel Functions by Sibagaki 

[5], 

IQ(,03) = 1,00017 

IQ(,04) = 1,00040 

KQ(,03) = 3.62335 

KQ(,04) = 3,33450 

Substituting the above values into equations (47) and (48), 

300 = 1,00040 D^ = 3,33450 E^, (49) 

and 

280 = 1,0017 D^ + 3.62335 E-j_. (50) 

Solving equations (49) and (50) simultaneously: 

and 

D^ = 529,26961, 

E^ = -68,82024, 

Substituting D,, E,, and appropriate parameters into equa

tion (46), the particular temperature distribution is 

T = sin(Trx/6) [529,26961 I^(Trr/6) -

68.82024 KQ(Trr/6)] + 400x/6. (5I) 

At X = 3 feet, solve equations (6) and (7) for T̂  and Tp 

respectively: 
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T^ = 400(3) /6 + 300 s i n ( 3 T r / 6 ) 

^1 = 500 op ^^^^ 

T2 = 400(3) /6 + 280 s i n ( 3 T r / 6 ) 

T2 = 480 op ^^^^ 

The heat flow per unit area [3] at the inside sur

face of the cylinder is given as 

ott _ K<5T 

(54) c)r-

Taking the partial derivative of equation (51), 

N rp p 

- y p = s in(TTx/6) [529.26961 T r / 6 ) l ^ ( T r r / 6 ) + 

68.82024 Tr /6)K^(Trr /6) ] . 

T h e r e f o r e , a t t h e p o s i t i o n x = 3 f e e t and r = r , 

q^ = - 10.58 s i n ( 7 r / 2 ) [(529,26961 Tr /6)I^ 

( ,6875 7r/72) + 68.82024 7r/6)K^(.6875'7r/72)1 

q^ = - 10.58 [(529,26961 Tr/6)I-L(.03) 

+ 68,82024 Tr/6)K^( ,03)1 , (55) 

From the table of Modified Bessel Functions by Sibagaki 

[5], 

Il(,03) = ,01500 

l3_(.04) = .020004 
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K-L(,03) = 33,27060 

K^(.04) = 24.92350 

Therefore, 

q̂  = - 10.58 [(529,26961 Tr/6)(,01500) + 

(68.82024 Tr/6)(33,27060)] 

q^ = - 10,58 [1203,03900] 

q^ = - 12728.15262 B.T.U./hour, ft.^ (56) 

The negative sign on q" indicates that the flow direction 

assumed for q" was opposite the true direction. There

fore, the heat flow is from the outside surface of the 

cylinder to the inside surface of the cylinder. 

Applying equation (54) to a one-dimensional solution, 

the partial derivative becomes an ordinary derivative. 

The area must now be considered since it is a function of 

the radius; therefore, the heat flow per unit area is 

q/A = - K|^ , (57) 

where A = 2TrrL. 

Separating the variables, equation (57) becomes 

q ^ = - 2KTTLdT. 

Integrate both s ides . 

or. rT 

q 
Or. 

1 . . Vi 
1^ = - 2K7rL dT 

T ̂2 
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q l n ( r ^ / r 2 ) = - 2K77L(T^ - T2) 

q = 2TrLK(T^ - T 2 ) / l n ( r ^ / r 2 ) (58) 

Dividing equation (58) by the area at the ins ide surface 

of the cy l inde r , 

q^ /A = 2TrLK(T2 - T^)/2Trr2L l n ( r ^ / r 2 ) ; 

q^ = K(T2 - T^)/r2 l n ( r ^ / r 2 ) , (59) 

Equation (59) is the one-dimensional heat flow per unit 

area at the inside surface of the cylinder. Now substi

tute equations (52) and 53) into equation (59). 

q^ = - 10,58(20)(12)/.6875(,28768); 

q^ = - 12838,50743 B,T,U,/hour, ft,^ (60) 

The negative sign here has the same meaning as in equa

tion (56), 

The difference between qp and q" is the error in 

the heat flow at the inside surface of the cylinder ob

tained by using a one-dimensional approximation. This 

error can be expressed as a percentage of the true value 

as follows: 

Error = (q^ - q2)(100)/q"2 

Error = (12838,50743 - 12728.15262)100/12728.15262 

Error = 0.867^ (61) 
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The same ana lys i s as above can be used to obtain 

the heat flov; at the outs ide surface of the cy l inder . 

Therefore , at the pos i t i on x = 3 feet and r = r , ; 

ql[ = - 10.58 s in (Tr /2 ) [(529,26961 Tr/6)I^( .9167 Tr/72) 

+ (68.82024 Tr/6)K^(.9167 71/72)] 

q|[ = - 10.58 [(529.26961 7r /6)I^( .04) 

+ (68.82024 Tr/6)K^(.04)] 

qlf = - 10.58 [903.64395] 

q![ = - 9560.55299 B.T.U./hour, f t . ^ (62) 

Again, the negative sign indicates heat flow into the out

side surface of the cylinder. 

Dividing equation (58) by the area at the outside 

surface of the cylinder gives 

q'^ /A = 2TTLK(T2 - T^)/2Trr^L ln(r^/r2); 

ql̂  = K(T2 - T-ĵ )/r̂  ln(r^/r2); 

q![ = - 10.58(20)(12)/.9167(.28768); 

ql[ = - 9628.53979 B.T.U./hour, ft.^ (63) 

The difference between qV and qV is the error in the heat 

flow at the outside surface of the cylinder caused by 

using a one-dimensional approximation. 

