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ABSTRACT  
 

Slug flow is one of the most common flow regimes encountered in petroleum, 

chemical and nuclear industries. This flow regime is characterized by pseudo-periodic 

occurrence of Taylor bubbles and liquid slugs. The approaches for slug flow modeling 

include empirical methods, mechanistic methods and numerical methods. Numerical 

methods involve large amount of computation and therefore not suitable for the 

application in petroleum industry. In contrast to empirical methods that are limited in the 

range of application, mechanistic models are more applicable because they capture the 

essential mechanism of the slug flow regime. However, the mechanistic models require 

some correlations to obtain closure, which bring unexpected error and need to be 

improved before getting results matching with experimental data. 

This project established a computational model to simulate the flowing field 

around Taylor bubble. Boundary fitted structured grid system is built for the simulation 

model and the turbulence is accounted for by the low Reynolds-number k-ω  model. The 

previous turbulence model is modified to predict smooth transition from laminar to 

turbulent flow. To obtain the configuration of the Taylor bubble, circular geometry is 

assumed at the top of the bubble and Bernoulli equation is applied to estimate the shape 

of the tail part. The fifth order of polynomial function is used to ensure the convergence 

of the bubble configuration which has uniform pressure along the interface.  

Based on the results from the numerical model and previous experimental studies, 

the currently used mechanistic model is improved to get more accurate prediction for the 

slug flow in vertical pipes. The improved model is validated by previously reported 

experimental data. The geometric parameters of slug flow analyzed in this project can 

provide a basis for studying flow regime transition from slug flow to other flow regimes. 

The significance of this work is to help us understand more details about slug 

flow in vertical pipes. The knowledge gained from this work can be used to reestablish 

existing empirical correlations that are limited to particular conditions but necessary to 

the mechanistic models. The improvement of mechanistic models can benefit the design 

of tubing and surface facilities and the determination of artificial-lift methods. 
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NOMENCLATURE 

 
f =  Friction factor 

Fr =  Froude number 

g =   gravitational acceleration 

H =  Liquid holdup 

k =  Turbulent kinetic energy 

P =   Pressure 

L =  Length 

LLS =  Length of liquid slug 

LTB =  Length of Taylor bubble 

ULLS =  Liquid velocity in liquid slug 

UGLS =  Gas velocity in liquid slug 

ULTB =  Liquid velocity in film region 

UGTB =  Gas velocity in film region 

D =  Pipe diameter 

u =  Velocity 

U =  Average velocity 

Re =  Reynolds number 

R =  radius 

FE =  Entrainment fraction 
+x  =  Normalized distance from the TB nose by the radius 
+y  =  Normalized radial coordinate by the radius 

 

Greek Letters 

α =  Void faction 

αH =  Void faction in wake zone 

β =  Ratio of Taylor bubble length over the length of slug unit 

θ =  Inclined angle of the pipe, positive for upward flow 

 x



ε =  Roughness 

σ = Surface tension 

ρ =  Density 

μ =  Viscosity 

τ =  Shear stress 

ν =  Kinematic viscosity 

ω =  Specific dissipation rate 

 

Subscripts 

c =  Critical 

f =  Film 

G =  Gas 

i =  Interfacial 

L =  Liquid 

LS =  Liquid slug 

TB =  Taylor bubble 

SG =  Superficial gas 

SL =  Superficial liquid 

SU =  Slug unit 

m =  Mixture 

T =  Turbulence 

x =  Axial direction 

y =  radial direction 
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CHAPTER I 

INTRODUCTION 

 

Multiphase flow involves more than one phase flowing through the channel 

simultaneously, which can be gas-solid, gas-liquid, liquid-solid or gas-liquid-solid flow. 

Since different phases distribute and affect each other in very complicated ways, it is very 

tough to predict the flow behavior of multiphase flow. 

 

1.1 Background Information

Two-phase gas-liquid flow is widely encountered in petroleum, chemical, civil 

and nuclear industries. In petroleum industry, those common problems include the 

calculation of the flow rate, pressure loss, and liquid holdup in the pipeline for multiphase 

flow in tubing design, gathering and separation system design, sizing of gas lines, heat 

exchanger design, and condensate line design (Brown, 1977).  

The most unique characteristic of multiphase flow is phase distribution, which is 

very difficult to be characterized and predicted due to the existence of moving multi-

boundary and turbulence. From very early times, researchers started to take advantage of 

flow regime for the qualitative description of phase distribution and the improvement of 

the accuracy of prediction. Almost all current models are based on the concept of flow 

regimes. For a specific system, the flow regime needs to be predicted by flow maps or 

flow regime transition theory. Then different flow models are used for the prediction of 

pressure drop and other parameters. The disadvantage of these models is that they create 

discontinuities and may induce divergence problem across the transition regions as the 

results of switching from one flow model to another one. To avoid this problem, the 

interpolation technique or some special criteria was used (Gomez et al., 1999; Petalas & 

Aziz, 2000).  

In vertical pipes, two-phase flow can be classified into four flow regimes: bubble 

flow, slug flow, churn flow and annular flow (Figure 1.1). The models for bubble flow 

and annular flow are more developed than slug flow and churn flow in that the latter 
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patterns have highly irregular interface with stronger unsteady nature. However, slug 

flow appears in very wide range of flowing conditions and very common in wellbores. 

The pseudo-periodical character of slug flow has attracted so many researchers to study it 

using various methods including correlations, one-dimension mechanistic methods 

(Fernandes et al., 1983; Sylvester, 1987; and Orell and Rembrand, 1986; Taitel and 

Barnea, 1990) to multi-dimension exact solution of continuum equations and momentum 

equations (Mao and Dukler, 1989; Clarke and Issa, 1997; Kawaji et al., 1997; Anglart 

and Podowski, 2000). 

 

 
Figure 1.1. Different Flow Regimes in Vertical Pipes 

 

1.2 Statement of the Problem

The interface between gas and liquid is simpler in bubble flow and annular flow 

than in slug flow and churn flow. Bubble flow is usually approximated as one-fluid flow 

and annular flow is approximated as two-fluid flow but with uniform cylindrical interface. 

The interface of slug flow and churn flow is much more irregular which is hard to make 

quantitative description. However, the most important flow patterns are the slug flow and 

churn flow since they will occur during the vast majority of multiphase flow in wells 
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(Brill, 1987). The basic thought is to predict slug flow as the combination of bubble flow 

and annular flow. But this method has to use several correlations to estimate the 

geometries of Taylor bubble and bubble translation velocities.  

The current methodology of multiphase flow modeling falls into three categories: 

empirical correlations, mechanistic models and numerical models. This project will make 

efforts to improve the current mechanistic model for vertical slug flow by the numerical 

simulation of the flowing field around the Taylor bubble. The significance of this work is 

to help us understand more details about slug flow in vertical pipes. The knowledge 

gained from this work can be used to reestablish existing empirical correlations that are 

limited to particular conditions but necessary to the current mechanistic model for slug 

flow. The improvement of mechanistic models can benefit the design work of tubing and 

surface facilities. 

 

1.3 Objective of the Project

 The purpose of the project is to provide applicable technique for predicting the 

pressure drop and liquid holdup of slug flow in vertical pipes. To accomplish this goal, 

two objectives have been set: 

1. Develop a 2-D computational model for the flowing around Taylor bubble and 

the method to determine the configuration of Taylor bubble. 

2. Improve the current mechanistic model for slug flow in vertical pipes and 

compare the current results with previous experimental data. 

 To achieve those objectives, this report has been separated into five chapters. 

Following a brief introduction of the problem, the state of art of multiphase flow 

modeling will be reviewed in Chapter II. This chapter will mention the available methods, 

conclude the recent development in this area and state the difficulty in further studies. 

The numerical simulation of slug flow will be stated in Chapter III, followed by the 

improvement of mechanistic model for slug flow and the comparison of calculated results 

with experimental data and results from previous models in Chapter IV. Finally, project 

conclusions and recommendations for future work are stated in Chapter V.  
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CHAPTER II 

METHODS FOR MULTIPHASE FLOW IN PIPES 

 

Since the beginning of multiphase research in 1940’s, hundreds of papers have 

been published in this area. The technology of multiphase flow has undergone significant 

changes, especially in recent years with the advancement of experimental facilities and 

numerical calculation ability. Several researchers reviewed the state of art of multiphase 

flow from different prospective. Brill (1987, 1992) reviewed the historical development 

of multiphase flow in petroleum engineering. Worner (2003) gave an insight in the 

physics of multiphase flow, its mathematical description, and its physical modeling for 

numerical computation by computer codes. Taitel (1995) concluded the advances of 

mechanistic modeling in two phase flow. Taitel & Barnea (1990) and Fabre & Line (1992) 

reviewed the mechanistic modeling of slug flow and various options of modeling the 

hydrodynamic parameters and pressure drop by using a unified approach applicable for 

the vertical, horizontal, as well as the inclined pipes. In order to improve the method of 

predicting multiphase, literatures were reviewed in this chapter according to modeling 

methodology. Papers reviewed cover several areas, including petroleum engineering, 

chemical engineering, nuclear engineering, and mechanical engineering. 

Basically, the methodology applied in multiphase flow can be classified as three 

categories: Empirical correlations, Mechanistic models and Numerical models. Empirical 

correlations develop simplified relations among important parameters which must be 

evaluated by experimental data. The empirical correlations do not address too much 

detail behind and behaves like a black box although sometimes slippage and flow 

regimes are considered. They can yield excellent results but only limited to the same 

conditions as the experiments. According to Taitel (1995), mechanistic models 

approximate the physical phenomenon by taking into consideration the most important 

processes and neglecting other less important effects that can complicate the problem but 

not add accuracy considerably. Furthermore, numerical models introduce multi-

dimensional Navier-Stokes equations for multiphase flow. More detailed information can 
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be obtained from numerical models such as multi-dimensional distribution of phases, 

dynamic flow regime transition and turbulent effects. The division among these 

approaches is not always clearly defined and the definition may depend on the specific 

terminology in specific area. Some empirical correlations consider slippage effect and 

flow regime, which are the most important phenomenon in multiphase flow. On the other 

hand, both the mechanistic models and numerical models have to utilize some inputs 

based on correlations due to the limitations of the current knowledge.   

 

2.1 Complexity of Multiphase Flow

Phase is a thermodynamic definition for the state of matter, which can be solid, 

liquid or gas. Multiphase flow happens when the concurrent movement of liquids, gases 

or/and solids simultaneously in the pipes. The flow behavior of multiphase flow is pretty 

complex due to the co-existence of turbulence effect and moving boundary between 

different phases.  

The interface between different phases may exit in various configurations, known 

as flow patterns, which is the most unique characteristic of multiphase flow. The specific 

flow pattern depends on the flowing conditions, fluid properties and pipe geometries. The 

simplest classification is to use three regimes: separated flow, intermittent flow and 

distributed flow. Each of them can be further classified as several flow patterns. For 

example, segregated flow includes smooth stratified, wavy stratified and annular flow. 

Flow patterns in various pipes are shown in Figure 2.1. However, flow patterns are a 

subjective and qualitative concept. There is no way to incorporate it into mathematical 

equations as a parameter. The predicted results usually show some discontinuity between 

different patterns which is naturally smooth and continuous.  

Another important phenomenon making the complexity of multiphase flow is that 

the gas tends to flow faster than liquid phase which is called slippage.  The slippage 

effect makes the mixing fluid properties dependent on flowing conditions, fluid 

properties and pipe geometry. Therefore there is no way to obtain the fluid properties for 

the mixture of liquid and gas using simple methods.  
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Figure 2.1. Flow Patterns in Pipes 

All independent parameters affecting the flow behavior include the velocity, the 

viscosity, the surface tension, the density for liquid and gas respectively, and the diameter, 

the length, the inclined angle and roughness of the pipe. Dimension analysis is a powerful 

tool to construct new empirical correlations. Brill (1987) argued that the first and perhaps 

only exhaustive dimensional analysis of multiphase flow in pipes was performed by Duns 

and Ros (1963). They constructed 10 independent dimensionless groups and concluded 

that four of them were important for the prediction of vertical multiphase flow according 

to experimental data. 

Worner (2003) analyzed the forces in multiphase flow and their magnitude. The 

important forces acting in multiphase flow include pressure force, inertia force, gravity 

force, buoyancy force and surface tension force. From these six fundamental forces, five 

independent non-dimensional groups can be derived, which are Reynolds number, Euler 

number, Froude number, Weber number, Eotvos number. Further, some more groups can 

be defined, including Capillary number, Morton number, and the density and viscosity 

ratio of the phases. To construct a general correlation involving all these groups will 

require large amount of experiment data which are too difficult to collect. Although some 
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of these forces can be neglected in some cases, it is not an easy thing to determine which 

one is dominant at specific conditions.  

From the mathematical and physical view (Ishii, 1990), two-phase flow can be 

considered as a field composed by single-phase regions with moving boundaries 

separating the constituent phases. The difficulties in deriving the field equations and 

closure relations for two-phase flow stem from the presence of an interface and the fact 

that both steady and dynamic characteristics of multiphase flow depend on the structure 

of the flow. 

 

2.2 Empirical Correlations Methods

A number of correlations are available for the prediction of pressure drop and 

liquid holdup of multiphase flow. The most popular empirical models are those of 

Poettmann and Carpenter (1952), Hagedorn and Brown (1965), Dun and Ros (1963), 

Orkiszewski (1967), Aziz et al. (1972) for vertical pipes; those of Eaton et al. (1967), 

Dukler et al. (1969), Lockhart and Martinelli (1949) for Horizontal pipes; and Beggs and 

Brill (1973), Gregory, Mandhane and Aziz (1974) for inclined pipes. All empirical 

correlations were constructed based on the general energy equation. The general gradient 

equation for steady state, one dimensional flow can be written as (Brill, 1987, 1999) 

dLg
dvv

dg
vf

g
g

dL
dP

c

mmm

c

mmm
m

c

ρρ
θρ ++=

2
sin

2

     (2.1) 

The right side of the equation consists of three components, due to potential 

energy, friction loss and kinetic energy respectively. For two-phase flow, the definition of 

fluids properties causes lots of problems. Considering the slip effect, we should know the 

liquid holdup first, which is defined as the ratio of the volume of a pipe segment occupied 

by liquid to the volume of the pipe segment. Therefore, liquid holdup is very important to 

the estimation of pressure drop, especially for vertical flow due to gravity effect. Usually, 

the friction factor can follow the standard correlation for single phase flow. In earlier 

times, the mixture velocity was calculated according to input gas-liquid ratio. Later, slip 

effect and/or flow regime were considered to improve the accuracy.  
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Instead of calculating friction factor directly, Lockhart and Martinelli correlation 

(1949) related the two-phase pressure gradient with the single-phase gradient by a 

correction factor. Through analytical method, Taitel and Dukler (1976b) demonstrated 

that the holdup and dimensionless pressure drop for stratified flow were unique function 

of Lockhart-Martinelli parameter under the assumption that the ratio of friction factor of 

gas at pipe wall to the friction of gas at interface was a constant value. The further 

assumption that the friction factor of the gas at the interface and the gas at the pipe wall 

are equal was shown to agree well with experimental data.  

In recent years, not so many investigators tried to develop more correlations for 

the prediction of liquid holdup, flow regime transition and pressure gradient. Instead, 

some previous correlations were improved for the purpose of new applications. Some 

examples are listed as below. 

Al-Najjar et al. (1989) improved the performance of multiphase flow correlation 

of Aziz et al. by replacing its original flow pattern map with four other maps. Chien 

(1990) compiled the flow regime data of steam in horizontal pipes and analyzed with 

Taitel and Dukler’s model of predicting flow regimes for two-phase flow. Abdul-Majeed 

(1993) developed a new general correlation for predicting liquid holdup at any angle and 

for any flow regime based on 112 field pressure profiles. Based on the method given by 

Beggs and Brill (1973), Bilgesu and Ternyik (1994) developed a new multiphase flow 

model for vertical, inclined, and horizontal pipes and wellbores. Two new correlations 

were introduced to modify the holdup correlation. The first equation accounts for gas 

liberation considering pressure changes along the pipe. The second was introduced as a 

function of two-phase Reynolds number. Jayawardena et al (1997) proposed a novel flow 

pattern map for microgravity two-phase flow. They argued that five dimensionless groups 

are relevant for flowing in smooth pipes in zero gravity. They were gas and liquid 

Reynolds number, Weber number, ratio of gas to liquid densities and viscosities.  

In the early 1940's, scientists came up with the hypothesis that neurons, 

fundamental, active cells in all animal nervous systems might be regarded as devices for 

manipulating binary numbers. Since then artificial neural networks have been applied to 
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an increasing number of real world problems of considerable complexity. They are good 

pattern recognition engines and robust classifiers with the ability to generalize in making 

decisions about imprecise input data. Cai et al. (1994), Ternyik (1995a, 1995b), Osman 

(2002), Shippen & Scott (2002) introduced this technology into the prediction of 

multiphase flow.  

Cai et al. (1994) applied the Kohonen self-organizing neural network to identify 

flow regimes in horizontal air-water flow. Ternyik (1995a, 1995b) incorporated artificial 

neural networks for the prediction of liquid holdup, flow pattern, pressure drop and 

optimum design of pipelines under a variety of circumstances. They believed that the 

fundamental problem with conventional approaches reside in the inherent sequential and 

point wise (as opposed to parallel and distributed) information processing methods using 

in the correlation development. This method performed better than established 

correlations. Osman (2002) developed a new model for identifying different flow regimes 

and predicting the holdup of horizontal gas-liquid flow. The model was based on three-

layer back-propagation neural networks. The model perfectly classified the annular flow, 

stratified flow, slug flow and wave flow. The results showed that eliminating the liquid 

holdup from the neural network inputs did not result in a big loss of accuracy. The 

prediction of liquid holdup outperformed all the existing correlations in terms of lowest 

error measures and the highest correlation coefficient. Shippen & Scott (2002) presented 

another neural network model for prediction of liquid holdup in two-phase horizontal 

flow. Data from five independent studies were used and the model shows an 

improvement for the prediction of liquid holdup and flow patterns comparing with 

traditional correlations and mechanistic models. 

Artificial neural networks are adaptive models that can learn from the data and 

generalize things learned. They extract the essential characteristics from the numerical 

data as opposed to memorizing all of it. This offers a convenient way to reduce the 

amount of data as well as to form an implicit model without having to form a traditional, 

physical model of the underlying phenomenon. In contrast to traditional models, which 

are theory-rich and data-poor, the neural networks are data-rich and theory-poor in a way 
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that a little or no a priori knowledge of the problem is present. This technology may give 

us some illuminations to improve multiphase flow technology. 

 

2.3 Mechanistic Methods

Phase distribution is most important phenomenon in multiphase flow. Flow 

regimes characterize the phase distribution of liquid and gas in pipes. Main flow regimes 

are: separated flow (including stratified and annular flow), intermittent flow and 

distributed flow. Even in some empirical correlations, people started to predict pressure 

drop and liquid holdup with the help of flow regimes.  

The difference between mechanistic methods and empirical correlations is that 

they consider other physical processes as more as possible only if much numerical efforts 

can be avoided (Taitel, 1995). One good example is, two sets of one-dimensional 

equations for each phase are used to describe conservation of mass and momentum for 

stratified flow although that is a three-dimensional problem. Empirical correlations and 

simplified closure relationships are still necessary for the inputs of some parameters. 

Unlike correlations limited to the range of experimental data, the results based on 

mechanistic models can be extrapolated with reasonable confidence to regions beyond 

the experimental data used to test it.  

The mechanistic model for determining flow regime transitions started from 

Taitel & Dukler (1976a). Since then many efforts (Taitel et al., 1980; Lin & Hanratty, 

1986; Barnea et al., 1982, 1985; Barnea, 1987; Chen et al., 1997) have been directed 

towards the development of physical models that allow the analytical prediction of the 

flow patterns and the transition boundary.  

With the help of flow regime transition models, it becomes possible to develop 

comprehensive mechanistic models applicable to different regimes and pipes with various 

inclined angles. The flow pattern can be judged by some correlations or mechanistic 

models, and then different flow models are used for different flow pattern. This kind of 

model lends themselves well to piecewise improvements. Xiao et al. (1990) developed a 

comprehensive mechanistic model for gas-liquid two-phase flow in horizontal and near 
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horizontal pipelines. Issa and Tang (1991) presented a one-dimensional steady two-fluid 

model for the calculation of all flow variables in vertical pipes. Ansari et al. (1994) 

presented a comprehensive model to predict the flow behavior for upward two-phase 

flow. Manabe et al. (1997) developed a comprehensive mechanistic model for gas-liquid 

flow in horizontal and upward inclined pipelines based on the Xiao et al. model (1990). 

Modifications had been made on the annular flow model by implementing the calculation 

of rigorous liquid film distribution. Gomez et al. (1999) developed a mechanistic model 

for the prediction of liquid holdup and pressure drop distributions in directional wells. 