•^iLlLUL3lUAL CUL-i-C.uiiu 
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Error = (q![ - qp(100)/q"^; 

Error = (9628.53979 - 9560.55299)100/9560.55299; 

Error = 0.711^ (52|) 



APPENDIX II: CALCULATION OF THE UNCERTAINTY INTERVALS 
FOR THE RESULTS 

The heat flow from the heating element is given by 

qj; _ Heating Element Power 
3 Surface Area 

The surface area for all calculations is based on the 

area bounded by the length of the heating element and the 

radius of the inconel cylinder at position r^. Therefore, 

the formula for the heat flow is 

q" 3.4l3(amps)(volts)/2Trr, L, C3 - 5 (65) 

To obtain the uncertainty interval for q" , the per cent 
^3 

uncertainty interval for each measured quantity must be 

examined. Using logarithmic differentiation, as dis

cussed by Kline and McClintock [6], on equation (65) 

gives 

w „ 
^ C 

TT 
3 _ 

ft i 2 

iOnSi^A 
^ ( i n A) A 

q" w^ 
iliiZl) J : 
c)Cln r ^ ; r^ 

ft 

iOnSl^V 
^ ( I n V) V~ 

^( ln '^^3) ^L 
2) ( I n L) L 

T 2 

1/2 

where the partials are evaluated as follows: 
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In q" = In A + In V + In r-. + In L; 
C3 

q" 
^c <̂ (ln ^3) _ T 

.•̂ (In A) • "•• <5 
with similar expressions for each term. Therefore, 

W „ 
q 
TT̂  = \/(W^/A)^ + (W^ /r,)^ + (W,/L)^ + (W,,/V)^ q" V^"A'"' ^ r '^3' ^ L'"' ^ "V C3 5 

Substituting the values for the per cent uncertainty in

terval for each quantity from Table 1 into the above gives 

W „ 
^c 
^3 _ 

""3 

\J{2.5)^ + (1.22)^ + (0.096)^ + (3,84)2 . 

W „ 
Q ^C 
J- = V22.499 ; 
^c 
"̂3 

w „ 
^c 

— ^ = 4.74JS. 

^3 

The one-dimensional radial heat flow equation is 

given by equation (59) of Appendix I as 

q'̂  = K(/^T)/r^lnir^r^). (66) 



53 

The equation in this form is unsuitable for an accurate 

uncertainty analysis due to the logarithm term in the de

nominator. A more suitable form can be obtained by using 

the following approximation: 

Let ln(r^/r^) = In (r^ + Ar)/r^ 

Inivi^/r^) = ln(l + Ar/r^). 

Using the series expansion for ln(l + x), 

ln(l + Ar/r^) = ^r/r^ - 1/2 ( Ar/r^)^ + 

l/3( Ar/r^)^ - ••• 

^ r / r ^ = 0 .090 /0 .828 

A r / r ^ = 0 .1089 . 

Therefore, 

ln(l + 0.1089) = 

ln(l + 0.1089) = 

0.1089 - 1/2(0.1089) + 

1/3(0.1089)^ + ••• 

0.10341 

or, using only two terms of the series 

ln(l + 0.1089) = 0.10298. 

Therefore, using a two term approximation, 

ln(l + ^r/r^) = O.IO298 + 0.00043, 

which is a 0.41^ uncertainty. This is insignificant com

pared to the total uncertainty. 

Substituting the above into equation {66), 

q^ = K(AT)/r3 ar/r^ - l/2(^r/r3) 
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Simplifying, 

q^ = 2 K ( Z i T ) r 3 / A r ( 2 r 3 - ^r). 

The above expression can be handled by lettin 

s = 2r3 - Ar. 

g 

Using the differential method for obtaining the per cent 

uncertainty interval for s, 

ds = 2dr^ - d( A r); 

ds 
s 

2r3/(2r3- Ar) dr. 

[' r/(2r3 - ^r) ] 
d( A r). 

Ar ' 

W 
_s_ 
s 

{2r /(2r^ - Ar)} W /r V^ 

^r/(2r3 - A r ^ W ̂  ̂ / Ar 
12J 1/2 

Substituting the values from Table 1, ' 

^s 
-| = 1.201. 

The new formula for the measured heat flow now contains 

the following variables: 

q'̂  = 2K(A T)r3/Ar(s). (67) 
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Therefore, using logarithmic differentiation on equation 

(67) as was performed on equation (65), 

^3 . 
11 

(Wĵ /K)2 + (W^^/AT)2 + (W^ /r^)^ + 

(W ̂ ^/ Ar)2 + (Wg/s)2 
1/2 

Substituting the values for the per cent uncertainty in

terval for each quantity from Table 1 gives 

W-„ 
q" r 
—^ = \/(2.22)2 + (4.5)2 + (1.22)2 ^ ^^^^^^^2 ^ (i.201)2 
q'̂  

W-„ 
•3 _ = 5.3352. 
II 

The formula for determining the per cent difference. 

oc , is 

^ = (q!5 - q" )(100)/ q" . J C3 C3 

Expanding the above equation gives 

^ = 100 q" /q" - 100. 
^ ^3 

(68) 

Using logarithmic differentiation on equation (68), and 

dividing by the per cent difference gives 



w 
e< 

e< 

w 
<< 

^ 
(5 ,3 )2 + (4 .7 )2 

V/ 
= 1/28.1 + 22.1 

W 
50.2 

w oC 
= 7 , 1 ^ , 

56 