The model can be applied to any angle inclined pipe from horizontal to upward vertical 

flow. Kaya et al. (1999) proposed a mechanistic model to predict flow pattern and flow 

characteristics in vertical and deviated wells. Petalas and Aziz (2000) presented a new 

mechanistic model applicable to all pipe geometries and fluid properties. Some new 

empirical correlations were developed, such as liquid/wall and liquid/gas interfacial 

friction in stratified flow etc.  

Up to now, more and more mechanistic models have been introduced for the 

modification of prediction accuracy. It is generally believed that mechanistic models 

performed well against experimental data. In this section, the modeling of various 

mechanisms is reviewed according to flow regimes. Comprehensive models will be 

discussed separately since they are the combination of flow regime transition models and 

flow models for different flow regimes. 

 

Stratified flow happens in horizontal and near-horizontal pipes with the liquid 

flowing at the bottom and the gas flowing above (Figure 2.2). The study of stratified flow 

obtains continuous interests since it is frequently used as the starting point in the 

modeling of flow pattern transition from stratified flow to annular flow or slug flow by 

examining the stability of the separated flow and the possible instability that may lead to 

transition. Considering smooth, equilibrium stratified flow as show in Figure 2.2., the 

momentum balance on liquid and gas yield (Taitel & Dukler, 1976) 

0=++−− θρττ singASS
dx
dPA LLiiLWLL      (2.2) 
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0=+−−− θρττ singASS
dx
dPA GGiiGWGG   (2.3) 

Liquid holdup and pressure gradient can be obtained together with closure 

equations for wall shear stress and interfacial shear stress,  
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With the liquid and gas friction factors evaluated from 
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Where: DL and DG are the hydraulic diameter  

 m, n: Constant coefficient 

 

 
Figure 2.2. Stratified Flow in Pipes 

The hydraulic diameters are calculated by assuming the liquid is open-channel 

flow and the gas is closed conduct flow. In the model of Taitel and Dukler (1976), the 

interfacial friction factor was assumed to be equal to the gas-wall friction factor. Many 

researchers have investigated the method to predict friction factors. 

Kowalski (1987) concluded the existing methods for estimation of gas shear stress 

seem to be adequate while Newton and Behnia (1996) observed that gas wall friction 

factor is influenced by the condition of the gas-liquid interface. Experiments by Kowalski 

(1987), Andreussi & Persen (1987), and Andritsos & Hanratty (1987) showed that the 
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liquid-wall friction factor deviates from the friction factor for single phase due to the 

presence of interfacial waves. Xiao et al. (1990) believed that new correlations do not 

improve the prediction significantly. However, Liang-Biao and Aziz (1996) found that 

the liquid-wall friction factor could be affected significantly by the interfacial shear stress, 

especially for low liquid holdup conditions. Based on the experimental data, they 

developed a new correlation for the liquid friction factor. 
09260

51610

 62911
.

SL

SG
.

L
L u

u
Re

.f ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=        (2.6) 

Xiao et al. (1990) noticed that the current methods for the prediction of the 

interfacial friction were far from being satisfactory. They recommended using a 

combination of Andritsos & Hanratty (1987) correlation if D less than 0.127 m (5in) and 

the correlation suggested by Baker et al. (1988) for large diameter pipes. Vlachos et al. 

(1997) showed that the liquid-wall shear stress varies significantly at various lateral 

positions. An exponential expression was proposed to represent the circumferential 

variation of the time-averaged liquid-wall shear stress and a new correlation was 

developed for the interfacial friction factor. 

In the comprehensive model of Gomez et al. (1999), the liquid wall friction factor 

is determined by the correlation of Liang-Biao and Aziz (1996) and the interfacial 

friction factor is taken as the friction factor between gas and wall and given by Baker et 

al. (1988) for stratified wavy flow. Petalas and Aziz (2000) proposed new empirical 

correlations for the liquid/gas interfacial friction factor and the interfacial friction factor 

in stratified flow.  
731.0452.0 SLL ff =         (2.7) 

2
335.16 )Re105.0004.0(

GG

L
LSLi u

DgFrf
ρ
ρ−×+=      (2.8) 

In equation (2.7), the friction factor based on the superficial velocity  is 

obtained from standard methods using the pipe roughness and the following definition of 

Reynolds number. The Froude number is defined as  

SLf
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L

L
L gh

uFr =          (2.9) 

The model above assumed the profile of the gas/liquid interface to be flat. 

Actually, the configuration of a curved interface is associated with a different contact 

area between the two fluids and between the fluids and the pipe wall. Depending on the 

physical system involved, these variations can have prominent effects on the pressure 

drop and transport phenomena. Brauner et al. (1996) and Gorelik & Brauner (1999) 

obtained exact analytical solution of the interface shape between two immiscible fluids 

and for the capillary pressure in the case of unidirectional axial laminar pipe flow. The 

solution is determined by three dimensionless parameters: the holdup, fluid/wall 

wettability angle and the Eotvos number.  

Vlachos et al. (1999) proposed some improvements for usual stratified model. 

They used an exponential expression of circumferential variation to determine the 

average stress exerted by liquid on the pipe wall. The model considered the shape of 

gas/liquid interface and its possible distortion from the commonly assumed flat profile. In 

addition, they used the correlation presented by Vlachos et al. (1997) for the estimation of 

interfacial friction factor.  

The transition from stratified flow to other flow regimes is usually analyzed by 

examining the stability and the possible instability that may lead to transition. 

Comprehensive reviews on the flow pattern transition from stratified flow have been 

given by Hanratty (1983), Hanratty & McCready (1992), and Barnea & Taitel (1994).  

Waves generated on an interface owing to interfacial instability can either lead to 

a wavy interface or to conditions where the waves reach the top of the pipe and cause 

transition from stratified flow (Barnea & Taitel, 1994). The instability which causes 

transition from stratified flow is usually attributed to the Kelvin-Helmholtz (KH) theory. 

The KH instability results from primarily from the Bernoulli Effect, i.e. the decrease in 

the pressure over the wave crest due to the velocity acceleration. This destabilizing effect 

acts against the stabilizing effect of gravity. Exact three-dimensional analysis of KH 
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instability is difficult considering viscous effect and multi-dimensional model. 

Fortunately, only long waves generate large-amplitude waves and cause transition. 

The linear stability analysis of the one-dimensional equations is first presented in 

Wallis’s (1969) book using full two-fluid model. It is concluded that the point of 

instability occurs when the kinematic wave and the dynamic wave have the same speed. 

Lin & Hanratty (1986, 1987) distinguished between viscous and inviscid analysis and 

observed that viscous analysis predicts well the transition to roll waves on thin liquid 

layers and the transition to slug flow for high liquid layers. Barnea (1991) and Barnea & 

Taitel (1993) noticed that neither viscous nor inviscid analysis theories by themselves 

provide an adequate solution for the prediction of transition boundary from stratified to 

intermittent flow and annular flows for all pipe inclinations. They constructed a 

combined model incorporating both viscous and inviscid theory. 

A simplified inviscid Kelvin-Helmholtz analysis was proposed by Taitel & 

Dukler (1976) based on the work of the Kelvin-Helmholtz theory (Milne-Thomson, 

1960), which provides a stability criterion for waves of infinitesimal amplitude formed on 

a flat sheet of liquid between horizontal and parallel plates. Taitel & Dukler (1976a) 

extended it first to the case of a finite wave on a flat liquid sheet between parallel plates 

and then to finite waves on stratified liquid in an inclined pipe and the criteria becomes  
21
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This method provides a simple means for the prediction of the transition boundary 

and usually their results compare reasonably well with experiments and with the more 

accurate viscous Kelvin-Helmholtz and inviscid Kelvin-Helmholtz analyses (Barnea, 

1991; Barnea &Taitel, 1993). It is suggested that when the equilibrium liquid level hL in 

the pipe is above the pipe center line, intermittent flow will develop, and if hL/D<0.5, 

annular or annular dispersed liquid flow will result (Taitel and Dukler, 1976a). 

Also Taitel & Dukler (1976a) introduced the ideas of wave generation and 

proposed the following condition for wave generation as the results of wind effect. 
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For turbulent flow in smooth pipes, Barnea et al. (1982) adopted the following 

criteria for wave inception: 

51.
gh

UFr
L

L
L ≥=         (2.12) 

 

In annular flow, the gas flows along the center of the pipe while some liquid flows 

as a film around the wall and other liquid travels with gas in the core of the pipe. The 

annular flow equations are similar to the stratified flow model. Only closure relationships 

are different due to different geometries and the fact that the gas core in annular flow 

includes liquid entrainment. The flow model for annular flow has been constructed by 

many researchers (Oliemans et al., 1986; Alves et al., 1991; Xiao et al., 1990; Gomez et 

al. 1999; Petalas and Aziz, 2000).  The equations of the momentum conservation for 

liquid film and gas core 

0=++−− θρττ singASS
dx
dPA FLiiFWFF      (2.13) 

0=+−− θρτ singAS
dx
dPA CCiiC       (2.14) 

If the entrainment fraction is known, void fraction and the average density and 

viscosity in the core are  

FEUU
U

SLSG

SG
C +
=α         (2.15) 

)1( CLCGC αραρρ −+=        (2.16) 

)1( CLCGC αµαµµ −+=        (2.17) 

The velocity of the liquid film and the gas core can be determined from continuity 

equations 

)(4
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−

=
d

dFEUU SLF         (2.18) 
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The liquid wall shear stress can be obtained from single phase flow formula based 

on hydraulic diameter similar to stratified flow. To complete the annular flow model, 

closure relationships for the interfacial friction factor and the liquid entrainment fraction 

are the most difficult tasks. The entrainment fraction given by Wallis (1969) is 
1.5)][0.125(eFE −−−= φ1         (2.20) 
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In the model of Gomez et al. (1999), the closure relationship for entrainment 

fraction is given by the Wallis (1969) correlation. Oliemans et al. (1986) noticed that 

previous correlations cannot give good results matching the experimental data and 

developed a new correlation for annular flow in vertical pipes. Their correlations are 

adopted by Xiao et al. (1990). 

Alves et al. (1991) suggested the interfacial friction factor can be expressed by 

Iff CSi =          (2.22) 

Where fcs is the friction factor that would be obtained if only the core flows in the 

pipe and the interfacial correction parameter I is used to take into account the roughness 

of the interface. Alves et al. (1991) only gave expressions for vertical flow. Gomez et al. 

(1999) constructed a formula for any inclined angle: 

θθθ
22 sincos VH III +=        (2.23) 

The correction parameters for horizontal and the vertical directions are given by 

the correlations of Henstock & Hanratty (1976) and Wallis (1969) respectively. In the 

annular flow model of Petalas & Aziz (1999), the liquid entrainment fraction and 

interfacial friction factor are determined empirically: 
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Where the dimensionless number, NB, is defined as  
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Barnea (1986) proposed a unified model for the transition from annular to 

intermittent flow applicable outside the range of stable stratified flow. This transition was 

assumed to occur when the gas core is blocked at any location by the liquid, which may 

result from two possible mechanisms: 

1) Instability of the liquid film, due to partial downflow of liquid near the wall. 

The criterion for the instability of the film is obtained from the simultaneous solution of 

the following two dimensionless equations: 

2
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Where X is the Lockhart and Martinelli parameter and Y is a dimensionless 

gravity group defined respectively by 
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2) Blockage of the gas core as a result of large supply of liquid in the film. The 

condition for occurrence of this mechanism is  

24.0≥LH          (2.31) 

For annular flow, the steady-state solutions are always unstable, owing to Kelvin-

Helmholtz type of instability (Barnea & Taitel, 1989, 1990). This formulation is not 

suited for analyzing the steady-state stability of annular flow since steady-state annular 
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flow is inherently unstable with respect to the interfacial structure. Also, multiple steady-

state solutions for cocurrent and countercurrent annular flow may exist. Barnea & Taitel 

(1989) proposed a different kind of stability, termed “structured instability” to distinguish 

between steady-state solutions that will actually take place and unstable solutions that 

will not exist. Barnea & Taitel (1990) studied the nonlinear stability of these solutions by 

examining the system response to finite disturbances. The results show that steady-state 

solutions linearly stable may be unstable for finite disturbances and therefore are not 

expected to exist and only the solutions associated with a thinner film are stable. 

  

The bubble flow regime is characterized by the gas phase being distributed as 

bubbles through the liquid phase. When the bubbles are uniformly distributed, there is 

little relative motion between the phases. This is known as a dispersed or finely dispersed 

bubble flow, or sometimes dispersed flow, which usually appears at very high liquid flow 

rate when the turbulence is very strong. Taitel & Dukler (1976) considered the transition 

from intermittent to dispersed bubble flow in horizontal pipes takes place when the 

turbulent fluctuations are strong enough to overcome the buoyant forces tending to keep 

the gas at the top of the pipe. The force of buoyancy per unit length of gas region is 

GGLB A)(cosgF ρρθ −=        (2.32) 

The force acting because the turbulence is estimated following the method by 

Levich (1962) 

iLT SvF 2'5.0 ρ=         (2.33) 

Where: 'v  is the radial velocity fluctuation whose root-mean-square is estimated 

to be approximately equal to the friction velocity. Dispersed of the gas is visualized as 

taking place when the turbulence force bigger than buoyancy force. 
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At high liquid flow rates, dispersed bubbles exist even for 25.0>α  due to 

turbulence. The transition mechanism from the dispersed was first suggested by Taitel et 
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al. (1980) for upward vertical flow and recently modified by Barnea (1986) to account for 

pipe inclination. The result is 
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The bubble diameter on the transition boundary, dc, is a function of the liquid 

velocity and the angle of inclination. The value of dc is taken as the smallest between dCD 

and dCB, where dCD is the critical bubble size above which the bubble is deformed and dCB 

is the critical bubble size below which migration of bubbles to the upper of the pipe is 

prevented 
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There are, however, conditions where small discrete bubbles also appear at low 

liquid rates, which is called bubble flow or bubbly flow. When the bubbles congregate 

and combine to form a less uniform distribution of the gas phase, some slippage will 

occur between the phases with the gas tending to cut through the liquid phase. Transition 

from the condition of bubbles at low gas rates to slug flow requires a process of 

agglomeration or coalescence. According to Barnea (1987), the bubble flow pattern can 

exist provided two conditions are satisfied even when turbulent forces do not cause 

bubble breakup: 

(1) Taylor bubble velocity exceeds bubble velocity. This condition is satisfied in 

large-diameter pipes (Taitel et al. 1980)  
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(2) The angle of inclination θ  (from the horizontal) is large enough to prevent 

migration of bubbles to the top wall of the pipe (Barnea et al. 1985): 
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Where U0 is the bubble rise velocity given by the relation (Harmathy 1960) 
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Taitel et al. (1980) showed that transition from bubble to slug flow takes place 

when the gas void fraction exceeds a critical value of 0.25. For steady upward gas-liquid 

flow in vertical pipes, this criterion is given by 
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 In inclined pipes, this condition was described as the following (Barnea, 1987) 

θ
ρ

ρρσ
α

α
α sin

)(g
)(.UU

/

L

GL
SGLS

41

215311
⎥
⎦

⎤
⎢
⎣

⎡ −
−−

−
=    (2.42) 

Chen et al. (1997) proposed a general model for the transition to gas-liquid 

dispersed bubble flow based on an assumption that dispersed bubble flow cannot exist 

unless the turbulent kinetic energy of the liquid phase is greater than the surface free 

energy of dispersed spherical bubbles. This model is capable of prediction the transition 

boundary to dispersed bubble flow in various closed channels over the whole range of 

inclination angles. It also yields a good prediction for the slug liquid holdup in gas-liquid 

slug flow in conjunction with the Barnea-Brauner hypothesis. 

The bubble flow can be simplified as homogeneous flow by considering the 

slippage occurring between the phases. The key problem of bubble flow is the 

determination of liquid holdup. The most practical way is the drift-flux model introduced 

by Zuber & Findley (1965). The drift-flux model bears its name from the common 

practice to provide an equation for the drift velocity to account for the slippage occurring 

between gas and liquid disperse phase. The rising velocity of bubbles can be expressed as 

∞+= 00 uuCu mt         (2.43) 
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Zuber and Findlay (1965) have shown that the distribution parameter C0, for 

dispersed systems can range from 1.0 to 1.5, the higher values being associated with high 

bubble concentrations and high velocities at the center line (laminar flow). When the flow 

is turbulent and the velocity and concentration profiles are flat, C0 approaches 1.0. C0 is 

taken as 1.2 in the comprehensive models (Kaya et al., 1999; Petalas & Aziz, 2000) and 

1.15 in the model of Gomez et al. (1999).  

The bubble rise velocity is given by Harmathy (1960) as follows 
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Petalas & Aziz (2000) chose the constant as 1.41 instead of 1.53. Gomez et al. 

(1999) and Kaya et al. (1999) considered the effect of liquid holdup: 
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After getting liquid holdup, the two-phase mixture properties are estimated by 

mixing rules. Then total pressure gradient can be calculated following the general energy 

equation, in which friction factor is obtained from standard method for single phase flow 

and the acceleration term can be neglected.  

For dispersed bubble flow, the homogeneous no-slip model can be applied (Kaya 

et al., 1999; Gomez et al., 1999). Petalas & Aziz (2000) adopted the drift-flux model, in 

which the rising velocity of bubble is obtained from (2.43) and C0 follows an empirical 

correlation.  

 

Slug flow is a highly complex flow with an unsteady nature. This flow regime is 

characterized by the existence of large axis-symmetric bullet-shaped bubbles (referred to 

as Taylor bubbles) that occupy almost the entire cross-section of the pipe. Plug flow (or 

elongate bubble) is considered the limiting case of slug flow when the liquid slug is free 

of entrained bubbles. Between slug and annular flow, churn flow normally occurs in 

vertical or near-vertical upward pipes. Churn flow is a highly disturbed flow of gas and 

liquid in which the liquid motion is oscillatory, going up and down alternatively in 
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irregular manner. According to Jayanti & Hewitt (1992), four major thoughts have been 

proposed for the transition from slug flow to churn flow in vertical pipes. 

a) Entrance effect mechanism 

b) Flooding mechanism 

c) Wake effect mechanism 

d) Bubble coalescence mechanism 

Taitel et al. (1980) and Dukler & Taitel (1986) treated churn flow as part of the 

process of the formation of stable slug flow further downstream in the pipe. According to 

them, churn flow results from the fact that fast moving Taylor bubbles overtake the 

slower ones ahead of them under certain flowing conditions. If the pipe is long enough, 

this collapse and merging of successive slugs will ultimately lead to stable liquid slugs. 

Wallis (1969), McQuillan & Whalley (1985) and some others attributed the slug-

to-churn transition to the flooding of the liquid film surrounding the Taylor bubble in slug 

flow. Flooding is a phenomenon in which the liquid film in countercurrent flow of gas 

and liquid breaks down due to the formation of large interfacial waves. The semi-

empirical equation proposed by Wallis (1969) for the prediction of flooding velocities is: 

CUU SLSG =+ **         (2.46) 

Where C is constant close to unity; 

*SGU ,  are the normalized gas and liquid superficial velocity which are 

defined as  
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Mishima & Ishii (1984) attribute the collapse of the liquid slug flow to the wake 

effect of Taylor bubbles. At a point close to the slug-churn transition, the liquid slug 

would be very short, and the Taylor bubbles would be very close to each other. This 

would create a strong wake effect which would destabilize the liquid slug and destroy it. 
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Therefore the mean void fraction over the Taylor bubble region would be equal to the 

average void fraction in the pipe. Using the standard drift flux model and potential flow 

analysis, Mishima & Ishii (1984) model this mechanism and obtained a new expression 

for the transition from slug to churn flow. 

Barnea & Brauner (1985) considered the formation of highly aerated liquid slugs 

to be the reason for transition from slug flow to churn flow. When the void fraction in the 

liquid slugs reaches 0.52, the separation between bubbles becomes too small and cannot 

avoid collision and coalescence. The gas holdup on the transition line from dispersed 

bubbles is the maximum holdup that the liquid slug can accommodate as fully dispersed 

bubbles at a given mixture velocity. Once the fluid properties and pipe size are set, the 

liquid holdup can be obtained from existing condition of dispersed bubble: 
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 The critical diameter dc is the characteristic bubble size which is given by 

equation (2.36) for vertical flow. The plug-slug transition can be obtained setting the void 

fraction as zero. 

Ruder et al. (1989) derived a necessary criterion for slug flow based on the 

conditions for the existence of the Taylor bubble. The representation of the front of a slug 

as a hydraulic jump yields a minimum gas velocity below which slugs cannot exist. 

Bendiksen and Espedal (1992) analyzed the onset of slugging by examining the relation 

between the appearance of waves on the stratified film, the formation of slugs and the 

transition to stable slug flow. Assuming that an initial stratified wavy flow exists, and that 

a liquid bridging of the pipe occurs at a given point in time, a sufficient condition for the 

stable slug flow is that its front velocity exceeds its tail velocity. 

Jayanti & Hewitt (1992) considered the effect of the length of Taylor bubble on 

the flooding velocity for the transition from slug flow to churn flow. Watson and Hewitt 

(1999) used experimental method to investigate the effect of phase flow rate and pressure 

on the slug/churn transition and compared the measurements with the models of 

McQuillan and Whalley (1985), Jayanti and Hewitt (1992), Mishima and Ishii (1984) and 
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Brauner and Barnea (1986). The model of Jayanti and Hewitt (1992) performed best in 

predicting the present data, although the effect of pressure was somewhat overpredicted.  

Taitel et al. (2000) gave a theoretical analysis to the solution of slug flow 

modeling.  The authors examined the situations where no solutions exit and discuss their 

physical meaning. No-solution situations all resulted in the dissipation of the slug in 

downhill section and transition to stratified flow took place. It was noted that the 

slug/stratified and slug dispersed bubble transition based on the flow pattern map of 

Barnea (1987) nearly coincided with those proposed by this slug model.  

The prediction of pressure drop, void fraction and other parameters is a very 

difficult task due to its unsteady nature. Taitel & Barnea (1990) and Fabre and Line (1992) 

reviewed the state of art on slug flow modeling. Based upon physical observations, the 

mechanistic model of slug flow is developed by simplifying it as series of equivalent cells 

consisting of a long bubble and a liquid slug. This kind of model is called unit-cell model, 

which was first introduced by Wallis (1969) and later developed by Dukler and Hubbard 

(1975) and Nicholson et al. (1978) for horizontal flow; Fernandes et al. (1983), Sylvester 

(1987), and Orell and Rembrand (1986) for vertical flow; and Bonnecaze et al. (1971) for 

the inclined flow. This model was used in some comprehensive mechanistic models for 

two-phase flow (Xiao et al, 1990; Gomez et al., 1999). However, Petalas & Aziz (2000) 

argued that this treatment contradicts the observation in experiments and selected the 

empirical correlation for slug flow in their comprehensive model. 

The mechanistic model (Dukler and Hubbard, 1975; Fernandes et al, 1983; 

Sylvester, 1987; Taitel & Barnea, 1990) for slug flow includes continuity equations, 

momentum equations of liquid film, and relative velocity equations to the nose of Taylor 

bubble. In addition to those conservative equations, four more additional variables need 

to be considered to form closure equations for the mechanistic model, namely, (1) 

translational velocity of Taylor bubble, (2) dispersed bubble velocity in slug region, (3) 

the liquid holdup in slug region, and (4) the liquid slug length or the slug frequency. 
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(1) The translational velocity of Taylor bubble 

The translational velocity of Taylor bubble can be composed as a superposition of 

the velocity of bubbles in a stagnant liquid and the contribution of the mixture velocity. 

The motion of Taylor bubble in stagnant liquid is studied separately for vertical, 

horizontal and inclined pipes. Davis and Taylor (1949) were the first to use simple one-

dimensional approach and obtained reasonable results. Considering a potential flow 

around the nose, they assumed constant pressure inside the bubble and applied the 

Bernoulli equation. The translational velocity can be estimated as 

gDut 471.0=         (2.50) 

Applying inviscid theory near the nose region, the drift velocity in horizontal slug 

flow is the same as the velocity of the penetration of a bubble when liquid is emptied 

from a horizontal tube (Benjamin, 1968). The result for the drift velocity is 

gDut 542.0=         (2.51) 

For the inclined case, there is no proposed model. Instead, some correlations were 

developed combing the drift velocity in horizontal and vertical pipes based on 

experimental data. One example is that of Bendiksen (1984) 

θθ sinucosuu v
t

h
tt +=        (2.52) 

 

(2) The dispersed bubble velocity in slug region 

Similarly, the dispersed bubble velocity in slug region can be estimated by the 

linear combination of the bubble drift velocity and mixture velocity. The formula of 

Harmathy (1960) for the bubble rise velocity is considered of sufficient accuracy (Taitel 

& Barnea, 1990), which is widely used in the comprehensive model (Xiao et al, 1990; 

Gomez et al., 1999; Petalas & Aziz 2000). 

 

(3) The liquid holdup in slug region 

Liquid holdup in the slug region is another important parameter that needs to be 

estimated by correlations or mechanistic models.  For horizontal or near horizontal flows, 
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the correlation of Gregory et al. (1978) considered the liquid slug holdup as a function of 

mixture velocity. Abdul-Majeed (2000) developed an empirical correlation taking 

account of mixture velocity, liquid viscosity and inclination angle applicable to horizontal 

and slightly inclined slug flow. Gomez et al. (2000) incorporate both mixture velocity 

and inclination angle into his empirical correlation.  

For the case of vertical slug flow, Fernandes et al. (1983) developed a mechanistic 

model for the prediction of liquid holdup by considering gas flow through the Taylor 

bubble. Sylvester (1987) stated that this method is very complicated and requires 

numerous approximation of questionable accuracy. Instead he developed a correlation for 

liquid holdup as a function of gas superficial velocity and liquid superficial velocity. 

Barnea and Brauner (1985) presented the first physical model for the prediction of 

gas holdup in liquid slugs in horizontal and vertical two-phase pipe slug. Their model 

assumed that the liquid slug can accommodate the same amount of gas as dispersed 

bubble flow on the transition boundary with the same mixture velocity. Zhang et al. 

(2003) developed a mechanistic model for slug liquid holdup based on the balance 

between the turbulent kinetic energy of liquid phase and the surface free energy of 

dispersed gas bubbles. The turbulent kinetic energy is estimated considering the shear 

stress at the pipe wall and the momentum exchange between liquid slug and liquid film. 

 

(4) The liquid slug length or the slug frequency 

The slug frequency and liquid slug length are interconnected parameters and only 

one is needed in the slug flow model. Experimental data show that the stable liquid slug 

length is relatively insensitive to the flowing conditions. For horizontal slug flow, the 

stable slug length has been observed to be of about 12-30D (Dukler and Hubbard, 1975) 

and 30D (Nicholson et al., 1978). For vertical slug flow, the stable liquid slug length is 

reported between 10D to 20D (Fernandes, 1981; Barnea & Shemer, 1989). Taitel et al. 

(1980) and Barnea & Brauner (1985) suggested that a developed slug length is equal to a 

distance at which a jet has been absorbed by the liquid. Using this approach, a value of 

16D was obtained for the minimum liquid slug length in vertical upward flow and a value 
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of 32D was obtained for horizontal flow. Also Dukler et al. (1985) and Shemer & Barnea 

(1987) found the minimum length of stable is of the order of 20D using different methods. 

There are a number of correlations for slug length and frequency prediction. 

Taitel & Barnea (1990) listed three correlations for frequency prediction including that of 

Gregory and Scott (1969), Greskovich and Shrier (1972), Heywood and Richardson 

(1979). Later, some more correlations were developed (Hill and Wood, 1990; Tronconi, 

1990; Zabaras, 2000). Hill and Wood (1994) recorded the latest improvements including 

methods to predict slug frequency, slug length, and maximum possible slug length. 

Marcano et al. (1996) and Yoshida et al. (2000) developed new correlations for slug 

liquid holdup, film liquid holdup, slug translational velocity, slug frequency, average slug 

length and design slug length.  

Field pipelines following normal hilly terrain variations consist of horizontal, 

uphill, and downhill sections. While slug flow in a separate pipeline with only one of the 

three configurations is relatively well studied, there is a lack of understanding on the flow 

behavior when these pipeline configurations are joined together (Zheng et al., 1992). 

Sarica et al. (1991) developed a mechanistic model to simulate low velocity flow in hilly 

terrain pipelines by extending the improved severe slugging analysis. Zheng et al. (1992) 

revealed the interesting phenomena pertaining to slug flow in a hilly terrain pipeline, 

including the generation and dissipation of slugs at pipeline connections. Later, Zheng et 

al. (1993) developed a sink/source model which takes into effect of upstream flow 

conditions in downstream flow calculations. This model enables the prediction of slug 

flow parameters across a pipeline connection.  

Taitel and Barnea (1998) presented a slug-tracking model taking into account the 

compressibility of gas. Tracking of the slugs was achieved by following the position of 

the front and the back of every slug with time. The result showed that the gas 

compressibility caused an increase in the slug unit length but it had only a minor effect on 

the growth of the liquid slug as the slugs moved downstream. Taitel and Barnea (2000) 

developed a model of slug tracking and a computer code to study the slug motion in two-

phase pipe flow based on the previous model (Taitel and Barnea, 1998). The modification 
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included the possibility of changing the inclination angle and the treatment of the flow at 

top and bottom elbows. In addition, the condition for terrain slugging was added and slug 

growth under such conditions was implemented.  

 

2.4 Numerical Methods

The basis of numerical methods is two-fluid model pioneered by Wallis (1969), 

Drew (1971), and Ishii (1975), which is formulated by averaging the local instant 

variables from the single phase flow balance equations and jump conditions at the 

interfaces. The model is expressed in terms of two sets of conservation equations 

governing the balance of mass, momentum, and energy of each phase. Since the averaged 

fields of one phase are not independent of the other phase, the interaction terms appears 

in the field equation as source terms. For most practical applications, the model 

developed by Ishii (1975) can be simplified as the following form: 

Continuity Equation 
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Energy Equation 
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Where: , kΓ ikM , iτ , , ''kiq kivv  and kφ  are the mass generation, generalized 

interfacial drag, interfacial shear stress, interfacial heat flux, interfacial velocity of k-

phase and dissipation, respectively; , , , kα kρ kH kvv  and  are the void fraction, density, 

enthalpy, velocity and pressure of k-phase; 

kp

kτ , t
kτ , kq , t

kq  and iτ  denote the mean 
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viscous stress, turbulent stress, mean conduction heat flux, turbulent heat flux and 

interfacial shear;   denotes the length scale at the interfacial and the physical meaning 

of 1/  is the interfacial area per unit volume. 
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L i
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==
1        (2.56) 

In addition to the Reynolds stresses, these conservation equations contain new 

interfacial transfer terms which result from the average process. Both of them are related 

with many difficulties in two-phase modeling.  

One of the earlier works on turbulence modeling in conjunction with multi-

dimensional two-fluid model was published by Drew & Lahey (1982) who applied mixed 

length theory to analyze phase distribution of bubble flow in pipes. They were able to 

qualitatively predict the effect of wall peaking in upward bubble flows and void coring 

for downward flow. More elaborate computations of two-phase turbulence were 

performed by Lee et al. (1989) who adapted the k-ε   model for bubble flow. Lopez de 

Bertodano et al. (1990) extended this work to the ετ −  model to account for the effect of 

non-isotropy.  

The effect of bubbles on the turbulent field is very complex since not only does 

the turbulence field in the liquid affect the distribution of bubbles, but also the bubbles 

affect the liquid phase’s turbulence. Lance & Battaile (1991) observed that single phase 

turbulence and the bubble induced turbulence could be linearly superimposed. Lopez de 

Bertodano et al. (1994) proposed an extension of the k-ε  model for two-phase bubbly 

flow and tested it against experimental data. The basic assumption made is that the shear-

induced turbulence and bubble-induced turbulence may be linearly superposed.  

The interfacial transfer terms on the right hand side of the field equations can be 

expressed as a product of the interfacial area and driving force as (Ishii, 1975) 

orce Driving f ~ al TransferInterfacia i ×      (2.57) 

The interfacial force is obtained by a linear combination of several important 

physical forces, drag force, virtual mass, Basset, and lift forces. Among the four forces, 

the drag force is the most important and has been investigated most thoroughly. The 
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common concept to quantify the drag force is to define a non-dimensional drag 

coefficient 

2

2
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=         (2.58) 

Where  is the projected area of a typical particle;  is the relative velocity; 

and

dA rv

Cρ  is the density of continuous phase. Other forces like the virtual mass force and the 

lift forces may be derived from first principles for inviscid flow (Drew & Lahey 1987, 

1990). The lift force or any other force that acts in the lateral direction is very important 

to predict phase distribution. The behavior of these forces in viscous turbulent flows is 

not fully understood.  

The interfacial area concentration specifies the geometric capability of the 

interfacial transfer. Conventionally, the interfacial area concentration is given by 

empirical correlations that were developed separately in individual flow regimes (Ishii 

and Mishima, 1984). These correlations are dependent on flow regime not applicable for 

unsteady flow and are only valid in limited conditions same as experimental data. Since 

the interfacial area concentration is an essential property for the internal structure of two-

phase flow, Ishii (1975) recommended that a transport equation can be used to describe 

the dynamic changes in interfacial structures. The Population Balance Approach was 

proposed by Reyes (1989) to develop a particle number density transport equation. Using 

the same method, Kocamustafaogullari and Ishii (1995) proposed a systematic 

formulation of the interfacial area transport equation. 
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Where jφ  represent the rate of increase and decrease in the interfacial area 

concentration due to the fluid particle breakup and coalescence process, respectively and 

phφ  is the rate of the change due to evaporation or condensation. 

For bubble flow, each bubble has a similar spherical shape and can be classified 

into one bubble group Wu et al. (1998) proposed the one-group approach to simplify the 
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transport equation. With one transport equation, the change of the particle size can be 

modeled but cannot account for the change of particle shape. To overcome this 

disadvantage, Fu & Ishii (2002a, 2002b) proposed the concept of two-group interfacial 

area transport. In this approach, bubbles are divided into two groups according to their 

geometrical and physical characteristics. The spherical and distorted bubbles are 

categorized as group 1 and the cap and slug bubbles as group 2. 

The four-field two-fluid model (Lahey & Drew, 2001) can be considered as the 

extension of two-fluid model. It consists of two phases, while each phase may be 

continuous in some regions and dispersed in some other regions. The four fields are given 

by continuous liquid, continuous gas, dispersed liquid and dispersed gas. For each of 

these four fields, separate transport equations for mass and momentum are solved.  

The boundary separating the bulk regions of two fluids is commonly denoted as 

interface, which may exist around Taylor bubble in slug flow and in stratified flow.  In 

these cases, the introduction of special methods can be used to determine the location, the 

movement of the interface and their influence on a flow (Brauner et al., 1995; Gorelik & 

Brauner, 1999; Mao and Dukler, 1989; Clarke and Issa, 1997).  The phases are coupled 

by the kinematic condition and the dynamic condition. Assuming no mass transfer, the 

kinematic condition can be written as 

2211 ˆˆ nvnv ⋅=⋅          (2.60) 

This states that the velocity normal to the interface is continuous. The dynamic 

condition describes the equilibrium among the forces affecting at the interface 

σµµ Hppnnvvvv TT 2)(ˆˆ::)])(())(([ 2111222111 =−−∇+∇−∇+∇−  (2.61) 

 Here H is the mean curvature 
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2
1

maxmin RR
H +≡         (2.62) 

For constant surface tension, this equation will reduce to the well-known Young-

Laplace-equation 

R
pp σ2

12 =−          (2.63) 
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Broadly speaking there are two classes of methods used (Norris, 2000; 

http://www.flow3d.com/Cfd-101/freesmod.htm) to locate the interface: 

1. Interface capturing methods (Eulerian Grid Methods), where the equations are 

solved upon a fixed mesh, with the free surface being found within the solution domain. 

Two commonly used methods are the Marker–And–Cell (MAC) method, where the 

equations are solved upon a fixed mesh and the free surface is tracked by following 

particles distributed on the surface, and the Volume-of-Fluid (VOF) method of, where the 

equations are solved on a fixed mesh, with the surface being located via the use a void 

fraction. Within each grid cell (control volume) it is customary to retain only one value 

for each flow quantity (e.g., pressure, velocity, temperature, etc.). 

2 Interface tracking methods (Lagrangian Grid Methods), where the free surface 

is located at one boundary of the mesh, and the mesh deforms as the free surface moves. 

This method was adopted by Mao and Dukler (1989) and Clarke and Issa (1997) to 

simulate the flow around Taylor bubble. The principal limitation of this method is that 

they cannot track surfaces that break apart or intersect. Even large amplitude surface 

motions can be difficult to track without introducing regridding techniques such as the 

Arbitrary-Lagrangian-Eulerian (ALE) method. 
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CHAPTER III 

NUMERICAL SIMULATION OF SLUG FLOW 

 

Gas-liquid flow in pipes may occur in a variety of industrial situations such as 

energy production and transportation systems, steam generating boilers, and 

chemical/nuclear reactors. Due to the complexity of two-phase flow, the concept of flow 

regimes is usually used so as to predict the flow behavior in different regions. In vertical 

flow, all flow regimes include bubble flow, slug flow, churn flow and annular flow. 

Among them, slug flow exists in very wide range of flowing conditions. This flow regime 

is characterized by the existence of large axis-symmetric bullet-shaped bubbles that 

occupy almost the entire cross-section of the pipe. Taylor bubbles appear pseudo-

periodically and are separated by liquid slugs containing usually small bubbles.  

Slug flow is a highly complex type of flow with an unsteady nature. Therefore an 

exact solution of the conservation equations for such flow is out of question at this time 

while a variety of approximate methods has been developed for prediction. The previous 

methods simply used correlations of experimental results. In recent years, there is a 

tendency to construct mechanistic models which perform with a relatively high degree of 

confidence and generality (Fernandes et al., 1983; Sylvester, 1987; Orell and Rembrand, 

1986; Taitel & Barnea, 1990). As Taitel & Barnea (1990) stated, the mechanistic model 

for slug flow requires input information including the translational velocity, the dispersed 

bubble velocity, the liquid holdup in slug region, and the liquid slug length. These 

parameters can be obtained by additional closure relations. Large errors may be brought 

by the use of developed friction factors to the developing liquid film.  

Various test facilities have been used to study the hydrodynamic characteristics of 

slug flow for the modification of models. Although some experiments have been done to 

measure these parameters, people cannot avoid the limitations of high cost, time 

constraint and facilities. Furthermore, it is very hard to measure all kind of data by 

experiments due to unsteady nature of slug flow and moving interface. Comparing to 

experiment method, numerical simulation can be done without those expensive facilities 
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and the flowing parameters are pretty easy to control. After justified by experimental data, 

numerical simulation could be a great assistance to the exploration of the flowing details 

and the development of slug flow modeling.  

 

3.1 Studies on Slug Flow

In slug flow, the gas is mainly conveyed by Taylor bubbles. Therefore 

successfully modeling rests on an understanding of their motion. The experimental results 

demonstrated that the rise velocity of Taylor bubble can be expressed in terms of Froude 

number for a wide range of viscosity and surface tension. 

Constant
gD

U
Fr N ==        (3.1) 

Experimental values for Fr are Fr = 0.35 from several researchers, Nicklin et al. 

(1962), Harmathy (1960), Zukoski (1966). White and Beardmore (1962) studied the 

relative importance of surface, inertial and viscous forces to the rise velocity of Taylor 

bubble. The independence of viscosity suggests that the flow around the nose of Taylor 

bubble behaves like potential flow. Dumitrescu (1943) and Davis & Taylor (1950) 

assumed the potential flow around the nose of Taylor bubble. Approximating in different 

ways, very similar answers were obtained, Fr = 0.351 from Dumitrescu (1943) and Fr = 

0.328 from Davis & Taylor (1950).  

In the flowing liquid, the translational velocity of Taylor bubble can be 

approximated as a linear combination of the velocity of a Taylor bubble in stagnant liquid 

and the contribution of the mixture velocity.  

gDC)UU(CU SUSGN 10 ++=       (3.2) 

The coefficient C0 is related with the contribution of the mixture velocity. In 

developed slug flow, the translational velocity of Taylor bubble is assumed to be equal to 

the maximum local liquid velocity in front of the nose tip (Nicklin et al., 1962; Bendiksen, 

1984; Taitel & Barnea, 1990). Thus for turbulence flow it is around 1.2 and for laminar 

flow, it is approaches 2.0. 
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With the development of computers, numerical models are introduced to simulate 

the flowing field in slug flow. The 2D or 3D Navier-Stokes equations were introduced for 

the calculation of flowing field. Solving these models needs to construct complicated grid 

systems and involve a large amount of calculations. Numerical models can give exact 

solutions for continuity equation and momentum equations.  

The configuration of the interface between liquid and gas is unknown in advance 

and need to be determined during the calculation. Broadly speaking, there are two ways 

to locate the interface: Interface capturing methods and interface tracking methods 

(Norris, 2000; http://www.flow3d.com/Cfd-101/freesmod.htm). 

The first one is Interface capturing methods (Eulerian Grid Methods), where the 

equations are solved upon a fixed mesh. The most popular example is VOF (Volume of 

Fraction) method (Kawaji et al., 1997; Anglart & Podowski, 2002), which was first 

reported in Nichols and Hirt (1975) and became more complete in Hirt and Nichols 

(1981). VOF method consists of three ingredients: a scheme to locate the surface, an 

algorithm to track the surface as a sharp interface moving through a computational grid, 

and a means of applying boundary conditions at the surface. VOF method treats the 

different phases as one fluid with variable densities.  The tracking of the interface 

between the phases can be accomplished automatically by solving a continuity equation 

for the volume fraction of one (or more) of the phases.  Unfortunately, this approach does 

not converge very easily for gas-liquid flow because the sensitivity of the gas region to 

pressure changes is generally much greater than that in the liquid region. Moreover, the 

interface moves with an average velocity instead of each for different phases. If the 

velocities of different phases have large difference, this often leads to unrealistic 

movement of the interfaces.  

Another method is interface tracking methods (Lagrangian Grid Methods), where 

the free surface is located at one boundary of the mesh, and the mesh deforms as the free 

surface moves. Examples using this method are Mao and Dukler (1989) and Clarke and 

Issa (1997). A special method need to be developed to find the actual configuration of 

Taylor bubble to satisfy the dynamic/kinematic condition at the interface.  
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Turbulence model must be considered in the numerical simulation of the flowing 

around Taylor bubble. Even in low flowing rate, the Taylor bubble rising through the 

liquid creates a developing film around itself. The boundary layer develops and 

experiences a transition from laminar to turbulent flow with the decreasing of film 

thickness (Mao & Dukler, 1990). The turbulence is more complicated at the wall region 

and close to the interface between gas and liquid. In the film region, the damping effect 

of boundaries and the transition from laminar to turbulence make it very hard to account 

for the effect of turbulence. Mao & Dukler (1990) used a modified low Reynolds number 

k-ε  model to account for the damping effect of boundaries. However, there is no big 

difference whether considering the turbulence effect or not. Their turbulence model can 

not capture the transition from laminar to turbulence reasonably comparing with their 

experimental data. 

 

3.2 Mathematical Model Development

Slug flow is characterized by a sequence of liquid slugs separated by large gas 

bubbles. In steady slug flow, small bubbles are shed continuously from the bottom of 

Taylor bubble into the liquid slug behind. At the same time, a corresponding quantity of 

small dispersed bubbles is entrained at the nose of the Taylor bubble balancing the rate of 

loss of gas. Taking advantage of its pseudo-periodicity, unit cell model has been widely 

used in both mechanistic models and numerical models (Mao and Dukler, 1990, 1991; 

Clarke and Issa, 1997). 

Considering one unit cell, the vertical slug flow can be transform from unsteady 

flow in fixed coordinate system to steady flow in the reference frame moving at the 

translation velocity of Taylor bubble (Figure 3.1). Two-dimensional Navier-Stokes 

equation in cylindrical system can be expressed as: 
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Where: yr ≡  for cylindrical coordinates 

 
Figure 3.1. Taylor Bubble in Vertical Pipes 

As for boundary conditions, the wall is set as no-slip wall boundary condition and 

the free surface is set as wall condition with zero shear stress. Since the density and 

viscosity of the gas is much lower than liquid around the Taylor bubble, the flow inside it 

can be neglected. That means the entire Taylor bubble is under constant pressure same as 

the pressure on the gas-phase side of the interface. The downstream boundary conditions 

are chosen as constant pressure outlet with fully developed section. Upstream, the liquid 

flows with a designed velocity profile w(y) in fixed coordinates and turns to be UN-w(y) 

in the moving system. The boundary conditions can be summarized as: 

Inlet boundary condition: 

w(y)-NUu =          (3.6) 

           0=v          (3.7) 
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Outlet boundary condition 

  constP =          (3.8) 

Wall condition 

      NUu =          (3.9) 

     0=v          (3.10) 

On the axis 
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∂
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0v =           (3.12) 

On the interface: 

stress)shear  linterfacia (zero          0sn)( =••τ     (3.13) 

condition) (kinematic                 0nu =•      (3.14) 

balance) stress (normal          const     p =      (3.15) 

 
Figure 3.2. Boundaries for the Simulation Domain 

Turbulent flows are characterized by fluctuating velocity fields. These 

fluctuations mix transported quantities such as momentum, energy, and species 

concentration, and cause the transported quantities to fluctuate as well. Since these 

fluctuations can be of small scale and high frequency, they are too computationally 

expensive to simulate directly in practical engineering calculations. Therefore, the 

instantaneous (exact) governing equations are time-averaged, ensemble-averaged, or 
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otherwise manipulated to remove the small scales, resulting in a modified set of equations 

that are computationally less expensive to solve. The modified equations contain 

additional unknown variables, and turbulence models are needed to determine these 

variables in terms of known quantities.  

Around the Taylor bubble, the liquid flows through the space between the 

interface and the wall which can be much narrower than the cross sectional area of the 

pipe, where the effect of boundaries play more important role than other places. Since the 

turbulence is much more complicated at the wall region and free surface than in core 

region, the turbulence model must be selected carefully to take account of the boundaries 

effect properly. 

Numerous experiments have shown that the near-wall region can be largely 

subdivided into three layers (Figure 3.3).  In the innermost layer, called the “viscous 

sublayer”, the flow is almost laminar, and the (molecular) viscosity plays a dominant role 

in momentum and heat or mass transfer. In the outer layer, called the fully-turbulent layer, 

turbulence plays a major role. Finally, there is an interim region between the viscous 

sublayer and the fully turbulent layer where the effects of molecular viscosity and 

turbulence are equally important. 

In order to apply a two-equation turbulence model to wall-boundary flow, 

boundary conditions appropriate to solid boundaries must be specified for velocity and 

two turbulence parameters.  Traditionally, there are two approaches to modeling the near-

wall region (Manual of Fluent, 2003). In one approach, the viscosity-affected inner 

region (viscous sublayer and buffer layer) is not resolved. Instead, semi-empirical 

formulas called “wall functions" are used to bridge the viscosity-affected region between 

the wall and the fully-turbulent region. Wall functions are a collection of semi-empirical 

formulas and functions that in effect “bridge" or “link" the solution variables at the near-

wall cells and the corresponding quantities on the wall. The use of wall functions 

obviates the need to modify the turbulence models to account for the presence of the wall. 

In another approach, the turbulence models are modified to enable the viscosity-affected 
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region to be resolved with a mesh all the way to the wall, including the viscous sublayer. 

This is termed the “near-wall modeling" approach.  

 

 
 

Figure 3.3. Subdivisions of the Near-Wall Region 

 

 
Figure 3.4. Near-Wall Treatments in FLUENT 
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The standard wall functions can give reasonably accurate predictions for the 

majority of high-Reynolds-number, wall-bounded flow. However, the wall function 

approach becomes less reliable when the flow conditions depart too much from the ideal 

conditions underlying the wall functions. One example is flow through a small gap. 

Turbulence modeling needs to be given as to how to make these models suitable for wall-

bounded flows. The k-ω  models were designed to be applied throughout the boundary 

layer, provided that the near-wall mesh resolution is sufficient.  

For a Taylor bubble of 0.54m (10.8D) rising in stagnant liquid, different 

turbulence models are tried and compared to the results from laminar model. Here the 

configuration of Taylor bubble is estimated by the correlation of Dumitrescu (1943). The 

k- ω  model followed the low-Reynolds model by Wilcox (1998) which predicted a 

reasonably accurate description for the nonlinear growth of flow instabilities from 

laminar flow into the turbulence flow regime (Wilcox, 1994). The results (Figure 3.5) 

show that the k-ε  model predicts the transition from laminar to turbulence too early 

while the k-ω  can predict the transition although not so smooth.  
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Figure 3.5. Simulated Wall Shear Stress in Stagnant Liquid 
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This k-ω  model can be concluded as 

Kinematic Eddy Viscosity 

ωαν /* kT =          (3.16) 

Turbulence Kinematic Energy 
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The coefficient *α  damps the turbulent viscosity causing a low-Reynolds-

number correction. It is given by 

kT

kT

R
R

/Re1
/Re*

* 0

+
+

=
α

α         (3.19) 

The coefficient α  damps the production ofω , which is given by 
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The coefficient *β  damps the dissipation of k, which is  
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The approach to get these parameters assumed that the same viscous corrections 

can capture the physics of the viscous sublayer and transitional flows. So it cannot be 

expected that the original model can prediction smooth transition from laminar to 

turbulence flow, which is still the unsolved problem for mechanical engineers. The 

configuration of Taylor bubble is decided by the pressure distribution along its surface 

which is dependent on the selection of turbulence model. Since the k-ω  model cannot 

predict a smooth transition from laminar to turbulence, a non-physical configuration will 

be obtained. In this study, a modification have been tried to smooth the transition 

between laminar and turbulent flow.  
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The modified turbulence model is only been used for the narrow space between 

the wall and the interface of Taylor bubble. It can give a slower increasing of k by 

increasing its dissipation effect. 

 

3.3 Prediction of TB Shape and Translation Velocity

For VOF method, the configuration and rise velocity of the bubble can be 

obtained pretty easily since the interface between liquid and gas is determined by a 

specific equation. In interface tracking methods, this has to be estimated by an implicit 

boundary equation to make the pressure constant along the interface. The numerical 

simulation shows that multiple theoretical solutions exist for Taylor bubble in pipes. For 

each translation velocity, corresponding shape can be found to satisfy the Navier-Stokes 

equations and all boundary conditions. Different criteria were developed to predict the 

unique shape for Taylor bubble. 

Mao & Dukler (1990) noted that no multiplicity had been reported for the solution 

of axis-symmetric Taylor bubble and suggested to determine the physical transition 
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velocity from the action of surface causing a spherical nose. Clarke & Issa (1997) 

followed the same method in their simulation work. In this method, the shape of the 

Taylor bubble is determined by making constant pressure along the interface for each 

translation rate. The translation rate which makes locally spherical nose is taken as the 

actual translation velocity. In fact, it is very hard to recognize if the nose is spherical or 

not when it is very close to.  

In current study, the nose part of Taylor bubble is fixed as spherical shape and 

only the left part is changed to make uniform bubble pressure along the interface. The 

radius and the circular center of the nose part is obtained by making the film thickness 

and its first derivative continuous at the intersect point. Since the pressure distribution 

near the nose is very sensitive to translation velocity, it is expected that the translate rate 

of Taylor bubble can be predicted more accurately than the previous method. 

The procedure to determine the configuration of Taylor bubble is listed as 

following: 

1. Set the initial shape according to the correlation (Dumitrescu, 1943) 
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   (3.28) 

2. Approximate the top part as circular 

3. Adjust the other part according to Bernoulli equation 

4. Smooth the interface using 5th polynomial function 

5. The intersect of the nose part and the tail part is determined to make the film 

thickness and its first derivative continuous 

6. Go to step 2, start a new iteration until the pressure along the interface 

becomes constant  

For data in a narrow range, applying the least square method directly will produce 

a set of ill-condition equations. The following transformation needs to be done to make 

the data distribute between -1 and 1. 
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 Figure 3.6 shows the pressure profile around the interface before and after 

adjusting the configuration of Taylor bubble. The way to recognize the physical 

translation velocity of Taylor bubble can be explained by some results for a Taylor 

bubble rising in stagnant fluid as shown in Figure 3.7. The results are compared assuming 

three different translational velocity, 0.24m/s, 0.25m/s and 0.26m/s. The pressure rising 

for the first few points has no relation with the translational velocity. The real reason has 

not been found, which maybe affected by grid construction. After that, the pressure 

shows increasing, constant or decreasing tendency, different for different translational 

velocity. From the pressure distribution, we can know that the physical rising velocity is 

around 0.25m/s for this case. 
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Figure 3.6. Surface Pressure Profile before/after Adjustment of the TB Shape 
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Figure 3.7. Pressure Distributions around the Nose  

 

 47



3.4 Solution of the Mathematical Model

In the current study, the commercial software FLUENT is used to accomplish the 

numerical simulation. FLUENT provides great flexibility through UDF function (user-

defined function), which enables the user to do programming that can be dynamically 

linked with the FLUENT solver to enhance the standard features of the code.  

Theoretically, any special change can be done by this function without considering the 

complexity and convergence problem.  

The configuration and the translate velocity of Taylor bubble depends on the 

pressure distribution along the interface, which is affected by the grid system. The 

boundary-fitted rectangular grid system is constructed to produce smooth, consistent grid 

along the boundaries. The grid construction is shown in the following figure 3.8. When 

the grids are adjusted, the thickness of each layer around the interface keeps same ratio as 

before in order to keep the grid distribute evenly. 

 

 
Figure 3.8. Structured Mesh near the Nose of Taylor Bubble 
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At the inlet boundary, the profile for velocity and turbulence parameters has to be 

provided before calculation. For single Taylor bubble in stagnant liquid, the inlet velocity    

is set as translational velocity of Taylor bubble and turbulence kinematic energy as zero. 

For continuous slug flow, the inlet boundary conditions are set as periodic boundary 

condition, same as the outlet boundary conditions.  

For single Taylor bubble in flowing liquid, the profiles at the inlet boundary are 

not straightforward. To ensure the flow completely developed in limited length upstream 

the Taylor bubble, it is preferred to set the inlet condition for velocity and turbulence 

parameters very close to fully developed profiles.  

Both laminar and turbulent flow produces velocity profiles that are symmetric 

about the axis of the pipe with a maximum velocity at the centre of the pipe. Laminar 

pipe flow yields a parabolic velocity profile as shown in the illustration. The mean 

velocity is half the magnitude of the centre-line velocity and the profile is: 
2
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u
u          (3.34) 

Turbulent pipe flow yields a velocity profile that is much flatter across the core of 

the flow, which can be approximated quite well with a power law of the form  
n

R
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⎛ −=          (3.35) 

For high Re liquid flow, Mao & Dukler (1990) obtained the k profile by the 

correlation of Nallasamy et al. (1985), which was developed for the turbulent kinetic 

energy distribution in fully developed flow from the measurement of Hinze (1975). For 

low Re flow, they adjusted the proportionality constant for their calculation. The ε  

profile is estimated by  

ε
µε

l
kc

2/3

=          (3.36) 

Where: the distribution of length scale,  is from the empirical correlation of 

Schlichting (1968).  

εl
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To avoid the problem of giving inlet boundary conditions, periodic boundary 

conditions are applied for the profiles at inlet boundary for single Taylor bubble in 

flowing liquid just like the inlet boundary conditions for continuous slug flow. According 

to the previous works (Fernandes, 1981; Barnea & Schemer, 1989; Hout &Barnea, 1992), 

the stable liquid slug length is reported to be between 10D to 20D. A theoretical basis for 

these values of the stable length can be found in Taitel et al. (1980), Dukler et al. (1985) 

and Schemer & Barnea (1987). All of them suggest that the minimum stable length is 

related to the distance needed to reestablish a fully developed velocity distribution in the 

liquid slug. Based on these studies, the length of the liquid slug is set as 36D to ensure the 

velocity profile fully developed. 
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Figure 3.9. Flowing Chart for Computation Process 
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3.5 Comparison of Experimental Data and Simulated Results

The simulated flowing condition was a 5cm diameter vertical pipe full of water 

with μ=0.001N.s/m2 and ρ=1000kg/m3. The length of Taylor bubble is set as 0.54m 

(10.8D), 0.94m (18.8D) and 0.8m (16D) for single bubble in stagnant liquid, single 

bubble in flowing liquid and continuous slug flow respectively. The length of Taylor 

bubble is selected following the data of Mao (1988) and Mao & Dukler (1989). The 

periodic inlet condition is used for the simulation for single bubble in flowing liquid and 

slug flow containing series of Taylor bubbles. Three cases of the simulated results are 

described in the following paragraphs.  

 

Single Taylor bubble in Stagnant Liquid:  Numerical simulations were carried out 

for single Taylor bubble rising in stagnant liquid using the method discussed above.  The 

length of the Taylor bubble is 0.54m (10.8D). The predicted shape of the Taylor bubble 

close to the nose is plotted in Figure 3.10 comparing with experimental data, the previous 

simulated result and the correlation of Dumitrescu (1943). It can be seen that all of them 

give almost same configuration.  

The calculated film thickness and wall stress are compared with Dumitrescu 

profile, simulated results and experimental data (Mao, 1989) in Figure 3.11. The film 

thickness around the bubble decreases rapidly in the nose region and gradually 

approaches the equilibrium thickness. The agreement between the calculated and 

measured wall stress is completely matched with the results of the Mao (1989) for 

positions less than 300mm below the nose. The current method improves the prediction 

accuracy beyond that point which benefits from the improved turbulence model by 

providing a smooth transition from laminar to turbulence flow. 

The contour map for pressure and stream function, and map of velocity vector are 

shown in Figure 3.12-3.15. The pressure drop profile and streamlines start to bend at 

about 0.5D above the nose. At the same time, the velocity on the centerline starts to 

decrease till the zero at the nose. There exists a strong wake area behind the tail of Taylor 

bubble, due to the sudden change of cross sectional area. The liquid close to the wall 
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flows downwards while the liquid on the centerline flows upwards. From Figure 3.16, we 

can see that the turbulence energy profile produced by the liquid film dissipates in about 

3D distance behind the Taylor bubble. 

Figure 3.17 and Figure 3.18 shows the radial profile of velocity and turbulence 

viscosity at different axial locations and reveals the developing procedure behind the 

bottom of the Taylor bubble. At all locations, the turbulence viscosity has higher value in 

the center of the pipe and lower value close to the wall. Until 16D downstream of Taylor 

bubble, the velocity profiles reach close to fully parabolic. 

 

y 

Figure 3.10. Comparisons of Experimental 

 
 
 

 52
Current Stud
 
Shape and Simulation Results 



 53

 
Figure 3.11. Comparisons of Simulated Results with Experimental Data  
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Figure 3.12. Contour Map of Pressure for the Nose and the Tail of Taylor Bubble in Stagnant Liquid 
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Figure 3.13. Contour Map of Stream Function for the Nose and the Tail of Taylor Bubble in Stagnant Liquid 
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Figure 3.14. Map of Velocity Vector for the Nose Part of Taylor Bubble in Stagnant Liquid 
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Figure 3.15. Map of Velocity Vector for the Tail Part of Taylor Bubble in Stagnant Liquid  

 

 



 
Figure 3.16. Map of Turbulence Kinetic Energy at the Tail of Taylor Bubble in Stagnant Liquid 
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Figure 3.17. Velocity Profile behind the Taylor Bubble 
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Figure 3.18. Turbulence Viscosity Profile behind the Taylor Bubble 
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Single Taylor Bubble in Flowing Liquid:  Similarly, numerical simulations have 

been carried out for single Taylor bubbles rising in flowing liquid using the same method.  

The length of the Taylor bubble is 0.94m (18.8D) and the translation velocity of Taylor 

bubble is 0.54m/s. The calculated shape of Taylor bubble and wall shear stress are 

compared with experimental data of Mao (1988) in Figure 3.19. The experimental data 

shows that the wall shear stress has different tendency from the case of single Taylor 

bubble in stagnant liquid. The transition from laminar to turbulence happens at about 

0.6m, much later than that of in stagnant liquid. For this case, the current model shows no 

advantage over the simulated results of Mao (1988, 1990, and 1991). Figure 3.20 and 

Figure 3.21 show the radial profile of velocity and turbulence viscosity at different axial 

locations and reveals the development process of flowing from the bottom of the Taylor 

bubble.  

 

Continuous Slug Flow:  The length of Taylor bubble and slug region are set as 

0.8m and the translational velocity of Taylor bubble is assumed 1.83m/s. The 

corresponding mixture velocity is 2.07m/s.  

It is interesting to look at the value of wall shear stress over the length of one unit 

(Figure 3.22 and Figure 3.23). The wall shear stress begins positive (same direction as 

flowing direction) at the somewhere behind the nose and changes back to negative behind 

the tail of Taylor bubble. The distance with positive values is about the length of the 

Taylor bubble. The length of positive wall shear stress behind the Taylor bubble is about 

same as the length of wake region. In this case, the current model predicted better 

agreement comparing with the results of (Mao, 1988). 

Figure 3.24 and Figure 3.25 show the radial profile of velocity and turbulence 

viscosity at different axial locations and reveals the process of flowing development is 

almost finished at the 10D distance. The centerline velocity of 4D is very close to zero, 

which marks the end of wake region. So the length of wake region is longer than the two 

cases above. 
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Figure 3.19. Comparisons of Simulated Results with Experimental Data for Film 

Thickness and Wall Shear Stress 
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Figure 3.20. Velocity Profile behind the Taylor Bubble (LTB=18.8D) 

0.0

0.1

0.2

0 0.005 0.01 0.015 0.02 0.025
Radial location, m

Tu
rb

ul
en

ce
 V

is
co

si
ty

, k
g/

m
-s 4D 6D 8D 16D

 
Figure 3.21. Turbulence Viscosity Profile behind the Taylor Bubble (LTB=18.8D)  
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Figure 3.22. Comparison of the Wall Shear Stress in Film Region 
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Figure 3.23. Comparison of the Wall Shear Stress in Slug Region 
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Figure 3.24. Velocity Profile behind the Taylor Bubble 
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Figure 3.25. Turbulence Viscosity Profile behind the Taylor Bubble 
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CHAPTER IV 

IMPROVEMENT OF CURRENT MODELS 

Slug flow is one of the most common flow patterns encountered in wellbore and 

pipelines. It occurs over a wide range of liquid and gas flow rates. Usually, it is an 

unfavorable flow pattern due to its unsteady nature, intermittency, and high-pressure drop. 

The first effect of slug flow is on the liquid level in the receiving slug catcher or separator. 

The liquid flow rate in the body of a slug will be many times of the average rate.  So slug 

flow has become a source of concern for designers and operators. In addition, slug flow 

may bring about mechanical damages. Thus the study of slug flow is rather active in 

recent years. Many investigators tried to propose more accurate mechanistic models for 

the prediction of its characteristics. Moreover, slug flow in hilly pipelines is getting more 

and more attention. The mechanistic model for vertical slug flow is formulated based on 

the assumption that the flow is fully developed and stable. The model is developed for a 

slug unit consisting of one Taylor bubble with its surrounding liquid and one liquid slug. 

 

4.1 Currently Used Mechanistic Models  

Mechanistic models for slug flow have been developed for calculating the slug 

hydrodynamic parameters and pressure drop. Such models were introduced by Dukler & 

Hubbard (1975) and Nicholson et al. (1978) for horizontal flow; Fernandes et al. (1983), 

Sylvester (1987) and Orell & Rembrand (1986) for vertical flow; and Bonnecaze et al. 

(1971) for inclined flow. 

Taitel and Barnea (1990) concluded previous works and constructed a unified 

mechanistic model for slug flow in any inclined pipe. Neglecting the compressibility 

effect and considering constant sectional area, liquid mass balance over a slug unit can be 

performed and the following equation is obtained 

dx
l
l

l
l

RuRuu
fl

f
u

f

u

f
StSLLS ∫−−+=

0

)1( α      (4.1) 

The total mass balance states that the average velocity in slug region is equal to 

the mixture velocity in the pipe. 
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SbSLSGSLm uRuUUU α+=+=       (4.2) 

Where Um is the mixture velocity within the liquid slug 

 

 
Figure 4.1. Slug Flow Geometry (Taitel &Barnea, 1990) 
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The relative velocities are given by 

fsLtftf RRuuuuv /)( −=−=       (4.5) 

fsbtGtG uuuuv αα /)( −=−=       (4.6) 

The models of Fernandes et al. (1983) and Sylvester (1987) are actually the 

simplified form of the above model by considering the liquid film constant and averaging 

all parameters in film region and slug region respectively. 

Average void fraction over a slug unit 
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LSTBSU αββαα )1( −+=        (4.7) 

Continuity equation for gas flow 

GLSLSGTBTBSG UUU αββα )1( −+=       (4.8) 

Continuity equation for liquid flow 

GLSLSGTBTBSL UUU αββα )1( −+=      (4.9) 

Gas flow relative to nose of Taylor bubble 

TBGTBNLSGLSN UUUU αα )()( −=−       (4.10) 

Liquid flow relative to nose of Taylor bubble 

)1)(()1)(( TBLTBNLSLLSN UUUU αα −+=−−     (4.11) 

To avoid the numerical integration, they considered the liquid film as a constant 

thickness in equilibrium and obtained a relation between the liquid film velocity and the 

liquid film thickness by the correlation of Brotz (1954). In dimensionless form:  
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Where ReF is the Reynolds number of the liquid film defined by 

L

LTBL
F

U
ν

δ
=Re         (4.13) 

Applying the relation between the area and average void fraction of Taylor bubble, 

the following equation can be obtained 
2/1)]1([916.9 TBLTB gDU α−=       (4.14) 

Fu & Ishii (2002) constructed a mechanistic model for the liquid film velocity 

around the Taylor bubble. Following the approach in Mishima & Ishii (1984), the 

terminal liquid film velocity can be estimated by the force balance between the gravity 

and wall friction:  

)1()(
3
2

2 TBGLLTBL gADUf αρρπρ −−=      (4.15) 

The factor 2/3 appears in the right hand side of the above equation due to the 

effect of gravity on the wall shear.  
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Applying the continuous equations for the mixture in the pipe, the terminal liquid 

film velocity can be obtained as 
18/1
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   (4.16) 

Then the liquid film velocity for a potential flow was modified with a factor 

accounting for the wall friction effect. 

To make the solution closure, additional empirical correlations need to be 

involved including the translational velocity of Taylor bubble, the dispersed bubble 

velocity, the liquid holdup in the slug zone and the liquid slug length/slug frequency. 

For the situation of a single Taylor bubble in flowing turbulent liquid, Nicklin et 

al. (1962) suggested the rise velocity of Taylor bubble 

)(2.1)(35.0 5.0
SLSGN UUgDU ++=       (4.17) 

The constant in the right hand side may change in different studies. The idea 

behind this formula is that the translational velocity can be composed as a superposition 

of the velocity of bubbles in a stagnant liquid and the additional contribution of the 

mixture velocity at the center of the pipe. 

Similar to the translational velocity of Taylor bubbles, it is assumed that the rising 

velocity of small bubbles in the liquid slug is a linear combination of the bubble drift 

velocity and the mixture velocity. In vertical pipes, the drift velocity is the free-rise 

velocity of a bubble. The free-rise velocity of a single bubble depends largely on the size 

of the bubble. When the bubble size exceeds some critical value, the rise velocity of the 

dispersed bubble tends to be constant and independent of the bubble diameter. The 

bubbles in the liquid slug zone are usually larger than the critical diameter. The bubble 

rise velocity can be estimated by the equation of Harmathy (1960) with sufficient 

accuracy. 
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Within a swarm of bubbles, the free-rise velocity of a bubble is lower than that of 

a single bubble. This decrease is correlated as 
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n
LSuu )1(0 α−= ∞         (4.19) 

The constant of n is suggested as different values by researchers. Fernandes et al. 

(1983) and Sylvester (1987) used n=0.5 and selected the velocity of liquid instead of 

mixture. So the rising velocity of a bubble in slug flow is: 
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Figure 4.2. One Slug Unit in Vertical Pipe (Fernandes et al., 1983) 

An additional closure relationship is needed for slug liquid holdup before all 

equations above can be solved to calculate the hydrodynamic of slug flow.  Its evaluation 

is important for vertical pipes since it is the main contributor to the hydrostatic pressure 

drop. Fernandes et al. (1983) obtained closure by considering gas flow through the Taylor 

bubble. This model was chosen by Fu & Ishii (2002) in modeling of two-group interfacial 
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area transport. However, the process in this model is very complicated and requires 

numerous approximation of questionable accuracy.  

Based on his experimental results, Fernandes et al. (1983) suggested that LSα  be 

set equal to 0.25 and TBα  be set as 0.85. Sylvester (1987) found that their experiment 

data concentrated in a very limited range. According to the data of Schmidt (1977), they 

can be in a very large range, 0.20< LSα  < 0.8 and 0.83< TBα  < 0.87. Analyzing the 

experimental data of Schmidt (1976) and Fernandes (1981), Sylvester (1987) expressed 

the void fraction of liquid as 

)(32 SLSG

SG
LS UUCC

U
++

=α        (4.21) 

In which the coefficients of C2 and C3 is obtained by the least square fit of the 

experimental data of Fernandes (1981).  

A mechanistic method for the prediction of slug liquid holdup was first introduced 

by Barnea & Brauner (1985). This method is based on an assumption that the liquid slugs 

accommodate the same gas holdup as dispersed bubble flow on the transition boundary 

with same mixture velocity. Thus, the slug liquid holdup can be obtained from transition 

boundary, which is further need a reliable predictive model or experimental measurement. 

Chen et al. (1997) proposed a general model for the transition to dispersed bubble flow 

based on a balance between the turbulent kinetic energy of the liquid phase and the 

surface free energy of dispersed spherical gas bubbles. Followed this idea, Zhang et al. 

(2003) developed a mechanistic model for slug liquid holdup.  

In their model, the total turbulence energy in liquid slug is maintained by the 

shear stress at the pipe wall and the momentum exchange between liquid slug and liquid 

film. The pressure due to momentum exchange between the slug body and the film zone 

can be expressed as (Zhang et al., 2000) 

s
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⎛ ρ

      (4.22) 

Then the balance between the turbulent kinetic energy of the liquid phase and the 

surface free energy of dispersed spherical gas bubbles is 
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The average diameter of the bubbles in the slug body is taken as the critical 

bubble diameter, which follows the formula originally from of the work of Brodkey 

(1967) and modified by Barnea et al. (1982)   
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Then the liquid holdup can be calculated with 
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The unit of Tsm is same as shear stress and includes the wall shear stress and the 

contribution from momentum exchange between slug region and film region. Ce is 

constant dependent on pipe inclination angle and determined by experimental results. 

The slug frequency and the liquid slug length are interconnected and only one of 

them is needed for the solution. Both experimental observation and theoretical studies 

show that the stable slug length is relatively insensitive to the gas and liquid flow rates 

and is fairly constant for a given pipe diameter. The stable liquid slug length is reported 

between 10D to 20D (Fernandes, 1981; Barnea & Shemer, 1989). A theoretical reasoning 

for these values of the stable slug length can be found in Taitel et al. (1980), Dukler et al. 

(1985) and Schemer & Barnea (1987).  Taitel et al. (1980) suggested that the minimum 

stable slug length is related to the distance needed to reestablish the normal turbulent 

velocity distribution in the liquid slug after it is disturbed by the falling liquid film 

entering its front. The mixing process between the film and slug was simulated by a wall 

jet entering a large reservoir. The jet velocity at the pipe centerline was estimated to 

decay to 5% over a distance of 16D which specified the slug length. Dukler et al. (1985) 
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developed a physical model for the prediction of the minimum stable slug length in 

vertical and horizontal pipe which is based on a new concept of recurrent relaxation of 

the wall boundary layer at the slug front and its redevelopment at the slug back. 

 

4.2 Improved Mechanistic Models  

According to Fabre & Line (1992), the physical modeling of gas-liquid slug flow 

still has some problems incompletely solved. The following are related with steady slug 

flow in vertical pipes:  

1. The influence of slug length on bubble motion  

2. The problem of gas exchange between the Taylor bubble and liquid slug 

3. The physics of slug formation and long bubble coalescence 

Using the computation model developed in last chapter, 10.8D and 18.8D Taylor 

bubble are selected to run for different flowing conditions. Figure 4.4 shows that the 

wake area extends to about 3D behind the tail of Taylor bubble at different mixture 

velocity, 0m/s, 0.1m/s, 0.2m/s and 0.4m/s. The length of the wake area almost keeps 

constant for different mixture velocity. Kawaji et al. (1997) studied the liquid film 

penetration into wake. They observed that the film penetrated further for the shorter 

Taylor bubbles. The film penetration refers to the distance below the tail at which the 

film ceases its continuous downward. The simulation here shows same results. 

Comparing Figure 4.4 and Figure 4.6, we can see that the penetration distance of 18.8D 

Taylor bubble is longer than the 10.8D Taylor bubble. The length of wake area is defined 

from the tail of Taylor bubble to the centerline point where the velocity is zero. The 

figure shows that this point is not same as the penetration distance. For same Taylor 

bubble, the penetration distance is decreasing but wake area length is increasing with 

high mixture velocity. Similarly, the wake area length of 18.8D is slight shorter than that 

10.8D.  Higher mixture velocity will produce longer wake area. 

The computed translational velocities were listed in Table 4.1 in which R refer to 

the radius of the Taylor bubble nose. With the increasing of mixture velocity, the radius 

of the nose decreases. In terms of Froude number, the calculated data is plotted against Fr 
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of flowing liquid in Figure 4.3.  The slope of straight line is 1.22. The results are in good 

agreement with the experimental data by Nicklin et al. (1962). 

 

Table 4.1. Computational Results of Taylor Bubble in Flowing Water 

LTB=18.8D LTB=10.8D 
Re 

UM UN R UM UN R 
0 0 0.24 0.6791 0 0.25 0.6862 

5000 0.1 0.36 0.6750 0.1 0.363 0.6581 
10,000 0.2 0.485 0.6538 0.2 0.49 0.6248 
20,000 0.4 0.728 0.5809 0.4 0.73 0.5689 
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Figure 4.3. Comparisons of Simulated Results with Experimental Data 
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Figure 4.4. Comparison of Wall Shear Stress in Wake Zone (LTB=10.8D) 
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Figure 4.5. Comparison of Velocity Magnitude on the Centerline (LTB=10.8D) 
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Figure 4.6. Comparison of Wall Shear Stress in Wake Zone (LTB=18.8D) 
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Figure 4.7. Comparison of Velocity Magnitude on the Centerline (LTB=18.8D) 
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Figure 4.8. Comparison of Wake Area Length 

 

Hout et al. (1992) studied the spatial distribution of void fraction within a liquid 

slug and some other related slug parameters. Figure 4.9 shows that the void fraction 

distribution along the axial direction for different flowing conditions. Each window 

number corresponds to a certain axial position in the liquid slug and the axial position in 

the middle of the window is given by x = (i-1/2) D, where i is the window number in the 

liquid slug. For different flowing conditions, the axial distribution of void fraction has a 

different shape with a well-defined minimum at the end of wake region. For lower flow 

rate, the wake region is of 3D in the immediate vicinity just behind the Taylor bubble and 

exhibit a steep decrease from a high value. For higher flow rates, the length of the wake 

area extends further and void fraction shows a smooth decreasing. 

For all measured cases, the average cross-sectional void fraction in the wake 

region is considerably higher than in the developed region. The average void fraction 
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attained nearly the same value of about 0.22 in the fully developed zone of the liquid slug. 

The extent of the wake region increases with increasing mixture velocity while the wake 

region is substantially longer at the same mixture velocity but higher gas superficial 

velocity (Figure 4.9 c) 

 
Figure 4.9. Averaged Cross-sectional Void Fraction at Various Positions 

 

The simulated results show that the turbulence energy will dissipate in very short 

distance (Figure 4.10).  The other part of liquid slug holds same turbulence as normal 

pipe flow. Taitel et al. (1980) considered the criteria for transition from bubble flow to 

slug flow is that the void fraction reaches 0.25 at low liquid rates and the turbulence 

cannot make bubble breakup by turbulence. Therefore if the void fraction in liquid slug is 

lower than 0.25, the bubbles can exist without coalescence.  

The mechanistic model of Zhang et al. (2003) for slug holdup assumed that the 

momentum exchange between liquid slug and liquid film extends to the whole slug 
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region and took the critical diameter as the averaged bubble diameter. The calculated 

void fractions using this model are much higher than the experimental data of Fernandes 

(1981) at higher mixture velocity.  

 
Figure 4.10. Contour Map of Turbulent Kinematic Energy                                                  

in the Wake Region of Taylor bubble 

Both experimental and simulation results show that the turbulence decays in about 

3D region behind the Taylor bubble. Since the turbulence is concentrated in the wake 

region whose length is relatively constant for different flowing conditions, the averaged 

bubble diameter in wake region is supposed to be smaller than other part in slug region. 

The theory of breakup of immiscible fluid phases by turbulent forces was given by Hinze 

(1955) and confirmed by Sevik and Park (1973). Hinze’s investigation explored 

dispersion under non-coalescing condition which can be realized only at very low 

concentrations of the dispersed phase. His study led to the following relationship for the 

maximum stable diameter of the dispersed phase 

5/2
5/3

max −
⎟⎟
⎠

⎞
⎜⎜
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⎛
= ε

ρ
σ

L

kd        (4.27) 

The rate of energy dissipation per unit mass for turbulent pipe flow is 
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When the density of dispersed phase is far less than that of the continuous phase, 

k=1.14 was justified by the theoretical study of (Sevik and Park, 1973) and experimental 

measurements of bubble breakup in a liquid jet. This approach neglects the effect of 

increasing holdup on the process of coalescence and on the resulting bubble size. 

Although Hinze (1955) correlation is valid for small gas fraction, Taitel et al. (1980) 

believed that the effect of holdup is likely to be less significant for flow induced radial 

motions comparing with agitator causing eddy-like motion of the bubbles. This formula 

is selected to estimate the average bubble diameter in wake region since no other reliable 

method is available. 

To estimate the turbulent kinetic energy of the liquid phase in unit volume, the 

length of wake region needs to be determined. However it is related with both mixture 

velocity and gas velocity (bubble length) and the mechanism behind is still not very clear. 

Hout et al. (1992) observed that the void fraction in the developed region is about 0.22. 

According to Taitel et al. (1980), regardless of how much turbulent energy is available to 

disperse the mixture, bubble flow cannot exist if void fraction higher than 0.52. Figure 

4.9 (c) and (d) also shows that at higher flow rate, the largest value of void fraction is 

about 0.52.  Therefore it is reasonable to assume the void fraction is the average, 0.37. 

Then the length of wake region can be estimated to make void fraction reach the value. If 

the flow rate very low, the calculated length is less than 3D then set the length as 3D. 

This case is corresponding to the condition in figure (a) and (b).  

The momentum exchange between film region and slug region is estimated by 

))(( fMfNfLm uUuUHM ++= ρ       (4.30) 

Different from the method of Zhang et al. (2003), the turbulence produced by the 

mixing only affect the wake area behind the Taylor bubble. Also, the shear stress will not 
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be added since shear stress and pressure gradient are in same direction. The energy 

dissipation due to the pressure drop can be expressed as 
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Fernandes et al. (1983) and Sylvester (1987) assumed constant film thickness and 

estimated the averaged film velocity by the correlation of Brotz (1954). The calculated 

void fractions in film region are consistently overpredicted comparing the experimental 

data (Fernandes et al., 1983). The liquid velocity at the tail of Taylor bubble is needed in 

Equation (4.31) and Equation (4.32) which is different from the averaged velocity in film 

region. If we can modify the correlation of Brotz (1954) to get suitable value for film 

velocity at the tail, it is still necessary to develop another relation for the estimation of 

average void fraction in the film region. 

From the simulated results, the axial velocity along the bubble is obtained from 

the configuration of Taylor bubble by continuity equation. It is found that the following 

exponential function can give good estimation for velocity. Then we can obtain the void 

fraction at each place and do integration for the averaged void fraction of the film region. 

Figure 4.11-4.14 shows that the correlation can give pretty good match with numerical 

results. Although the exponential constant keeps changing with different mixture velocity, 

the simulation results show that both the hydrodynamic parameters and pressure drop are 

insensitive with it. Therefore the value of 5.0 is used in all calculations. 
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Figure 4.11. Comparison of Correlation and Simulated Results (Um=0.0m/s) 
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Figure 4.12. Comparison of Correlation and Simulated Results (Um=0.1m/s) 
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Figure 4.13. Comparison of Correlation and Simulated Results (Um=0.2m/s) 
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Figure 4.14. Comparison of Correlation and Simulated Results (Um=0.4m/s) 
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To provide a comprehensive view, the improved mechanistic model for slug flow 

in vertical pipe is listed below: 

The translation velocity of Taylor bubble 

)(2.1)(35.0 5.0
SLSGN UUgDU ++=       (4.17) 

Rise velocity of small bubbles in the liquid slug 
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Continuity equation for gas flow 

GLSLSGTBTBSG UUU αββα )1( −+=       (4.8) 

Continuity equation for mixture 

LLSLSGLSLSM UUU )1( αα −+=       (4.36) 

Gas flow relative to nose of Taylor bubble 

TBGTBNLSGLSN UUUU αα )()( −=−       (4.10) 

Liquid flow relative to nose of Taylor bubble 

)1)(()1)(( TBLTBNLSLLSN UUUU αα −+=−−     (4.11) 

The averaged void fraction for film region 
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The closure equation for the void fraction of liquid slug 
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The length of slug region  is assumed as 16D. LSL

Average void fraction over a slug unit 

LSTBSU αββαα )1( −+=        (4.40) 

The procedure to calculate the hydrodynamic parameters: 

1. Input superficial velocity and fluid properties of liquid and gas 

2. Assume a value for the length of Taylor bubble 

3. Calculate the translational velocity of Taylor bubble using (4.17) 

4. Solve the velocity for liquid and gas in slug region by (4.20) and (4.36). 

Iteration is needed in this step 

5. Solve the velocity for liquid and gas in film region using (4.10) and (4.11) 

6. Calculate averaged void fraction and void fraction at tail of Taylor bubble by 

(4.33), (4.34) and (4.35) 

7. Calculate the void fraction in slug region by (4.37), (4.38), (4.39)  and (4.32) 

8. Calculate the length of film region by (4.8) 

9. Iterate through step 3 to step 8 until the length of film region convergence 

10. Compute SUα  through equation (4.40) 

 

4.3 Comparison of Experimental Data and Calculated Results

The experimental data from Fernandes (1981) was used to verify the accuracy of 

the current model. The experimental section length, from the beginning of the two-phase 

flow region to the end of the vertical test section was 10.084m. The diameter was 0.05m. 

Air and water were mixed together to form two-phase flow. The surface tension of water 

was set at 0.072 N/m. Figure 4.15-4.19 shows that the current model can predict all 
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parameters with same accuracy as the mechanistic model of Fernandes (1981) which 

predict void fraction in slug region much better than the correlation of Sylvester (1983). 

Our results for void fraction in film region did not overpredict the experimental data since 

the current model takes care of the configuration of Taylor bubble. Table 4.3 shows some 

theoretical results of the current model, in which the length of wake region is increasing 

and the diameter of bubbles in this region is decreasing with higher mixture velocity. 

The flow conditions chosen in the study of Fernandes (1981) are limited to a very 

narrow range. Mao (1988) conducted his experiments under wider flowing conditions in 

an electrolytic system instead of water which has nearly same density and viscosity but 

lower surface tension. The experimental measurements are compared against the current 

model and the Fernandes model. Since the surface tension of the electrolyte is not 

mentioned, it is set as 0.05 N/m in the calculation. Lower values of surface tension will 

result higher void fraction and lower β. The corresponding prediction from experimental 

and models are listed in Table 4.4 and Table 4.5. Most flow conditions are slug flow but 

some of them are located in transition region or churn flow region. 

Figure 4.19 shows the comparison between experimental data of Mao (1988), 

Fernandes results and current results for β. The agreement of Fernandes model is good 

in the range of βfrom 0.5 to 0.9 but the points below β=0.4 are underestimated. The 

current model predicted better results over the whole range including those points for 

transition and churn regime.  

The void fraction in slug region is related with mixture velocity and gas 

superficial velocity. It is generally agreed that the void fraction in slug region increases 

with the increasing of mixture velocity (Mao, 1988; Hout et al., 1992; Zhang et al., 2003), 

especially for flowing conditions close to transition region or churn flow. As shown in 

Figure 4.20, the data for αLS seem to have significantly different trend from the predicted 

values of Fernandes model while the current study follows a good trend although it 

underestimated the value for relatively high mixture velocity.  
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Figure 4.15. Comparison of Simulated βwith Experimental Results 
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Figure 4.16. Comparison of Simulated αTB with Experimental Results 
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Figure 4.17. Comparison of Simulated αLS with Experimental Results 
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Figure 4.18. Comparison of Simulated αSU with Experimental Results 
 



Table 4.2. Comparison of Theoretical Results with Experimental Data  

USG USL β βexp
expβ
β∆

 αTB αTBexp
expTB

TB

α
α∆

αSL αSLexp
expLS

LS

α
α∆

αSU αSUexp
expSU

SU

α
α∆

0.51              0.000 0.63 0.62 -0.02 0.835 0.864 0.03 0.273 0.259 -0.052 0.630 0.633 0.006
0.99              0.000 0.73 0.75 0.03 0.848 0.877 0.03 0.269 0.264 -0.018 0.690 0.726 0.052
1.14              0.000 0.79 0.78 -0.02 0.851 0.878 0.03 0.255 0.266 0.044 0.730 0.742 0.016
0.38              0.016 0.54 0.53 -0.03 0.835 0.849 0.02 0.275 0.257 -0.065 0.580 0.568 -0.021
1.00              0.016 0.73 0.74 0.02 0.842 0.875 0.04 0.262 0.267 0.018 0.690 0.718 0.041
0.55              0.049 0.61 0.58 -0.05 0.832 0.857 0.03 0.274 0.262 -0.044 0.610 0.608 -0.003
1.09              0.049 0.72 0.73 0.01 0.862 0.873 0.01 0.252 0.272 0.079 0.690 0.711 0.031
1.43              0.049 0.74 0.78 0.05 0.850 0.876 0.03 0.257 0.279 0.084 0.700 0.742 0.060
0.42              0.099 0.38 0.46 0.21 0.842 0.832 -0.01 0.277 0.258 -0.067 0.490 0.523 0.067
0.67              0.099 0.60 0.58 -0.03 0.837 0.856 0.02 0.280 0.266 -0.050 0.610 0.610 0.000
0.99              0.099 0.72 0.67 -0.06 0.845 0.867 0.03 0.268 0.273 0.020 0.680 0.673 -0.010
0.51              0.121 0.51 0.49 -0.03 0.840 0.839 0.00 0.281 0.262 -0.069 0.560 0.547 -0.024
0.67              0.121 0.55 0.56 0.03 0.852 0.852 0.00 0.287 0.266 -0.072 0.600 0.597 -0.004
0.83              0.121 0.56 0.62 0.10 0.840 0.860 0.02 0.289 0.270 -0.064 0.600 0.634 0.057
1.32              0.121 0.71 0.72 0.01 0.852 0.870 0.02 0.277 0.282 0.018 0.690 0.703 0.019
0.68              0.222 0.48 0.49 0.03 0.861 0.837 -0.03 0.287 0.267 -0.071 0.550 0.548 -0.003
0.91              0.222 0.62 0.57 -0.08 0.862 0.850 -0.01 0.281 0.274 -0.026 0.640 0.603 -0.059
1.40              0.222 0.66 0.67 0.02 0.846 0.863 0.02 0.299 0.287 -0.040 0.660 0.673 0.019
0.76              0.322 0.45 0.46 0.03 0.852 0.828 -0.03 0.272 0.268 -0.015 0.530 0.528 -0.004
1.08              0.322 0.51 0.56 0.09 0.867 0.846 -0.02 0.287 0.279 -0.029 0.580 0.595 0.025
1.41              0.322 0.62 0.62 0.00 0.872 0.855 -0.02 0.276 0.288 0.043 0.640 0.641 0.001
1.17              0.490 0.50 0.50 0.00 0.862 0.833 -0.03 0.266 0.279 0.050 0.560 0.557 -0.005
1.50              0.490 0.59 0.57 -0.04 0.864 0.844 -0.02 0.287 0.289 0.007 0.630 0.603 -0.043
1.16              0.610 0.48 0.45 -0.05 0.840 0.820 -0.02 0.263 0.277 0.052 0.540 0.524 -0.030
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USG 

(m/s) 
USL 

(m/s) 
UN 

(m/s) 
UGTB 

(m/s) 
UGLS 

(m/s) 
ULLS 

(m/s) 
LW 

(m) αTB
dmax 

(m) 
0.51         0.000 0.857 0.813 0.678 0.463 0.197 0.864 3.34E-03
0.99         0.000 1.433 1.365 1.156 0.943 0.252 0.877 2.89E-03
1.14         0.000 1.613 1.537 1.306 1.094 0.270 0.878 2.78E-03
0.38         0.016 0.720 0.682 0.563 0.349 0.182 0.849 3.48E-03
1.00         0.016 1.464 1.395 1.182 0.969 0.255 0.876 2.87E-03
0.55         0.049 0.964 0.915 0.766 0.552 0.206 0.858 3.25E-03
1.09         0.049 1.612 1.536 1.305 1.093 0.270 0.873 2.78E-03
1.43         0.049 2.020 1.927 1.643 1.431 0.312 0.876 2.56E-03
0.42         0.099 0.868 0.823 0.687 0.472 0.192 0.833 3.33E-03
0.67         0.099 1.168 1.111 0.936 0.722 0.226 0.856 3.08E-03
0.99         0.099 1.552 1.479 1.255 1.043 0.264 0.867 2.82E-03
0.51         0.121 1.002 0.952 0.798 0.584 0.206 0.840 3.21E-03
0.67         0.121 1.194 1.136 0.958 0.744 0.228 0.853 3.06E-03
0.83         0.121 1.386 1.320 1.117 0.904 0.248 0.860 2.92E-03
1.32         0.121 1.974 1.883 1.605 1.393 0.307 0.870 2.58E-03
0.68         0.222 1.327 1.264 1.069 0.855 0.237 0.837 2.96E-03
0.91         0.222 1.603 1.528 1.298 1.086 0.268 0.851 2.79E-03
1.40         0.222 2.191 2.091 1.785 1.575 0.330 0.863 2.48E-03
0.76         0.322 1.543 1.471 1.248 1.035 0.255 0.827 2.82E-03
1.08         0.322 1.927 1.838 1.566 1.354 0.301 0.846 2.60E-03
1.41         0.322 2.323 2.218 1.895 1.685 0.343 0.855 2.42E-03
1.17         0.490 2.237 2.135 1.823 1.613 0.328 0.831 2.46E-03
1.50         0.490 2.633 2.514 2.152 1.943 0.373 0.843 2.30E-03
1.16         0.610 2.369 2.261 1.933 1.723 0.333 0.817 2.40E-03

Table 4.3. Theoretical Results of the Slug Flow Model 
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Figure 4.19. Comparison of Simulated and Experimental β 
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Figure 4.20. Void Fractions in Liquid Slug at Different Mixture 

97 



 

Table 4.4. Comparisons of Calculated and Experimental Data (Mao, 1988) 

 

Measure Fernandes Current Method USG 
(m/s) 

USL 
(m/s) 

Regime 
β αLS β αLS β αLS

0.76 0.049 Slug 0.659 0.210 0.641 0.276 0.672 0.275 

0.76 0.120 Slug 0.656 0.240 0.577 0.271 0.611 0.277 

0.76 0.322 Slug 0.522 0.230 0.438 0.259 0.474 0.281 

0.76 0.490 Slug 0.433 0.230 0.354 0.252 0.388 0.282 

0.16 0.121 Slug 0.239 0.150 0.077 0.317 0.192 0.245 

1.41 0.121 Trans. 0.763 0.410 0.725 0.246 0.741 0.295 

1.41 0.322 Trans. 0.660 0.420 0.621 0.239 0.633 0.301 

3.42 0.322 Churn 0.843 0.600 0.806 0.207 0.799 0.369 

0.51 0.049 Slug 0.583 0.330 / / 0.579 0.268 

0.76 0.049 Slug 0.628 0.360 / / 0.672 0.275 

0.76 0.121 Slug 0.607 0.330 / / 0.610 0.277 

0.76 0.322 Slug 0.460 0.310 / / 0.474 0.281 

0.76 0.490 Slug 0.411 0.360 / / 0.388 0.282 

0.16 0.121 Slug 0.206 0.240 / / 0.192 0.245 

0.24 0.121 Slug 0.382 0.240 / / 0.299 0.255 

1.07 0.121 Trans. 0.693 0.400 / / 0.687 0.285 

1.41 0.121 Trans. 0.741 0.450 / / 0.741 0.295 

1.07 0.322 Trans. 0.542 0.390 / / 0.566 0.291 

1.41 0.322 Slug 0.597 0.440 / / 0.633 0.301 

2.42 0.322 Trans. 0.765 0.520 / / 0.743 0.332 

3.42 0.322 Churn 0.849 0.600 / / 0.799 0.369 
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Table 4.5. Theoretical Results of the Slug Flow Model 

 

USG 

(m/s) 
USL 

(m/s) 
ULLS 

(m/s) 
UGLS 

(m/s) 
ULTB 

(m/s) 
UGTB 

(m/s) 
UN 

(m/s) 
LW 

(m) 

0.76 0.049 0.767 0.960 2.213 1.153 1.216 0.292 

0.76 0.120 0.838 1.031 2.212 1.235 1.301 0.302 

0.76 0.322 1.040 1.233 2.139 1.467 1.543 0.323 

0.76 0.490 1.208 1.401 1.962 1.660 1.745 0.329 

0.16 0.121 0.237 0.435 1.215 0.544 0.582 0.150 

1.41 0.121 1.488 1.679 2.262 1.983 2.082 0.402 

1.41 0.322 1.689 1.879 2.266 2.214 2.323 0.433 

3.42 0.322 3.691 3.872 2.288 4.475 4.735 0.635 

0.51 0.049 0.516 0.711 2.177 0.866 0.916 0.254 

0.76 0.049 0.767 0.960 2.213 1.153 1.216 0.292 

0.76 0.121 0.839 1.032 2.212 1.236 1.302 0.302 

0.76 0.322 1.040 1.233 2.140 1.467 1.543 0.323 

0.76 0.490 1.208 1.401 1.962 1.660 1.745 0.329 

0.16 0.121 0.237 0.435 1.215 0.544 0.582 0.150 

0.24 0.121 0.318 0.514 1.710 0.637 0.678 0.186 

1.07 0.121 1.149 1.341 2.235 1.592 1.674 0.348 

1.41 0.121 1.488 1.679 2.262 1.983 2.082 0.402 

1.07 0.322 1.349 1.541 2.236 1.823 1.915 0.378 

1.41 0.322 1.689 1.879 2.266 2.214 2.323 0.433 

2.42 0.322 2.700 2.886 2.298 3.375 3.535 0.599 

3.42 0.322 3.691 3.872 2.288 4.475 4.735 0.635 
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In transition/churn flow region, the averaged slug length is evidently less than that 

in slug region based on the experimental data of Mao (1988). Also, Hout et al. (1992) 

observed about 2000-2500 slug unit and concluded that the mean liquid slug length varies 

from 15D to 19D for general flowing conditions. Contrary to this, when flow pattern is 

close to transition to churn flow, the mean slug length is about 8D. As they analyzed, the 

discrepancy of calculated void fraction at high mixture velocities may result from the fact 

that the relative number of very short undeveloped liquid slugs become high and the 

assumption of developed liquid slugs cannot be satisfied. 

 

4.4 Application of Improved Mechanistic Model in Pipes  

In petroleum industry, liquid holdup and pressure drop in wellbore are highly 

concerned for the design of tubing and gas lift. The method for calculating the pressure 

drop in slug flow is based on the a priori knowledge of the hydrodynamic parameters of 

slug flow. According to the general energy equation, the total pressure drop consists of 

three components, the friction pressure term, the hydrostatic term and the acceleration 

term. Since the momentum fluxes in and out of the slug unit are identical, the 

acceleration term should be zero. The pressure drop across can be expressed as 

FHSU )P()P()P( ∆+∆=∆        (4.41) 

If neglecting the pressure drop in the gas bubble, the sum of hydrostatic and the 

friction contribution in the film region can be express as the mixture pressure drop 

(Dukler and Hubbard, 1975; Nicholson et al., 1978, Fernandes et al., 1983). The mixing 

pressure drop is taken to be that required to reverse the direction of liquid film falling and 

accelerate it back to mixture velocity. 

)UU)(uU)(()P( MNfNTBLM ++−=∆ αρ 1     (4.42) 

Then the total pressure drop across the slug unit can be written as 

MLSLS
LSLSMLSLS

SU )P(gL
D

LfU)(
)P( ∆++

−
=∆ ρ

αρ
2

1 2

   (4.43) 

This method was used by Fernandes et al. (1983), Sylvester (1987). Barnea (1990) 

compared the results of the pressure drop for the constant film thickness with the more 
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exact solutions. She noted that the approximate method which considers a bubble with a 

flat nose and incorporates the acceleration term always overpredicts the results.  Since the 

current study considers the change of film thickness at the nose of Taylor bubble, this 

model is still used for the prediction of pressure drop. 

The friction factor follows Zigrang-Sylvester equation which is an explicit 

representation of the Moody Diagram across the entire range. 

2

Re
02.5

7.3
/log

Re
02.5

7.3
/log0.2

1

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=

LSLS

LS

DD
f

εε
   (4.44) 

In which 

LS

LLSLSL
LS

DU
µ
αρ )1(

Re
−

=        (4.45) 

To calculate the pressure drop through specific length, the superficial velocities 

and the fluid properties need to be estimated according to equation of state and 

correlations at the local pressure and temperature. The flowing chart is shown in Figure 

4.21 for the details of calculation procedure.  

The simulated results from the current model are compared with water-gas field 

data from Sylvester (1987) which is originally from Camacho (1970). Since the well head 

pressure is unknown, the calculation is done based on assumed conditions. The assumed 

wellhead pressure is 150psi for Case #1 and 30psi for Case #2, Case #3, and Case #4. The 

wellhead temperature is set as 104OF and the bottom temperature is set as 212OF. Linear 

relation is assumed for the temperature between bottom and wellhead. 
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Table 4.6. Comparison of Calculated Results at Different Conditions 

Case # D, in 
Water Rate 

(B/D) 
GLR 

(Scf/B) 
Well Depth 

(ft) 
∆PMeas. 

(psi) 
∆PPrev. 

(psi) 
∆PCur. 

(psi) 
1 1.38 118 695 1414 172 161.5 175.5 
2 1.38 206 148 1414 241 246.9 273.8 
3 1.38 260 158 1414 254 250.5 295.0 
4 1.38 302 138 1414 284 277.3 326.0 
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Figure 4.22. Pressure Drop Profile for Different Cases 
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Table 4.7. The Pressure Profile and β from the Calculation 

 

Case #1 Case #2 Case #3 Case #4 Depth 
(ft) P, psi β P, psi β P, psi β P, psi β 
0 150.0  30.0  30.0  30.0  

57 156.6 0.825 38.8 0.829 40.5 0.831  41.7 0.812 
113 163.2 0.821 47.9 0.799 51.0 0.805  53.3 0.783 
170 169.9 0.816 57.0 0.775 61.5 0.781  64.9 0.756 
226 176.5 0.812 66.1 0.752 72.1 0.758  76.6 0.729 
283 183.2 0.808 75.3 0.730 82.6 0.736  88.2 0.704 
339 189.9 0.804 84.6 0.710 93.1 0.715  99.8 0.680 
396 196.6 0.800 94.1 0.690 103.7 0.696  111.5 0.658 
452 203.4 0.796 103.8 0.671 114.4 0.677  123.4 0.637 
509 210.2 0.792 113.7 0.653 125.2 0.659  135.4 0.618 
566 217.0 0.789 123.8 0.635 136.3 0.642  147.7 0.599 
622 224.0 0.781 134.2 0.618 147.4 0.625  160.1 0.578 
679 231.0 0.777 144.8 0.601 158.8 0.609  172.8 0.561 
735 238.0 0.774 155.7 0.582 170.4 0.594  185.6 0.545 
792 245.1 0.770 166.8 0.567 182.1 0.577  198.6 0.529 
848 252.2 0.767 178.1 0.553 194.1 0.563  211.8 0.512 
905 259.4 0.763 189.7 0.539 206.3 0.549  225.2 0.499 
962 266.6 0.760 201.4 0.522 218.6 0.536  239.9 0.487 

1018 273.8 0.756 213.5 0.510 231.1 0.524  254.2 0.473 
1075 281.1 0.753 225.7 0.497 243.8 0.510  268.2 0.459 
1131 288.4 0.750 238.7 0.485 256.7 0.497  282.4 0.447 
1188 295.7 0.747 251.3 0.476 270.6 0.489  296.8 0.435 
1244 303.1 0.744 264.2 0.462 284.3 0.478  311.4 0.423 
1301 310.5 0.740 277.2 0.451 297.8 0.468  326.1 0.412 
1357 318.0 0.737 290.4 0.440 311.3 0.455  341.0 0.402 
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CHAPTER V  

CONCLUSION AND RECOMMENDATIONS 

 

5.1 Conclusions

In this study, a numerical method was developed to simulate the flowing field 

around the Taylor bubble. Boundary fitted structured grid system is selected and the 

turbulence is taken accounted by the low Reynolds-number k-ω  model. The original 

model (Wilcox, 1998) is modified to predict a smooth transition from laminar to turbulent 

flow. The configuration of the Taylor bubble is obtained by assuming circular shape at 

the top and applying Bernoulli equation for tail part. The fifth order of polynomial 

function is used to ensure the convergence to the physical configuration which has 

uniform bubble pressure along the interface. Comparing to the method of Mao (1988), 

the current one is straightforward and easy to be realized in complex grid system. 

The simulation results show that the translational velocity of Taylor bubble is 

strongly dependent on the velocity profile upstream which is affected by inlet condition 

of velocity and turbulence parameters. The calculated translation velocity does not 

change with the length of Taylor bubble and can be predicted with pretty accuracy by the 

correlation of Nicklin et al. (1962). 

The turbulence energy decays very quickly in about 3D downstream of Taylor 

bubble. The penetration distance is not always same as the length of wake region. Both of 

them are related with mixture velocity and the length of Taylor bubble. According to 

current simulated results, the length of wake area is increasing with mixture velocity and 

also related with the length of Taylor bubble. 

Based on the results from numerical model and previous experimental studies, the 

previous mechanistic model is improved to get more accurate prediction. The new 

method can predict the averaged void fraction of film region and the average film 

velocity at the tail of Taylor bubble. The mechanistic model of Zhang et al. (2003) was 

modified to obtain the liquid holdup in wake region, in which the averaged diameter of 

small bubbles is estimated by the correlation of Hinze (1955). The length of wake region 
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is set as the value which can give the average void fraction 0.37 in slug region. This value 

comes from the assumption that the highest void fraction is 0.52 and the empirical value 

is 0.22 when the wake region gets fully developed. 

 The results from current model are compared with experimental data and the 

results from previous models. Benefit from the new method for liquid holdup in slug 

region and liquid film thickness, the modified mechanistic model for slug flow predicts 

better results than previous methods. 

 

5.2 Recommendations

The following topics are suggested for further work: 

1. The configuration of Taylor bubble and the translational velocity of Taylor 

bubble are determined by the pressure profile around Taylor bubble which is very 

sensitive to the grid system.  The domain around the Taylor bubble is very irregular in 

that the flowing area decreases quickly close to the nose and gets very narrow in the film 

region. Furthermore, the boundary location of the interface needs to be changed during 

calculations and the final configurations are quite different for different flowing 

conditions. Starting from same initial location, it is very difficult to adjust part of grid and 

keep smooth grid. The grid system needs to be dynamically reconstructing to keep the 

grid distribution evenly. 

2. More cases need to be simulated for different length of Taylor bubble at 

different flowing conditions to investigate current results, especially for very short Taylor 

bubbles. Moreover the current study does not consider the effects of surface tension and 

viscosity. However, it is very easy to incorporate the surface tension term into the 

procedure of determination of Taylor bubble configuration.  

3. The problem of gas exchange between Taylor bubble and liquid slugs is a 

complex phenomenon which affects the void fraction in slug region and the length of 

wake region. The current numerical method can be added a source term at the tail so that 

it can be used to investigate the mechanism for the fragmentation of Taylor bubble tail 

into small bubbles and gas  migration  in the slug region.  
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4. Finally, the physics of slug formation and the coalescence of Taylor bubbles 

require much effort. This issue is related with the determination of slug length/slug 

frequency and also the flow regime transition between slug/bubble and slug/annular.  

Furthermore, the slug length affects the prediction of acceleration terms in pressure drop 

calculation. It reflects the chaotic nature of slug flow, which can not be investigated by 

numerical simulation of one slug unit.  
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APPENDICES A 
THE PROGRAM USED TO CALCULATE TB SHAPE 

 
/********************************************************** 
* 
* Node motion based on simple beam deflection equation 
* compiled UDF 
* 
**********************************************************/ 
#include "udf.h" 
#define CMU 1.003e-3  
#define TAIL .94 
void smooth(double x[],double y[], int start,int n,double c[]); 
real flow_rate(double x[],double y[], int n); 
void smooth2(double x[],double y[], int start,int n,double c[]); 
int gauss(double a[],double b[],int n,double x[]); 
//Moving the boudary to ensure the pressure around TB equal to zero 
DEFINE_GRID_MOTION(motion, domain, dt, time, dtime) 
{ 
    Node *node; 
    face_t f,fn; 
    Domain *wake; 
    cell_t cell,cp,cn; 
    Thread *tf_intface,*tc_intface,*tc,*tcn,*tfn; 
    static int factor=12; 
    static double rou=0.75; 
    static double x0=0.402; 
    static double xcenter=0.4+0.025*0.75; 
    int i,j,k,mflag,nflag,kflag; 
    double density,velocity,radius,pmin,rou_old,xcenter_old,correct; 
    double x[4][ND_ND],u_old,u_new,dydx,tempx,tempy,tail,tail_old,y0,temp[2],slope,intercept; 
    double c[6],d[6],p[800],x_old[800],y_old[800],x_new[800],y_new[800],a[30],b[30]; 
 
    //Move the TB boundary every five time steps 
    //if((int)N_TIME%2==0) 
        //return; 
    //Initialization 
    radius=0.025; 
    density=981.0; 
    velocity=0.35;     
 
    if(N_ITER>2000) 
        factor=8; 
    if(N_ITER>3000) 
        factor=6; 
 
    //Obtain the pressure distribution 
    nflag=0; 
    tf_intface = DT_THREAD (dt); 
    tc_intface = THREAD_T0(tf_intface); 
    begin_f_loop (f, tf_intface) 
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    { 
        F_CENTROID(temp,f,tf_intface); 
        x_old[nflag]=temp[0]; 
        y_old[nflag]=temp[1]; 
        p[nflag]=F_P(f,tf_intface); 
        if(temp[0]<x0) 
            mflag=nflag; 
        nflag++; 
    } 
    end_f_loop (f, tf_intface); 
 
    //Estimate the distance need to be moved 
    pmin=p[mflag]; 
    rou_old=rou; 
    xcenter_old=xcenter; 
    for(i=mflag;i<nflag;i++) 
    { 
        tempx=x_old[i]; 
        u_old=velocity*radius*radius/(radius*radius-y_old[i]*y_old[i]); 
        u_new=sqrt((p[i]-pmin)/density/factor+u_old*u_old); 
        x_new[i]=tempx; 
        y_new[i]=sqrt(radius*radius-velocity*radius*radius/u_new);     
    }     
     
    for(i=0;i<15;i++) 
    { 
        smooth(x_new,y_new,mflag+i,mflag+i+15,c); 
        tempx=x_new[mflag+i]; 
        tempy=c[0]+c[1]*tempx+c[2]*tempx*tempx+c[3]*tempx*tempx*tempx+c[4]*pow(tempx,4) 
            +c[5]*pow(tempx,5); 
        a[i]=tempx; 
        b[i]=tempy; 
    }         
     
    smooth(a,b,0,15,c); 
    x0=x_new[mflag]/2.0+x_new[mflag+1]/2.0; 
    y0=c[0]+c[1]*x0+c[2]*x0*x0+c[3]*x0*x0*x0+c[4]*x0*x0*x0*x0+c[5]*pow(x0,5); 
    dydx=c[1]+2*c[2]*x0+3*c[3]*x0*x0+4*c[4]*x0*x0*x0+5*c[5]*x0*x0*x0*x0; 
    xcenter=x0+y0*dydx; 
    rou=sqrt((x0-xcenter)*(x0-xcenter)+y0*y0)/radius; 
    Message ("Success %d %e %e %e %e %e\n",nflag,x0,y0,dydx,rou,xcenter); 
     
    //Moving the Boundary of TB 
    kflag=0; 
    begin_f_loop (f, tf_intface) 
    { 
        cell=F_C0(f,tf_intface); 
        //Find the local number of interface  
        for(i=0;i<4;i++)     
            if (THREAD_TYPE(C_FACE_THREAD(cell,tc_intface,i)) != THREAD_F_INTERIOR  

&&f==C_FACE(cell,tc_intface,i))  
                break; 
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        //Get the coordinates of four points in the cell  
        for(j=0;j<4;j++)     
        {  
            node = C_NODE(cell, tc_intface,i++);  
            x[j][0]=NODE_X(node); 
            x[j][1]=NODE_Y(node); 
            if(i==4)  
                i=0; 
        }  
 
        if(kflag==0) 
        { 
            node = C_NODE(cell, tc_intface,i); 
            correct=-radius*rou+xcenter+radius*rou_old-xcenter_old; 
            xcenter-=correct; 
        } 
 
 
        slope=(x[2][1]-x[1][1])/(x[2][0]-x[1][0]); 
        intercept=x[1][1]-slope*x[1][0]; 
        if(kflag>nflag-20) 
        { 
            smooth2(x_new,y_new,nflag-20,nflag-5,d); 
            tempx=x[1][0]+correct; 
            tempy=d[0]+d[1]*tempx+d[2]*tempx*tempx; 
            tempx-=correct; 
        } 
        else 
        { 
            if(x[1][0]<x0-correct) 
            { 
                double a,b,c; 
                a=1+slope*slope; 
                b=-2*xcenter+2*slope*intercept; 
                c=xcenter*xcenter+intercept*intercept-rou*rou*radius*radius; 
                tempx=(-b-sqrt(b*b-4*a*c))/2/a; 
                tempy=slope*tempx+intercept; 
            } 
            else 
            { 
                double tempx2=x[1][0]+correct; 
                smooth(x_new,y_new,kflag,kflag+15,c); 
                do 
                { 
                    tempx=tempx2; 

      tempy=c[0]+c[1]*tempx+c[2]*tempx*tempx+c[3]*tempx*tempx*tempx+c[4]*tempx 
                  *tempx*tempx*tempx+c[5]*pow(tempx,5)-(slope*(tempx-correct)+intercept); 

                    dydx=c[1]+2*c[2]*tempx+3*c[3]*tempx*tempx+4*c[4]*tempx*tempx*tempx+5 
    *c[5]*tempx*tempx*tempx*tempx-slope; 

                    tempx2=tempx-tempy/dydx; 
                }while(fabs(tempx2-tempx)/tempx>1e-10); 
                tempx-=correct; 
                tempy=slope*tempx+intercept; 
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            } 
        } 
        i=i+1; 
        if(i>3)i=0; 
        node = C_NODE(cell, tc_intface,i);  
        NODE_X(node)=tempx; 
        NODE_Y(node)=tempy; 
        NODE_POS_UPDATED (node);  
        tail_old=x[1][1]; 
        tail=tempy; 
        Message ("Success %d %d %e %e %e %e %e\n",kflag,mflag,x[0][0],x[0][1],x[1][0],x[1][1],p[kflag]); 
         
         
        //Moving the nodes around the cell 
        cp=cell; 
        tc=tc_intface; 
        tempx=tempx-x[1][0]; 
        tempy=tempy-x[1][1]; 
        for(k=1;k<15;k++) 
        { 
            i=i+1; 
            if(i>3) i=0; 
            fn = C_FACE(cp, tc,i); 
            tfn=C_FACE_THREAD(cp, tc,i); 
            if(cp==F_C0(fn,tfn)) 
            { 
                cn=F_C1(fn,tfn); 
                tcn = THREAD_T1(tfn); 
            } 
            else 
            { 
                cn=F_C0(fn,tfn); 
                tcn = THREAD_T0(tfn); 
            }     
             
            for(i=0;i<4;i++)     
                if(C_FACE(cn, tcn, i)==fn) 
                    break; 
 
            for(j=0;j<4;j++)     
            {  
                node = C_NODE(cn, tcn,i++);  
                x[j][0]=NODE_X(node); 
                x[j][1]=NODE_Y(node); 
                if(i==4)  
                    i=0; 
            }      
 
            i=i+1; 
            if(i>3) i=0; 
            node = C_NODE(cn, tcn,i);  
            NODE_X(node)=x[1][0]-0.08*tempx/(1-pow(1.08,15))*(pow(1.08,k)-pow(1.08,15))/(-.08); 
            NODE_Y(node)=x[1][1]-0.08*tempy/(1-pow(1.08,15))*(pow(1.08,k)-pow(1.08,15))/(-.08); 
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            NODE_POS_UPDATED (node);  
            cp=cn; 
            tc=tcn; 
        } 
 
        kflag++; 
    } 
    end_f_loop (f, tf_intface); 
 
    tc = Lookup_Thread(domain, 2); 
    begin_c_loop(cell, tc) /* loops over cells in a cell thread */ 
    { 
        for(i=0;i<4;i++) 
        { 
            node=C_NODE(cell,tc,i); 
            temp[0]=NODE_X(node); 
            temp[1]=NODE_Y(node); 
            if(fabs(temp[1]-radius)<1e-5||fabs(temp[1])<1e-5||!NODE_POS_NEED_UPDATE (node)) 
                continue; 
 
            if(temp[1]>tail_old) 
            { 
                NODE_Y(node)=radius-(radius-tail)/(radius-tail_old)*(radius-temp[1]); 
                NODE_POS_UPDATED (node);  
            } 
            else 
            { 
                NODE_Y(node)=tail/tail_old*temp[1]; 
                NODE_POS_UPDATED (node);  
            } 
        } 
 
    } 
    end_c_loop(cell, tc) 
} 
 
 
// Smoothing the moving of TB boundary 
//Using least square method to get the best coeffienct 
void smooth(double x[],double y[], int start,int n,double c[]) 
{ 
    int i,j,k; 
    double a[36],b[6],e[6],temp1,temp2; 
 
    //Normalization 
    temp1=2.0/(x[n-1]-x[start]); 
    temp2=(-x[start]-x[n-1])/(x[n-1]-x[start]); 
 
    for(i=0;i<6;i++) 
    { 
        for(j=0;j<6;j++) 
        { 
            a[i*6+j]=0.0; 
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            for(k=start;k<n;k++) 
            { 
                a[i*6+j]+=pow(x[k]*temp1+temp2,i+j); 
            } 
        } 
 
        b[i]=0.0; 
        for(k=start;k<n;k++) 
        { 
            b[i]+=y[k]*pow(x[k]*temp1+temp2,i); 
        } 
    } 
    gauss(a,b,6,e); 
    c[0]=e[0]+e[1]*temp2+e[2]*temp2*temp2+e[3]*pow(temp2,3)+e[4]*pow(temp2,4)+e[5]*pow(temp2,5); 
    c[1]=(e[1]+e[2]*2*temp2+e[3]*3*pow(temp2,2)+e[4]*4*pow(temp2,3)+e[5]*5*pow(temp2,4))*temp1; 
    c[2]=(e[2]+e[3]*3*temp2+e[4]*6*pow(temp2,2)+e[5]*10*pow(temp2,3))*pow(temp1,2); 
    c[3]=(e[3]+e[4]*4*temp2+e[5]*10*pow(temp2,2))*pow(temp1,3); 
    c[4]=(e[4]+e[5]*5*temp2)*pow(temp1,4); 
    c[5]=e[5]*pow(temp1,5); 
    return; 
} 
 
void smooth2(double x[],double y[], int start,int n,double c[]) 
{ 
    int i,j,k; 
    double a[9],b[3]; 
 
    for(i=0;i<3;i++) 
    { 
        for(j=0;j<3;j++) 
        { 
            a[i*3+j]=0.0; 
            for(k=start;k<n;k++) 
                a[i*3+j]+=pow(x[k],i+j); 
        } 
 
        b[i]=0.0; 
        for(k=start;k<n;k++) 
            b[i]+=y[k]*pow(x[k],i); 
    } 
    gauss(a,b,3,c); 
 
    return; 
} 
 
//Solve the equations by Gauss 
int gauss(double a[],double b[],int n,double x[]) 
   
  { int *js,l,k,i,j,is,p,q; 
    double d,t; 
    js=(int*)malloc(n*sizeof(int)); 
    l=1; 
    for (k=0;k<=n-2;k++) 
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      { d=0.0; 
        for (i=k;i<=n-1;i++) 
          for (j=k;j<=n-1;j++) 
            { t=fabs(a[i*n+j]); 
              if (t>d) { d=t; js[k]=j; is=i;} 
            } 
        if (d+1.0==1.0) l=0; 
        else 
          { if (js[k]!=k) 
              for (i=0;i<=n-1;i++) 
                { p=i*n+k; q=i*n+js[k]; 
                  t=a[p]; a[p]=a[q]; a[q]=t; 
                } 
            if (is!=k) 
              { for (j=k;j<=n-1;j++) 
                  { p=k*n+j; q=is*n+j; 
                    t=a[p]; a[p]=a[q]; a[q]=t; 
                  } 
                t=b[k]; b[k]=b[is]; b[is]=t; 
              } 
          } 
        if (l==0) 
          { free(js); printf("fail\n"); 
            return(0); 
          } 
        d=a[k*n+k]; 
        for (j=k+1;j<=n-1;j++) 
          { p=k*n+j; a[p]=a[p]/d;} 
        b[k]=b[k]/d; 
        for (i=k+1;i<=n-1;i++) 
          { for (j=k+1;j<=n-1;j++) 
              { p=i*n+j; 
                a[p]=a[p]-a[i*n+k]*a[k*n+j]; 
              } 
            b[i]=b[i]-a[i*n+k]*b[k]; 
          } 
      } 
    d=a[(n-1)*n+n-1]; 
    if (fabs(d)+1.0==1.0) 
      { free(js); printf("fail\n"); 
        return(0); 
      } 
    x[n-1]=b[n-1]/d; 
    for (i=n-2;i>=0;i--) 
      { t=0.0; 
        for (j=i+1;j<=n-1;j++) 
          t=t+a[i*n+j]*x[j]; 
        x[i]=b[i]-t; 
      } 
    js[n-1]=n-1; 
    for (k=n-1;k>=0;k--) 
      if (js[k]!=k) 
        { t=x[k]; x[k]=x[js[k]]; x[js[k]]=t;} 
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    free(js); 
    return(1); 
  } 
DEFINE_TURBULENT_VISCOSITY(mu_t, c, t)  
{  
    real mu_t,rou,a;  
    real k,omega,ret,x[2];  
 
    rou = C_R(c, t); 
    k=C_K(c,t); 
    omega=C_O(c,t); 
    C_CENTROID(x,c, t); 
    a=rou*k/omega/CMU; 
    a=(0.024+a*a/6.0)/(1.0+a*a/6.0); 
    mu_t=a*rou*k/omega; 
 
    return mu_t;  
}  
 
DEFINE_SOURCE(w_source,c,t,dS,eqn)  
{  
    real G_k,source; 
    real rou,astar,a1,a2;  
    real k,omega,ret,x[2],mut;  
 
    rou = C_R(c, t); 
    k=C_K(c,t); 
    omega=C_O(c,t); 
    C_CENTROID(x,c, t); 
    ret=rou*k/omega/CMU; 
 
    astar=(0.024+ret/6.0)/(1.0+ret/6.0); 
    mut=astar*rou*k/omega; 
    a1=.52*(1.0/9+ret/2.95)/(1.0+ret/2.95)/astar; 
    a2=.52*(1.0/9+ret/2.95)/(1.0+ret/2.95)/pow(astar,1.2); 
    G_k=mut*SQR(Strainrate_Mag(c,t));  
    source=(a2-a1)*omega/k*G_k; 
    dS[eqn]=0.0;  
    return source; 
}  
 
DEFINE_SOURCE(k_source, c, t, dS, eqn) 
{ 
    real source; 
    real rou,temp,fb,xk,re,x[2];  
    real k,omega,beta1,beta2,astar;  
 
    C_CENTROID(x,c, t); 
    if(x[0]<0.45||x[0]>TAIL) 
    { 
        source=0.0; 
        dS[eqn] = 0.0; 
    } 
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    else 
    { 
        rou = C_R(c, t);  
        k=C_K(c,t); 
        omega=C_O(c,t); 
        re=rou*k/omega/1.003e-3;     
        astar=(0.024+re/6.0)/(1.0+re/6.0); 
        temp=pow(re/8.0,4); 
        beta1=0.09*(4.0/15+temp)/(1.0+temp); 
        temp=pow(re/6.0/astar,4); 
        beta2=0.09*(temp)/(1.0+temp); 
        xk=(C_K_G(c,t)[0]*C_O_G(c,t)[0]+C_K_G(c,t)[1]*C_O_G(c,t)[1])/omega/omega/omega; 
        if(xk<=0) 
            fb=1.0; 
        else 
            fb=(1.0+680*xk*xk)/(1.0+400*xk*xk); 
 
        /* source term */ 
        source = rou*(beta1-beta2)*fb*k*omega; 
        /* derivative of source term w.r.t. x-velocity. */ 
        dS[eqn] = rou*(beta1-beta2)*fb*omega; 
    } 
    return source; 
} 
 
 
DEFINE_PROFILE(u_profile, thread, position) 
{ 
    int i,j; 
    real x[60],y[60],temp[2],umax,factor,c[6]; 
    face_t f,fn; 
    Thread *tf,*tfn; 
    cell_t cell,cn; 
    Thread *tc,*tcn; 
    Domain *domain; 
 
    domain=Get_Domain(1); 
    tf=Lookup_Thread(domain, 13); 
    begin_f_loop (f, tf) 
    { 
        F_CENTROID(temp,f,tf); 
        if(temp[0]>TAIL+1.05&&temp[0]<TAIL+1.06) 
            break; 
    } 
    end_f_loop (f, tf); 
 
    tc = THREAD_T0(tf); 
    cell=F_C0(f,tf); 
    C_CENTROID(temp,cell,tc); 
    x[0]=temp[1]; 
    y[0]=C_U(cell,tc); 
    for(i=0;i<4;i++)     
        if(THREAD_TYPE(C_FACE_THREAD(cell,tc,i))== THREAD_F_WALL)  
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            break; 
    for(j=1;j<60;j++) 
    { 
        i=i+2; 
        if(i>3) i-=4; 
        fn = C_FACE(cell, tc,i); 
        tfn=C_FACE_THREAD(cell, tc,i); 
        if(cell==F_C0(fn,tfn)) 
        { 
            cn=F_C1(fn,tfn); 
            tcn = THREAD_T1(tfn); 
        } 
        else 
        { 
            cn=F_C0(fn,tfn); 
            tcn = THREAD_T0(tfn); 
        }     
         
        C_CENTROID(temp,cn,tcn); 
        x[j]=temp[1]; 
        y[j]=C_U(cn,tcn); 
        for(i=0;i<4;i++)     
            if(C_FACE(cn, tcn, i)==fn) 
                break; 
        cell=cn; 
        tc=tcn; 
    } 
 
    factor=flow_rate(x,y,j); 
    factor=factor/0.025/0.025; 
    factor=0.485/factor; 
 
    j--; 
    tc= THREAD_T0(thread); 
    begin_f_loop(f, thread) 
    { 
        F_CENTROID(temp,f, thread); 
        //Message ("Success2 %d %e %e\n",j,temp[0],temp[1]); 
        F_PROFILE(f, thread, position) = y[j]*factor; 
        j--; 
    } 
    end_f_loop(f, thread) 
} 
 
real flow_rate(double x[],double y[], int n) 
{ 
    int i; 
    double rate,thick; 
 
    rate=0.0; 
    thick=0.025-x[0]; 
    for(i=0;i<n;i++) 
    { 
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        rate+=y[i]*((x[i]+thick)*(x[i]+thick)-(x[i]-thick)*(x[i]-thick)); 
        thick=x[i]-x[i+1]-thick; 
    } 
     
    return rate; 
} 
 
DEFINE_PROFILE(v_profile, thread, position) 
{ 
    int i,j; 
    real y[60],temp[2]; 
    face_t f,fn; 
    Thread *tf,*tfn; 
    cell_t cell,cn; 
    Thread *tc,*tcn; 
    Domain *domain; 
 
    i=0; 
    domain=Get_Domain(1); 
    tf=Lookup_Thread(domain, 13); 
    begin_f_loop (f, tf) 
    { 
        F_CENTROID(temp,f,tf); 
        if(temp[0]>TAIL+1.05&&temp[0]<TAIL+1.06) 
            break; 
    } 
    end_f_loop (f, tf); 
 
    tc = THREAD_T0(tf); 
    cell=F_C0(f,tf); 
    y[0]=C_V(cell,tc); 
    for(i=0;i<4;i++)     
        if(THREAD_TYPE(C_FACE_THREAD(cell,tc,i))== THREAD_F_WALL)  
            break; 
    for(j=1;j<60;j++) 
    { 
        i=i+2; 
        if(i>3) i-=4; 
        fn = C_FACE(cell, tc,i); 
        tfn=C_FACE_THREAD(cell, tc,i); 
        if(cell==F_C0(fn,tfn)) 
        { 
            cn=F_C1(fn,tfn); 
            tcn = THREAD_T1(tfn); 
        } 
        else 
        { 
            cn=F_C0(fn,tfn); 
            tcn = THREAD_T0(tfn); 
        }     
         
        C_CENTROID(temp,cn,tcn); 
        y[j]=C_V(cn,tcn); 
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        for(i=0;i<4;i++)     
            if(C_FACE(cn, tcn, i)==fn) 
                break; 
        cell=cn; 
        tc=tcn; 
    } 
 
    j--; 
    tc= THREAD_T0(thread); 
    begin_f_loop(f, thread) 
    { 
        cell=F_C0(f,thread); 
        F_PROFILE(f, thread, position) = y[j]; 
        j--; 
    } 
    end_f_loop(f, thread) 
} 
DEFINE_PROFILE(k_profile, thread, position) 
{ 
    int i,j; 
    real y[60],temp[2]; 
    face_t f,fn; 
    Thread *tf,*tfn; 
    cell_t cell,cn; 
    Thread *tc,*tcn; 
    Domain *domain; 
 
    i=0; 
    domain=Get_Domain(1); 
    tf=Lookup_Thread(domain, 13); 
    begin_f_loop (f, tf) 
    { 
        F_CENTROID(temp,f,tf); 
        if(temp[0]>TAIL+1.05&&temp[0]<TAIL+1.06) 
            break; 
    } 
    end_f_loop (f, tf); 
 
    tc = THREAD_T0(tf); 
    cell=F_C0(f,tf); 
    y[0]=C_K(cell,tc); 
    for(i=0;i<4;i++)     
        if(THREAD_TYPE(C_FACE_THREAD(cell,tc,i))== THREAD_F_WALL)  
            break; 
    for(j=1;j<60;j++) 
    { 
        i=i+2; 
        if(i>3) i-=4; 
        fn = C_FACE(cell, tc,i); 
        tfn=C_FACE_THREAD(cell, tc,i); 
        if(cell==F_C0(fn,tfn)) 
        { 
            cn=F_C1(fn,tfn); 
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            tcn = THREAD_T1(tfn); 
        } 
        else 
        { 
            cn=F_C0(fn,tfn); 
            tcn = THREAD_T0(tfn); 
        }     
         
        C_CENTROID(temp,cn,tcn); 
        y[j]=C_K(cn,tcn); 
        for(i=0;i<4;i++)     
            if(C_FACE(cn, tcn, i)==fn) 
                break; 
        cell=cn; 
        tc=tcn; 
        //Message ("Success2 %d %e %e %e\n",j,temp[0],temp[1],y[j]); 
    } 
 
    j--; 
    tc= THREAD_T0(thread); 
    begin_f_loop(f, thread) 
    { 
        cell=F_C0(f,thread); 
        F_PROFILE(f, thread, position) = y[j]; 
        j--; 
    } 
    end_f_loop(f, thread) 
} 
DEFINE_PROFILE(o_profile, thread, position) 
{ 
    int i,j; 
    real y[60],temp[2]; 
    face_t f,fn; 
    Thread *tf,*tfn; 
    cell_t cell,cn; 
    Thread *tc,*tcn; 
    Domain *domain; 
 
    i=0; 
    domain=Get_Domain(1); 
    tf=Lookup_Thread(domain, 13); 
    begin_f_loop (f, tf) 
    { 
        F_CENTROID(temp,f,tf); 
        if(temp[0]>TAIL+1.05&&temp[0]<TAIL+1.06) 
            break; 
    } 
    end_f_loop (f, tf); 
 
    tc = THREAD_T0(tf); 
    cell=F_C0(f,tf); 
    y[0]=C_O(cell,tc); 
    for(i=0;i<4;i++)     
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        if(THREAD_TYPE(C_FACE_THREAD(cell,tc,i))== THREAD_F_WALL)  
            break; 
    for(j=1;j<60;j++) 
    { 
        i=i+2; 
        if(i>3) i-=4; 
        fn = C_FACE(cell, tc,i); 
        tfn=C_FACE_THREAD(cell, tc,i); 
        if(cell==F_C0(fn,tfn)) 
        { 
            cn=F_C1(fn,tfn); 
            tcn = THREAD_T1(tfn); 
        } 
        else 
        { 
            cn=F_C0(fn,tfn); 
            tcn = THREAD_T0(tfn); 
        }     
         
        C_CENTROID(temp,cn,tcn); 
        y[j]=C_O(cn,tcn); 
        for(i=0;i<4;i++)     
            if(C_FACE(cn, tcn, i)==fn) 
                break; 
        cell=cn; 
        tc=tcn; 
        //Message ("Success3 %d %e %e %e\n",j,temp[0],temp[1],y[j]); 
    } 
 
    j--; 
    tc= THREAD_T0(thread); 
    begin_f_loop(f, thread) 
    { 
        cell=F_C0(f,thread); 
        F_PROFILE(f, thread, position) = y[j]; 
        j--; 
    } 
    end_f_loop(f, thread) 
} 
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APPENDICES B  

THE PROGRAM USED TO SOLVE THE MECHANISTIC MODEL 

 

// solution.cpp : Calculate the hydrodynamic parameters 
//of slug flow and pressure drop 
 
#include "stdafx.h" 
#include <stdio.h> 
#include "math.h" 
#define C0 1.20 
#define C1 0.35 
#define g 9.8 
double friction(double U_LLS,double VF_LS); 
double VF_TB_Cal(double U_M,double U_N,double U_GTB,double &VF_TB,double L_TB); 
double VF_LS_Cal(double U_M,double U_N,double U_LTB,double U_LLS,double VF_TB,double 
&L_W,double &VF_LS1,double &VF_LS2); 
double pressure(FILE *output,double Q_G, double Q_L,double P_W,double L,float D); 
 
float D; 
double rou_l,rou_g,sigma,miu; 
 
int _tmain(int argc, _TCHAR* argv[]) 
{ 
    int i; 
    double error,P_W; 
    float Q_L,Q_G,GLR,L,P_D,P_D_ep; 
    FILE *file,*output; 
     
    rou_l=1000.0; 
    rou_g=1.003; 
    sigma=71.4e-3; 
    miu=0.001; 
    P_W=150; 
    P_W=P_W/14.7*1.013e5; 
 
    file=fopen("C:\\Documents and Settings\\xzhao\\My Documents\\data2.txt","a+"); 
    output=fopen("C:\\Documents and Settings\\xzhao\\My Documents\\output2.txt","w+"); 
 
    for(i=0;i<1;i++) 
    { 
        //Input data of superfical velocity 
        fscanf(file,"%f %f %f %f %f\n", &D,&Q_L,&GLR,&L,&P_D_ep); 
 
        //Unit transfer 
        D=0.0254*D; 
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        Q_G=GLR*Q_L*0.02831685/24/3600; 
        Q_L=0.158*Q_L/24/3600; 
        L=L*0.3048; 
 
        //Calculate the pressure 
        P_D=pressure(output,Q_G,Q_L,P_W,L,D); 
        P_D=P_D/1.013e5*14.7; 
 
        error=(P_D-P_D_ep)/P_D_ep; 
 
        fprintf(output,"%e %e %e\n", P_D,P_D_ep,error); 
    } 
    fclose(file); 
    fclose(output); 
 
 
    //Calculate the pressure drop 
    return 0; 
} 
 
double pressure(FILE *output,double Q_G, double Q_L,double P_W,double L,float D) 
{ 
    int i; 
    double U_LTB,U_LLS,U_GTB,U_GLS,U_N,P_C,P2,T,Depth; 
    double VF_LS1,VF_LS2,L_TB,L_LS,U_SG,U_SL,rou_m; 
    double VF_LS,VF_TB,VF_TB_AVG,U_0,beta,temp,U_M; 
    double delta_p,f,VF_SU,L_W,ptotal;     
 
    P_C=P_W; 
    U_SL=Q_L*4/3.14159/D/D; 
    delta_p=0.0; 
    ptotal=0.0; 
    beta=0.0; 
    for(i=0;i<1000;i++) 
    { 
        if(i%40==0) 
            fprintf(output,"%e %e %e\n", i*L/1000.0/0.3048,P_C/1.013e5*14.7,beta); 
 
        L_LS=16.0*D; 
        L_TB=16.0*D; 
 
        //Assume initial values 
        VF_LS=0.25; 
        VF_LS2=0.22; 
        VF_TB=0.9; 
        VF_TB_AVG=0.85; 
        beta=0.5; 
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        //Calculate the hydrodynamic parameters 
        do 
        { 
            //Calculate gas superfical velocities at current pressure 
            P2=P_C+delta_p/2; 
            T=40+(0.5+i)/1000*(100-40); 
            U_SG=Q_G*1.013e5/P2*(T+273)/(25+273)*4/3.14159/D/D; 
            rou_g=1.003*P2/1.013e5*(25+273)/(T+273); 
            U_M=U_SG+U_SL; 
 
            //Calculate the rising velocity of TB     
            U_0=sqrt(g*D*(rou_l-rou_g)/rou_l); 
            U_N=C0*U_M+C1*U_0; 
 
            //Calculate the bubble velocity in slugs 
            U_LLS=U_SL+U_SG; 
            do 
            { 
                U_0=1.53*pow(sigma*g*(rou_l-rou_g)/rou_l/rou_l,0.25); 
                U_GLS=U_LLS+U_0*sqrt(1-VF_LS); 
                temp=(U_M-U_GLS*VF_LS)/(1-VF_LS); 
                if(fabs(temp-U_LLS)/U_LLS<0.001) 
                    break; 
                else 
                    U_LLS=temp; 
            } while (1); 
             
 
            //Solve U_GTB and U_LTB 
            U_GTB=U_N-(U_N-U_GLS)*VF_LS2/VF_TB; 
            U_LTB=(U_N-U_LLS)*(1-VF_LS2)/(1-VF_TB)-U_N; 
 
            //Calculate the ratio of two regions 
            //Calculate the void fraction for film region and slug region 
            VF_TB_AVG=VF_TB_Cal(U_M,U_N,U_GTB,VF_TB,L_TB); 
            VF_LS=VF_LS_Cal(U_M,U_N,U_LTB,U_LLS,VF_TB,L_W,VF_LS1,VF_LS2); 
            temp=(U_SG-VF_LS*U_GLS)/(VF_TB_AVG*U_GTB-VF_LS*U_GLS); 
            if(fabs(temp-beta)/beta<0.01) 
                break; 
            else 
                beta=temp/2.0+beta/2.0; 
            L_TB=beta*L_LS/(1-beta); 
 
            f=friction(U_LLS,VF_LS); 
            rou_m=rou_l*(1-VF_LS)+rou_g*VF_LS; 
            delta_p=rou_m*U_M*U_M*f/2.0/D*(L/1000)*(1-beta)+rou_m*9.81*(L/1000)*(1-beta); 
            delta_p+=rou_l*(1-VF_TB)*(U_N+U_LTB)*(U_LTB+U_M)*L/1000/(L_TB+L_LS); 
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            temp=1.0/pow(2.0*log((1-sqrt(VF_TB_AVG))/7.4),2.0); 
            delta_p+=rou_g*U_GTB*U_GTB*beta*(L/1000)/2/D/(1-(1-sqrt(VF_TB_AVG)))/pow(2.0 
                    *log((1-sqrt(VF_TB_AVG))/7.4),2.0); 
 
        } while (1); 
 
        P_C=P_C+delta_p; 
        ptotal+=delta_p; 
    } 
 
    return ptotal; 
} 
 
double VF_LS_Cal(double U_M,double U_N,double U_LTB,double U_LLS,double VF_TB,double 
&L_W,double &VF_LS1,double &VF_LS2) 
{ 
    double Ce,Tsm,f,rou_m,temp,VF_LS,dmax,e,dc,temp2,dmax2; 
    Ce=1.05; 
    temp=0.4; 
    L_W=3.0*D; 
    do 
    { 
        VF_LS=temp; 
        rou_m=rou_l*(1-temp)+rou_g*temp; 
        e=(1-VF_TB)*(1-VF_TB)*(U_N+U_LTB)*(U_N+U_LTB)*(U_LTB+U_M)/L_W; 
        dmax=1.14*pow(sigma/rou_l,0.6)*pow(e,-0.4); 
        Tsm=(D/4.0*rou_l*(1-VF_TB)*(U_N+U_LTB)*(U_LTB+U_M)/L_W)/Ce; 
        temp=1.0/(1.0+Tsm*dmax/4.0/sigma); 
        temp=1.0-temp; 
 
        f=friction(U_LLS,VF_LS); 
        e=f/2/D*U_M*U_M*U_M; 
        dmax2=1.14*pow(sigma/rou_l,0.6)*pow(e,-0.4); 
        dc=2.0*sqrt(0.4*sigma/(rou_l-rou_g)/g); 
        Tsm=(f/8*rou_m*U_M*U_M)/Ce; 
        temp2=1.0/(1.0+Tsm*dc/4.0/sigma); 
        temp2=1.0-temp2; 
        if(temp2<0.22) 
            temp2=0.22; 
         
        if(temp>(0.52+temp2)/2.0) 
        { 
            Tsm=(1.0/(1.0-(0.52+temp2)/2.0)-1)*4.0*sigma/dmax; 
            L_W=D/4.0*rou_l*(1-VF_TB)*(U_N+U_LTB)*(U_LTB+U_M)/Tsm/Ce; 
            if(L_W>=16*D) 
                L_W=16*D; 
        } 
    } while(fabs((VF_LS-temp)/VF_LS)>.001); 
 
    VF_LS=(L_W*temp+(16*D-L_W)*temp2)/16/D; 
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    VF_LS1=temp; 
    VF_LS2=temp2; 
 
    return VF_LS; 
} 
 
double VF_TB_Cal(double U_M,double U_N,double U_GTB,double &VF_TB,double L_TB) 
{ 
    int i; 
    double U_LTB,VF_TB_AVG,U_AVG,temp,a,x; 
    temp=0.75; 
    do 
    { 
        VF_TB=temp; 
        U_LTB=9.916*pow(g*D*(1-sqrt(VF_TB)),0.41); 
        temp=(U_M+U_LTB)/(U_LTB+U_GTB); 
    } while(fabs((VF_TB-temp)/VF_TB)>.001); 
 
    //Calculate the average void fraction 
    a=5; 
    U_AVG=0.0; 
    VF_TB_AVG=0.0; 
    for(i=0;i<1000;i++) 
    { 
        x=L_TB/1000*(i+1.0/2); 
        temp=U_LTB-(U_M+U_LTB)*exp(-a*x); 
        U_AVG+=(temp*(1-(U_M+temp)/(temp+U_GTB))); 
        VF_TB_AVG=VF_TB_AVG+(U_M+temp)/(temp+U_GTB); 
    }  
 
    VF_TB=(U_M+temp)/(temp+U_GTB); 
    U_AVG=U_AVG/1000.0; 
    VF_TB_AVG=VF_TB_AVG/1000.0; 
    return VF_TB_AVG; 
} 
 
double friction(double U_LLS,double VF_LS) 
{ 
    double f,Re, miu_ls,e_D; 
    e_D=0.001; 
    miu_ls=miu*(1-VF_LS); 
    Re=rou_l*(1-VF_LS)*U_LLS*D/miu_ls; 
    f=-2.0*log10(e_D/3.7-5.02/Re*log10(e_D/3.7-5.02/Re*log10(e_D/3.77+13/Re))); 
    f=1.0/f; 
    f=f*f; 
 
    return f; 
} 
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APPENDICES C 

LIST OF INSTITUTIONS STUDYING MULTIPHASE FLOW IN PIPES 

 

1. Chemical Engineering, University of Houston (http://www.chee.uh.edu/) 
2. Petroleum Eng. Department, The University of Tulsa (http://www.tuffp.utulsa.edu/ ) 
3. Department of Chemical Engineering, University of Illinois at Urbana-Champaign 

(http://www.scs.uiuc.edu/chem_eng/) 
4. School of Nuclear Engineering, Purdue University 

(https://engineering.purdue.edu/NE) 
5. Petroleum Engineering Department, Stanford University 

(http://ekofisk.stanford.edu/pe.html) 
6. Institute for corrosion and multiphase technology, Ohio University 

(http://cheserver.ent.ohiou.edu/corrosioncenter/ ) 
7. Multiphase Technology, Inc., Ohio (http://www.cortest.com/multiphase.htm) 
8. Xi'an Jiaotong University, China, (http://www.xjtu.edu.cn/) 
9. Kyoto University, Japan (http://www.kyoto-u.ac.jp/) 
10. SINTEF Multiphase Flow Laboratory, Norway 

(http://www.iku.sintef.no/lab/multiphase/) 
11. Southwest Research Institute, Texas (http://www.swri.edu/default.htm) 
12. Engineering and Applied Sciences, Memorial University of Newfoundland, Canada 

(http://www.engr.mun.ca/~ching/mpfm-lab/ ) 
13. Kramers Laboratory, Delft University of Technology, The Netherlands 

(http://kramerslab.tn.tudelft.nl/) 
14. Department of Chemical Engineering, Norwegian University of Science and 

Technology, Norway (http://www.chemeng.ntnu.no/english/) 
15. Department of Petroleum and Geosystems Engineering, University of Texas in Austin 

(http://socony.pe.utexas.edu/2phaseweb/) 
16. Department of Mechanical and Aeronautical Engineering, Clarkson University 

(http://www.clarkson.edu/%7Emaeweb/) 
17. Mechanical Engineering, Technion-Israel Institute of Technology 

(http://www.technion.ac.il/hebrew/index.html) 
18. Chemical Engineering, Princeton University 

(http://www.princeton.edu/~chemical/html/outer_frameset.html) 
19. Process and Fluid Flow Technology, Institute for energy technology, Norway 

(http://www.ife.no/english/tillegg/index.jsp?avdelingsId=1763&tilleggId=1578) 
20. Alberta Research Council, Canada (http://www.arc.ab.ca/) 
21. Scandpower, Norway (http://www.scandpower.no) 
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22. Multiphase Solutions, Inc., Houston (http://www.multiphase.com/) 
23. Mechanical Engineering Department, Worcester Polytechnic Institute 

(http://www.me.wpi.edu/Research/MFG/) 
24. Department of Fluid Mechanics and Heat Transfer, Tel Aviv University, ISRAEL 

(http://www.eng.tau.ac.il) 
25. The Center for High Performance Computing is a strategic center of the University of 

New Mexico (http://www.hpc.unm.edu/Research/cfd/) 
26. Chemical Engineering, University College London 

(http://www.chemeng.ucl.ac.uk/research/#multiphase) 
27. Mechanical Engineering, Imperial College  
      (http://www.imperial.ac.uk/P346.htm) 
28. Mechanical Engineering, University of Waterloo 
      (http://www.me.uwaterloo.ca/ ) 
29. Mechanical Engineering, University of Saskatchewan 
      (http://www.engr.usask.ca/dept/mee/index.html ) 
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